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In the present paper we are going to extend the likelihood ratio 1est to the case in which the available
experimental information involves fuzzy imprecision {more precisely, the observable events associated
with the random experiment concerning the test may be characterized as fuzzy subsets of the sample
space, as intended by Zadeh, 1965). In addition, we will approximate the immediate intractable
extension, which is based on Zadeh's probabilistic definition, by using the minimum inaccuracy principle
of estimation from fuzzy data, that has been introduced in previous papers as an operative extension of

the maximum likelihood method.
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1. INTRODUCTION

Experiments are going to be considered in which the person responsible for observation
cannot always crisply perceive their outcomes, but each observable elementary event may
only be assimilated with a fuzzy subset of the sample space (Zadeh, 1965) or, more precisely,
with fuzzy information, as intended by Tanaka, Okuda and Asai (1978, 1979), and Zadeh
(1978), that is detfined as follows:

Let X be a random experiment characterized by a probability space ( X,BX,P6 ), where
Pg belongs to a specified parametiic family of probability measures { Py, Be ®}) on ( X,BX ).
We hereafter assume that the sample space X is a setin a euclidean space (usually R) and
BX is the smallest Borej o-field on X, In addition, the parameter space © is a setin a euclidean
space 50 that the unknown parameter © is numerical or vector-valued.

Definition 1.1. A fuzzy event x on X, characterized by a Borel-measurable membership
function W, from X to the unit interval [0,1], where W, (x) represents the "grade of

membership” of x to x,is called fuzzy information associated with the experiment X.
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The scheme in Figure 1 explains the mechanism that leads to the obtention of fuzzy
information according to the notation in Definition 1.1.

o X z
R.(x) > pix) o
true exact fuzzy
pa&?ﬂ?g ter observation information
RANDOMNESS FUZZINESS

Fig. 1. Process leading to fuzzy information
associated with a random experiment

The grade of membership [ (x) describing the fuzzy information x is often interpreted
as a kind of "probability with which the person responsible for observation perceives x when
x is the true experimental outcome”. On the basis of this interpretation Tanaka et al. (1979)
define the collection of all available observable elementary events as an orthogonal system
associated with X, that is

Definition 1.2. A fuzzy information system (fi.s.) X associated with the experiment
X is a fuzzy partition with fuzzy events on X, that is, a finite set of fuzzy events on X satisfying
the orthogonality condition

Z M) =1 foral xeX
X €

it should be emphasized that X is an ordinary set whose elements are fuzzy subsets.
For this reason, we could easily construct a o-fieldon X (e.g., parts of X').

In order to state a probabilistic model for the random experiments involving fuzzy
imprecision we can now introduce the probability of a fuzzy event (Zadeh, 1967).

Definition 1.3. The probability distribution on X induced by Py is the mapping
Py from X to [0,1] given by

Pe(x)=,[x H(x) dPg(x) forall x € X

Bemark 1.1: When we adopt the procedures we are now going to develop, the
orthogonality condition assumed for the set of all available fuzzy observations from the
experiment is not a strong constraint (in other words, the orthogonality condition does not
mean loss of generality, and it will considerably simplify the extension in Section 2). This
circumstance is confirmed in greater detail later (Remark 3.3).

Consequently, although the probabilistic framework is not enough by itself to provide us
with a suitable model, the Theory of Fuzzy Sets complements the Probability Theory and allows
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On the basis of these arguments and concepts we have previously extended methods
to solve some statistical problems with imprecise data (1984a, 1984b, 1985a, 1985b, 19864,
1986b, 1987a, 1988a, 1988b). In particular, we have developed (1986a) the extension of the
Neyman-Pearson method of testing simple statistical hypotheses and the Bayes method for
composite hypotheses (1986b) from fuzzy data.

In the same way, we are now going to extend the likelihood ratio test concerning
composite statistical hypotheses, when the available experimental information is fuzzy.

if a simple random sampling of size n from the experiment X = (X,Bx,Pg), 0 € ©,is
considered and the ability to observe does not permit one to perceive exactly the experimental
outcomes, the following notions (1984a, 1984b, 1985a, 1985b, 1986a, 1986b, 19873,
1988a, 1988b) supply an operative model to express the available sample observations with
fuzzy imprecision:

Let XM= (X“,an,Pe Y, 0 e ©, beasimple random sample of size n from X, and let
X be at.is. associated with X.

Definition 1.4. An n-tuple of elements in X, (xy, ..., x, ), representing the algebraic
productof x;, .., and x,, is called sample fuzzy information of size n from X
{(where (x,x') = algebraic product of x and x ', with My, xny (X = H(x) By ofx) ).

Definition 1.5. A fuzzy random sample of size n from X, X ™, (associated with
the random sample XM is the set consisting of all algebraic products of n elements in X

Remark 1.2: It is worth emphasizing that we could use a more general definition for the
concepts in Definitions 1.3 and 1.4, so that the membership function of each n-tuple (xI, .

x,, ) would be given by the expression (g xn)(x1,...,xn) =f( pxl {xq) sors uxn(xn),xl,
N S f being a function taking on the values in the unitinterval {0,1] and satisfying
some natural conditions. But, in practice, when we consider examples involving probabilities
one of the most operative and suitable functions is the product of the first n components. This
suitability is confirmed by the fact that the probabilistic independence of the experimental
performances implies that (in the Zadeh's sense, 1967) of the fuzzy observations from them,
whenever f is the product above.

2. AN IMMEDIATE EXTENSION OF THE LIKELIHOOD BATIO TEST WITH FUZZY DATA

Consider the random -experiment X = (X,BX,PQ ),0e @, andafis. X associated
with X. Let (xy, ...,x,) be a sample fuzzy information from X , and let v(x) denote the
observed absolute frequency of the fuzzy information x in the considered sample fuzzy
information. Then

Definition 2.1. The expression
Lo=L(Xp n%,:0)= TI  [Po0)]V®
xelX

is called the likelihood function of © for (xy,..,x,).
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Definition 2.2. A parameter value é( Xy, .y X, ) € O satistying the relation
L(xg, ....,x,; 6( Xps enXp)) = max L(xp, .,%x,:0)
be O
is called maximum likelihood estimate of © in © for the sample fuzzy information
(g, o xp,).

As the adopted modelization permits us o regard mathematically a random experiment
providing fuzzy information as a discrete experiment containing r possible outcomes (r =
cardinality of X ) the immediate extended likelihood ratio test is given by

Thegrem 2.1. Let X ™ be a fuzzy random sample of size n from the available f.is. X
on the random experiment X, and assume that the parametric probability measure on X
determines a parametric distribution function that is regular in all of its first and second
O-derivatives (0 = (61,...,6k) being a k-dimensional parameter). The test consisting in
rejecting the null hypothesis Hy:0e€ @y ={(04,...0) € ©10,=0,° ...,8,=0,}, (s<K),
against the alternative Hy:0€ @ -0y, when -2log A, > ¢, where A, Is the statistic
based on X ™ such that

Ao = reIx [Py () /Py(x) VD)
(éo = maximum likelihood estimate of © in (-30 for the obtained sample fuzzy information, 6=
maximum likelihood estimate of O in ©® for the obtained sample fuzzy information, V(X) =
observed frequency of x in the obtained sample fuzzy information), and c¢ is the 1000 %
point of the chi-square distributions with s degrees of frgedom is a test at a significance levef
close to Q. as the sample size n is large (more precisely, when Hy is true, the asymplotic
distribution of ~2log A, is %%). .

Nevertheless the preceding theorem supplies a procedure that becomes often
unmanageable in practice because of the difficulties in determining the maximum likelihood
estimate of a parameter from a sample fuzzy observation (xI, s Xy ) on the basis of
Zadeh's probabilistic definition (and, frequently, because of the difficulties in expressing the
likelihood function of 0 for the sample fuzzy information so that its logarithm is easy to derive
with respect 1o 8). However, the foliowing example encloses a situation in which the maximum
likelthood estimation from fuzzy data is easy 1o apply:

Example 2.1: Certain pieces are manufactured by a two-staged process so that in the first
stage 5 % of pieces have a specific flaw E and in the second one 5 % of pieces have
another specific flaw F. Assume that the presence of both, E and F, in a piece determines its
defectiveness, and let 0 denote the unknown fraction defective.

If the mechanisms of detection ot E and F are exact, let X be the random experiment
in which a piece having E is inspected for detection of F. Then, the {conditional given E}
probabilities associated with X are

Pg(1)=200, Pg(0)=1-200, ©6e 6=[0,005]
(where we consider x=1 if the inspected piece has F.and x=0 if the inspected piece has not F).
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Suppose now that the mechanism for detecting E is exact but that for detecting F is not
exact. In particular, assume that the inspection of each piece for presence of F only allows us
to distinguish between the vague observations f = "the piece seems to have F", f = "the
piece seems not to have F (or to have ?)", that we describe by means of the following
membership functions:

uf(1) =0.75, pf(O) =0.25, uf(1) = 0.25, uj?(O) = 0.75 _

Then, the fuzziness in the available information from X leadstothefis. X ={ f,f }

whose induced distribution is given by
Po(f)=100+025 Py(f)=075-100 ,0c ©=[0,0.05]

In order 1o test the null hypothesis Hy: 0= 90 =0.025, n=90 pieces having the flaw E
are independently examined for detection of the flaw F and provide us with the observed
frequencies V{f) =36, V( f } = 54. According to Definition 2.2 , the likelihood estimate is @ =
0.015, so that

Py, (£)=05, Py (f)=05, Ps(f) =04, Pg(f)=06

whence -2 log A, =3.624 < c=3.84 = 5% point of the chi-square distribution with s=k=1
degree of freedom. Consequently, the extended likelihood ratio test wouid lead to non
rejection of the hypothesis H, at the significance level o = 0.05.

When to solve the likelihood equation is extremely difficult, it is worth recalling that when
we try to apply the maximum likelihood method from grouped experimental observations (that
may be regarded as particular examples of fuzzy information) one must appeal to obtain
approximate solutions under certain natural assumptions concerning the choice of the
grouping (Cramer, 1946). In the same way it would be interesting to try to approximate the
maximum likelihood estimation from sample fuzzy information under some plausible
requirements.

In the following section we will verify that the use of the inaccuracy measure defined by
Kerridge (1961) allows us to extend the maximum likelihood principle of estimation and this
extension provides us with a manageable approximation of the trivial extension gathered in
Definition 2.2.

3. AN OPERATIVE APPROXIMATION OF THE LIKELIHOOD BATIO TEST WITH FUZZY DATA
As we have remarked the main inconvenience in applying the immediate extension of

the likelihood ratio test with fuzzy data in Theorem 2.1 lies in the lack of operativeness in the

extension of the maximum likelihood principle of estimation proposed in Definition 2.2.

It should now be pointed out that the operativeness of the maximum likelihood method
based on exact experimental data is fundamentally caused by the introduction of logarithms
(because of the form of most of the parameter families of distributions). However, the direct use
of logarithms in L(x;, ...,x, ;0 ) obviously becomes intractable. On the basis of this
argument we have suggested in previous papers (1984a, 1987b, 1988b) the procedure we
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Definition 3.1. Let X = (X,By,Pg ), 0 € ©, be an experiment where {Py,0€ ©} isa
parametric family of probability measures which is dominated by the counting or the Lebesgue
measure (generically denoted by A). Assume that the set {(xy,...x) | L(Xq....x,:0)> 0},
which will be denoted by X", does not depend on 0, Lg = L( XqyeeXpy s 0 ) being the likelihood
function of © for the exact sample point (x4,...x,). A minimum inaccuracy estimate of ©
for the sample fuzzy information (xy, ..,x,) is avalue 0*(x;, ..,x,)e ©
satisfying that

W (xy oy 5 O L0 (g, x,)) = 6'2‘"@ S icxy ..., %, Lo)
where
Sp=3W(x, .., x )i Lo

=— ) yn H(xl,---,xn)l(x1""’xn) fog L(Xy,.Xq 50 ) dA(xq) ... dMxp)

(with |( xp, ..., X, ) the "standardized form" of (x;,..,x,) as defined by Saaty, 1974,
thatis, [y () = Ky (%) IA(x), where A(x) =)y K1, (x)dA(x)).

Bemark 3.1: The minimum inaccuracy principle was exhaustively justified in a previous
paper (1984a). It should be emphasized that it is equivalent to minimize the expression 39
with respect to 6 to minimize

- -[X" u(*"l ,...,xn)(x1""'xn) log L(Xq,...x,30) dA(xg) ... dA(x,),

so that, we have only considered the standardized version of ( X5 ooy Xy ) to obtain the
well-known "measure of inaccuracy" defined by Kerridge (1961) between the membership
functionot | x;, ...,x, )| and the likelihood function Lg (which is only defined for density
functions). On the other hand, it is worth pointing out an interesting analogy between the new
suggested extension and the preceding one: the immediate extension of the maximum
likelihood principle (Definition 2.2) would reduce to minimize the inaccuracy of order B=2
(Rathie and Kannappan, 1973, Mathai and Rathie, 1975) between the membership function of
[(xg, .. X, )| and the likelihood function Lg.

The operativeness of the minimum inaccuracy principle is corroborated in the following
theorem (Corral et al., 1984a, Gil et al, 1988b) which establishes a constructive way to easily
obtain the minimum inaccuracy estimates from the efficient (and, consequently, from the
maximum likelihood) ones based on exact information.

Theorem 3.1. Let X = (X,Bx.,Pg). 0 € ©, be an experiment where {Py,0€ @} isa
parametric family of probability measures which is dominated by the counting or the Lebesgue
measure A. Assume that

i) © isaninterval in a euclidean space.

i) X" = {(Xq,...X;) | L(Xq,....%, ;0 ) > 0} does not depend on .

i) Pg determines a parametric distribution function that is regular in all of its first and

second B-derivatives.
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V) A(xg, nx,)= TT [A@]IY®) <o,

xeX
If T is an estimator of @ based on a (nonfuzzy) random sample from X and attaining
the Fréchet—Cramér—Rao lower bound for the variance, and with expected value h(0) where
h is a one-to-one mapping, then there exists a unique minimum inaccuracy estimate of © for
(x5 ..r X)) given by the value 0*(xy, ....,X,) € © such that

h(0*(xy, .ux,)) =an l’li(xl.----x,,)l(XT""’Xn) T(Xq0eeXp) dA(Xg) o dA(x)
™

Bemark 3.2: It is worth emphasizing that when we use the minimum inaccuracy principle
the presence of fuzziness in the experimental observations does not necessarily entail an
increase in the mean square error with respect to the maximum likelihood one since, according
to the preceding theorem, the minimum inaccuracy principle usually supplies estimates
consisting in "average” maximum likelihood estimates based on exact data.

Besides, the minimum inaccuracy estimates satisfy the following invariance property:

Theorem 3.2. Let X = (X,Bx,Pg), 0 € ©, be an experiment where {Pg,0€ O} isa
parametric family of probability measures which is dominated by the counting or the Lebesgue
measure A.Let g:© — K be aone-to-one mapping, = g(®) a set in a euclidean space. If
9*(x1, ws X,) s a minimum inaccuracy estimate of © for (x7, .., x, ), then
W (X 5e0Xy,) =g( 07( X, ..., X, ) ) IS @ minimum inaccuracy estimate of ®=g(0) in Q
for (xz, ..., X, ). d

In previous papers (1984a, 1988b) several estimates of the parameters in the usual
distributions are determined by means of the minimum inaccuracy principle.

We are now going to prove that under certain natural assumptions a minimum inaccuracy
estimate of a parameter for a sample fuzzy information provides us with an approximation of that
in Definition 2.2.

Let X = (X,By,Pg). © € O, be an experiment where { Py, 0 e @} is a parametric
family of probability measures which is dominated by the counting or the Lebesgue measure
A.Let X be af.i.s. associated with X, with r = cardinality of X . From now on, we assume
that

i) If {Pg, 0 € ©} is dominated by the counting measure, there exist r discrete sets

S, (eventually overlapping) suchthat US, = X (x € X ) and with He (x) > 0
it xe S, , =0 otherwisg (thatis, S, =supportsetof x ).

If {Pg, 0 € ©} is dominated by the Lebesgue measure, there exist r intervals
S, (eventually overlapping) suchthat US, = X (x € X ) and with He () > 0
il xe Sx , =0 otherwise (thatis, S, = support setof x ), {t, beinga
continuous membership function on X.

iy We agree that A ( x, ..., x,, )= Il [A@]Y® < 0o and Sp == Z vy
X e x e X
< oo, provided that V(x) = 0 implies that [A(x)]Y®) =1 and V(@) Wp(X) =0, what-

ever A(x) and ¥L(x) =fy Hi . 1(x) log f{x;0) d A{x) {finite or infinite) mav be. ¢
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being the density associated with Pe with respectto A.
Under such assumptions the maximum likelihood estimate of 6 for the sample fuzzy
information (xI, ey xn) as intended in Definition 2.2 could be obtained by minimizing with

respectto O the expression —log Lg = - Y vx) log ulxi(x) f(x:0) dA(x),whereas the
xe X Sy
minimum inaccuracy estimate of © for the sample fuzzy information (xy, ..., x,,) is obtained

by minimizing with respectto © the expression Sg= - X V(x) ,[ Hyx () log 1(x;6) dA(x).
xe X Sy
Consequently, the application of the Weighted Mean Value Theorem of the Integral Calculus to

the integrals in the preceding expressions entails that the first estimate is a value minimizing
with respect to 0 the function X v(x)log {( §x(9); 0) and the second one is a value
minimizing with respectto © the function Y, v(x) log T(nx(e);e) (where &,.(6) and M, (9)

are points in the minimum interval containing S and T(-; 0) is a continuous nonnegative

x
function extending almost surely the density f(+; 6) associated with Pg with respect to the
measure A).

The preceding analogy makes evident the approximation between the solutions in both
methods under some plausible requirements concerning the membership function p, and
the support sets S, . This approximation is formalized in the following theorem:

Theorem3.3. Let X = (X,BX,PG ), 0 € O, be an experiment where {Pg,0€ O} is
a parametric family of probability measures which is dominated by the counting or the
Lebesgue measure A. Assume that conditions i*) and ii*) are satisfied. Moreover, suppose
that

ii*) Ifthe sample space X is infinite, the n observations from X are classified so that

the fuzzy events x whose support sels S, are infinite extreme discrete sets or
intervals (that is, sets whose infimum or supremum are infinite) are not associated
with any observed values.

iv') S, are constructed so that the greater the observed frequency of x the smaller

AS, ).

Then, under the assumptions i)-iv) (Theorem 3.1), an approximate solution of the
maximum likelihood principle for a sample fuzzy information may be obtained by applying the
minimum inaccuracy principle to the same sample fuzzy information. [ )

On the basis of the preceding result we are going to state a theorem enclosing a result
leading us to an operative approximation to the extended likelihood ratio test.

Theorem 3.4. Let X (") pea fuzzy random sample of size n from the available f.i.s. X
on the random experiment X, and assume that the parametric probability measure on X
determines a parametric distribution function that is regular in all of its first and second
O-derivatives (0 =(9y,...0,) being a k-dimensional parameter). Under the assumptions i}-iv)
and i*)-iv*), and the hypothesis Hy:0€ @y ={(84,..8)€ ©10,=0,°..,0,=06,}, (s<
k), the statistic —21log A", where A" is the statistic based on X (™ such that
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A* = H P n(x)/P .(x) V(x)
" xeX [ %9 o]

(90* = minimum inaccuracy estimate of © in @0 for the obtained sample fuzzy information,
0" = minimum inaccuracy estimate of © in © for the obtained sample fuzzy information, V(x)
= observed frequency of x in the obtained sample fuzzy information), has approximately an
asymptotic chi-square distribution with s degrees of freedom. ®

Remark 3.3: In order to confirm that the orthogonality condition assumed for the set of all
available fuzzy observations from the experiment does not mean loss of generality, it is
interesting to point out that both, the statistic An (or An*) and the maximum likefihood
principle {or the minimum inaccuracy principle), are obviously scale invariant with respect to the
membership function of the sample fuzzy information, and to obtain the inference in the
extended (or approximated extended) likelihood ratio test only requires in practice to know the
considered sample fuzzy information. Consequently, the above scale invariance makes
"equivalent” in this test two sample fuzzy observations whose membership functions only differ
in a multiplicative constant. Thus, if we knew the set of all available sample fuzzy observations
we could easily construct a set containing equivalent sample fuzzy events for all of them and
additionally determining an orthogonal system.

Bemark 3.4: Clearly, whenever the null hypothesis we wish to test is simple, we obtain
that ~21log A, 2-2log An* , 50 that the rejection of the null hypothesis at a given
significance level by means of the approximated-extension guarantees the rejection at that
level by means of the immediate extension.

4, LLUSTRATIVE EXAMPLES
We now examine several examples in which the shape of the likelihood function in

Definition 2.1 determines a function so that to solve the likelihood equation becomes almost
impossible.

Example 4.1: An investigator is interested in the control of a certain microorganism. He
intends to prepare slides after treatment by a chemical and then count the organisms per
square centimeter (random experiment X). Nevertheless, the treatment does not permit him to
distinguish with sharpness the presence of a microorganism and, consequently, he cannot
establish the exact number of microorganisms per square centimeter (that he previously knows
has a geometric distribution), but rather he can only perceive one of the following observations:
x; = "a very small number of microorganisms are found", x, = "approximately a number of
microorganisms from 5 to 8 are found”, x3 ="agreat number of microorganisms are found",
that the investigator describes by means of the membership function in Figure 2. (Obviously,

we may easily construct afis. X ={x7,%3,Xx3,Xx4 } on X={nonnegative integers }.
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Fig. 2. Membership functions of "a very small number of microorganisms are found”
(Xp.*) "approximately 5 to 8 are found” (X, . 0), " a great number are found"
(X3, *), and Geometric probability function (f, «).

In order to test the hypothesis Hg: p = pg = 1/8, (p = probability of success) the
investigator analyzes n=80 slides which provide the observed frequencies Vv(x;) = 35,
Vix,) =34, v(x3) =21, v{x,)=0.

According to Theorems 3.1 and 3.2 the minimum inaccuracy estimate of the probability

p of success is given by ;
P = [1+2 Vix) 2oy X1 lle(x) /00"t =0.132353

Consequently,

P, (x;)=0366341, Ppo( x,) = 0.384821, Ppo( Xx3) = 0.188277,

po(

Po(x)) = 0.383891, Pp.(x,) = 0.388042, Ppu(x3) = 0.177343,

whence -2 log An* =1.330 < ¢ =1.64 = 20 % point of the chi-square distribution with
s=k=1 degree of freedom and, hence, the null hypothesis could be accepted at significance
levels lower than o =0.20.

Example 4.2: The observation of the time of attention X (in minutes) to a game in
four-year old children may be considered as an experiment having exponential distribution and
providing imprecise information, since the loss of interest in a game does not usually happen in
an instantaneous way. Assume that the mechanism adopted to measure the time of attention
only permits us to distinguish the following fuzzy observations: ¢; = "approximately less than
10 minutes”, tj = "gpproximately 10j minutes" (j=2,...,8), t9 = "approximately more than 90
minutes”, that we express by means of the membership functions in Figure 3.
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10 20 30 40 50 60 70 80 80

Fig. 3. Membership functions of ¢, = "approximately less than 10 minutes”,
ti = "approximately 10i minutes” (j=2,...,8), t9 = "approximately more than 90 minutes"
and exponential density function with mean 20.

In order to test the nuli hypothesis Hp:ip=pg =20 (p= population mean of X), a
sample of n=600 four-year children have been examined and the following are the observed
frequencies:

V(t;) =330, V(£;) = 119, V(f3) = 72, V(t4) = 40, V(f5) = 19, V(t5) = 13, V(f;) = 5, V(tg) = 2
Theorems 3.1 and 3.2 indicated that the minimum inaccuracy estimate of p is given by

p* =600 [Zjv(tj),[w- X ”Itj | &) ! =0.132353
Consequently,
PPo( 1;) = 0.587424, Pﬂo( t,) = 0.186195, P“o( 13) = 0.102165,
Puo( ty) = 0.056058, PPo( ts) = 0.030759, P“o( ts) = 0.016878,
P, t7) = 0.009261, P“o( tg ) = 0.005081,
Po(t]) = 0521785, P .(ty) = 0.187783, P.(13) = 0.114045,

P,a(1y) =0.069263, P,.(15) = 0.042065, P,.(14) = 0.025547,
P,(t7) = 0.015515, P, . fg) = 0.009428,

whence -2 log An* = 12.682 > € =7.88 = 0.5 % point of the chi-square distribution with 1
degree of freedom and, hence, the null hypothesis must be rejected even at significance
levels definitively lower than o = 0.005.
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5. CONCLUDING REMARKS

The resuits in this paper may be complemented by the analysis of the asymptotic
distribution of the statistics in Theorems 2.1 and 3.4 following ideas similar to those developed
by Wald (1941a, 1941b), and Wilks (1938a), and those carried out by Cramér (1946), Fisher
(1924), Chernoff and Lehmann (1954), for the chi-square test for goodness of fit. In addition,
one can extend in an analogous way the likelihood ratio test for goodness of fit.

Finally, the results we have developed in this paper could immediately be particularized
to the special case in which the fuzzy information reduces to grouped data (see, Gil and Corral,
1987},
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