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Abstract

We study two new omnibus goodness of fit tests for exponentiality, each based
on a characterization of the exponential distribution via the mean residual life
function. The limiting null distributions of the test statistics are the same as the
limiting null distributions of the Kolmogorov-Smirnov and Cramér-von Mises
statistics proposed when testing the simple hypothesis that the distribution of
the sample variables is uniform on the interval {0, 1].
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1 Introduction

As evidenced by the recent papers of El Aroui (1996), Gupta and Richards (1997),
Gwanyama (1997), Klefsjoe and Westberg (1996) and Nikitin (1996), there is a contin-
ued interest in the problem of testing that a random sample commes from an exponential
distribution. For an overview of goodness of fit tests for exponentiality, see Ascher
(1990), D’Agostino and Stephens (1986), Doksum and Yandell (1984), or Spurrier
(1984).

This paper takes a new approach to the problem of testing for exponentiality. This
approach is based on a characterization of the exponential distribution via the mean
residual life function. To be specific, let X;,..., X, be independent copies of a non-
negative random variable X with unknown distribution function F(z) = P(X <

z),z > 0. It is well-known that if X has finite positive mean the distribution of X
1s exponential, i.e.

F(z) = 1—exp(-Az), z2>0,
for some A > 0, if and only if the mean residual life function is constant, i.e., if

E(X —2|X >2z) = E(X) foreach z>0. (1)
Now, (1) is easily seen to be equivalent to

E(min(X,z2)) = E(X)F(2) foreach z>0. (2)

Since under the assumptions X > 0 and 0 < E(X) < o0, (2) is a characteristic
property of the class {Ezp()\) : A > 0} of exponential distributions, there is the
following natural approach to assess exponentiality. Put X = n ' 3%, Xi and Uy =
Xi/X,k = 1,...,n. If the distribution of X is Ezp(}) for some ), the distribution
of n=*(Uy,...,U,) is the (singular) Dirichlet distribution D(1,...,1) on the simplex,
see Gupta and Richards (1997). Moreover, for large n the random variables Uy, ..., U,
behave approximately like n independent exponential variables with mean 1. In view of
(2), the latter observation motivates the use of the Kolmogorov-Smirnov type statistic

1& 1
L, = /nsup|=> min(Uy,z) — =Y (Ui < 2) (3)
220 | oy T k=t
and the Cramér-von Mises type statistic
1 n 1 n 2
G, = n/ (— Y min(Us,2) —~ =3 1(Ux < z)) e’ dz 4)
0 n k=1 n k=1
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Clearly, when the hypothesis
Hy : the law of X is Ezp()) for some A > 0

is true, the distributions of L, and G, do not depend on the unknown parameter A.
Denoting by Uy < ... < Uy the order statistics of the variables Uy, . . ., U, introduced
above, and defining a sum over an empty index set as zero, the statistic L,, can be
written in the form

L, = /n max sup

5=0,1,..,n—1 Usn<2<Usiin | T

1
_(Ulm+...+Um)+z(1_f)_E
n 7

N ma.x( max [ Ui+ .o 4+ Upp) + Usi1n (1 - f_z) - i] , (5)

1
s=0,1,..,n-1 |7 n

1
max [f——(Ulm+...+U,m)—U,m (1—i)]).
s=l,..n—1 |71 n n

Similarly, putting Ap = 0 and A, = > ¥3_, (Ujn — 1) for s=1,...,n gives

n

n—1 Ua+1'n 9
1 § s 2
Gn = TLSZ:O U/ (E(U1n++U3")+z(1_;>—;;> e dz
n—1
=n) [A3 (exp(=Usin) — exp(—Uy11:n))
5=0

+ 24, (1 - %) (exp(~Usin) (1 + Usin) = exp(=Us1n) (1 + Us41.0)
52 2
+ <1 h E) exp(—Usn)(2 42U, + Usin)

g\ 2
- <1 - ;L—) exp(—Us+l'n)(2 + 2Us+l:n + U512+1'n) . (6)

The distributions of the statistics Z,, and G,, only depend on that of the random vec-
tor (Uym, ..., Usny). Interestingly, the distribution of (U, .. ., Upx) is the same for all
random vectors (X1,...,X,) having a multivariate Liouville distribution, see Gupta
and Richards (1997). Therefore changing from a sample X,,..., X, of independent
and identically distributed exponential variables to jointly multivariate Liouville dis-
tributed variables X),..., X, does not change the distributions of the statistics L,
and G,. As was observed by Gupta and Richards this invariance property is shared by
various other goodness of fit statistics for exponentiality.
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The representation
G, = % an [2 = 3~ — 2 min(Uy, Up)(e ™% + ™) + 2¢” max(Ui )]
k£=1
which may be obtained directly from (4), shows that G, is a V-statistic with an es-
timated parameter, the estimator being 1/X. The asymptotic distribution theory of
statistics of this type was treated by De Wet and Randles (1987). We shall not use
their results, but exploit the fact that under Hy the transformed variables
T, = i E—_—kj_—l(Ukm—Uk_lm), s=1,...,n—1, (7)
k=1 n
behave like the order statistics of n — 1 independent [0,1] uniform variables. In that
way, the asymptotic null distributions of L, and G,, may be obtained from the limit
theorems of the classical Kolmogorov-Smirnov and Cramér-von Mises statistics pro-
posed when testing the simple hypothesis that the underlying distribution is uniform
over the interval [0, 1]. The behavior of the transformed variables Ty,...,T,_; in (7)
is a characteristic property of the exponential distribution. In this spirit, Seshadri, M.
Csorgb and Stephens (1969) and M. Csorg8 (1974) treated the hypothesis Hy with the
Kolmogorov-Smirnov and Cramér-von Mises goodness of fit tests for uniformity based
onTy,...,T,_;.

There is an intimate connection between their statistics and L, and G, (or even
more pronounced with the statistic G}, introduced below). This connection is revealed
in Section 2. The limiting null distributions of L, and G,, turn out to be the same
as the asymptotic null distributions of the Kolmogorov-Smirnov and the Cramér-von
Mises statistic, respectively, when testing for uniformity in the unit interval. It will
also be shown in Section 2 that the corresponding level & tests that reject Hy for large
values of L, and Gy, respectively, are consistent against any fixed alternative distribu-
tion. Thus, there are two new omnibus tests available for the composite hypothesis of
exponentiality. Some empirical power values of these tests obtained by simulation are
presented in Section 3.

Among the multitude of available tests for exponentiality (see, e.g., Ascher (1990)
or D’Agostino and Stephens (1986)), the procedures under discussion belong to the
group of tests that use a characterization approach to goodness of fit. Emphasizing
characterization procedures, O'Reilly and Stephens (1982) discuss a systematic ap-
proach to goodness of fit tests for composite hypotheses.
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2 Asymptotic results

The following result shows that the test statistics L, and Gy, although involving the
estimator 1/X which is ”hidden” in Uy,...,U,, have standard limiting null distribu-

tions.

Theorem 1. For a standard Brownian bridge {B(t),0 < t < 1}, put L =
1
maxg<;<; |B(t)| and G = [ B(t)%dt. If the hypothesis of ezponentiality is irue, then
- 0

a) lim P(L,<1) = P(L<z), z>0,

n—oo

b) r}i_)r&P(Gn <z)=P(G<z), >0

ProoOF. Since the distributions of L, and G, do not depend on the parameter
A of the underlying exponential distribution, assume without loss of generality that
the random variables X have the distribution function F(z) = 1 — exp(—z),z > 0
Let Vi1 < ... £ V,_1.n_1 be the order statistics of a sample of n — 1 independent
and identically distributed uniform [0, 1] variables Vi, ...,V,_;. Putting V4, = 0 and
Vam—1 = 1, the proof is easily done by remembering that

n—k+1
n

IS}

(Uk:n - Uk—l:n)y 1 S k S n) s 1 S § S ?’&)

Eg=1 ch
D
= (Vs:n—l - Vs—l:n.—l , 1<s< n)a

where 2 means equality of distributions. Recalling 7T, from (7) then gives

1
Ln = \/ﬁ max ( max [—-(U1~n +...+ Us.n) + UH—I:n. (1 - i) - i] ’
s=0,l, n-1|n s T
s 1 s
s:{?%—l [H - E(Ul:n +...+ Us:n) —Usn (1 - 'ﬁ)] ) (8)
_ \/_ T 8 S T
- a1 -2 s 27

\/._ V. S S
n max max m—1— — max — — V- .
) 1 s+1ln—1 n i s=1,m—1 |1 sn—1

s=0,...,n—

A comparison of the last expression on the right-hand side with

8 S
D1 = Vn— lma.x( max [Vme_x - ——*] , max [ - a:n—lD )
1 s=1,.,n-1{n—1

§=0,...,n~ n-—-1
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the Kolmogorov-Smirnov statistic based on Vi, ..., V,_;, yields the assertion for L,,
because lim,,_,oc P(D,._ < z) = P(L £ z) for each z > 0.

To prove the corresponding assertion for Gy, introduce the related test statistic

(o o] 1 n
G, = n/[ Emln Uk, 2) — —Z l(ngz)] (1—"21Uk<z))dz
0 k=1 nk=1 nkl
n-1 Usiiom 1 s s 9 S
> / [E(Uh"*---”m)“(l‘;)‘;] (1-3) e

7
L

w| 3
Ng

[
- [t et V) + U (1 2) = 2] ]
- 28 - - 1)

25 o= 3] - )

A comparison with the Cramér-von Mises statistic

[IS]

W, = n—l)/( Zle<z)—z) dz

n_ln-l

s 1° s 13
T3 fg([v’“:"‘l_n—l] _[Vm_l—n—l])

and the fact that lim, ., PWr-y < z) = P(G < z), z > 0, then shows that
limp 00 P(Gl, € 2) = P(G < z), = > 0. To finish the proof, note that

Unn 2
IGn - G:ll 1/2 L (9)

where
1 n
E, = supyn|=) LUp<z2)—(1-€7)
z2>0 L4 k=1

is the Kolmogorov-Smirnov statistic for testing the composite hypothesis of exponen-
tiality. Since L, and E, have limit distributions {for E,, see Stephens, 1976) and
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n~Y2U,., tends to 0 in probability as n — oo, it follows from (9) that G, — G, con-
verges to 0 in probability as well, which concludes the proof. W

Seshadri, M. Csorgd and Stephens (1969) used transformation techniques for treat-
ing the hypothesis of exponentiality. The n independent variables Xi,..., X, are
transformed to the n — 1 variables T},...,T,_, defined in (7) which under Hy behave
like the order statistics of n—1 independent uniform variables. The proof of Theorem 1
shows that when building the Kolmogorov-Smirnov and Cramér-von Mises goodness of
fit statistics for testing the hypothesis of uniformity on the basis of these transformed
variables, one essentially obtains L, and G),.

The following discussion addresses the problem of consistency of the tests based on
L, and G,,. For a given level of significance « € (0, 1), the hypothesis of exponentiality
is rejected if Ly, > £, and G > gn, respectively, where £, and g, are the (1 — a)—
quantiles of the distributions of L, and G, under Hy, respectively.

Theorem 2. Let X have any non-ezponential distribution on [0,00) with positive,
possibly infinite mean p. Then
lim P(L, < £,)=0 and lim P(G, < gn) =0.

n—co

Proor. If 0 < u = F(X) < oo, then

1
L, — sup|-—

Tn Sup ! E(min(X, 2)) — P(X < 2)

7]

o [Pl e e

in probability as n — oo. Both stochastic limits are zero if and only if the distribution
of X is exponential.

(10)

and

To prove (10), note that

L, 1 & X 1 & X )
- ) -- Y 1(ZE<
R DEEDRICEY
1
= =Ant Bnt‘,
sup |5 (t) (t)




M=

LS min(Xe,t),  Balt) =

1(Xk < 1).
L K

I
S

f
~

Letting [jgl] = sup;y |g(t)| for a function g : [0,00) = R, and putting Ao(t) =
E(min(X,t)), Bo(t) = P(X <), it follows that

1 1
?An_Bn—(;AO_BO)

1 1 1
= — | [|Ap|| + = | An — Aol| + | B, — Byl

In view of ||A,|| < X, the first term of this upper bound converges to zero almost surely
by the strong law of large numbers. For the second term, use a Glivenko-Cantelli type
argument to show that ||A, — A¢|| = 0 a.s. Since ||B, — Bo|| — 0 a.s. by Glivenko-
Cantelli, it follows that

1
”? An, ~ B, a.s.,

aon
m

—
n—0Q

which proves (10). Assertion (11) is an immediate consequence of ||7_1An - B, -
(p‘,_iAo - Bo)“ — 0 as.

For the case E(X) = oo, fix positive constants ¢ and M, and let ¢ > 0 such that
E(min(X/t, M)) < g/2. Since X — oo a.s., we have for sufficiently large n (depending
on w in a set of probability 1) both X > ¢ and

1 3" min (&,M) < E(min ()—(,M» +
n = 2 t

whence, for such n,

1 & e ) 1 & . (X
sup — min | =,z € — mln(——,M) <e¢
Consequently,
1 & . X ) 1 & (Xk
sup |— min | =,z) — — 11 =< — las.

for each M > 0. Since L,/+/n < 1, it follows that L,/\/n — 1 in probability. Likewise,
G,/n— 1 in probability. In any case,

lim P(L,<z) = 0 and lim P(G,<z) = 0 foreach z >0,
n—00 n—o00

which proves the assertion. W



233

3 Empirical results

To give an impression of the speed of convergence to the limiting null distributions, TA-
BLE I shows some critical values of L,, and G, obtained by simulation. The sample sizes
are n = 20 and n = 50, and the significance levels chosen are o = 0.1, 0.05,0.025, 0.01.
The entries in TABLE I are based on 100 000 replications. The row denoted by “cc”
gives the critical values of the limiting null distributions of the Kolmogorov-Smirnov
and the Cramér-von Mises statistic, taken from the Biometrika Tables for Statisticians,
Volume 2 (Pearson and Hartley (1972)).

Empirical power values (rounded to the nearest integer) for some alternative dis-
tributions (Gamma (G), Weibull (W) and Lognormal distributions (LN) with scale
parameter 1 and shape parameter 6, uniform 4[0, 1], Half-Normal (HA/), Half-Cauchy
(HC), x3, Power distributions (PW) with density 6~'z'/%-1,0 < z < 1, LIFR (linear
increasing failure rate) distributions with density (1 + 8z)exp(—(z + (8/2)z%)),z > 0,
and JSHAPE (JS) distributions with density (1 + 6z)~'/%-!,z > 0, are shown in TA-
BLE II. An asterisk denotes power 100%. The significance level is & = 0.05, and the
sample sizes are n = 20 and n = 50.

The alternative distributions chosen were also considered by Baringhaus and Henze
(1991), who derived estimated powers for various other competitive procedures for test-
ing the hypothesis of exponentiality. Each entry in TABLE II represents the percentage
of 10 000 Monte Carlo samples declared significant by the new tests based on L, and
G, and the classical Cramér-von Mises test, based on

n

Wo =Y (1 — exp(=Upn) - = 1/2)2 n IL

k=1 n 2n

Some information regarding the limiting null distribution of W,, (mean, variance, per-
centage points) can be found in Stephens (1976). Roughly, one can say that the tests
based on L,,G, and W, behave nearly in the same way. They can clearly be recom-
mended as omnibus procedures for the testing problem under consideration. The two
new tests offer the advantage that the test statistics L,, and G, have standard limiting
null distributions.

Acknowledgement: The authors are indebted to Nora Giirtler for performing the
simulations.
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TABLE I
Critical values of Ly, and Gy,
Ln Gn
« 01 005 0025 0.01 0.1 005 002 001
20 | 1.202 1.334 1.453 1.600 | 0.340 0.446 0.554 0.703
50 | 1.206 1.338 1.458 1.609 | 0.342 0.454 0.566 0.731
1.224 1.358 1.480 1.628 | 0.347 0.461 0.581 0.743
TABLE II

Percentage of 10000 Monte Carlo samples declared significant; test size o = 0.05;

sample sizes n = 20,50

Distrib- n=20 n =50 Distrib- n =20 n =50
ution L, G, W,|L, G, W, ution |L, G, W, | L, G, W,
W(0.6) 58 71 70 |95 98 98 || LN(0.7) {54 54 62 {95 93 98
wW(0.8) 14 22 20 |35 46 43 | LNM(08) |29 28 34 |64 61 76
w(1.2) 16 14 14129 29 28 | LN(1.0)| 13 16 16 |22 26 30
W(1.4) 35 35 3 (72 77 74 || LN(15)|56 66 6292 95 93
W(1.6) 59 63 61 |95 98 97 | HC 60 67 63 |93 95 93
X 37 52 53 {8 83 90 || JS(05) |35 46 41 {73 80 76
PW(@O.8) |92 93 91 | * * * 1 JS{(1.0) |76 83 80 (98 99 99
PW(1.2) | 49 44 41 |92 90 86 | U[0,1] 73 72 67 [99 99 98
PW(14) |32 24 24 |73 65 62 | GO4) |62 75 76 |97 99 99
PWEO) |11 11 19 |29 28 48 | G(06) |22 33 32 |55 67 67
PW(30) |44 54 64 |8 91 96 || G(0.8) 6 10 9 13 18 18
LIFR(1) 21 19 18 | 43 45 40 || G(1.4) 16 15 15|31 32 32
LIFR(2) 31 30 28 {66 69 63 || G(1.6) 256 24 25 | 53 BT 57
LIFR(4) |44 44 42 |83 87 83 || G(1.8) 36 36 3772 177 M7
LIFR(6) |51 51 49 |90 93 90 | G(2.0) 46 48 49 |86 90 90
LIFR(10) | 60 61 59 | 95 97 95 [ G(2.4) 64 68 68 |98 99 99
HN 24 22 21 |52 54 49 [ G(3.0) 86 89 89 | * ¥ *
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