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Abstract .  Several p reserva t ion  r e s u l t s  f o r  the mean res idua l  
l i f e  (m r)  o rder ing  are given.  In p a r t i c u l a r ,  we show t h a t  the 
mr-order ing i s  preserved under convo lu t ions ,  mixtures and 
weak convergence. 

~. l q t r odu~ t i on  ~nd SummarY. Recently, A lza id  (1987) i n t r o -  

duced a p a r t i a l  o rder ing among l i f e  d i s t r i b u t i o n s ,  based on 

t h e i r  mean res idua l  l i f e  (MRL) funct ions~ studied i t s  

p r o p e r t i e s  and demonstrated i t s  usefulness in r e l i a b i l i t y ,  

b iometry,  a c t u a r i a l  s tud ies  and demography. 

The MRL func t i on  (see Section 2 f o r  exact d e f i n i t i o n )  

p lays an important  r o l e  in s t a t i s t i c a l  l i t e r a t u r e .  Bryson and 

S idd iqu i  (1969), Barlow and Proschan (1975) and Hol lander  and 

Proschan (1981) and Hol lander  and Proschan (1975) have used 

the MRL func t i on  as a no t ion  of ageing. Mu th  (1980) used the 

MRL func t i on  as a measure of memory. Bhat tachar jee (1982) has 

charac ter ized  the c lass of MRL func t ions  and sequences. 

Other order ings r e l a t e d  to  the mean res idua l  l i f e  o rde r -  

ing are the hazard r a t e  (sees e.g.~ Penedo and Ross, 19802 

Whirr, 1980, Kei lson ans Sumita~ 1982 and Ross~ 1983)  and the 

l i k e l i h o o d  r a t i o  (see, e . g . ,  Lehmann, 1955, K a r l i n ,  1957 and 

K a r l i n  and Rubin, 1965) order ings.  

In t h i s  paper we develop p reserva t ion  p r o p e r t i e s  of the 

mean res idua l  l i f e  o rder ing  under commonly occuring opera- 

t i o n s  in s t a t i s t i c s ,  such as convo lu t ion ,  mixtures and 

convergence in d i s t r i b u t i o n s .  Examples of how these r e s u l t s  
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can be use fu l  in  r e c o g n i z i n g  s i t u a t i o n s  when the  random 

v a r i a b l e s  are mean r e s i d u a l  l i f e  o rdered  a re  ment ioned.  We 

a l s o  p o i n t  ou t  t h a t  s i m i l a r  r e s u l t s  ho ld  f o r  the  hazard r a t e  

o r d e r i n g .  

2. P r e l i m i n a r i e s ,  In t h i s  s e c t i o n  we p resen t  d e f i n i t i o n s ,  

n o t a t i o n ,  and bas i c  f a c t s  used t h roughou t  the  paper .  

We use " i n c r e a s i n g "  in  p l ace  o f  "nondec reas ing"  and 

" d e c r e a s i n g "  i n  p l a c e  of  " n o n i n c r e a s i n g " .  

Le t  X and Y be two nonnega t i ve  random v a r i a b l e s  w i t h  

F and G as t h e i r  r e s p e c t i v e  d i s t r i b u t i o n  f u n c t i o n s .  Le t  

F ( t )  = 1 - F ( t ) .  We w i l l  assume t h a t  F(o) = G(o) = 1 in  a l l  

cases. 

2 .1 .  D e f i n i t i o n .  The mean r e s i d u a l  l i f e t i m e  (MRL) c o r r e s p o n d -  

ing  t o  t he  random v a r i a b l e  X i s  ~ ( t )  = E (X - t  I X~ t ) .  
X 

~.2 .  D e f i n ~ t i o o ,  X i s  sa id  t o  have a s m a l l e r  mean r e s i d u a l  

l i f e  than does Y, w r i t t e n  X ~i Y , i f  
mr 

(2.1)  E(X I X ~ t )  i E(Y I Y Zt) f o r  a l l  t~o ,  

o r  e q u i v a l e n t l y  

(2.2a) ~ (t) i ~ (t) for all t~o. 
X Y 

We s h a l l  sometimes, w i t h o u t  c o n f u s i o n ,  w r i t e  (2.2a)  i n  the  

form 

(2.2b) ~ (t) :~ ~ (t) for all t~o. 
F G 

Note that, (2.1) is equivalent to saying 

(2.3) ,r F(x)dx/J' G(x)dx is decreasing in t for all t~o 
t t 

(see, Alzaid, 1987). 

~,3 .  D@f in i t iQn ,  The random v a r i a b l e  X has a s m a l l e r  hazard 

r a t e  than Y, w r i t t e n  X ~ Y, i f  
H 

(2 .4)  F(x)  / B(x) i s  i n c r e a s i n g  in  x f o r  a l l  xi~o. 

2 .4 .  D e f i n i t ~ q n ,  X i s  s a i d  t o  be s m a l l e r  than Y in  the  sense 

of  l i k e l i h o o d  r a t i o  o r d e r i n g ,  w r i t t e n  X ~ Y, i f  f ( x )  / g (y )  
l r  

i s  dec reas ing  in  x whenever d e f i n e d ,  where f and g are  the  

r e s p e c t i v e  d e n s i t i e s  of  X and Y. 

2 .5 .  D e f i n i t i o n .  A p r o b a b i l i t y  v e c t o r  0: = (0: , . . . , ~  ) i s  s a i d  
- I n 
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t o  be s m a l l e r  than the  p r o b a b i l i t y  v e c t o r  B = (B  , - - - , ~  ) ,  i n  
--  I n 

the  sense o f  d i s c r e t e  l i k e l i h o o d  r a t i o  o r d e r ,  denoted by 

i j 
a" ":' ~ - -  ~ - - -  for a l l  l ~ i ~ j ~ n .  

d [ r  ~ '  o: o~ 
i j 

2 ,6 ,  D e f i n i t i o n .  A f u n c t i o n  g : R -~ [ o , ~ )  i s  s a i d  t o  be l o g -  

concave i f  g ( x l , Y l ) g ( x 2  ' y 2  ) - g ( x l , Y 2  ) g l x  2, y l  ) k o whenever 

x < �9 Y2" 1 x2 '  Y l  < 

3. Main R e s u l t s .  In t h i s  s e c t i o n  we p resen t  p r e s e r v a t i o n  

r e s u l t s  f o r  t he  mean r e s i d u a l  l i f e  o r d e r i n g .  We p o i n t  out  

t h a t  s i m i l a r  r e s u l t s  ho ld  f o r  both the  hazard r a t e  o r d e r i n g  

and the  l i k e l i h o o d  r a t i o  o r d e r i n g .  

We begin  by showing t h a t  the  mean r e s i d u a l  l i f e  o r d e r i n g  

i s  p reserved  under weak l i m i t s  i n  d i s t r i b u t i o n s .  

~ .1 ,  Theorem. The mean r e s i d u a l  l i f e  o r d e r i n g  ( ~ ) prese rves  
mr 

the  weak convergence p r o p e r t y .  

PrpQf. Suppose {F } and {G } converge weak ly  t o  F and G and 
n n 

t h a t  F ~ G . Then i f  y i s  a c o n t i n u i t y  p o i n t  o f  both F and 
n mr n 

(y) s ~ (y~. Thus, ~F(y) > ~ (y) i s  G, i t  f o l l o w s  t h a t  ~F G G 

p o s s i b l e  o n l y  i f  y i s  a d i s c o n t i n u i t y  p o i n t  o f  e i t h e r  F or  G. 

Such d i s c o n t i n u i t y  p o i n t s  a re  a t  most c o u n t a b l e ,  so t h e r e  

e x i s t  c o n t i n u i t y  p o i n t s  x of  F and G f o r  which x ~ y as n-~m. 
n n 

Consequent ly ,  a p p e a l i n g  t o  t he  r i g h t - c o n t i n u i t y  p r o p e r t y  of  

d i s t r i b u t i o n  f u n c t i o n s  

~x (y) = l i m  ~x (x ) ~ l i m  ~ (x ) = ~ ( y ) ,  
F nwm F n nwm G n G 

whence a c o n t r a d i c t i o n .  

The f o l l o w i n g  r e s u l t  shows t h a t  t he  mean  r e s i d u a l  l i f e  

o r d e r i n g  i s  p reserved  under c o n v o l u t i o n s .  

3 ,2 .  Theorem. Let  X , X and Y be t h r e e  nonnega t i ve  random 
I 2 

v a r i a b l e s ,  where Y i s  independent  of  bo th  X and X a l s o  l e t  
I 2 '  

Y have d e n s i t y  g. Then X :~i X and g i s  l og -concave  i m p l y  
1 mr 2 

t h a t  X + Y :iii X + Y. 
1 mr 2 

P roo f .  We have t o  show t h a t  
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,r J" g ( t - u ) P ( X  >x+u)dxdu  
o o 1 

GD 

,r J" g ( t - u ) P ( X  >x+u)dxdu 
o o 2 

f o r  a l l  o<s~ t  , o r  e q u i v a l e n t l y ,  

I m m 
IJ ~ ~ g ( s - u ) P ( X  >• 
Io o 2 

(3 .1 )  I 
I m m 
I,~ ,s g ( t - u ) P ( X  >x+u)d• 
I o o  2 

Nex t ,  by t h e  w e l l  known b a s i c  

,r z g ( s - u ) P ( X  > • 2 1 5  
o o 1 

Z g ( s - u ) P ( X  > x + u ) d x d u  
o o 2 

,s ~ g ( s - u ) P ( X  > x + u ) d •  
o o 1 

o .  

Z g ( t - u ) P ( X  > •  
o o 1 

c o m p o s i t i o n  f o r m u l a  ( K a r l  i n  

1968, p.17), the left side of (3.17 is equal to 

I g ( s - u  ) g ( s - u  ) J' P ( X  > x + u  ) d x  S P (X  > x + u  ) d x  
1 2 o 2 I o 1 i 

J' S I du du . 
u <u I m m 1 2 

1 2 I g ( t - u  ) g ( t - u  ) ~ P(X >x+u )d• ~ P(X >x+u )dx 
I 1 2 o 2 2 o 1 2 

The c o n c l u s i o n  now f o l l o w s  i f  we n o t e  t h a t  t h e  f i r s t  d e t e r m i -  

nan t  i s  n o n n e g a t i v e  s i n c e  g i s  l o g - c o n c a v e ,  and t h a t  t h e  

second d e t e r m i n a n t  i s  n o n n e g a t i v e  s i n c e  X ~ X . 
1 m r  2 

3 . 3  C o r o l l a r y .  I f  X E Y and X ~i Y where X i s  i n d e p e n d e n t  
I mr 1 2 mr 2 1 

o f  X and Y i s  i n d e p e n d e n t  o f  then  t h e  f o l l o w i n g  
2 1 Y2' 

s t a t e m e n t s  h o l d :  

( i )  I f  X and Y have l o g - c o n c a v e  d e n s i t i e s ,  then  X +X 3 Y +Y . 
1 2 1 2 m r  I 2 

( i i )  I f  X and Y have l o g - c o n c a v e  d e n s i t i e s ,  then  X +X :~i Y +Y - 
2 1 1 2 mr 1 2 

P r o o f -  The f o l l o w i n g  c h a i n  o f  i n e q u a l i t i e s  e s t a b l i s h  ( i t :  

X + X ~ X + Y ~ Y + Y . 
1 2 mr 1 2 mr I 2 

The p r o o f  o f  ( i i )  i s  s i m i l a r .  

Let o' = (o: ,...,0" ) be less ordered than B = (~ ,...,B ), in 
- 1 n - I n 

the sense of the discrete likelihood ratio ordering. We shall 

compare the distribution functions of 

Y = 0: X + ... + 0: X and Y = B X + ... + /3 X 
1 11 n n 2 11 n n 

3 . 4 .  Thegr~m, Le t  X , . . . ,  X be a c o l l e c t i o n  o f  random 
1 n 

v a r i a b l e s  w i t h  c o r r e s p o n d i n g  d i s t r i b u t i o n  f u n c t i o n s  F , . . . , F  
I n 

such t h a t  X _i X ] . . .  s X , and l e t  o: = C0: , . . . , o '  ) and 
1 mr 2 mr mr n - 1 n 

= (B , . . . , B  ) be two p r o b a b i l i t y  v e c t o r s  w i t h  0" ~ B -  
- 1 n - d l r  - 



147 

Then 
n n 

,~. 0" X fl E ~ X 
i = l  i i mr i = l  i i 

P r o o f .  We need t o  e s t a b l i s h  

(D F~ I 

,r E B F ( t + x ) d x  
o i=1  i i 

( 3 . 2 )  

S E o" F (t+x)dt 
o i=I i i 

~or a l l  o~ix::y. 

M u l t i p l y i n g  by t h e  d e n o m i n a t o r s  and 

t e r m s  shows t h a t  ( 3 . 2 )  i s  e q u i v a l e n t  t o  

n n m- ~ -  
Z: E k] o: ,C F ( u + x ) d u  ,r F. ( v + y ) d v  

i=l j=l i j o i o ] 

j#i 

or 

m n 

}] ~9 F (t+y)dt 
o i =1  i i 

Oo n 

Z IS o.' F ( t + y ) d t  
o i = l  i i 

c a n o e i n g  out 

n n ~i ~_ 

~ ~ o~ S F (u+y)  du S F ( v + •  
i=l j=l i j o i o j 

j.~i 

e q u a l  

E [~ of J~ F (u+x )duS F ( v + y ) d v + ~ . o :  ,r F (u+x )du . ;  F . ( v + y ) d v ]  
i=1  j = l  i j o  i o j j i o  j o ] 

j>i 

:~ ~ Z: [ ~  o; j" F ( v + y ) d v J "  F ( u + x ) d u + / 3  o; ,J' F ( v + y ) d v J '  F ( u + x ) d u ] .  
i=l j=l i jo i o j j io j o i 

j>i 

Now, f o r  each ~ i x e d  p a i r  ( i , j )  w i t h  i < j  we have  

( ~ - -  t o - -  

~ ~: S F ( v + y ) d v  S F ( x + u ) d u  
i j o i o j 

(i) I ~ ) - -  

+ ~ o' ,r F ( v + y ) d v  ,r F ( u + x ) d u  
j i o j o i 

OD-- aD I 

- ~ ~ ,r F ( •  ,~ F ( y + v ) d v  
i j o i o ] 

- ~ 0; S F ( x + u ) d u  S F ( y + v ) d v  
j i o j o I 

(X)~ (TJ-- 

= (~ 0.' - ~ 0.' ) [ S F (y+v)dy ,C F (•215 
i j j i o i o j 

-J" F (•215 S F (y+v)dv] 
o i o j 
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which i s  nonnega t i ve  because both terms are  nonnega t i ve  by 

assumpt ion .  Th is  comple tes  t h e  p r o o f .  

In any a t t e m p t  t o  c o n s t r u c t  new m e a n  r e s i d u a l  l i f e  

o rde red  random v a r i a b l e s  f rom known ones, t he  f o l l o w i n g  

theorem migh t  be used. 

3 .5 .  Theorem. I f  XI,  . . .  and Y I '  Y2' X2, . . .  a re  sequences of  

independent  random v a r i a b l e s  w i t h  X :~ Y and X , Y have l o g -  
i m r  i i i 

concave d e n s i t i e s  f o r  a l l  i ,  then 

n n 
E X ~ E Y ( n = 1 , 2 , . . . ) .  

i=1 i mr i=1 i 

P roo f .  We s h a l l  prove the  theorem by i n d u c t i o n .  C l e a r l y ,  the  

r e s u l t  i s  t r u e  f o r  n= l .  Assume t h a t  t he  r e s u l t  i s  t r u e  f o r  

p=n-1,  i . e . ,  

n-1 n - I  
(3.3) E X ~: E Y 

i=l i mr i=l i 

Note that each of the two sides of (3.3) has log-concave 

density (see, e.g., Karlin, 1968, p.128). Appealing to 

Corollary 3.3, the result follows. 

~.6. Remark, Similar results hold if the mean residual life 

ordering is replaced by the hazard rate ordering in Theorem 

3.2 and its corollary, Theorem 3.4 and Theorem 3.5. 

To demons t ra te  the  u s e f u l n e s s  of  t he  above r e s u l t s  in  

r e c o g n i z i n g  mean r e s i d u a l  l i f e  o rdered  random v a r i a b l e s ,  we 

c o n s i d e r  t be  f o l l o w i n g  

3 ,7 .  Example. Le t  X denote the  c o n v o l u t i o n  of  n e x p o n e n t i a l  

d i s t r i b u t i o n s  w i t h  pa ramete rs  ~ , . . . ,  ~ r e s p e c t i v e l y .  Assume 
1 n 

w i t h o u t  l o s s  of  g e n e r a l i t y  t h a t  \ ~ . . . ~  ~ . Since e x p o n e n t i a l  
1 n 

d e n s i t i e s  a re  l og -concave ,  Theorem 3.5  i m p l i e s  t h a t  X 51 X 
mr 

whenever ~ ~ ~ for i=l,...,n. - - 
i i 

~.8~ Example. Let X be as described in Example 3.7. An appl- 

-- n n 

i c a t i o n  of  Theorem 3.4  i m m e d i a t e l y  y i e l d s  E ~ X ~ E ~ X 
i=1 i ~ mr i = I  i 

i i 
f o r  every  two p r o b a b i l i t y  v e c t o r s  0: and B such t h a t  ~ < B - 

- - - d l r  - 

A n o t h e r  a p p l i c a t i o n  o f  Theorem 3 .4  i s  con ta i ned  i n :  
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3.9- Examole, Let X and X be 

For os163 and p+q=1, we have 

as g iven in  Example 3.7.  

p X + q X '.':.' q X + p X 
"~ .~ m r  "~ /~ 

I t  i s  remarkable t ha t  the above example can be genera l i zed  to  

h igher  dimensions, w i t h  obvious mod i§  i n  0: and ~. 
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