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We c o n s i d e r  an  e x t e n s i o n  o f  t he  c lass ica l  S h e w h a r t  c o n t r o l  c h a r t  to  c o r r e l a t e d  
d a t a  wh ich  was  i n t r o d u c e d  by V a s i l o p o u l o s / S t a m b o u l i s  (1978). 
Inequa l i t i e s  f o r  t he  m o m e n t s  o f  t he  run  l e n g t h  are given u n d e r  weak  c o n d i t i o n s .  
I t  is p roved  ana ly t i ca l l y  t h a t  t he  average  run  l e n g t h  (ARL) in t he  i n - c o n t r o l  s t a t e  
of  t h e  c o r r e l a t e d  p r o c e s s  is l a r g e r  t h a n  t h a t  in the  case  o f  i n d e p e n d e n t  var iab les .  
The  e x a c t  ARL is c a l c u l a t e d  f o r  e x c h a n g e a b l e  n o r m a l  va r i ab les  and  a u t o r e g r e s s i v e  
p r o c e s s e s  (AR). Moreover ,  we com par e  th i s  c h a r t  wi th  r e s idua l  c h a r t s .  Especia l ly ,  
in t h e  case  o f  an  A R ( t ) - p r o c e s s  w i th  pos i t ive  coef f ic ien t ,  i t  t u r n s  o u t  t h a t  t h e  
o u t - o f - c o n t r o l  ARL of  t he  modi f ied  S h e w h a r t  c h a r t  is s m a l l e r  t h a n  t h a t  o f  t he  
S h e w h a r t  c h a r t  fo r  t h e  res idua l s .  

~ F W ~ l L  s t a t i s t i c a l  p r o c e s s  con t ro l ,  S h e w h a r t  cha r t ,  r un  l eng th ,  c o r r e l a t e d  data .  

1. Z n t . r o d u . c ~ t J . o n  

A l o t  of  s t a t i s t i c a l  c o n t r o l  c h a r t s  have been  i n t r o d u c e d  in t he  l i t e r a tu r e ,  

e.g. t h e  S h e w h a r t ,  EWMA, C I / S U M  c h a r t s  (c f .  M o n t g o m e r y  (1991)). The m o s t  

wide ly  u sed  c o n t r o l  c h a r t  is w i t h o u t  d o u b t  t he  s t a n d a r d  S h e w h a r t  cha r t .  

Let  {Yt} d e n o t e  t h e  i n - c o n t r o l  p r o c e s s  and  {Xt} t he  o u t - o f - c o n t r o l  p r o -  

cess .  Now a var ie ty  of  d e p a r t u r e s  f r o m  t he  i n - c o n t r o l  s t a t e  are poss ib le .  Here  we 

c o n s i d e r  exc lus ive ly  t h e  case  of  an  a b r u p t  s t e p - l i k e  sh i f t ;  i.e. i t  is a s s u m e d  t h a t  

X t  : Yt  + a I{q ,q+l , . .} ( t ) ,  (1.1) 

w h e r e  q c b/ d e n o t e s  t h e  p o s i t i o n  and  a t he  size of  t he  change .  I A s t a n d s  fo r  t he  

i n d i c a t o r  f u n c t i o n  of  t h e  s e t  A. 

In t he  c l a s s i ca l  S h e w h a r t  c h a r t  fo r  t he  case  of  k n o w n  p a r a m e t e r s  the  p r o c e s s  is 

o u t - o f - c o n t r o l  a t  t ime  t, if  J X t - ~ o i  > cd ,  whe re  { I o : : E ( Y t )  , d 2 : = V a r ( Y t  ) and  

c>  0 is a s u i t a b l e  c o n s t a n t  usua l ly  t a k e n  to  be  3. 
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A fundamenta l  assumpt ion in most  s ta t is t i ca l  process con t ro l  methods is 

t ha t  the observat ions are independent.  However,  this cond i t ion  is no t  f u l f i l l e d  fo r  

many da ta  se ts  ( s e e  e.g. Ber thouex e t  al. (1978), N o t o h a r d j o n o / E r m e r  (1986), Mac-  

G r e g o r /  Harr is  (1990)). 

In the  l a s t  years  several  au thors  have d i scussed  the  impact  o f  a co r r e l a t i on  

s t r u c t u r e  on the  behaviour  o f  the  Shewhart ,  EWMA and CUSUM char ts ,  e.g. Ber-  

t houex  e t  al. (1978), Bagshaw/ Johnson  (1974/5), Yashchin (1989), H a r r i s / R o s s  (1991). 

If  i t  is a s sumed  tha t  the  random variables are independent ,  when in fac t  they  are 

cor re la ted ,  i t  has been  shown via s imula t ions  (e.g.  M o n t g o m e r y / M a s t r a n g e l o  

(1991), M a r a g a h / W o o d a l l  (1992)) tha t  the  classical  30 con t ro l  l imi ts  in Shewhar t  

char t s  are  no t  su i tab le  due to the  high f requency of  fa l se  a larms.  This is no t  

surpr i s ing  since e.g. in the case of  a l inear process ,  i.e. Yt = ~ s ~ wi th  
V ~ _ ~  V ~ - - V  

Y. [Sv]<Oo, , S o = l  and {E t} a whi te  noise p rocess  wi th  E(Et)=O and 
V ~ - - c o  

V a r ( $ t ) = o  2, we have Var(Y t) = 02 ~ S2;v bu t  the  variance of  Yt in the  case  of  
V f f i - - c o  

independen t  var iables  is only o 2, i.e. i t  is smal ler .  Consequen t ly  a l inear  p roces s  

has a g rea t e r  var iance and thus  reaches  a given bound earlier,  provided tha t  the  

same  cr i t ica l  values  are used, i.e. the  i n - c o n t r o l  average run l eng th  (ARL) is 

smal le r .  

Howeve r  i t  is no t  t rue  tha t  the  i n - c o n t r o l  ARL is always sho r t e r  in the  p resence  

of  au tocor re l a t ion ,  as some au thors  remarked,  even if the  variance of  the  

co r r e l a t ed  and independen t  p rocess  is the  same. An example  of  such a p rocess  is 

given in sec t ion  3. 

In o rde r  to  ove rcome  these  p rob lems  residual  char t s  have been proposed ,  

i.e. c lass ica l  con t ro l  char ts  are applied on the  residuals  o f  the p rocess  (e .g .  Ber-  

thouex  e t  al. (1978), H a r r i s / R o s s  (1991), M o n t g o m e r y / M a s t r a n g e l o  (1991), MacGre-  

g o r / H a r r i s  (1993). If the res iduals  are independent ,  then these  char t s  behave the  

same as under  the  s tandard  condi t ions,  i.e. the  Shewhar t  char t  appl ied to  the  re -  

s iduals  is more  su i tab le  to  de t ec t  large shi f t s  than EWMA and CUSUM res idual  

char t s ,  whi le  the cont ra ry  is valid for  small  shifts .  

Unfo r tuna t e ly ,  as was i l l u s t r a t ed  by Harris/Ross(1991) and Ryan(1991), th is  

s t r a t egy  may be  ex t r eme ly  ineff icient .  This can be seen immediately .  If {Yt ) is an 
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A R ( p ) -  p r o c e s s ,  i.e. Y t  = vffil~' sty Y t -v  + Et, t hen  t he  r e s idua l s  are g iven  by 

p p 
X t -  ~. st X = c t + a ( 1 -  ~ st ) for  t ~ p + q .  

V m  ~ V ~ - - V  V =  | V 

In r e l a t i o n  t o  an  i n d e p e n d e n t  s ample  the  impac t  of  t he  s h i f t  is s u p p r e s s e d ,  if  
p 

st > O, e l s e  i t  is  ove rwe igh ted .  C o n s e q u e n t l y  al l  r es idua l  c h a r t s  b e h a v e  w o r s e  
V ~  1 V 

f o r  an A R ( 1 ) -  m o d e l l  w i th  st1 > 0 t h a n  in the  i n d e p e n d e n t  case.  

However ,  t he  r e s idua l  c h a r t s  s u f f e r  unde r  f u r t h e r  d i s advan t ages .  For  many  

p r o c e s s e s  r e s i d u a l s  are  n o t  i ndependen t ,  espec ia l ly  if  t he  p a r a m e t e r s  a re  u n k n o w n  

and  are  r e p l a c e d  by e s t i m a t o r s .  Moreover ,  t he  p rac t i ca l  c a l c u l a t i o n  of  t h e  

r e s i d u a l s  of  an  ARIMA p r o c e s s  may be  d i f f icul t ,  e spec ia l ly  if t he  p a r a m e t e r s  are  

u n k n o w n  and  have  to  be  e s t i m a t e d .  F u r t h e r m o r e  the  r e s t r i c t i o n  on  t he  r e s i d u a l s  

l eads  to  a l o s s  in i n f o r m a t i o n ,  since,  due to  the  s t a r t i n g  p r o b l e m s ,  no  c h a n g e s  

can  be  d e t e c t e d  a m o n g  t he  f i r s t  p o b s e r v a t i o n s  of  an A R ( p ) -  p roces s .  

In t h i s  p a p e r  we c h o o s e  a n o t h e r  p rocedure .  In the  fo l l owing  we c o n s i d e r  a 

d i r e c t  e x t e n s i o n  of  t h e  s t a n d a r d  S h e w h a r t  c h a r t  to  the  case  of  c o r r e l a t e d  da ta .  

As a l ready  r e m a r k e d  above  t he  r e a s o n  for  the  d i f f e r e n t  b e h a v i o u r  l ies  in t he  f a c t  

t h a t  u n d e r  t he  a s s u m p t i o n  of  i ndependence  the  w r o n g  no rma l i z ing  var iance  is 

used,  or  in o t h e r  words ,  t he  var iance  of the  p r oce s s  is " e s t i m a t e d "  badly.  Thus  i t  

s e e m s  t o  be  n a t u r a l  to  use  t he  s t a n d a r d  devia t ion  ~ of  t h e  c o r r e l a t e d  p r o c e s s  

{Yt } for normalization, i.e. one concludes that the process is out-of-control at 

time t, if 

[ X t  - I1o [ > c ~ .  (1.2) 

This  c h a r t  was  i n t r o d u c e d  by V a s i l o p o u l o s / S t a m b o u l i s  (1978). I t  wi l l  be  ca l l ed  

modi f i ed  S h e w h a r t  c h a r t  in the  fo l lowing.  The e x t e n s i o n  to  t h e  case  t h a t  a t  each  

t ime  n o t  on ly  one  b u t  severa l  o b s e r v a t i o n s  are m e a s u r e d  is obvious .  The  a u t h o r s  

c a l c u l a t e d  t h e  var iance  of  t he  mean  in the  i n - c o n t r o l  s t a t e  and  gave cu rves  fo r  

t h e  mod i f i ed  qua l i ty  c o n t r o l  f a c t o r s  for  an A R ( 2 ) - p r o c e s s .  However ,  they  did n o t  

m a k e  any s t a t e m e n t  a b o u t  t he  run  l e n g t h  of  the  cha r t ,  wh ich  is g iven by 

N : = i n f { n c N : [ X  n - I 1 0 [ > c  T1/~o} and  inf  (1) := co. This  is the  main  aim of  t he  p r e s e n t  

paper .  
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I t  h a s  to  be  e m p h a s i z e d  t h a t  th i s  c h a r t  can be  appl ied,  i f  e.g. t he  i n - c o n t r o l  

p r o c e s s  is s t a t i o n a r y  and,  in c o n t r a r y  to  res idua l  c h a r t s ,  i t  is n o t  n e c e s s a r y  to  

c o n f i n e  o n e s e l v e s  to  ARMA mode l s .  

In s e c t i o n  2 we ana lyse  t he  behav iour  of  t he  ARL fo r  a l a rge  f ami ly  of  

s t o c h a s t i c  p r o c e s s e s ,  which  cover  t he  case  of  a s t a t i o n a r y  Gauss i an  p r o c e s s .  An 

u p p e r  b o u n d  f o r  t he  I n - c o n t r o l  ARL is given ( T h e o r e m  I). F u r t h e r m o r e  i t  is 

s h o w n  t h a t  t h e  i n - c o n t r o l  ARL u n d e r  "a  var ie ty  of  d e p e n d e n c e  s t r u c t u r e s "  is 

l a r g e r  t h a n  in t h e  case  of  i n d e p e n d e n t  var iables ,  if  t h e  s ame  c o n s t a n t  c is c h o s e n  

( T h e o r e m  2).  

In s e c t i o n  3 we c a l c u l a t e  t h e  ARL for  e x c h a n g e a b l e  n o r m a l  va r i ab l e s  and  in 

s e c t i o n  4 f o r  A R - p r o c e s s e s .  Via s i m u l a t i o n s  we have c o m p a r e d  t he  ARL of  t h e  

mod i f i ed  S h e w h a r t  c h a r t  w i th  t h a t  of  the  S h e w h a r t  resp.  EWMA c h a r t  fo r  t h e  

r e s i d u a l s .  The  unde r ly ing  i n - c o n t r o l  p r o c e s s  was an  A R ( 1 ) - p r o c e s s .  Each c h a r t  

was  c a l i b r a t e d  s u c h  t h a t  the  i n - c o n t r o l  ARL is a lways  t he  same.  I t  h a s  s h o w n  

t h a t  t he  mod i f i ed  S h e w h a r t  c h a r t  is b e t t e r  t h a n  t he  S h e w h a r t  c h a r t  app l ied  to  t h e  

r e s idua l s ,  i f  t h e  coe f f i c i en t  of  the  A R ( 1 ) - p r o c e s s  is posi t ive ,  b u t  i t  is  l e s s  

e f f i c i e n t  in t he  case  ~I <0" The  s ame  behav iou r  was  o b s e r v e d  w i th  r e s p e c t  to  an  

E W M A  c h a r t  w i t h  s m o o t h i n g  c o n s t a n t  X = 0.75. 

Now in p r a c t i c e  t h e  au t ocova r i ance  Yo will  be  u n k n o w n  and  we have to  e s t i m a t e  

YO.n = ^  "~1 v=~l ( t h i s  p a r a m e t e r .  A s u i t a b l e  e s t i m a t o r  is g iven by Xv-~n)2 , prov ided  

t h a t  n is s u f f i c i e n t l y  large.  Here  x 1 . . . . .  x n d e n o t e s  a reaUzat ion  o f  ( X  t} and  ~ n  

s t a n d s  fo r  t h e  mean.  Box / Jenk ins (1976 ,  p.33) r e c o m m e n d  to  c h o o s e  n g r e a t e r  

equa l  t o  SO. Thus  we have to  e s t i m a t e  Yo us ing  o b s e r v a t i o n s  of  t h e  i n - c o n t r o l  

p r o c e s s .  Th i s  can  b e  done  by making  use  of  values  which  have been  c l a s s i f i e d  t o  

b e  i n - c o n t r o l  (e.g.  p r e r u n ) .  

In s e c t i o n  4.3 i t  is ana lysed  how t he  ARL of  t he  modi f ied  S h e w h a r t  c h a r t  and  

t h a t  of  s o m e  r e s idua l  c h a r t s  changes ,  if  t he  p a r a m e t e r  Yo is e s t i m a t e d .  I t  t u r n s  

o u t  t h a t  a l l  c h a r t s  r e a c t  e x t r e m e l y  s ens ib l e  on  dev ia t ions  f r o m  t h e  e x a c t  

p a r a m e t e r s .  
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2 .  B o u n d m  f o r  t h e  ~ i n  t h e  c a m e  o f  

c o r r o l a t e d  d a t a  

In th is  sec t ion  we derive bounds  for  the ARL for  ra ther  genera l  s t ochas t i c  

p rocesses ,  e.g. p rocesses  with e l l ip t ical ly  contoured  marginal  d i s t r ibu t ion  f u n c -  

t ions,  pos i t ive ly  lower  o r t h a n t - d e p e n d e n t  random variables,  etc.  A famous  t h e -  

o rem of  K o l m o g o r o v  says tha t  such processes  exist ,  provided tha t  the  family  of  

d i s t r ibu t ion  func t ions  is cons i s t en t  ( s ee  e.g. Brockwel l /Dav is  (1991, p . l l ) ) .  All of  

t hese  r e su l t s  are t rue,  if  the  i n - c o n t r o l  process  is a s ta t ionary  Gaussian p rocess  

whose  au tocovar iances  converge  to zero, if the lag tends  to  infinity. 

Now 

Pa,q(N > k )  = Pa,q( max IX n-110 ] ~ c ~ )  
l ~ n ~ k  

= PO ( m a x l Y n - ~ O l  ~c  y~-oo,-C T ~ f ~ o - a ~ Y  - ~ o  ~ c y~-oo-a V q ~ n ~ k ) ,  
l ~ n ~ l  n 

where  l=  min{q- l ,  k}. Consequen t ly  P ( N > k ) = P  ( N > k ) ,  if  the  random 
a , q  - a , q  

vec to r s  (Yq - I10 . . . . .  Yk - ~o ) and - ( Yq - 11o . . . . .  Yk -tlO ) have the  same dis t r ibut ion.  

Here  the  symbol  P means tha t  the probabil i ty is ca lcu la ted  with  r e spec t  to the  
a , q  

mode l  (1.1) and Po means  tha t  no change has arisen. By analogy we wri te  Ea, q and 

E o for  the  expec ta t ion .  

A k - d i m e n s i o n a l  random variable Y is said to have an e l l ip t ica l ly  con tou red  

d is t r ibut ion ,  if  i ts  dens i ty  funct ion  is of  the form 

( d e t C )  -1 /2  g ( ( y - ~ ) T C - 1 ( y - ~ ) ) ,  y , t ~  k ,  (2.1) 

where  C is pos i t ive  def in i te  and g: [ 0 ,~ )  - >  E0,0o) is nonincreasing.  

The m o s t  i m p o r t a n t  member  o f  this  family is the  mul t ivar ia te  normal  d i s t r ibu t ion  

which can be obta ined  by choos ing  g (u)=  ( 2 ~ ) - k / 2 e x p ( - u / 2 ) .  O the r  member s  are 

e.g. the  mul t ivar ia te  t - d i s t r i b u t i o n  and the mul t ivar ia te  Cauchy dis t r ibut ion.  

Fu r the rmore  l e t  S (v) z ~ v~ 1 denote  the Stir l ing numbers  of  the  second kind, i.e. 

the  number  o f  par t i t ion ing  a se t  of  z e l emen t s  into v n o n - e m p t y  subse t s .  

~ m o r m u  2.1. Let Yt '  t c ~N, be a Gaussian process.  The random variables  Yt '  t c ~ ,  

are a s sumed  to  be ident ical ly  d is t r ibuted  with E ( Y t ) = ~ o  and Var(Y t) =~o" Fur-  

t h e r m o r e  le t  C k := ( Coy( Yl' Yi ) )l.i=l,..,k be regular  for  all  k c N and 
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2:= d e t C k / ( Y o  d e t C  k 1) and C O := I. I t  f o l l ows  for  8 := inf  ( ~k: k ~ lq } > 0 , where  8 k 

x ~ ~I and  w i t h  z := r  - r  

E o ( N •  < ~. s (V )  v t z V - l / ( 1 - z )  v ~ x ! / ( z ( 1 - z )  x )  < co. 
�9 r  x 

Par t i cu la r ly  

E o ( N ) ~  I/(l-z) and Eo(N 2) ~ (l+z)/(1-z) z. 

]ProOf. Using  Das Gupta  et  al. (1972, Theorem 3.2) we obta in  t ha t  

k 
P o ( I Y  1- FO I ~ c ~ o  . . . . .  [Yk-  ~o I ~ c ~ o  ) ~ lffir[1Po ( IY,- %1 ~cCy'-'~/S, ) 

k 
~ Po( IY t - p o [ ~ c  ~-~o/8) = z k . 

l ff i l  

C o n s e q u e n t l y  
co 

Eo(NX)=  ~ ( ( i §  ( l - z )  Y.. iXz 1-1. (2.2) 
1 = O  1 = 1  

Since fo r  [z[ < I ( see Hansen (197S, p.142) ) 

iXz I = Z S'V'v!  z V / ( 1 - z )  ~§ , 12.31 
1=1 v=l x 

the  f i r s t  inequal i ty  fo l lows .  By making use of the r ecur rence  r e l a t ion  

S (v) = v Scv) + S (v-D for  ~ ~ v > 1 ( e.g. A b r a m o w i t z / S t e g u n  (1984, p.368) ), the  second  
�9 § �9 

inequal i ty  can be proved by induct ion.  

Note  t h a t  in the  case  of  independent  and ident ica l ly  d i s t r i b u t e d  r andom 

var iab les  Eo (N  x )  is equal  to  the  f i r s t  upper  bound given in Theorem 2.1, s ince 

~ 2  = ~ k  2 = Var(Y1) /yo  = 1. 

C l ~ o l l a r $ .  Let  Y t '  t~i~, be a (weakly)  s t a t iona ry  p rocess  wi th  E(Yt)=~t o and 

au tocovar i ance  funct ion  {Tt }. Suppose  tha t  

YO > 0 , y t - - >  0 a s  t - ->  co. (2 .r  

Then {8 v} is nonincreas ing  and for  k ~ l  

= ^ * ) 2  lim y ~2 lira E ( Y  - Y  )2 = 02 := E ( Y k - Y k  ' 
V _ > ~  0 V V _ > C  0 V V 
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where Yk denotes the best  linear one-s tep  predictor of l, YI ..... Yk-I for Yk and 

Yk the bes t  linear predictor of 1, Yt' t < k for Yk" 

Thus we may choose S = 0/Tf~o in Theorem 2.1. 

] ~ o f ,  This resul t  follows immediately with Brockwell/Davis (1991, Corollary 5.1.1, 

Ex. 2.18) and the definition of the best  linear predictor. Note that 02 does not 

depend on k. 

In the case of independent and identically distributed random variables we 

have d 2 = Var(Y k) = Yo" 

It must  be emphasized that  the assumption (2.4) is rather weak and is satisfied 

for all causal ARMA processes. This condition ensures that C k is regular for all 

keN.  

Theorem 2.1 can be extended to other stochastic processes having elliptically 

contoured marginal distributions. 

Rlll~irk. Let Yt' t~bl, be a stochastic process. Assume that for all k c• the 

k -d imens iona l  random variable (YI . . . . .  Yk)T has an elliptically contoured 

distr ibution function and that the random variables Yt' t~N, are identically 

distributed with E(Y t) = ~o and Var(Y t) =T o. If the corresponding matrix C k (see 

2 :_ det C k / (2.1)) is regular for all k, and ~ : = i n f { ~ k : k Z l } > O  , where 8 k 

( 'fo dot Ck_ I) and C o :=I, then we get with the same arguments as in the proof 

of Theorem 2.1 

Eo(NX) < ~ ( ( i + l ) • 2 1 5  PO i( IYI-~Ol ~ c / ~  ..... IYi -I1ol ~ c / ~  ), (2.5) 
iffiO 

where the symbol Po'I indicates that C k is the identity matrix. 

If we consider the multivariate t distribution with v degrees of freedom, Po.I on 

the right side of (2.5) is equal to (see Tong (1990, p.214)) 

2v ~ x  ( ~ ) ( c x / 8 ) - ~ ( - c x / 8 ) )  i hv(vx 2) dx, 
o 

where h denotes the density of the central x2-dis t r ibut ion function with v 

degrees of freedom (symbol X 2) and r the standard normal distr ibution 

function. 

Thus, e.g., 
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x (vx 2) V > C 2 / ~  2 Eo(N) J h dx < co, if  
~/ 1 -  ~ ( c x / 8 )  v 

Next  we compare  the  i n - c o n t r o l  ARL of  a p rocess  wi th  dependence  

s t r u c t u r e  wi th  tha t  of  independent  variables.  A lower  bound for  Eo(N)  is derived.  

We cons ide r  c lasses  of  d i s t r ibu t ions  which are posi t ively dependent .  The random 

var iables  Yt . . . . .  Yn are said to be posi t ively lower  o r t h a n t - d e p e n d e n t  (PLOD),  if  

( c f  Tong  (1990, p.93) ) 

P(YI<Yl  .. . . .  Yn<Yn ) > l~ P(Yi~Yi ) for  all  Yl . . . . .  Yn ~[R" (2.6) 
i=1 

2.2. Let Yt'tc~q' be a stochastic process. Assume that the random 

variables Yt' t c b/, are identically distributed with E(Yt) = ~o and 

Var(Y t) = To c (O, oo). If the random variables I Y 1- llol ..... I Y n- go I satisfy (2.6) for 

all n, then it follows for xc[N that 

S (v) v! (F(c) - F ( - c - 0 ) ) v - 1  / (1 -  ( F ( c ) -  F ( - c - 0 ) ) )  v , (2.7) 
E~215 > v=l x 

particularly Eo(N) > I/( I - (F(c) - F(-c-O) ) ) , 

where F denotes the distribution of the standardized variable (Yi-[1o)/VV~o. 

IFroof. Let c a := c i/~o. (2.6) implies that 

Po ( N > k ) = Po ( I Y 1-11o I ~ c a ..... I Yk- 1101 ~ ca ) 

~ Po ( IYi-lZo[<C ~) = ( F ( c ) - F ( - c - 0 ) )  k . 
1=1 

Thus we obta in  

( (i + 1) •  i x ) (F(c)  - F ( - c - 0 )  )l .  E ~  ~ i=o 

Using (2.3) the result follows at once. 

Note that the quantity on the right side of (2.7) is equal to the x-th 

moment of the run length for a sequence of independent random variables. Thus 

Theorem 2.2 states that in the case of correlated variables (in the sense 

described above) the x-th moment of the run length is larger. 
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The condi t ion  (2.6) in Theorem 2.2 is e.g. sa t is f ied for  the  mul t ivar ia te  normal  

d i s t r ibu t ion  ( s e e  Tong (1990, p.154)) and for  the mul t ivar ia te  t d i s t r ibu t ion  ( s e e  

Tong (1990,p.208)). A more  detai led invest igat ion of  the  p roo f  of  Theorem 2.2 

shows  tha t  i t  is su f f i c ien t  to  demand P( max Y a x )  ~ I~P(YI  a x )  fo r  al l  xclR. 
l~i~n 1 1=1 

Usually the quantity c is determined such that Eo(N) is equal to a given 

value [, i.e. c = c~ is a solution of Eo(N)= ~. We denote the solution in the case of 

independent variables by c~(~ N~ and N~(~ shall denote the corresponding run 

lengths. 

(o) since If the assumptions of Theorem 2.2 are satisfied, it follows that c~ > c~, 

(o) (o) 
E o ( i n f { n , ~ l : t X n l > C  ~ ~/~o }) ~ Eo(N ~ ) = ~ = Eo(N~). 

Thus,  i f  c is de t e rmined  via tables  for  independent  variables,  the  r e su l t i ng  

i n - c o n t r o l  ARL is l a rger  than [, provided tha t  the variables are cor re la ted .  

l ip  to now we have only d iscussed the behaviour  of  the  ARL in the  

i n - c o n t r o l  s ta te .  Next  we give a r e su l t  for  the o u t - o f - c o n t r o l  s i tuat ion.  In the  

fo l lowing  we shal l  always assume tha t  o u t - o f - c o n t r o l  means  tha t  a 

c h a n g e - p o i n t  is p r e sen t  ( s e e  model  (1.1)). 

2,3. Let  {Yt } be a s tochas t i c  process .  Assume tha t  E(Y t) =~o and 

Var(Yt) = ~'o ~ (0, oo) for  all  t c N. Fur thermore  l e t  all  marginal  d i s t r ibu t ions  of  

{Yt-[~o} have a con t inuous  densi ty  f which is symmet r i c  about  the origin (i.e. 

f(x) = f ( - x )  for  al l  x )  and, addit ionally,  le t  f be unimodal  ( c f  Tong (1980, p.51)), 

i.e. t ha t  {x: f (x )>) .}  is convex for  all  ) ,>0.  Moreover,  le t  •  Then it  f o l l ows  

tha t  fo r  al t  a, q 

E ( N x) < Eo( N • a,q 

and tha t  for  q f ixed E (N ~) is a nonincreasing funct ion in lal. a,q 

l~roof. Let  c * : = c  X~'~o , Zl : = Y I - " O  and 7- k := (Z1 .. . . .  Zk)L 

I t  f o l l o w s  wi th  Tong (1980, Theorem 4.1.1) that  for  lal ~ I~1 

P ( N > k )  = P (IZtl~c* . . . .  IZjl~c*,lZ +alac*  . . . . .  I Z k + a l a c * )  a,q a,q q 

_ C  ~ ~ �9 -~- = Po( -C <Z 1 <c  ~, < Z l ~ C  , - c  - a~ ;Z  ~ c a - a  . . . . .  - c  - a ~ Z k ~ C  - a )  .... , q 
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= Po ( Z  k E [ - c * , c * ]  k+a_aq) ~ PO (7. k , [ - c  ~,c~] k+Ea_q) 

PO ( Z  k c [ - c  ~ ,c*]  k)  = PO ( N > k )  , 

where  a c ~  k denotes  a vector  whose f i rs t  ( q - l ) c o m p o n e n t s  are all  equal  to 0 - q  

and the  o ther  ones  are all  equal  to - I .  Using (2.2) we obta in  the desired resu l t .  

3 .  " r  n o r m a l  v m r i a b l e m  

The de te rmina t ion  of  the  exact  ARL for corre la ted processes  is usual ly  

ra the r  dif f icul t .  In this sect ion we consider  exchangeable  random variables.  I t  is 

poss ib le  to give an explici t  expression for the ARL of exchangeable  normal  

variables,  i.e. for  s ta t ionary  Gaussian processes  with autocovar iance func t ion  3" v 

equal  to  a c o n s t a n t  p for all  v * O. Thus these  variables are independent ,  if and 

only  if p is equal  to zero. 

We are in t e re s t ed  how the p resen t  corre la t ion s t ruc tu re  inf luences  the  run  l eng th  

of  the process .  

3.1. Let (Yt } be a Gaussian process with E( Yt ) = {Zo and 

Var( Yt ) = To ~ (0'  oo) for all  t and with Corr( Yt' Yi ) = p ~ [O,l ) for  all  i * j. Let n = @ '. 

We ge t  for  k > l  

o ^ ~ m a x { O  k - q + 1 }  
Pa .q (N>k)  = ~(z;p) 1 ~a(L;p,- " n(z) dz 

- -oo  

with ~a(z;p) := @(( c - f{)-z - a/q-T--o 1/Ifi-'-P-- p l -  ~1 ( - c - fP  z - a/T~fu )/lfi---~-- p ) and 

~(z;p) := ~o(z;p). Consequen t ly  for xcN 

~o ~a4z;p) v-I 
Ea.I(N x)  = ~, S (v) v! n(z) dz and 

v = l  x - c o  ( 1 - ~ a ( z ; @ ) )  v 

Ea,q(N) = ~ 1 n(z) dz + T ~(z;p)q-1 ( 1 1 ) n ( z ) d z .  
_ 1 - ~ ( z ; @ )  - c o  1 - ~ a ( z ; p )  1 - ~ ( z ; p )  

Fur the rmore  

Vara, l(N) = 2 _ ~  ( t -~ - - z ;P ) )  2 a  ~ n(z)dz  § 1-~a(z;~ n(z)dz-(_o~ 1 - r ~ z ; p )  n(z)dz)2" 
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]PrOof. I t  f o l l o w s  with  Tong (1990, Theorem S.3.1) that  

P (N>k) = P o ( - c S ( Y n - g O ) / ~ - ' o o ~ C  Vlxn<l, a,q 

-c-a/y4~o < ( Y n - ~ O ) / T ' ~ O  "=C-a/~.~0 V q s n < k )  

1 

= Po I Iq { - c ~  14"i'~'-~Z +q-~- Z o ~ c} 
r l = l  

k 
n ( -c -a , '  ~/~-~o , , ' l -~,  Z n=q n §  z o < ~-a /~d'~o)  ) ,  

where  Z o . . . . .  Z n deno te  independent  and NoA - d i s t r i b u t e d  random variables,  

f ! = Po ( ~ { - c - 4 p - z  ~ q l - p  Z n ~ C - q p - ~  z } n  
_co nffil 

k 
n ~ - c -  ~ z  - a / ~  o ~ ~F-~  z n=q n c-  ~ - z -  a / ~ o  / I Zo= z) .(z~dz 

o ~ , ~ m a x { O ,  k - q + 1 }  
= ~(Z;p) l ~atZ;pJ n(z) dz.  

We obta in  wi th  the  equal i ty  in (2.2) and the Theorem of  B. Levi 

E a l ( N  x)  = T ( 1 - ~ a ( z ; p ) ) n ( z )  ~ i  x~a(z ;p)  i-1 dz . 
�9 - c o  1=1 

Applying (2,3) the  equal i ty  is proved. Fur thermore  

~. q - 2  f E (N)  = P (N >k)  = ~. P ( N > k )  § ~(z;p) q-1 
a,q k=O a,q k=O a,q -co 

k_~O ~a(Z;p) k n(z) dz. 

q - 2  T ~(z;P)q-1 
= ~ P (N >k)  § 

k=o  a,q -co 1 - ~a(Z;@) 

and thus  the  t heo rem is proved.  

n(z) dz 

In the  fo l lowing  we choose  c as the  ( l - ~ / 2 ) - q u a n t i l e  of  the  s t andard  

normal  d is t r ibut ion ,  i.e. c = ~-1(1-  a /2) .  

Table  1 shows  tha t  the  i n - c o n t r o l  ARL as wel l  as the  i n - c o n t r o l  var iance of  the  

run l eng th  increase,  if  the  cor re la t ion  coef f ic ien t  p increases,  while the  skewness  
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of  t he  run  l e n g t h  dec reases .  

T a h l e  | .  Expec t a t i on ,  s t a n d a r d  devia t ion  and  s k e w n e s s  of  the  run  l e n g t h  u n d e r  

t h e  nu l l  h y p o t h e s i s  " n o  c h a n g e - p o i n t "  fo r  var ious  va lues  of  p (Yo = 1, c~ = O.O1 ) 

p 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 

Eo( N ) I00.0 I15.I 155.3 242.6 461.2 1189.9 5230.0 67179.0 

V~-'~o(N ) 98.5 122.8 184.9 325.0 702.3 2090.1 10829.0 169538.0 

s k e w n e s s  0.49 0.43 0.38 0.34 0.31 0.27 0.24 0.20 

I t  can  b e  s e e n  f r o m  Tab le  2 w h a t  happens ,  if t he  p roce s s  {Yt } is o u t - o f - c o n t r o l .  

I t  is a l s o  d i s c u s s e d  how t he  ARL varies  for  d i f f e r e n t  p o s i t i o n s  of  t h e  

c h a n g e - p o i n t .  A t  f i r s t  g l ance  t h e s e  r e s u l t s  are su rp r i s ing  for  q large .  However ,  

s ince  t h e  p r o b a b i l i t y  of  f a l s e  a l a r m s  inc reases ,  if q increases ,  i t  may o c c u r  t h a t  

t h e  o u t - o f - c o n t r o l  ARL is s m a l l e r  t han  q. 

Td~lo 2 .  E (N)  for  va r ious  va lues  of  a and  q (Yo = 1, p = 0.3, c~ = 0.01 ) 
a , q  

q / a 0 0.5 1.0 1.5 2.0 2.5 3.0 3.,5 4.0 

1 242.,58 184.57 84.86 27.4.5 8.35 3.25 1.78 1.28 1.10 

2 24.2.58 184..30 84.50 27.65 9.07 4..17 2,75 2.27 2.09 

3 24.2,58 184.05 84.18 27.89 9.81 5.09 3.71 3.24 3.06 

5 242.58 183.56 83.64 28.49 11.33 6.91 5.62 5.16 4.99 

I0 242.58 182.49 82.74 30.46 15.24 11.39 10.24 9.83 9.67 

SO 242.58 178.57 87.90 $3.06 44.86 42.69 41.98 41.71 41,61 

In th is sect ion we determine the run length  of  an A R ( p ) - p r o c e s s .  We 

con f ine  o u r s e l v e s  to  t he  case  q=l. A l t h o u g h  our  e x p r e s s i o n  fo r  t h e  ARL is n o t  

s u i t a b l e  f o r  a numer i ca l  eva lua t ion ,  i t  p e r m i t s  more  i n s igh t  in to  t h e  p r o p e r t i e s  of  

t h e  mod i f i ed  S h e w h a r t  c h a r t  fo r  such  type  of  p r o c e s s e s .  
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P 
Ti[mozlm 4.1. Let  {Yt } be a causal  solut ion of  Y t :  ~' a Yt -v  + ~t" Assume  tha t  

v=l v 
P 

P(Z):=I-~. ~ z v has no zeros inside the unit circle and that the random 
Vffi 1 V 

variables  ~t' t c E, are independent  and ident ical ly d is t r ibuted  with  ~ t  ~ NO, 2 for  

al l  t , where  O<o<co .  Then it  f o l l ows  with ~ : = c  T4~o, T:=min{p,k},  

CT:=(Cov(Y|,Yi)/~2)|,I=I,..,T and z T:=(z ! ..... zT)T that  

k p 
P l(N>k)= f .... .[ ;I ~ (z.,.) ~ n(z - Y.c~.z .)dz...dz., 

[ ( - ~ - a ) / o , ( ~ - a ) / r  k O , C , .  r~ - I  v = p §  v i = l  i v - ~  x I 

k p 
E a , (N)  = I + ~ f .... f , ~ (z,~) ~ n(Zv-lZltXlZv_ i) dZk.. .dz I . 

' k f f i l  O , C _ _ - I  v f p §  ffi 
[ ( _~_a ) /o ,  (~._a)/~] k I 

Here  n deno tes  the  densi ty  funct ion of No, 1 and n c the  densi ty  of  the  

mul t ivar ia te  normal  d is t r ibu t ion  with expec ta t ion  ~ and covar iance mat r ix  C. 

]Proof. Since P a . t ( N > k ) = P o ( i Y I + a [ < ~  . . . . .  { Y k + a [ < ~ )  and an appl icat ion of  the  

t r a n s f o r m a t i o n  ru le  for  dens i t ies  shows  tha t  for  k z p+l and wi th  c~ 0 :=- I  

p p 

f(Y1 . . . .  Vk )(zl . . . .  Zk) = f(v1 .... yp ,  Ep§ .. , Ek)(Z I .... Z P ' -  v=O ~" •v Z p+l-v . . . . . .  -vffiO ~'~ 0Iv Z.K_v ) 

k p 

no,  c (Zp)  ]'[ n((z - ~ a )/0), p v=p§ v iffil i zv-I 

the  r e s u l t  follows. 

Note  tha t  Eo(N) does  no t  depend on ~. 

C o e o l J ~ y .  Let {Yt} be as descr ibed in Theorem 4.1 and p= 1, then  the  i n - c o n t r o l  

average run l eng th  does  not  change, if  al  is replaced by - % .  

]Proof. We d is t inguish  be tween  k even resp. odd. If k is even, we make the  

subs t i t u t i on  tv = -Zv for  v odd; else,  if k is odd, we subs t i t u t e  tv = - z  v for  v even. 

Now we conf ine  ourse lves  to  the  case  of  an AR(1)-  process .  

&.2. Let  { Y J  be a causal  so lu t ion  of  Y t = a l Y t _ l +  ~t" Assume  tha t  

~1 ~ [0,1) and tha t  the  random variables E t, t~Z ,  are independent  and ident ica l ly  

d i s t r ibu ted  wi th  ~ t ~ N o , o 2  for  all t, where O<o<co.  Then P o ( N > k )  is a 
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nondecreas ing  func t ion  in ct I fo r  all  k ~ N fixed. Consequen t ly  Eo(N)  is a l so  a 

nondecreas ing  func t ion  in a 1. 

I[tlN~I t. F i rs t  we obse rve  tha t  ( V l / T ~ o  . . . . .  Yk/TTf~o)T "~ ~ ( 0 ,  (a~v-l l ) l ,v= 1 .... k ). An 

exp l ic i t  f o r m u l a  fo r  the inverse of  the  covariance matr ix  can be found  in 

B o x / J e n k i n s  (1976, ch.7). Since the inverse matr ix  i s  an M - m a t r i x  ( s e e  

Tong  (1990,p.78)), the  r e su l t  f o l lows  with Theorem 5.1.6 f rom Tong (1990, p.103). 

This r e s u l t  says tha t  the i n - c o n t r o l  ARL increases,  if  ot 1, i.e. the  dependence  

s t ruc tu re ,  increases .  

Let  us cons ider  fu r the r  proper t ies  of  the  modif ied Shewhar t  char t  fo r  an 

AR(1) - p rocess .  Se t t ing  Z t = (1 - a 1) X t for  t ~ 1, i t  f o l l o w s  t h a t  

Z t = Ot I Zt_ 1 + (1 - Ot 1) ( E t + a(1 - a l ) )  for  t ~ 2, i.e. {Xt} behaves l ike an exponen t i a l ly  

we igh ted  moving  average (EWMA) with smooth ing  cons t an t  X = l - a  1 and h e a d  

s ta r t .  

Since {Xt} is a Markov process ,  an approximat ion of  the  m o m e n t s  of  the  run 

l eng th  N can be obta ined via the M a r k o v - c h a i n  approach (e .g .  Lucas /Saccucc i  

(1990) fo r  EWMA cont ro l  schemes  ). 

The r e s i d u a l s  X t - 0 ( 1 X t _  1 o f  {Xt} are equal  to ~ t + a ( 1 - a l )  for  t z 2  resp.  

s l + a  fo r  t = l .  Consequen t ly  the  modif ied Shewhar t  char t  shows  a s imilar  

behaviour  as the  EWMA char t  wi th  X = 1-ct  1 applied to the residuals .  

We ca lcu la t ed  the expecta t ion ,  the s tandard  deviation and the  skewness  of  

the  run  l eng th  by means  of  s imulat ions .  For this we genera ted  independent ly  

M= 100OO rea l iza t ions  of  an AR(1) -process .  Each one was con tamina ted  accord ing  

to  (1.1). The r e s u l t s  are given in Table  3. 

Tab le  3 .  Expec ta t ion ,  s tandard  deviat ion and skewness  o f  the  run l eng th  N for  an 

A R ( 1 ) - p r o c e s s  ( a l=0 .5 ,  q = p = l ,  a=O.01, t t~q~,  M = I O 0 0 0 )  

a 0 O.S 1.0 1.5 2.0 2.5 3.0 

Ea, l( N ) 110.67 68.82 29.93 13.67 7.07 3.98 2.54 

l /Vara , l (N)  109.42 69.30 29.83 13.76 7.07 3.98 2.41 

skewness  1.97 2.19 1.90 2.12 1.99 2.22 2.50 

The i n - c o n t r o l  ARL of  the  process  is la rger  than in the  case  of  independen t  ran-  
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dom variables. The results for Ea,i(N) and I/Vara.l(N) are nearly the same. The 

skewness of the run length increases, if the size of the change-point increases. 

Now the problem arises how various control charts can be compared. For 

this we calibrated each chart, i.e. we choose the value c such that the ARL in the 

in-control state is equal to a given constant. Consequently c depends on the 

parameter a t. Theorem 4.2 implies that c decreases, if ~I ~ 0 increases. The values 

c in Table 4 were calculated via simulations. They nearly coincide with those 

g i v e n  by  L u c a s / S a c c u c c i  (1990) f o r  E W M A  c h a r t s .  

T a b l e  4 .  c = Csoo(  ct 1) c a l c u l a t e d  s u c h  t h a t  E o ( N )  = 5 0 0  ( q = p = 1, s t ~ ~ ,  M =  50 0 0 0  ) 

a I 0 +-0.1 +_0.2 +_0.3 +_0.4 +_0.5 +_0.6 +0.7 +_0.8 +_0.9 

C s o o ( a l )  3 .089  3 . 0 8 8  3 .087  3 .085  3 .080  3.071 3 .054  3 .023 2 .964 2 .822 

W e  c o m p a r e d  t h e  m o d i f i e d  S h e w h a r t  c h a r t  ( m . S h e w . )  w i t h  t h e  S h e w h a r t  c h a r t  

r e s p .  E W M A  c h a r t  a p p l i e d  t o  t h e  r e s i d u a l s  ( S h e w r e s  r e s p .  E W M A r e s ,  s e e  T a b l e  

5 - 8 ) .  In  t h e  c a s e  o f  an  A R { I ) - p r o c e s s  t h e  ARL o f  t h e  S h e w h a r t  c h a r t  f o r  t h e  r e -  

1 
s i d u a l s  i s  e q u a l  t o  1 + . N o t e  t h a t  t h e  

I- (~(c-a(l-Cr - @(-c-a(l-CCl)/~)) 

ARL o f  t h e  m o d i f i e d  S h e w h a r t  c h a r t  i s  s m a l l e r ,  i f  ~1 = 0 a n d  c i s  f i xed .  

T a b l e  5,  A c o m p a r i s o n  o f  s e v e r a l  c o n t r o l  c h a r t s  ( q = p = 1, t t  ~ q)' ) ' = 0 .75,  c~ 1 = - 0 . 5 ,  

M = 50  0 0 0 ,  in - c o n t r o l  ARL = 5O0 ) 

a 0 0 . 5  1.0 1.5 2 .0  2.5 3 .0  

m . S h e w .  500 .22  235 .00  74.21 26.70 10.94 5.09 2.79 

Shewres 5 0 0 . 0 0  103.96 18.87 5.99 3.15 2.34 2.09 

E W M A r e s  4 9 8 . 4 2  63 .04  10.86 4.41 2 .87  2.33 2.10 

Table 6, A c o m p a r i s o n  o f  s e v e r a l  c o n t r o l  c h a r t s  ( q = p = 1, s t ~ ~), ). = 0.75,  ct 1 = 0.3, 

M = 50  0 0 0 ,  in - c o n t r o l  ARL = SO0 ) 

a 0 0 .5  1.0 1.5 2 .0  2.5 3 .0  

m . S h e w .  499.16 218.28 64 .80  22.82 9.74 4 .82  2 .80  

S h e w r e s  5 0 0 . 0 0  298 .04  118.54 49.28 22.95 12.09 7 .20  

E W M A r e s  499 .87  234 .44  74.53 27.78 13.03 7 .48  5 .03  
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T a b l .  7. A c o m p a r i s o n  of  severa l  c o n t r o l  c h a r t s  ( q  = p = I, s t  ~ O' X = 0.75, a I = 0.6, 

M = 50 000,  in - ' c o n t r o l  ARL = 500 ) 

a 0 0.5 1.0 1.5 2.0 2.5 3.0 

m.ghew.  500.50 282.09 107.74 44.98 21.29 ll.OS 6.20 

S h e w r e s  SO0.O0 412.$2 262.90 154.71 91.32 $5.S1 35.00 

E W M A r e s  498.36 367.85 196.24 101.10 54.83 31.$3 19.59 

Table 8. A c o m p a r i s o n  of  severa l  c o n t r o l  c h a r t s  ( q = p = 1, ~t ~ O, ), = 0.75, a 1 = 0.9, 

M = SO 000,  in - c o n t r o l  ARL = 500 ) 

a 0 0.5 1.0 1.5 2.0 2.5 3.0 

m.Shew.  499.25 441.10 314.66 208.97 138.77 92.77 63.91 

$ h e w r e s  500.00  493.59 475.20 447.15 412.52 374.46 335.64 

E W M A r e s  500.89 489.55 460.60 418.24 368.63 318.43 272.28 

Tab le  S -  8 s h o w  t h a t  t h e  modi f ied  S h e w h a r t  c h a r t  p rov ides  t he  b e s t  r e s u l t s ,  i f  a i  

is  n o t  nega t ive .  The $ h e w h a r t  and  the  EWMA c h a r t  fo r  t he  r e s i d u a l s  b e h a v e  

e x t r e m e l y  b a d  fo r  a l a rge  coef f i c ien t ,  e.g. fo r  a1~ 0.6. However ,  i t  can  a l so  be  

s een  t h a t  t h e  o u t - o f - c o n t r o l  ARL of  the  modi f ied  S h e w h a r t  c h a r t  is la rge ,  if  a l 

is  n e a r  I. For  a nega t ive  coe f f i c i en t  t he  res idua l  c h a r t s  t u rn  o u t  to  be  b e t t e r  ( c f  

Tab le  S).  Th i s  r e s u l t  is n o t  su rp r i s ing  as ind ica ted  in t he  i n t r o d u c t i o n .  

Whi le  t h e  o u t - o f - c o n t r o l  ARL of  t he  modif ied  S h e w h a r t  c h a r t  i nc rea se s ,  if [all  

i nc rea se s ,  t h a t  of  t h e  r e s idua l  c h a r t s  increases ,  if  a I inc reases .  They p rov ide  

b e t t e r  r e s u l t s  as  in t he  case  o f  i n d e p e n d e n t  va r iab les  f o r  a nega t ive  c o e f f i c i e n t  

and  w o r s e  fo r  ccI > O. The s m a l l e s t  o u t - o f - c o n t r o l  ARL for  t h e  modi f i ed  S h e w h a r t  

c h a r t  is o b t a i n e d  fo r  an  i n d e p e n d e n t  sample .  

Lip to  now we a s s u m e d  t h a t  al l  p a r a m e t e r s  of  t he  p r o c e s s  {Yt } a re  known.  

However ,  in m o s t  ca se s  t h i s  wil l  no t  be  sa t i s f ied .  

In t h e  f o l l o w i n g  we d e m a n d  t h a t  a r ea l i za t ion  of  a n o t h e r  A R ( p ) -  p r o c e s s  {Y't} is 

k n o w n ,  w h e r e  {Yt } and  {Y't } have t he  s ame  d i s t r i b u t i o n  and  {Yt} and  {Yt} are  

i n d e p e n d e n t .  U s i n g  t he  r ea l i za t ion  of  {Yt ) we ca l cu la t e  e s t i m a t o r s  f o r  t h e  

p a r a m e t e r s  o f  {Yt }. This  a s s u m p t i o n  is f r e q u e n t l y  made  in s t a t i s t i c a l  p r o c e s s  
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cont ro l .  In many appl ica t ions  such data  sets  are available (e.g.  p re run  ). 

Let P, ~-i~ and 8 deno te  sui table  es t imators  of p, ~_p:= (al  .... COp) T and 0 ( s ee  e.g. 

Brockwel l /Davis  (1991)). An es t imator  of To can be obtained e.g. by solving the  

Yule - Walker  - equat ions .  
r r r r 

Now we ca lcula te  the es t imates  p , ~-pr, 0 and Yo for a given real izat ion of  {Yt }. 

Using these  es t ima tes  we determine c = c~(pr, ~prr, 0r) such tha t  

E ( i n f { n c ~ q : J X n J > C  } ) = ~ ,  where ~ denotes  a given cons tan t .  Here E O 

deno tes  the  expec ta t ion  taken with respect  to an AR(p r ) - p r o c e s s  with 

coeff ic ients  r and 0 r ---pr 
Thus the process  s topped  at  t ime n, if 

r r r 
{ X n J > C}~(p , O~pr , d ) " ~  , 

r r r r 
where Yo = To ( p ' CC-pr' 0 ). Consequent ly  the run length  is equal  to 

: = i n f { n , ~ :  JXn I > c~ (pr'pr'r dr) 3/~O }. 

4L3. Suppose tha t  the assumpt ions  of Theorem r are satisfied.  Let P, 

~., and ~ deno te  e s t ima to r s  of p, ~_p and o which are ca lcula ted  via {Yt}. Then it  
P 

fo l lows with c~-:=c~(Pr'Cc-*r ' ~  v / v - * ~  p , ' o  tha t  

^ ^ r 8=or )  Pa . l (N>kJp  =p ,^ r OCpr= 0Cpr, 

r cr k T f ( - c ~ - a ) / ~ . (  ~-  a)/~] 

k p 

i"[ n(z v- ~ oclzv_ |) dZk.. dz I , 
vffip+l 1=1 

co _ _ k p 
: 1 + ~. ~| .... J n ~ (z~) 1"[ n (z  - ~.cc.z . ) d z . . . d z . .  

,_ O , C ~ - I  v 1 - 1  n v - a  g l 
k = l  [ ( _ c r _ a ) / ~ , (  c r _ a ) / o ]  ~ 1 v = p §  - 

l~NlOf. Fol lows with the same a rguments  as Theorem r 

r the  t rue  ARL A compar i son  of Theorem 4.1 and r shows that  in the case ~ ~ c~ 
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is u n d e r e s t i m a t e d ,  o t h e r w i s e  overes t ima ted ,  provided t h a t  c is ch o s en  such  t h a t  

Eo(N) = ~. 

In Table 9-11 we show w h a t  happens ,  if the  p a r a m e t e r s  are e s t ima ted .  

^ ^ It tt 
Tllbl l  9, Ea,l( N I ~ = 1, a 1 = a t ,  8 = 1) fo r  various values of  a and r 1 and c as in 

Table  4 { m . S h e w ,  q = p = l ,  a1=0.5,  Etch, M=S0000) 

et I / a 0 0.5 1.0 1.5 2.0 2.5 3.0 

0.4 298.59 t61.82 60.18 24.82 1t.72 6.17 3.60 

0.45 379.02 197.72 71.19 28.48 13.19 6.83 3.92 

0.5 499.90 252.78 87.15 33.70 15.24 7.72 4.35 

0.55 709.84 345.93 113.43 42.06 18.39 9.03 4.98 

0.6 1213.32 560.48 168.95 59.23 24.43 11.54 6.08 

A A 
T d d e  10, Ea,~( N I p = 1, et I = ct 1 , 

Table  4 ( Shewres ,  q = p = 1, a 1 

8=1)  fo r  various values of  a and 

= 0 . 5 ,  E t ~ r  , M = 5 0 0 0 0 )  

a t a n d  c as  in 

a 1 / a 0 0.5 1.0 1.5 2.0 2.5 3.0 

0.4 469,98 3 1 9 . 1 7  150.33 70.31 35.35 19.48 11.63 

0.45 494.97 351.84 175.87 86.24 44.23 24.67 14.64 

O.S 500.00 374.46 202.23 103.98 55.51 31.38 18.87 

0.55 494.88 390.09 227.33 124.58 70.11 40.68 24.99 

0.6 470.86 390.40 247.69 146.52 86.85 54.83 33.34 

Tdble  tt- Ea,1(bll~=l,~1=~,8=l) for various values of a and a~ and c as in 

Table  4 ( E W M A r e s ,  X=0.75, q = p = l ,  a1=0.5, ~ t ~ ~ ,  M = 5 0 0 0 0 )  

ct 1 / a 0 0.5 1.0 1.5 2.0 2.5 3.0 

0.4 354.01 211.38 86.17 38.25 19.22 11.13 7.26 

0.45 425.65 262.04 109.91 48.71 24.32 13.74 8.69 

0.5 498.87 320.14 140.90 63.50 31.62 17.52 10.92 

0.55 565.51 381.41 179.78 83.94 42.41 23.31 14.!7 

0,6 613.70 442.76 225.22 111.07 57.71 32,26 19.42 

The r e s u l t s  o f  Table  9-11 are  a b i t  surpr is ing .  I t  can be seen  t h a t  t he  e s t i m a t i o n  
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of  pa r ame te r s  may have a s t rong  inf luence on the  ARE 

The ARL of  the  modif ied  Shewhar t  char t  increases,  if the  t rue  pa rame te r  value cr 

is ove res t ima ted ,  o the rwise  it  decreases .  A similar  behaviour  can be observed  for  

an EWMA char t  fo r  the  residuals  (Tab le  11) and for the Shewhar t  char t  for  the  

res iduals  ( Table  10, excep t  the  case a = 0 ). 

It  is r emarkab le  tha t  the  i n - c o n t r o l  ARL of m.Shew, changes  dramat ical ly ,  even if 

the  coe f f i c i en t  ~1 is e s t i m a t e d  qui te  precisely.  This e f f e c t  a lso  occurs  fo r  E W M A -  

res ,  b u t  i t  is cons iderab ly  smal ler .  In comparison,  Shewres  reac t s  nearly r o b u s t  

to devia t ions  in the  i n - c o n t r o l  s ta te .  

In sp i te  o f  this  behaviour ,  i t  m u s t  be emphasized tha t  the o u t - o f - c o n t r o l  ARL of  

m.Shew, is the  s m a l l e s t  of  all  three  charts ,  if a > 1. This shows  tha t  in re la t ion  to 

the other charts, the ARL of m.Shew, decreases more rapidly. As in the case of 

known parameters EWMAres is better than Shewres, provided that a > I. 

We think that these simulations show that the influence of parameter esti- 

mation on the ARL has to be studied in more detail in future. This is a crucial 

point, especially in connection with correlated data, which was not treated up to 

now in literature. 
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