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Quaternionic Monge—Ampere Equations

By Semyon Alesker

ABSTRACT.  The main result of this article is the existence and uniqueness of the solution of the Dirichlet
problem for quaternionic Monge—Ampére equations in quaternionic strictly pseudoconvex bounded do-
mains in H". We continue the study of the theory of plurisubharmonic functions of quaternionic variables
started by the author at [2].

1. Introduction

This article is a continuation of the author’s previous article [2]. In [2] we have developed
the necessary algebraic technique and we have introduced and studied the class of plurisub-
harmonic functions of quaternionic variables (this class was independently introduced also by
G. Henkin [36]). The main result of the present article is the existence of a generalized solu-
tion of the Dirichlet problem for quaternionic Monge—Ampere equations in quaternionic strictly
pseudoconvex bounded domains in H". The uniqueness of solution was established in [2].

The versions of this result for real and complex Monge—-Ampere equations were established
in classical articles by A.D. Aleksandrov [1] (the real case) and E. Bedford and B. Taylor {10]
(the complex case). We prove also a result on the regularity of solution in the Euclidean ball.
For real Monge—Ampere equations this result was proved by L. Caffarelli, L. Nirenberg, and
J. Spruck [ 14] for arbitrary strictly convex bounded domains, and for complex Monge-Ampere
equations by L. Caffarelli, J. Kohn, L. Nirenberg, and J. Spruck [15] and N. Krylov [42] for
arbitrary strictly pseudoconvex bounded domains.

The real Monge—Ampéere equations appear in various geometric problems such as the
Minkowski problem (see A. Pogorelov [52]). The Dirichlet problem has received considerable
study. The interior regularity of the solution of the Dirichlet problem was proved by A. Pogorelov,
and the proof was briefly described in [49]-[51]. The complete proof was published in [52]
and [16, 17]. In[17] Cheng and Yau gave a different proof of interior regularity; they also studied
some related geometric problems on flat manifolds. Another motivation of studying of the real
Monge-Ampére equations is the Monge—Kantorovich problem on the measure transportation (see
e.g., [21] and [54)).

The complex Monge—Amprére equations were studied in particular in the connection to
Kihler geometry. Good references are the books by T. Aubin [8], A. Besse [ 1], D. Joyce [40].
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There is a general philosophy (promoted especially by V. Arnold, see e.g., [4]) that some
mathematical theories should have three versions which are analogous to each other in certain
sense: real, complex, and quaternionic. However they should reflect different phenomena. In
this article we present the theory of plurisubharmonic functions of quaternionic variables and the
theory of quaternionic Monge—-Ampére equations whose study we have started in [2]. Their real
and complex analogs are well known (the real analog of the theory of plurisubharmonic functions
is the theory of convex functions).

We are going to formulate our main result more precisely and recall the main notions from [2].
Let H denote the (non-commutative) field of quaternions. Let H" denote the space of n-tuples of
quaternions (g1, 42, - . ., gn). We consider H" as right H-module (we call it right H-vector space).
An n x n quaternionic matrix A = (a;;) is called hyperhermitian if A* = A, i.e., a;; = aj; for
alli, j.

In order to write the classical (real or complex) Monge—Ampere equations one has to use the
notion of determinant of matrices. By now there is no construction of determinant of matrices
with non-commuting (even quaternionic) entries which would have all the properties of the usual
(commutative) determinant. The most general theory of non-commutative determinants is due
to Gelfand and Retakh (see [27]1-[28], also [29, 30]). However, it turns out that on the class
of quaternionic hyperhermitian matrices there is a notion of the Moore determinant which has
all the properties of the usual determinant of complex (resp. real) hermitian (resp. symmetric)
matrices. Some of these properties are reviewed in Section 2, and we refer to [2] for further
details and references. Here we mention only that the Moore determinant depends polynomially
on the entries of a hyperhermitian matrix, and the Moore determinant of any complex hermitian
matrix A considered as quaternionic hyperhermitian coincides with the usual determinant of A.
We denote the Moore determinant of A by det A.

The quaternionic Monge—Ampere equation is written in terms of this determinant. We have
to also recall the notion of plurisubharmonic function of quaternionic variables and the definition
of quaternionic strictly pseudoconvex domain following [2]. Let €2 be a domain in H".

Definition 1.1. A real valued function u : © —> R is called quaternionic plurisubharmonic
(psh) if it is upper semi-continuous and its restriction to any right quaternionic line is subharmonic.

Recall that upper semi-continuity means that f(xg) > lim sup f(x) for any x¢ € Q.
X—>X0

Moreover, we will call a C2-smooth function u : @ —> R to be strictly plurisubharmonic
if its restriction to any right quaternionic line is strictly harmonic (i.e., the Laplacian is strictly
positive).

Definition 1.2. An open-bounded domain Q@ C H" with a smooth boundary 3S2 is called
strictly pseudoconvex if for every point zo € 9% there exists a neighborhood O and a smooth
strictly psh function # on O such that Q N O = {h < 0}, h(zg) = 0, and VA(zg) # 0.

We will write a quaternion ¢ in the usual form
g=t+x-i+y-j+z-k,
where ¢, x, y, z are real numbers, and i, j, k satisfy the usual relations

it==k=—1ij=—ji=k, jk=—kj=i ki=—ik=j.
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The Dirac—Weyl operator % is defined as follows. For any H-valued function f

af | .df

—f —+ ~ +j —£+k§—f—
3y

ax a9z

Let us also define the operator %

Remarks. (a) The operator d’—’_ is sometimes called the Cauchy-Riemann-Moisil-Fueter op-
erator since it was introduced by Moisil in [45] and used by Fueter {22, 23] to define the no-
tion of quaternionic analyticity. For further results on quaternionic analyticity we refer e.g.,
to [12, 47, 48, 58], and for applications to mathematical physics to [34]. Another name used for
this operator is the Dirac—Weyl operator. But in fact it was used earlier by J.C. Maxwell in [44],
Vol. II, 570-576, where he has applied the quaternions to electromagnetism.

(b) Note that
b ad

Eé—at+

where V = z% +jL 4kl 37+ The operator V was first introduced by W.R. Hamilton in [35].

dv
¢) In quaternionic analysis one considers a right version of the operators -+ and 2 which
q y g P 3G g
are denoted, respectively, b and " . The operator -2 is related to ’- by the same formula as
p Yy, by 5z p q ag oy

4._.
a

i is related to 5= and 1s defined as

«—
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Now we can write the quaternionic Monge—Ampere equation with respect to C2- smooth
psh function « on Q:
det ( 8u ) f
c — =
3q;94;

where f is a given function. Note that the matrix (55

,q ,q ) is quaternionic hyperhermitian (since u
is real valued), det means the Moore determinant of thls matrix. Note also that since the function
u is psh, the matrix (‘.,2,_2&;‘&,_) is non-negative definite, and hence its Moore determinant is non-
negative (the notion of positive definiteness of a hyperhermitian matrix is recalled in Section 2,
Definition 2.4).

One of the main results of Section 2 of [2] was the definition of non-negative measure also
denoted by det (2 g - 7

construction generahzes to the quaternionic situation the well-known constructions in the real
and complex cases due, respectively, to A.D. Aleksandrov [1] and Chern-Levine-Nirenberg [18].
Now we can formulate the main results of this article.

) for any continuous psh function 4 (which is not necessarily smooth). That
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Theorem 1.3. Let @ C H" be a bounded quaternionic strictly pseudoconvex domain. Let
feCQ), f=>0. Let p € C(02). Then there exists unique function u € C(2) which is psh
in 2 such that

32
det( “ )=fin$2,
99i9q;

uho=9¢.

Note that the uniqueness was proved in {2]. Theorem 1.3 claims existence of a solution in a
generalized sense (e.g., the function u does not have to be smooth). It is of interest to prove the
regularity of solution u under assumptions of regularity of the initial data f, ¢. We can prove it
when the domain 2 is the Euclidean ball B in H". In Section 7 we prove the following result
(called Theorem 7.1).

Theorem 1.4. Letf € C ®(B), f > 0. Let ¢ € C*(dB). There exists unique psh function
u € C°(B) which is a solution of the Dirichlet problem

32u
det — ) =f,
(quaqj) /

uap=¢ .

The real version of this result was proved for arbitrary strictly convex bounded domains in
R" by Caffarelli, Nirenberg, and Spruck [14]. The complex version of it was proved for arbitrary
strictly pseudoconvex bounded domains in C" by Caffarelli, Kohn, Nirenberg, and Spruck [15]
and Krylov [42]. Our method is a modification of the method of the last article [15]. Also note
that in the case n = 1, the problem is reduced to the classical Dirichlet problem for the Laplacian
in R* (which is a linear problem); it was solved in XIX century.

Let us make a few comments why the method of [15] cannot be generalized immediately to
arbitrary strictly pseudoconvex bounded domain in H". The main difficulty is that in the complex
case one uses the holomorphic transformations to make the domain to be (locally) close to the
Euclidean ball. In the quaternionic situation it does not work. Indeed in the complex case the
class of diffeomorphisms of a domain which are either holomorphic or anti-holomorphic can
be characterized as the class of diffeomorphisms preserving the class of psh functions. In the
quaternionic situation the class of diffeomorphisms preserving psh functions is very small: all of
them must be affine transformations, more precisely modulo translations the corresponding group
is equal to GL,(H)Sp(1). The last fact is proved in Section 3.2.

Let us make a few comments on the method of the proof of Theorem 1.3. It uses the
solution of the Dirichlet problem in the unit ball given by Theorem 1.4. The method to deduce
the general case from this one follows the lines of the article [10] by Bedford and Taylor. It
was necessary to generalize to the quaternionic situation many results from the usual (complex)
theory of plurisubharmonic functions (this investigation was started in [2]). Sections 5 and 6 of
this article follow very closely the complex case [10].

This article is organized as follows. In Section 2 we review the necessary facts from the
theory on non-commutative determinants; the exposition follows [2]. In Section 3 we review
the theory of plurisubharmonic functions of quaternionic variables as it was developed in [2].
;,‘223"(;/,) for any (finite) psh function u
on 2. This construction is a quaternionic version of the well-known analogous construction in
the complex case (see [43], p. 70). This construction will be used in the proof of Theorem 1.3.

In Section 4 we construct the matrix valued measure (



Quaternionic Monge-Ampére Equations 209

In Section 5 we construct for any finite psh function u an operator ®(u) which is essentially

3419q;

plays an i;nportant technical role in the proof of Theorem 1.3. In Section 6 we establish several
facts on the envelopes of functions from the Perron-Bremermann families following closely
again the technique developed in the complex case in [10]. In Section 7 we prove Theorem 1.4 on
the existence of C°°-regular solution of the Dirichlet problem in the unit ball under appropriate
assumptions on the regularity of the initial data. In Section 8 we prove Theorem 1.3; the proof
uses the results of all previous sections. In Section 9 we discuss further the notion of strictly
pseudoconvex domain in the quaternionic space. Thus we introduce the quaternionic analogue
of the Levi form and consider some examples. In Section 9.3 we state some open questions.

1
(det 2 )" (following Section 5 of the article [10] by Bedford and Taylor). This operator

2. Background from non-commutative linear algebra

In this section we review some material on non-commutative determinants. More precisely
we will recall some facts on the Dieudonné and Moore determinants of quaternionic matrices
following [2].

The Dieudonné determinant of quaternionic matrices behaves exactly like the absolute value
of the usual determinant of real or complex matrices from all points of view (algebraic and
analytic). Let us denote by M, (H) the set of all quaternionic (n x n)- matrices. The Dieudonné
determinant D is defined on this set and takes values in non-negative real numbers:

D : Mn(H) — Rz() .
Then one has the following (known) results.

Theorem 2.1. (i) For any complex (n x n)- matrix X considered as quaternionic matrix, the
Dieudonné determinant D(X) is equal to the absolute value of the usual determinant of X.

(ii) For any quaternionic matrix X
D(X)=D(X")=D(X*),

where X' and X* denote the transposed and quaternionic conjugate matrices of X, respectively.

(iii) D(X - Y) = D(X)D(Y).

The following result is a weak version of the decomposition of the determinant in row
(column).

Theorem 2.2, LetA=| ............. be a quaternionic matrix. Then

D(A) < ) laii| D(My) .

i=1
Similar inequalities hold for any other row or column.

(In this theorem |a| denotes the absolute value of a quaternion a, and M ,, denotes the minor
of the matrix A obtained from it by deleting the p-th row and g-th column).
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In a sense, the Dieudonné determinant provides the theory of absolute value of determinant.
However it is not always sufficient and we lose many of the algebraic properties of the usual
determinant. The notion of Moore determinant provides such a theory, but only on the class of
quaternionic hyperhermitian matrices. Remember that a square quaternionic matrix A is called
hyperhermitian if its quaternionic conjugate A* is equal to A. The Moore determinant denoted
by det is defined on the class of all hyperhermitian matrices and takes real values. For the
construction of the Moore determinant we refer to {2], Section 1.1, where one can also find the
references to the original articles. The important advantage of the Moore determinant with respect
to the Dieudonné determinant is that it depends polynomially on the entries of a matrix; it has
already all the algebraic and analytic properties of the usual determinant of real symmetric and
complex hermitian matrices. Let us state some of them.

Theorem 2.3. (i) The Moore determinant of any complex hermitian matrix considered as
quaternionic hyperhermitian matrix is equal to its usual determinant.

(i) For any hyperhermitian matrix A and any quaternionic matrix C

det (C*AC) = det A - det (C*C) .

Examples.

(a) Let A = diag(A(, ..., An) be a diagonal matrix with real A;’s. Then A is hyperhermitian
and its Moore determinant det A = []; A;.

(b) A general hyperhermitian 2 x 2 matrix A has the form

| e 4
A‘[é b]’

where a, b € R, ¢ € H. Then its Moore determinant is equal to det A = ab — ¢q.

Let us remind the definition of positive definiteness of hyperhermitian quaternionic matrix
following {2].

Definition 2.4. Let A = (a;j)] j=1 be a hyperhermitian quaternionic matrix. A is called
non-negative definite if for every n-column of quaternions & = (§;)!_, one has

ETAE =) £aij§; = 0.
ij

Similarly, A is called positive definite if the above expression is strictly positive once & # Q.

In terms of the Moore determinant one can prove the generalization of the classical Sylvester
criterion of positive definiteness of hyperhermitian matrices (Theorem 1.1.13 in [2]). In terms
of the Moore determinant one can introduce the notion of the mixed discriminant and to prove
the analogs of Alexandrov’s inequalities for mixed discriminants (Theorem 1.1.15 and Corol-
lary 1.1.16 in [2]).

The (well-known) relation between the Dieudonné and Moore determinaats is as follows:
for any hyperhermitian matrix X
D(X) = |detX|.

Note that the Dieudonné determinant was introduced originally by J. Dieudonné in [20]
(see also [5] for his theory). It can be defined for arbitrary (non-commutative) field. On more
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modern language this result can be formulated as a computation of the K-group of a non-
commutative field (see e.g., [S7]). Note also that there is a more recent, very general theory of non-
commutative determinants (or quasideterminants) due to I. Gelfand and V. Retakh generalizing
in certain direction the theory of the Dieudonné determinant and many other known theories of
non-commutative determinants. It was first introduced in [27], see also [28, 30] and references
therein for further developments and applications. In a recent article [29] the connection of the
Moore and Dieudonné determinants of quaternionic matrices to the theory of quasideterminants
was made very explicit and well understood.

We would also like to mention a different direction of a development of the quaternionic linear
algebra started by D. Joyce [39] and applied by himself to hypercomplex algebraic geometry. We
refer also to D. Quillen’s article [53] for further investigations in that direction. Another attempt
to understand the quaternionic linear algebra from the topological point of view was done by the
author in [3].

3. Review of the theory of psh functions of quaternionic variables

3.1. Some results from [2]

We recall the basic facts from the theory of plurisubharmonic (psh) functions of quaternionic
variables established by the author in [2] (see Definition 1.1 in this article). The operators 33(7 and
% were defined in the introduction.

First one has the following simple fact (see Proposition 2.1.6 in [2]).

Proposition 3.1. A real-valued, twice continuously differentiable function f on the domain

42
Q C H" is quaternionic plurisubharmonic if and only if at every pointq € S the matrix ( %‘3{1—] Xg)
is non-negative definite.

Note that the matrix in the statement of proposition is quaternionic hyperhermitian (since the
function f is real valued). The more important thing is that in analogy to the real and complex
cases one can define for any continuous quaternionic plurisubharmonic function f a non-negative

D2 f
g dg
for smooth f). One has the following continuity result.

measure det( ), where det denotes the Moore determinant (this measure is obviously defined

Theorem 3.2. Let{fy} be a sequence of continuous quaternionic plurisubharmonic functions
in a domain Q@ C H". Assume that this sequence converges uniformly on compact subsets to
a function f. Then f is continuous quaternionic plurisubharmonic function. Moreover, the
0 fy
dq;dq

) weakly converges to the measure det( -/ ).

sequence of measures det( 4T
1

The proofs of analogous results in real and complex cases can be found in [8], where the expo-
sition of this topic follows the approach of Chern—Levine-Nirenberg [ 18] and Rauch-Taylor [55].
For the complex case we refer also to the classical book by P. Lelong {43].

The next result is called the minimum principle (Theorem 2.2.1 in [2]).

Theorem 3.3. Let Q be a bounded open set in H". Let u, v be continuous functions on Q
which are plurisubharmonic in Q. Assume that

92 92
det( u_)sdet( v_)inQ.
8g;9q; dq;9q;
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Then _
min {u(z) — v(z)|z € Q} = min {u(z) — v(2)|z € 9L} .

3.2. Diffeomorphisms preserving psh functions

In this section we prove the following proposition.

Proposition 3.4. Let Q2 C H" be adomain. Let F : Q@ —> Q be a diffeomorphism such that
for every open set © C 2 and for any psh function f on O the function F* f is psh on F~'(0).
Then F is an affine transformation which can be written as a composition of a translation and a
linear transtormation from the group GL,(H)Sp(1).

In the statement of the theorem the group GL, (H)Sp(1) is defined as follows. On the right
quaternionic space H" there is a left action of the group of H-linear invertible transformations
GL,(H). Also the group Sp(l) of norm one quaternions acts on H" from the right. Both
actions commute and the group they generate is denoted by GL,(H)Sp(1). Note that it is
isomorphic to (GL,(H) x Sp(1))/{£1d}. Now let us prove the proposition. Note also that all
such affine transformations preserving the domain 2 must preserve the class of psh functions
(see [2], Section 2.1).

Proof. Let U be any domain in H! and let m : U —>  be any H-linear map. Let
p : @ —> H! be any H-linear projection. Consider the composition po Fom : U — H'. Itis
easy to see that this map preserves the class of psh functions which is one-dimensional case means
Just that it preserves the class of subharmonic functions. Hence p o F o m preserves the class
of harmonic functions (i.e., it is so called harmonic morphism, see e.g., [9] for more details and
references) . However there is a general result of B. Fuglede [24] which says the following. Let
g : M —> N be a smooth map between Riemannian manifolds of the same dimension greater
than 2 which preserves the class of harmonic functions (in the above sense). Then g is a conformal
mapping with the constant coefficient of conformality. When M and N are linear vector spaces
with Euclidean metrics this result together with the classical Liuville theorem imply that g is a
composition of homothety, translation, and orthogonal transformation.

It easily follows that our original map F is an affine transformation. Also it is easy to see
that F is a composition of a translation and a transformation from G L, (H)Sp(1). ]

ol
4. The distribution ( -
9999
u
i)q,— i)q]'
u on 2. This construction is a quaternionic version of the well-known analogous construction in
the complex case (see [43], p. 70).

In this section we will define the matrix-valued measure ( ) for any (finite) psh function

Let us denote by H,, the (real) linear space of n x n quaternionic hyperhermitian matrices.

Let

C:={§eHs§ =0} .
Thus C is a closed convex cone. On the space H, one has the bilinear symmetric form (-, -) :
H, x H, —> R defined by

(A,B) =ReTr(A- B),
where for any n x n quaternionic matrix X = (x;;), ReTr(X) := ?_| Rex;;. Note also that for
any quaternionic matrices X and C with C invertible, one has ReTr(CXC “l) = ReTr X.
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We easily have the following.

Claim 4.1. (i) (-, -) is a perfect pairing on H,,.
(i1) For any matrices A, B € C one has (A, B) > 0.
(iii) The dual cone C° := (& € H,|(§, n) > 0Vn € C} coincides with C.

Definition 4.2. One says that an H,,-valued distribution ¥ on the domain 2 is non-negative
(¢ > 0) if for any smooth compactly supported function f on £2 with values in the cone C one
has ¥ (f) > 0. One can call such a ¥ C-valued.

As in the usual scalar valued case one has the following result. (For the scalar valued case
see [25].)

Proposition 4.3. Any C-valued distribution on 2 is of zero order, i.e., (non-negative) H, -
valued measure.

We also have the following result (which easily follows from the scalar valued case).

Lemma 4.4. Any locally bounded sequence of H,,-valued measures on 2 has a weakly con-
vergent subsequence.

Note also that for any H,-valued distribution (resp. measure) i on 2 one can define in the
obvious way its trace Tr i(= ReTr ), which is a real valued distribution (resp. measure).

Proposition 4.5. The sequence of C-valued measures {u ;} is (locally) bounded iff the se-
quence of real valued measures {Tr 1} is (locally) bounded.

Proof. It immediately follows form the fact that a subset X C C is bounded iff the set
{Tr x| x € X} is bounded. O]

3%u
340q; )
which has the usual meaning for C- smooth function u. Let u be an arbitrary (finite) quaternionjic
psh function on Q. By [2], Section 2.1, « is subharmonic. But every finite subharmonic function

is locally integrable (see e.g., [56], Chapter 1, Section 1.4). Hence we can define

Let us now define for any quaternionic psh function u on 2 the C-valued measure (

Ug ‘= U * Yo,

where x.(z) = ;}—,, X (%) > 0 is the usual smoothing kernel (like as in the complex situation, see

e.g., [37], p. 45). Then u, are C°°- smooth psh functions. Hence (3,2,?3%) >0foralle > 0.

Proposition-Definition 4.6.  For any quaternionic psh function u on Q the H,, - valued mea-

s 2 . -
sures (02::1 ) converge weakly to a non-negative H, - valued measure as ¢ —> 0. This measure
idqj
. 42
will be denoted by ( u_y

I)qi i)(i,‘
It is easy to see that if u € C2(2) then the limit measure has its usual meaning.
«')?'ug

Proof.  First let us show that the measures g ag; are locally bounded. By Proposition 4.5 it is
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sufficient to show that their traces are locally bounded. But Tr( 53%27 =Au,>0. Let K C Q
be any compact subset. Let y > 0 be a smooth function with compact support on £ which is
equal to 1 on K. Then

[Ausdvols/.Aug'ydvolz/us-Aydvol
K Q Q

< laylica f up dvol < 1Ay lc@ / ] d vol
supp y supp(y)+eB

= 11A¥llc@ - ML suppiyy+eB) »
where B denotes the unit Euclidean ball in H". This proves the local boundedness of the sequence

92u,
dqidq;

of measures ( ). Hence by Lemma 4.4 for any sequence {e¢x} —> Othe sequence of measures
%u N

(i)q,' aq | )
on the choice of subsequence.

) has a weakly convergent subsequence. It remains to show that the limit does not depend

Fix an arbitrary ¢ € C§°(Q2). We easily get for any i, j

32 32 82
[¢~ u,; dvol=fugv ¢_ dvol—»/u- ¢_ dvol .
o 0gi9q; Q 9q:9q; o 090q;

Namely for smooth ¢ the limit does not depend on the choice of subsequence. This implies the
statement. Ul

Theorem 4.7. (i) Let {uy} be a sequence of quaternionic psh functions on a domain Q C H"
which is uniformly bounded from above on every compact subset of 2. Then eitheruy — —o0
uniformly on compact subsets of Q, or else there is a subsequence {uy,} which converges in
Llloc(Q). Ifuy # —oo forall N and uy converge in the sense of distributions to a distribution
U, then U is defined by a psh function u and uy —> u in L. ().

loc

(ii) Assume that a sequence {uy} of quaternionic psh functions on Q converges in Llloc(Q)
to a quaternionic psh function u. Then one has a weak convergence of measures

( dZuy ) < 32u )

— |} — — ).
3999 9999,

To prove this theorem we will need a lemma which is a quaternionic analog of the corre-
sponding complex result (see [38], Theorem 4.1.7).

Lemma 4.8. Let u be a function defined on a domain Q C H". Assume that u4(z) := u(Az2)
is subharmonic in Q4 = {z| Az € Q} for every invertible linear quaternionic transformation A
(ie,YA € GL,(H)). Then u is quaternionic psh.

Assuming this lemma let us prove Theorem 4.7.

Proof of Theorem 4.7. (i) This part of the theorem is known to be true if one replaces in
its statement the word “psh” by the word “subharmonic” (see [38], Theorem 3.2.12). In order to
deduce part (i) of the theorem from that result it remains to show that the limit function « is psh
(and not just subharmonic). But this immediately follows from Lemma 4.8.

02
(ii) First note that the measures ()‘:{ “)Z ,
[¢ ,( .l

is proved exactly as in Proposition 4.6.

), N > | are uniformly locally bounded in 2. This
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Hence choosing a subsequence if necessary we may assume that this sequence of measures
a2 .
converges weakly to an #,-valued measure (v, 7)- We have to prove that v; = Bu_ T see it

T dqidq;
fix an arbitrary function ¢ € C3°(Q2). Then !

62 32 32 32
f uif '¢dvol=/ux- ¢_ dvol—»/u- ¢_ dvol:f u_¢-dvol,
2 99:9q; Q 34i3q; e 8¢idq; Q 99i8q;

where the first and the last equalities can be easily deduced from the assumptions. The result
follows. [

It remains to prove Lemma 4.8.
Proofof Lemma 4.8.  The proof is an easy modification of the proof of Theorem 4.1.7 in [38].

Fix z € Q. The function u(z, + w), 22 + €ws, ..., 2, +&w,) is subharmonic in w by hypothesis,
0 <& < 1. Hence

u(z) < f wi@i+ri,z2+rel2, ..., 20 +regp)dow(t)
[¢]1=1

where w(Z) is the normalized Lebesgue measure on the unit sphere. Since ¥ is upper semi-
continuous and locally bounded above, the Fatou lemma implies as &€ —» 0 that

u(z) < »/l lu(m +ré, 2z, .. ndo (@) .
¢l=

The last inequality and Theorem 3.2.3 in [38] imply that the function z; > u(zy,22,...,2,) 1S

subharmonic. The subharmonicity of the restrictions to other quaternionic lines follows form the

invartance under quaternionic linear transformations. il
5. The operator ® (u)

In the rest of the paper we will denote sometimes for brevity the matrix (,»2,’,25‘;;,) by (32u).

Following Section 5 of the article [10] by Bedford and Taylor we will define for any finite psh
1

function u an operator ®(u«) which is essentially (det 82u)n. It is closely related to the operator

det(d2u), but it is defined for arbitrary finite psh function u.

As in the previous section we will denote by C the cone of non-negative definite quaternionic
hyperhermitian n x n matrices. Consider the function

W(E) = (det(®))n, E€C.

Proposition 5.1. The function V is a continuous, nonnegative, concave function which is
homogeneous of degree 1 on the cone C.

Proof. Concavity follows from Theorem 1.1.17 (ii) of [2]. The other properties are trivial. U

Let 1 be a vector valued Borel measure on Q C H" with values in the cone C. Let us define
a nonnegative Borel measure W(u) on 2 as follows. Choose a scalar valued nonnegative Borel
measure A on 2 5o that g is absolutely continuous with respect to A. Then by the Radon-Nikodim
theorem du = h - d\ where A is a Borel measurable function on Q with values in C.
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Definition 5.2. () := ¥(h)ir

It is easy to see that this definition is independent of the choice of the measure A. The
following proposition is trivial.
Proposition 5.3. If u and v are Borel measures on Q2 with values in C then

(D ¥(ep) =a¥(p) ifa > 0.

(2) If i, v are mutually singular then ¥ (u + v) = V() + ¥(v).

(3) W(w) is absolutely continuous with respect to (1.

@Gvp+ -y =)+ (1 —)¥ W), 0<t < L.

Proposition 5.4. If x > 0 is a continuous function with compact support then
W x) = W) xx
on any compact set ' with Q' + support(x) C Q.
Proof. The proof is exactly the same as in the complex case (see Proposition 5.4 in [10]). Itis

essentially based on Proposition 5.3 and general measure theoretic construction of Goffman and
Serrin [32]. We do not reproduce it here. ]

Proposition 5.5. Let pj be a sequence of Borel measures on Q with values in C which
converges weakly to a Borel measure 1. Suppose also that Borel measures W(u ;) converge
weakly. Then

W(n) = lim W(u;).
j—o0

Proof.  Again the proof is exactly the same as in the complex case (see Proposition 5.6 of [10}).
Note that in turn this is a special case of [32], Theorem 3, p. 165 with slight modifications.  []

To define the operator ®(u) for any psh function u note that by Proposition-Definition 4.6
92u
dqidq;

9%u
(e} =y .
w ((aqiaq,»»

Theorem 5.7. Letu, v, u; be finite pshon @ C H". Then
(1) ®(au) = ad W), @ > 0,
Qe¢u+ 1 —-0v)>2tPW)+ (1 —-)PW), 0 <t <1,

the matrix of Borel measures ( ) takes values in the cone C.

Definition 5.6.

(3) If x > 0 is a continuous function with compact support then
Quxx) = Pu)*x
on any open set Y with ' + support(x) C Q;

(4) if uj —> u as distributions on Q and if the sequence of measures ®(u ;) converges
weakly then
©(u) > lim Puj).
j—ro0
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(5) If ug = u » xz where x:{2) = ;—i; x(g) > O is the usual smoothing kemel (like in the
complex situation, see e.g., [37], p. 45) then

lim0<1>(u£) =du).

(6) ®(max{u, v}) > min{D(u), P(v)}.

Proof.  Assertions (1), (2) follow from Proposition 5.3. Assertion (3) follows from Proposi-
tion 5.4. Let us prove (4). By Theorem 4.7 (3%u j)— (8%u) in the weak topology on the space
of H,-valued measures on 2. This and Proposition 5.5 imply assertion (4). The assertions (5),
(6) are proved exactly as in the complex case, and we refer to the proof of Theorem 5.7 in [10].

O

Theorem 5.8. Let u be a finite psh function on Q such that the regularizations of u, u, = uxxe,
have the property that det(azug) is a bounded family of Borel measures on each compact subset
of Q. Then

(1) ®(u) is absolutely continuous with respect to the Lebesgue measure, and if ®(u) =
g-dvoltheng € LT (), i.e., g" is locally integrable;

loc

(2) if u is continuous and if det(d?u) = f - d vol +dv is the Lebesgue decomposition of the
non-negative measure det(d2u) into its absolutely continuous and singular parts then g" < f;

2 u
dqidq;

(3) e fz;’ +dy; H is the Lebesgue decomposition of the Borel measures then

(')q,'if(?{,'
g = [det(f; )+

Proof.  The proof of this theorem is exactly as in the complex case, and we refer to the proof
of Theorem 5.8 in [10]. [

Remark 5.9. The assumptions of Theorem 5.8 are satisfied when u is a continuous psh function.

6. On upper envelopes

Let 2 C H" be a domain. For functions f > 0 on 2, and ¢ € C(3€2) let us denote by
B¢, f) = {v is finite psh on Q| ®(v) > f - vol, limcv(q) <¢p)Vt € BSZ} .
q———>

The main result of this section is the following result which is a quaternionic analog of Theorem 6.2
from [10].

Theorem 6.1. Let Q be a strictly pseudoconvex bounded domain with smooth boundary. Let
peC@R), feC(), f=0. Let

u(z) == supv(z) .
veB(@. 1)

Thenu € C(Q), u is psh in Q. and ulyq = ¢. Moreover, u € B(¢, f).
The proof of this theorem closely follows [10j and {13]; we are going to present it. As

in [10], we will need two lemmas. Throughout this section Q2 will denote a strictly pseudoconvex
bounded domain in H,.
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Lemma 6.2. Fixe > 0. Then forevery ¢ € 92 there exists vy € B(¢, f) N C(Q) such that

¢ —e=v(5) =¢().
Lemma 6.3. Fix & > 0. Then for every { € dS2 there exists h; € C(Q) which is psh in
such that
D he(z) <¢(2) forall z € 3%2.
D he Q) =) —e.
First let us show that Lemma 6.3 implies Lemma 6.2. Choose a large constant X' >> 0 such
that ®(K|z[%) = K®([z|>) > f. Let ¢(2) := ¢(z) — K(1z|*> — |¢|?). Let h; be as in Lemma 6.3

applied for the function # instead of ¢. Then the function ve(z) = he (D) + K (zI> = 1£1»)
satisfies Lemma 6.2.

Proof of Lemma 6.3. By assumption (at least locally in a neighborhood of £) Q = {F < 0}
where F is twice continuously differentiable function on H" which is strictly pshand VF ;o # 0.
Let G(z) := F(z) — 8|z — ¢|*>. For small § the function G is psh in a neighborhood O of ¢.
Clearly

G()=0, Glg_pno <0

Take small A > 0 and consider
F*(2) := max{G, —A}.

It is clear that
1) F* is psh in  and continuous in €;
F* ) =0;
3) F*|g_, <O0.
For given ¢ > 0 there exists a constant C >> 0 such that
C-F')+¢() <p(z)+eforallz € dQ.
Leth;(2) :=C - F*(z) + ¢(¢) — €. Then
he(z) < ¢p(z)forall z € 382,
he(§)y=¢() —¢.
This proves Lemma 6.3. O]

Proof of Theorem 6.1.  Let us define the upper regularization of u in S as usual:

u*(z) := limsupu () .

77—z

It is easy to see that #* is psh in Q (e.g., using Lemma 4.8 and the analogous classical result for
subharmonic functions, see [56] Chapter 1, Section 1.5). Clearly u < u*.

It follows from Lemma 6.2 that
u(z) > p(2)Vz € 992

In order to prove that u coincides with ¢ on d€2 let us prove the converse inequality (following [13]).
Fix ¢ € 32. As in the proof of Lemma 6.3 construct F*. Let F** := —F*. Then
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1) F** is super-harmonic;
2)F* () =0
3) F**(z) > 0forz e @ —¢.
In the classical potential theory F** is called barrier, and hence the classical Dirichlet problem
for harmonic functions is solvable on 2. Hence there exists a harmonic in 2 function A € C(R2)

such that hlag = ¢. Since every function from B(¢, f) is subharmonic we obtain that u(z) <
h(z)Vz € 2. Since h is continuous we get

u*(z) <h(zx)on Q,
hence u*(z) < ¢(z) on 42 .

Finally we deduce
u(z) = u*(z) = ¢(2), ¥z € 3Q.

By H. Cartan’s theorem (see e.g., [56]) u = u* almost everywhere in €2. Since B(¢, f) is
closed under taking finite maximums [Theorem 5.7 (6)] Choquet’s lemma (see e.g., [56]) implies
that one can choose an increasing sequence of functions 4 ; € B(¢, f) which converges to u almost
everywhere in 2. But then u; —> u* in L} (). Hence by Theorem 4.7 (i) 3%u; —> 9%u*
weakly. Hence by Proposition 5.5

Q™) > lim ®uj)>pu:=f-vol=pu.
j—>00

Hence u* € B(¢, f). Since u < u* in Q we conclude

u=u*.

Hence u is psh and u € B(¢, f). Hence to finish the proof of Theorem 6.1 it remains to prove
the continuity of  in Q.

First we will prove the following
Claim 6.4. « is continuous at all points of the boundary 3%Q.

Proof. Fixany ¢ > 0 and any { € 3Q2. By Lemma 6.2 there exists a function v, €
B¢, fynC () such that ¢(¢) — ¢ < v (¢). Since v, is continuous, in a small neighborhood U
of {inQ

v (2) > ¢(5) — 2.

But u(z) > v (z). Hence u(z) > ¢(¢) — 2¢ for z € U. Hence lim iréfu(z) > ¢(¢). Butu
z—>
is upper semi-continuous in Q (since u = u*), hence limsupu(z) < u(¢) = ¢(¢). Hence u is
z—f

continuous at {. This proves the claim. Ll

Now let us continue proving Theorem 6.1. Fix ¢ > 0. Let w(g) > O be such that

sup |f(z)—f(z’)l<%and _sup |u(z)—u(z’)|<£,
l-fjieg(s) z.z/eﬂ.ﬂift-(’T.EK(Z)fL;m(s)

where dist(z, 3Q2) denotes the shortest distance from z to 32, Existence of such w(g) follows
from Claim 6.4 and the continuity of f. Let t € H" be any vector with |7} < w(e) (where | - |
denotes the norm of the vector). Let

v(@Z) = uz+ 1) +e- 2P — (L + e,
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where L be any constant satisfying L > |z|? forall z € Q. Let

u(z), if zeQ, z4+1¢Q

Vi) = { max{u(z), v(z)}, fz€Q, z+T€Q.

Lemma 6.5. V(z,7) € B(¢, f).

Let us postpone the proof of this lemma and let us finish the proof of Theorem 6.1. Lemma 6.5
implies in particular that V(z, 7) < u(z) for all z € Q. Hence for any z, z + t € € such that
IT] < w(e) we have

uz+ 1) +&lzl* — (L + De <u(@).

Hence for some constant C,
u(z+t)—u(@<C-e.

Replacing r by —t we get
lu(z+7) —u@) <C-e.

Hence u is continuous. U
Thus it remains to prove Lemma 6.5.

Proof of Lemma 6.5. Let us check all the conditions in the definition of B(¢, f).

Claim 6.6. V(z,7t) < ¢(z) forall z € IK2.

Proof. Indeed, if 7+t & Qthen V(z,1) = u(z) = ¢(2). If z + vt € Q then either
Viz, 1) =u(@) = ¢(2) or

Viz,1) = u@+D+e- 2P —L+De<uz+1)—¢
= @)+ wiz+1)—u(@)—¢e <ulx) =9 . ]

Let us define the subset T := (z € |z + t € 9Q}. Note that for any point x € T,
dist(x, 92) < w(e). Let A be the w(g)-neighborhood of I'. Then clearly for all x € A one has
dist(x, 9Q2) < 2w(e).

Claim 6.7. Forallz € A one has V(z, t) = u(z). Hence V (z, t) is upper semi-continuous in
Q2.

Proof.  Clearly it is sufficient to prove the first statement. We have to check that for z € A,
v(2) < u(z). We have

v@) =uz+0)+e- 2P —(L+De<u(z+1)—¢
<u()+ wiz+1)—u@)—¢e <ul@)

where the last inequality follows from the fact that dist(z, 92) < 2w(¢), |T| < w(¢) and the
definition of w(¢).

Since the maximum of two psh functions is psh we can easily get the following from the last
claim.
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Claim 6.8. V(z, 1) ispshin Q.
To finish the proof of Lemma 6.5 it remains to prove the following.
Claim 6.9. ®(V(z,7) > u(= f - d vol).

Proof.  Let us denote by I'yp := ' N . By Claim 6.7 in a small neighborhood of I'g, or if
Z+ 1 € 2, we have

P(V(z, 1)) = @) = p.

Now it remains to consider domain {z € | z+1 € Q}. Inthisdomain V(z, t) = max{u(z), v(z)}.
Hence by Theorem 5.7 (6) we get

@ (max{u, v}) > min{dPu), P(v)}.
Since ®(u) > u let us prove that ®(v) > u. Indeed

O((2)) > Pu(z+1))+4e> f(z+1)+4e = f(2). U
Thus Lemma 6.5 and hence Theorem 6.1 are proved.

6.1. Other Perron—-Bremermann families

Let © be a domain in H". For brevity we will denote by P(£2) the class of psh functions
in . Given ¢ € C(3Q) and a non-negative measure . = f - d vol on 2, we define three
Perron—Bremermann families of subsolutions to the Monge—Ampére equation (the first one was
defined earlier in Section 5.1):

B(¢, ) :={v e P(Q)|P(v) > u and lim sup v(z) < ¢(z0), forall zg € 3Q2};

I—20

CB(¢, f) = B(¢, f) N C(Q);
F(@, ) :={v e P(Q)NCQ)|det(d%v) > u and v(z0) < ¢(20) for all zg € 92}.

Ifu=f-dvol, f € L} (Q) then let u" := f" -dvol. If v € P(Q) N C(Q) then by
Theorem 5.8 (2)

®(v)" < det (azv) ,

and consequently

CB(@. f) C F (¢, u") -

By Theorem 5.8 (1) and Remark 5.9 if u is continuous then ®(u) is absolutely continuous with
respect to the Lebesgue measure, ® () = g - d vol, and g € L} ().

Proposition 6.10. Let Q be a bounded domain in H" and suppose that u € P(Q) N C()
satisfies det(02u) = (®(u))". If CB := CB(¢, ®(u)) and F = F(p, det(d*u)), where ¢ =
ulpq, then sup{vjv € F} = sup{v|v € CB} = u.

Proof. The remarks before this proposition and the assumption imply that CB C F. Hence
sup{vjv € CB} < sup{v{v € F}. On the other hand obviously u € CB. Hence u < sup{v|v €
C B}. Thus it remains to show that sup{v|v € F} < u. Fixany v € F. By the minimum principle,
Theorem 3.3, u — v attains its minimum on 92. But since # > v on 32 we obtain that « > v in
Q. The proposition is proved. O
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7. The Monge—-Ampére equation in the Euclidean ball

In this section we prove the existence of the solution of the Dirichlet problem for the quater-
nionic Monge—Ampere equation for the unit Euclidean ball assuming sufficient regularity of the
initial data f, ¢. First let us introduce some notation.

Let B denote the open unit ball in H”,
B:={lq] < 1}.

Let B be its closure. The main result of this section is as follows,

Theoren! 7.1. Letf € C®(B), f > 0. Let € C®(3B). There exists unique psh function
u € C*®(B) which is a solution of the Dirichlet problem

32
det( ad ) =f,
dq:9q;

upp=¢.

This (smooth) case will be used in the proof of the general case (Theorem 1.3). The method
of the proof of this case is a modification of that of the article by Caffarelli-Kohn—Nirenberg—
Spruck [15].

In this section we will denote by ||g||¢ the C*- norm of a function gin B.

The proof uses the continuity method. In Section 7.1 we prove the first order a priori
estimates. In Section 7.2 we prove the second order a priori estimates. In Section 7.3 we obtain
C%% a priori estimates as an easy consequence of the results from Sections 7.1 and 7.2 and a
general result from [15]. Then the higher smoothness resuits follow from these by the standard
regularity theory of elliptic equations of second order (see e.g., [31, 41]).

7.1. First-order estimates

Proposition 7.2. Assume that a psh function u € C 2(B) satisfies the quaternionic Monge—
Ampére equation with f > 0 in B. Then

llullt =C,

with a constant C depending only on || f||1, |l®]l2, and £~ Ylo.

Proof.  Let L be the linearization of the operator v > log(det(3%v)) at u. Explicitly this
operator can be written

Lv=nf""det (azv, 3uln — 1]) .

Clearly Lu = n. Since u is strictly psh we have the following.

Claim. The operator L is elliptic.

Let D be a first order differential operator of the form D = -, where x; is one of the real

ax;?
coordinate axes in H". First let us prove the following lemma. '

Lemma 7.3.
max; |Du| < maxyp {Du|+ C,
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where C is a constant depending only on || fll1, ||®]]1, and || f~ Yo .

Proof. We have
L(Du) = nf~" - det (az(Du), 82uln — 1]) - f'D (det (82u)) = D(log f) .
Consider the function w(g) := £Du + Alg|%, with & > 0. Then we get
Lw = +D(log f) + AL (|q|2) .
But

L(|q|2) =8nf! det|1,0%, ..., 0% =8nf’1-iizldet (M (8214)) :

n—1 times

where M;; (A) denotes the minor of a matrix A obtained from A by deleting the i-th row and the
i-th column.

Claim. Let A be an invertible hyperhermitian matrix of ordern. For anyi, 1 <i <n,

(A—l)ii = deiA det Mii (4) -

Thus using this claim we get
~1
Lw = +D(log f) + 8nA Tr (azu)

For any hyperhermitian positive definite (n x n) matrix C one has %Tr(C) > (det C)nl. Hence
we get
L

Lw > £D(log f) + 8n2A - (det (a%))_; = +D(log ) +8n°Af 70 .

Since f € C!(B) and f is bounded from below by a positive constant, one can choose a large A
such that the last expression will be positive. For such a A by the maximum principle the function
w achieves its maximum on the boundary 8 B. This proves Lemma 7.3.

Thus it remains to estimate the gradient Vu on the boundary d B. First let ¢ denote any C 2
smooth extension of ¢ inside the closed ball B such that its C2-norm can be estimated by the
C2-norm of ¢. Consider the function ¢+ K ([q{z — 1) for large K. Let us denote this extension
again by ¢. Note that on the boundary 8 B it coincides with our original ¢. Note also that for
large K the function ¢ is psh and moreover,

det (a%p) > f = det (azu) .
Hence by the minimum principle ¢ < u in B. Next let & be a harmonic function in B which

extends ¢. Then u < h. Hence on the boundary |Vu| < max{|{Vh|, |V¢|}. Thus Proposition 7.2
is proved. U
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7.2. Second-order estimates

Let D be any real first-order differential operator with constant coefficients which are not
greater than one. First we need the following result.

Lemma 7.4. For a constant C depending only on || f|l2, 1l !lo

max z D*u < max;g Du+C.

Proof. We have

D*(log f) = D? (log det (Bzu)) (D((i:ftaz u))
)

= 77 {0 (decau) - dox (5% - (D (deras))}
= r2Ip [n . det (32(Du), 92un — 1])] - det (a2u)—[n . det (82(Du), 3uln — 1])]2}
= fn. det (32 (Dzu) , 02un — 1])

4 f2 {n(n — Dydet (az(Du)[2], 3%uln — 2]) - det (8214)

- [n . det (82(Du), 32uln — 1])]2} .

We need the following.
Lemma 7.5. Let A, B be hyperhermitian (n x n)-matrices, A > 0. Then

n(n — 1) - det(B[2], A[n — 2]) - det A — (n - det(B, Aln — 1]))> < 0.

Assuming this lemma let us finish the proof of Lemma 7.4. We get
Dz(log N< f—ln - det (82 (Dzu) , 32u[n - l]) =L (D2u) .

Hence we have .
L (Dzu + k|q|2) > D¥(log f) + 8n2Af "7

where we have used the lower estimate on L(|q|%) from the previous section. For sufficiently
large A the last expression is positive. Hence by the maximum principle

max 3 (Dzu + x|q|2) < maxyg (Dzu + ;\{q|3) .
Thus Lemma 7.4 follows. ]

Proof of Lemma 7.5.  The function A — log(det A) is concave on the cone of positive
definite hyperhermitian matrices [see [2], Theorem 1.1.17 (i)]. Hence

2

d
d—tz-(log.det(A +1B))|;=0 <0.

Computing explicitly this derivative we obtain the lemma. L]
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Note now that in order to prove an estimate on the second derivatives of « it is sufficient to
prove an upper estimate on it. Indeed letg; =t +i - x + j - y + k - z be one of the quaternionic
coordinates. Since u is psh we have u,; + uxy + uyy + #;; > 0. This and the upper estimates on
the second derivatives of the form D?u imply the lower estimates on them. The estimates on the
mixed derivatives also can be obtained easily since

d  a\’
2u,x= a'l’g; U— Uy — Uy -
Hence we have to prove an upper estimate of D?4 on 3B. Let us introduce additional
notation. Let r(q) = |g|?> — 1. Then
B={r <0}.
We will denote the quaternionic units as follows:
eo=1,e1=i,er=j,e3=k.

Fix a coordinate system (qi, - .., g,) on H"; we will write ¢; = Zz=0 e.x;. Fix an arbitrary
point P € 3 B. We can choose such a coordinate system near this point that the inner normal to
9B at P coincides with the axis x,?. Also we will move the center of coordinates to P, i.e., we
will assume that P coincides with 0. Let us denote the center of the ball B by R.

First we have the following trivial estimates:

uxf.xf(P)| < Cfor (i, &), (j,8) # (n,0).

(Note that here we also use the first order estimates of u and ¢). Now let us prove the following
estimate.

Lemma 7.6.

uxis_xg(P)l < C for(i, &) # (n,0),

where C depends only on || f1l2, lI#l13, 11 £~ llo.

Proof.  Clearly one can construct a vector field T on H" such that

DT(P) = Fr;

2) on the points of 3B, T is parallel to 3 B;

3) T has the form

T 3 + 3
= —— a L,
axf ax9

where the function a is smooth with estimates on the derivatives depending only on n, and
a(P)=0.

Consider the function
2 2 2 0 ,
w(@) = £Tw=9)+ (g —6g) + (ug —0a) +(ug—q) —Ax)+Bla - R
We will show that for A, B sufficiently large

(a)Lw > 0;
b)wlyp <0.
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If we will prove it then by the maximum principle w < 0 in B. Hence
IT(u~¢)| < Ax)inB.

Hence at the point P, | -2; o] T(u — ¢)| < A. This will finish the proof of Lemma 7.6. Thus let us
check the conditions (a) and (b). By a straightforward computation

LT(u - ¢) = T(og f) — (L (6er) +aL (8y)) + w — d)gLa
+nf ! det ((a; =)+ (W) ;-a), 0l - 11)
g g 0

_ dg S8 = . ag
where we denote for brevity g; : dq.’ 8 = ag However prd g eldx ez—z- 35’5.

Hence
LT(u - §) = T(og f) — (L (¢es) +aL (8)) + w — #)pLa
+nf = (det (a0 — #9a.s) + (a5 ~ 9)a)  3%uln — 11))

—nf™! idet ((ajel(u - ¢)x,l,,i) + (aj—.el(u - ¢)x,’,_i)* , 8%uln — l]) )
I=1

Note also that u;; = u; ;. Using first- and second-order estimates on a and ¢, and first-order
estimates on f and u we get the following inequality:

ILT(u — ¢)| < C + Cnf~"det (1, 3%uln — 1])
+ nf' (det ((a U ,,) + (a]fu,-v,;)* , 32u[n - l]))

+nf”! Zdet ((a]el(u - ¢)x,',.1) + (a]vel(u - ¢)x;,.,-)* , 3%uln — l]) .
=1

We have the following linear algebraic identity.
Claim.

det ((a U ,,) + (ajvu,-.,-,)* , 32u[n - l]) = 2 (Re a;) det (82u[n — l]) .

It follows from Theorem 1.1.15 (i) of 2] that for a fixed n x n positive definite hyperhermitian
matrix A the bilinear form det(X X*, A{n—1]) is non-negative definite on the space of quaternionic
n-columns. Hence we get

|det (XY* + YX*, A[n — 1])| < det (XX*, A[n — 1]) + det (YY*, A[n — 1]) . (7.1

Using this inequality and the last claim we obtain the following estimate:

LT — ¢)| < C + Cnf~"det (1, 3uln — 1]) +2n|Re a;

+ an' (det (( ¢)X,’,~7(u - ¢)ij) ,0%uln — l]) + det ((aia]) ,0%uln - l])) .
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Using again the first-order estimates on a, we finally get

LT — )| < C +Cnf~" det (1,0%ln — 11)
3
+nf Zdet (((“ =) ju— ¢)x,l1j) , 8%uln — 1]) , (7.2)
I=1

but now the value of the constant C might be different from the previous one.

Now let us compute L((u X~ Ol )?). By a straightforward computation we have

L ((uxg - ¢x;)2)
= 2nf " det (= @)y 1w — 91y, ;) + = @)y - (W = D)y 7) - %uln = 11)
= 2nf~ det (((u — @)y iU — ¢)x4,j) 0%uln — 1])
+ 20— @)y - ((log g —nf " det (¢x1,~if’ 82uln — 1])) .

Using this identity and (7.2) we obtain:

Lw>—C+ (8B — C)nf~! det (1, 3%uln — 1])

+ inf_l det (((u = @) j(u— ¢)x,z"j) , 8%uln — 1])
=1
+ 223:@ — ¢y - ((tog £, = nf " det (8, .5, 0%uln — 11)) .
=1

But the third summand is non-negative. Hence we get

Lw > —C + (8B — C)nf~" det (1, 3%uln — 1])

+2 i(u R ((1og Fet —nf " det (¢x4_,.;, 9%uln — 1])) .

=1

Using the first-order estimates on « and f and third-order estimates on ¢ we finally obtain
Lw > ~C'+ (88 — C')nf " det (1, 8%ln - 11) .
As in the proof of Lemma 7.3
det (1, 82uln — 1]) ST
Thus for large B we get
Lw>—C' + (8B —C)nf5 >0,
Thus the inequality (a) is proved. It remains to prove the inequality (b), namely

(bywlys <0
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for large A, B. Note that T (4 — ¢)|pp = 0. Clearly it is sufficient to prove the inequality (b)
only near the point P. Since u = ¢ on 9 B, then using the first order estimates on u it is easy to
see thatfor! =1,2,3

‘"x,l,(lI) ~¢u(@)| <Clql, g€ dB.

But for g € B we have |g| < K(x,?)%. Hence qu['(q) — ¢x’/l (q)l2 < K’ x,?. Thus Lemma 7.6
is proved. O]

Thus to obtain an estimate on all second order derivatives of u it remains to prove

w0 (P <C.

We have proven that Ju . (P)| < C for (i, &), (j, &) # (n,0) and
i

g y(P)| < Cforl £0. (1.3)

It suffices to show that
luna(P)| < C.

However by (7.3) it is sufficient to show that for the (n — 1) x (n — 1)- matrix
(um/;(P))a T (74)

for some positive constant c. After subtracting a linear functional we may assume that ¢, (P) = 0
J
for (j, 1) # (n, 0). In order to prove (7.4) it is sufficient to prove that

> Epuup(P)ew = clEl* .

a.f<n

Letus prove it for £ = (1,0,...,0). Namely, u 7 > c.

Let us write on the boundary 3 B the coordinate x{ as a function of other coordinates:

x'(l) =p ((xis)(i.e)#(n,O)) -

Let & := u — AxQ with A so chosen that

A ((xf)(i.e);e(n.m P ((xf)(i.s);é(n.O))) =0a P,

where A| = 2.2:0 ((#)f)-f Since the first derivatives of p vanish at P, the last equality is equivalent
to

ﬁlI(P)-{-ftx:')p”(P):O. 1.5)
Consider the following Taylor decomposition:
ilyg = (quadratic terms in xf # x,?) + ( 3-order terms ) + O (|q|4)

—E+F+0| Y 1gl ] +0(iar) .

2<j=n
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where
— H : & 0
E = (quadratlc terms in x; # x,,) s
F := ( 3-order terms in x{) .

First let us consider the term E. We can estimate all the monomials which do not contain x{ by
C' Y ocj<n lg;1>. Thus

3
E= Z Z acsjxix}+ Q(x) + 0 Z g1} .
£.8=0 £l 2<j<n
(J.8)#(.0)
where Q is a quadratic polynomial in x{ which satisfies A Q = 0.

Now let us consider the expression F. It is well-known (see e.g., [59]) that for any homo-
geneous polynomial F of degree 3 on a Euclidean space RY there exists a unique decomposition
F(x) = Fy(x) + l(x) - |x|*, where Fy is a harmonic polynomial, and [ is a homogeneous poly-
nomial of degree 1. Hence in our case (N = 4) we can write

3
F=Fo+ (Z bﬁxf) a1,
e=0

with A Fp = 0.
On the boundary of the unit Euclidean ball 3 B we have

3
20=lglP+ Y IgP+ Y i+ 0 (1aP) .

2<j<n—1 =1
Thus
3
P =2 > I+ 3P| +0(1af) -
2<j<n—1 §=1
Hence

[

3
G| T P ) o (af)

2<j=n—1

3
F=Fy+ (Z bexf)

£=0

3
=Fo+y 2l + 0| Y lat | +0(laf) .

g=0 2<jzn

Thus we get an estimate

3
ilap < Y. Y. aesxix+ 0 (xf)
e8=0 j#l
(j.8)#(n.0)

3
+ (Fo (x) + Z2b€xfx,(,)) +C Y g’ +0 (|q|4) ,
e=0

2=j=n
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where A Fg = A Q = 0. If we denote G := Fgy + Q then the last estimate can be rewritten

3
ilop < Y Y ass XX +G+C Y g2 +0(lal*) .

£.8=0 j#1 2<j<n

Let us define

h=u-G.
Since G depends only on g| and A|G = 0 then
ij:ﬁijforlfi,jfn.
We have ;

ulyp < Z Zas.s.jxfxf'f'c Z lg;1% + 0(|£I|4) .

£.8=0 j#! 2<j<n

Now let us consider the following function

h = —ax® + Blg|? +—ZZ

a95,x|+Dx l

£ j#£1
2
=—ax2+ﬂlqlz+ZZa£.,s,jxfx?+DZZ|X?' +6
.8 j#l 8 j#

where «, B8, and D will be chosen later, and

1
9:=E22|a5~5~1xﬂ220'

.8 j#l
Hence,
hlap > —ax, +,3‘ql +22a85,x1x +4»DZIq,I~
8 j#l

It is easy to see that for appropriate choices of large D and small ¢, 8 such that —ax,(,) +Blq12 >0
one can obtain that 4 is psh and
hlag = dlss .

Now it is easy to see that the smallest eigenvalue of the matrix (k; ;) is equal to 48. Clearly all
the elements of this matrix are bounded independently of small 8; hence all the other eigenvalues
are bounded. Thus choosing sufficiently small 8 we may assume that

det( -) < finB.
Hence, by the minimum principle _
u<hinB.
Since h(P) = a(P) = 0 we obtain
g (P) < hy(P) = ~
It is easy to see that i W(P) = i 2 (P). Substituting this equality and the last inequality to (7.5)

we get
i ((P) = apj(P)=c>0.

But uj(P) = it;j(P). Thus the second-order estimate is proved.
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7.3. C22. estimates

In this section we prove a priori C>%- estimates on solutions of the Dirichlet problem for
the quaternionic Monge-Ampere equation. As previously we denote by « the solution of this
problem. The main result of this section is the following.

Theorem 7.7. Let Q be strictly pseudoconvex bounded domain in H" with smooth boundary.
Let u be a smooth psh solution of the Dirichlet probiem for the quaternionic Monge—Ampére
equation with f > 0, and f, ¢ be C*-smooth. Then

|4]24q < K forsome0 <o < 1,
where K depends only on 2 and norms of f and ¢.

This theorem is an immediate consequence of the following general result due to Caffarelli,
Kohn, Nirenberg, and Spruck [15] and the second-order estimates obtained in the previous section.

Theorem 7.8. Let Q be a bounded domain in RV with the smooth boundary 3. Let u be a
smooth solution of the elliptic equation
F(x,u,Du, D) =0in,
u=¢ond,

¢ is smooth. Assume that F is concave in the second derivatives u;;. Assume that u satisfies an
estimate
luly < C".

Then
l#l2+¢ < K forsome0 <a < 1,

where K depends only on Q, F, |pls, C’.

Note that this theorem implies Theorem 7.7 if one takes F (x, u, Du, D*u) = log(det u; Jf) —
log f.

Thus Theorem 7.1 is proved as well.

8. Proof of Theorem 1.3

In this section we will finish the proof of our main result about existence of solution of the
Dirichlet problem for quaternionic Monge-Ampere equation (Theorem 1.3). But first we will
need the following result.

Theorem 8.1. Suppose Q = B is the unit Euclidean ball in H", ¢ € C(3B), f € C(B), f >
0. Letdu = f % d vol. Then the upper envelopes of the families B(¢, u), CB(¢, u), F(p, u")

coincide. If u denotes the upper envelope, then u € C(B) and satisfies
®u) = frdvol inB,
det (32u) = fdvol inB,
u=¢indB.
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Proof. Remind that the Perron-Bremermann families from the theorem were defined in Sec-
tion 6.1. The argument follows very closely the proof of Theorem 8.2 of [10]. Choose a sequence
of functions f; > O with f; € C(B) decreasing to f uniformly on B. Choose also a sequence
of functions ¢; € C°°(3B) such that ¢; increases to ¢ uniformly on dB. By Theorem 7.1 there
exist unique psh functions u; € C (B) which are solutions of the Dirichlet problem

det (9%u) = f;in B, u; = ¢;in 9B

By the minimum principle (Theorem 3.3) the sequence u ; is increasing. We can choose positive
numbers 7; tending to zero so that ¢; + n; > ¢ on dB. Since

det (82 (uk +& (Izl2 - l))) > det (azuk) + &" det (32|z|2) = fi +¢&" det (32|z|2) ,
and since fi —> f uniformly we can choose positive numbers £; —> 0 such that

det (32 (uk +&; (lzl2 — l))) > det (Bzuj) fork>j.
By the minimum principle (Theorem 3.3) we get
2 . 7
ue+; (12 = 1) Suj@ +n; for k> j, ze B.

But u;(z) < ux(z). Hence u; —> u uniformly on B. By Theorem 3.2 u is psh and det(azuj)
—> det(3%uw) weakly. Hence det(d%u) = f. Further, by Theorem 5.7 (4) ®(u) > f% dvol, and
by Theorem 5.8 and Remark 5.9 & (u)" < det(3%u). Hence du) = fr-l d vol.

It follows from Proposition 6.10 that the upper envelopes of CB(¢, f - d vol) and F(¢, /" -
d vol) coincide with «. By Theorem 6.1 the upper envelopes of B(¢, f-d vol) and CB(¢, f-d vol)
coincide. O

Theorem 8.2. Let 2 be a bounded open set in H". Let¢ € C(32) anddu = f % - d vol with
f =0, f e C(RQ). Suppose that

(1) B(¢, n) is nonempty, and

(ii) the upper envelope u = sup{v : v € B(¢, n))} is continuous on 2 with u = ¢ on 3S2.
Then u is psh and it is the solution to the Dirichlet problem

det(azu) =fin2, u=¢ond.

Also ®(u) = f7 -dvol.

Proof.  Letus check that det(3%u) = f -d vol in Q. First let us show that det(3%x) > f -d vol
in Q. By Choquet’s lemma there exists an increasing sequence u; € B(¢, 1) which converges

to u almost everywhere, and hence in Llloc(Q). Then by Theorem 5.7 (4) ®(u) > f nl. Let us
write the Lebesgue decomposition

det (azu) = f-dvol +dv .

/-

By Theorem 5.8 (2)

3 —

f )"sf.
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Hence det(3%4) > f - d vol.

To prove the opposite inequality let us fix zg € €2, and choose ¢ > 0 so small that the closure
of the ball B(zp, £) = {|z — zo| < €} is contained in §2. By the previous theorem there is a psh
function v(z) € C(B(zo, £)) such that

v(z) = u(z) on 8B(zp, €) ;
o) = f% -d vol on B(zg, €) ;
det (azu) = f-dvol on B(zo, £) .

Since f = det(3%v) < det(3%u) on B(zo, €), by the minimum principle we have v > u in
B(zo, €). Set U(z) = v(z) if z € B(zp, &), and U(z) = u(z) if z € @ — B(zg, ¢). Then clearly
U is continuous and psh, and U = ¢ on 9Q. We also have ®(U) > f % . dvol. Therefore
U € B¢, fnl -dvol). Hence U < u. Hence U = u. In particular in B(zp, €) we have
det(9%u) = f and ®(u) = f7 -d vol. n

Finally let us prove Theorem 1.3.

Proof. _ By Theorem 8.2 we have to verify that B(¢, u) is not empty and its upper envelope
u € C(Q), and u = ¢ on IQ. When Q is strictly pseudoconvex this is consequence of Theorem
6.1. Thus u = supfv : v € B(¢, 1)} is the solution of the Dirichlet problem. (]

9. Quaternionic Levi form

In this section we discuss some additional properties of quaternionic strictly pseudoconvex
domains. In Section 9.1 we introduce a quaternionic version of the Levi form of a domain with
smooth boundary and prove that such a domain is strictly pseudoconvex if and only if its Levi
form is positive definite. In Section 9.2 we consider some examples and some other analogies
with the real and complex cases. In Section 9.3 we state some open questions.

9.1. The quaternionic Levi form

In this section we introduce the quaternionic version of the Levi form. For the classical
complex case we refer to [38] and [19]. The main result of this section is Proposition 9.2.

Let © be a domain in H" with C2-smooth boundary 3§2. For any z € 32 let Tyq . denote the
tangent space at z to the boundary 3$2. The quaternionic tangent space to 32 at z is by definition
the maximal quaternionic subspace contained in Tjgq ;:

"o = Tia:NTig I NTgJ NTha K .

Letp € Clbea defining function of €, i.e.,
p<0on, p=0anddp # 0ondQ.
The Levi form Lyg . on”Tyq . is defined as the restriction of the hyperhermitian quadratic
form (%‘ﬁ) to" Tyg, divided by |V o(2)].

Claim 9.1. The Levi form does not depend on the choice of p.
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Proof. Let p’ be another defining function of Q. Then in a small neighborhood of z there
exists a smooth function ¢, a(z) > 0, such that p’ = ap. But
3% (ap) 8%p da dp I da +h 9%
= = ns o T o= T a. e
dqi9g; dqidq; 9q; 9dq; 9q; 3q; 9999,

()

Now let us choose the coordinate system such that z is at the origin, and” Tyq ; is spanned by the
firstn — | coordinates q1, . .., gn—1. If we evaluate this expression at z we obtain fori, j <n—1:

p'(z) _ 9%0(2)
¢4

= = . L]
0q;04q; 0q;3q;

Proposition 9.2. A C2-smooth domain 2 is strictly pseudoconvex iff the Levi form if positive
definite at each point z € 3S2.

Proof. 1f Q is strictly pseudoconvex then there is nothing to prove. Let us prove the opposite
statement. Let us fix a point z € 2 and let us assume that Lyq , is positive definite. Let us fix
any defining function p of 2 in a neighborhood of z. Let us also fix a coordinate system on H"

so that again z is at the origin and” Tq . is spanned by the first n — 1 coordinates gy, ..., gn_1.
From (%) we obtain for any real valued smooth function «:
9 (ap) Pp(z) | da(x) 3p@) | pk) @)
—(2) = a(2) - — - + =" .
9999 dgidq;  9q;  dqi dq;  Oqi

Now let us choose « such that «(z) = 1 + I(g,), where [ is R-linear real valued functional
depending only on g,. Then if eitheri < nor j < n we get

%(ap)(z) _ 30(2)
0q;0q; 89idq;

Fori = j = n we get

@@ _ @ @) @ 6@ e
99ndqn 94 9qn 9qn  94qn 9qn  3qn

= An(p) +2Re (al(_Z) : 9&) .
aqn oqn

If we choose [ appropriately we can make the last expression arbitrarily large, and then the matrix

(g—q‘%‘%) will be positive definite at z, and hence in some neighborhood of z, and hence the function

ap will be strictly psh. But ap is also a defining functional of 2 near z. |

9.2. Some examples

In this section we present a general construction of quaternionic strictly pseudoconvex do-
mains. It was suggested by M. Gromov [33] in an analogy to the complex case. Then we discuss
some differences of the quaternionic situation with the real and complex cases. This part depends
very much on discussions with M. Sodin.

Definition 9.3. Let S be areal 3n-dimensional linear subspace of H". Then S is called totally
real if
SNES-HNES-IHN(S-K)y={0}.
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Note that a generic real 3n-dimensional linear subspace is totally real. Note also that S is
totally real if and only if its orthogonal complement S+ C (H")* satisfies

St+1-st+7-st+k-st= (W)

Definition 9.4. A smooth 3n-dimensional submanifold of H" is called totally real if the tangent
space at every point of it is totally real.

Claim 9.5. Let M be a3n-dimensional totally real compact submanifold of H". Let Q := M,
be the e-neighborhood of M. Then for small ¢ > 0 the domain 2 is strictly pseudoconvex.

Now let us remind the following characterizations of convex (resp. pseudoconvex) domains
in R" (resp. C") (see e.g., [38)).

Claim 9.6. Let Q be a bounded domain in R" (resp. C" ). Then S is convex (resp. pseudocon-
vex) if and only if the function x — — logdist(x, d€2) is convex (resp. plurisubharmonic).

Unfortunately this criterion is not true in the quaternionic situation already in H'. Indeed
by Proposition 9.2 any bounded domain with smooth boundary is strictly pseudoconvex in the
quaternionic sense. It is not difficult to construct a domain Q@ C H! such that the function
x > —logdist(x, 3$2) will be not subharmonic (in the usual sense).

9.3. Questions and comments

We would like to state few questions closely related to the material of this article.

Question 1. Find a geometric (or any other) interpretation of the quaternionic Monge—
Ampere equation (or of an appropriate modification of it).

Remind that the (modified) real Monge—Ampere equations appear in construction of convex
hypersurfaces in R” with the prescribed conditions on curvature. For this material we refer
to [8, 52]. One of the main applications of (modified) complex Monge-Ampere equations is
the construction of Kihler metrics on complex manifolds. After the proof of the Calabi-Yau
theorem [60, 61] and the Aubin—Yau theorem [7, 61} they became the key tool in complex
differential geometry, see e.g., [8, 11, 40] for further discussion.

Question 2. (due to L. Polterovich.) Find a geometric characterization of quaternionic
strictly pseudoconvex domains. (Note that we have not defined the notion of quaternionic pseu-
doconvex domain in the non-strict sense.)

Question 3. (due to G. Henkin.) This question is closely related to the previous one. Let
Q C H" be a domain which admits an exhaustion by level sets of a plurisubharmonic function;
in other words there exists a plurisubharmonic function # : Q — R such that for any number ¢
the set {7 < ¢} is compact. (Note that in the classical complex situation this property is one of the
equivalent definitions of a pseudoconvex domain.) It was observed by G. Henkin [36] that if &
is strictly plurisubharmonic Morse function then §2 admits a homotopy retraction onto a compact
subset of dimension at most %dimR © = 3n (indeed the Morse index of every critical point of
such a function is bounded from above by 3n). This implies that the boundary 3€2 is connected
provided n > 1. These properties are analogous to the corresponding properties of pseudoconvex
domains in the complex spaces (where the constant % is replaced by %). It would be of interest to
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understand the relation between the class of domains with this property and the class of strictly
pseudoconvex domains in the sense of this article.

Question 4. Generalize Theorem 7.1 on the existence of the regular solution (under suitable
assumptions on regularity of the initial data) to arbitrary strictly pseudoconvex bounded domains
with smooth boundary (and not only for the Euclidean ball).

Note that the real analog of this result was proved by Caftarelli, Nirenberg, Spruck in [14],
and the complex analog was proved by Caffarelli, Kohn, Nirenberg, and Spruck in [15] and Krylov
in [42].
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