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Kihler-Ricci Soliton Typed Equations on
Compact Complex Manifolds with
C 1(M ) > 0

By Xiaohua Zhu

ABSTRACT.  As a generalization of Calabi’s conjecture for Kihler-Ricci forms, which was solved by Yau in
1977, we discuss the existence of Kihler-Ricci soliton typed equation on a compact Kihler manifold (M, g)
with positive first Chern C1(M) > 0 as well as the uniqueness. For a given positively definite (1,1)-form
Q € C(M) of M and a holomorphic vector field X on M, we prove that there is a Kéhler form w in the
Kdbhler class [wg] solving the Kihler-Ricci soliton typed equation if and only if, i) X is belonged 10 a reductive
subalgebra of holomorphic vector fields and the imaginary part of X generates a compaci one-parameter
transformations subgroup of M, and ii) L xQ is a real-valued (1,1)-form. Moreover, the solution w is unique
in the class [wg].

1. Introduction

Let (M, g) be an n-dimensional Kihler manifold with its Kahler form w, = ~/—1)_ gl-jdz" A

dz’. Then it is well known that any (1,1)-form 2 representing the first Chern class C;(M) is the
Ricci form of some Kéhler form w in the Kihler class [wg]. This result is usually called the Calabi’s
conjecture for Kahler-Ricci forms, which was solved by Yau in his celebrated work in 1977 [16].
Namely, w satisfies

Ric(w) — Q2 =0, 1.1
where Ric(w) denotes the Ricci form of . Moreover, such  is unique in the class [w,].

The case C1(M) > 0 is more subtle in many related topics in complex geometry, such as the
existence of Kahler-Einstein metrics {14]. Many difficulties come from a nontrivial continuous group
of holomorphic transformations, in particular, generated by a holomorphic vector field on M(f it
exists). This may introduce some degenracies [6], [5]. On the other hand, by the Hodge theorem,
there is a smooth complex-valued function 6y of M for any Kihler form w such that

Lyw = v/—1300x ,
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where Ly denotes the Lie derivative along X. As a generalization of Equation (1.1), we may ask if
there is a Kihler form o such that

Ric(w) — Q=Lyw. (1.2)

Equation (1.2) is here called Kihler-Ricci soliton typed [9], [14].

Another motivation to study Equation (1.2) is that the K&hler-Ricci soliton is a solution of
Equation (1.2) when the (1,1)-form €2 is equal to . The notation of Ricci solitons was first introduced
by Hamilton in his work on Ricci flow in 1993 [9]. A Ricci soliton can be considered as a good
replacement, when a manifold does not admit an Einstein metric. In fact, Equation (1.2) was studied
in connection with Kihler-Einstein metrics with positive scalar curvature by Tian in his paper [14].
Some examples of Kihler-Ricci solitons on certain compact Kahler manifolds were found by Koiso
and Cao in [10] and [3] and [4], respectively.

In this paper, we shall discuss the existence of Equation (1.2) as well as the uniqueness. Let
Aut(M) be a connected component containing the identity of holomorphism transformations group
of M and n(M) its Lie algebra consisting of all holomorphic vector fields on M. Then it is well
known that there is a semidirect decomposition of Aut(M) (cf. [8]).

Aut(M) = Aut(M) x R, ,

where Aut(M ) C Aut(M) is a reductive subgroup on M which is a complexification of a maximal
compact subgroup K on M, and R, is the unipotent radical of Aut(M). In particular, the Lie
subalgebra n{M) C n(M) of Aut(M) is reductive. More precisely, n(M) is the complexification of
real compact Lie algebra of K.

Our main theorem can be stated as follows.

Main Theorem. Let (M, w;) be a compact Kihler manifold with positive first Chern C(M) >
0. Let Q2 € C1(M) be a positively definite (1,1)-form of M and X a holomorphic vector field on M.
Then there is a Kdhler form w in the Kahler class [wg] solving Equation (1.2) if and only if

i) X belongs to a reductive algebra (M) of reductive Lie subgroup Aut(M) of Aut(M) and the
imaginary part of X generates a compact one-parameter transformations subgroup of Aut(M).

ii) Lx Q2 is a real-valued (1,1)-form of M. Moreover, the solution w of Equation (1.2) is unique
in the class [wg].

As an application of the Main Theorem, we can prove that the Kahler-Ricci soliton on a compact
Kahler manifold with C1(M) > 0 is unique modula the holomorphic transformations group Aut(M)
of M in our subsequent paper [15]. In case of a Kdhler-Einstein metric, the uniqueness problem was
solved by Bando and Mabuchi in 1985 [2].

In order to prove the Main Theorem, we reduce Equation (1.2) to solving certain Monge-
Ampére equations and use the continuity method as in [16], [2], and [12] to prove the existence and
uniqueness. The present Monge-Ampére equations are more complicated than one in [16] and all a
priori estimates including C%-estimate, C2-estimate, and C3-estimate need to be done again.

Since the Calabi’s conjecture is true for any 2 € Cy(M), one may believe that the assumption
of positively definite on 2 € C;(M) can be removed.

The author would like to thank prof. G. Tian for leading him into this topic. Without his
help, the work could not be finished. The author also expresses his thanks for the referee’s helpful
suggestions.
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2. Necessity conditions

In this section, we shall verify the necessity conditions stated in the Main Theorem. Let M be an
n-dimensional compact Kihler manifold with positive first Chern class C; (M) > 0. Let Q € C;(M)
be a positively definite (1,1)-form of M and X a holomorphic vector field on M. We assume that the

Kihler metric A with its Kahler formw, = /=1 h i;dzi Ad7/ satisfies the following Kihler-Ricci
soliton typed equation,

Ric(wp) — Q = Lywy (2.1

where Ly denotes Lie derivative along X and the Ricci curvature has the following expression in
local coordinates,

Ri7 = —0; 3710g det (hk?) . 22)
Ric (wp) = +/—1 Ri7d2' ndZz) . )
From Equation (2.1), we see that the (1, 1)-form L x wy, is real-valued, which implies the imag-
inary part of X generates a one-parameter isometric subgroup associated with wj,. In particular, this
one-parameter transformations subgroup is compact. Let Aut(M) be a connected component con-
taining the identity of holomorphism transformations group of M. Then there is a maximal compact

subgroup K of Aut(M) containing the above one-parameter isometric subgroup such that Aut(M)
has the following semidirect decomposition [§],

Aut(M) = Aut(M) « R, ,

where Aut(M) C Aut(M) is the reductive subgroup on M which is the complexification of maximal
compact subgroup K, and R, is the unipotent radical of Aut(M). Let (M) be the linear space of
holomorphic vector fields of M. Then n(M) is the Lie algebra of Aut(M) and the Lie subalgebra
(M) of Aut(M) is reductive. More precisely, (M) is the complexification of real compact Lie
subalgebra of K. In particular, X € n(M).

Proposition 2.1. Let X be a holomophic vector field on M and 2 a positively definite (1,1)-form
of M as above. Assume that there is a Kihler form wy solving Equation (2.1). Then X belongs to
the reductive Lie subalgebra n(M) C n(M) and Lx 2 is a real-valued (1,1)-form of M.

Proof. 1t remains to prove that L x € is a real-valued (1,1)-form of M. Since the interior product
ix(w) is a closed (0,1)-form, then by the Hodge theorem and the fact that L ywy is real-valued
(1,1)-form, there is a smooth real-valued function 6 of M such that

Lywy = dix (wp) = V/—10806 . (2.3)

On the other hand, we can choose a local coordinate system so that w, = /—183¢ = +/ —1¢i7dzi A
dzJ for some potential function ¢. Then

Lywy = v/—1Lx (339) = v/~133(X(9)) .
Hence by (2.3), it follows

AX(¢) =16, 2.4)

where A denotes the Lapalacian operator associated with Kahler metric A.
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Since
LyRic(wp) = —+/—183 (X (log det (hy)))
(X7 (),
= —J/"193 (hk’x' (B),
= —v=T03 (¥ (X'91) -~ X',07)
/=153 (W (X @) — X )
= —/-133(A(X(9)) 2.5)

= V=139

where (h"7) is the inverse of matrix (h;;), then inserting (2.4) into (2.5), we get

LxRic (wp) = ~/—183(A6) . (2.6)
On the other hand, we have
Lx (Lxwn) = «/—1Lx (339) = +/=103(X(6))
= +/—19 5(hk19‘9k)
= V=153 (lol) - @.7)

Hence, combining (2.6) and (2.7), we prove

LxQ = LxRic(wp)— Lx (wp)
= —v=13 (00 + uelli) :

which is a real-valued (1,1)-form. O

3. Reduction to certain complex Monge-Ampére equations

Keep the notation in Section 2. We assume in this section that a holomorphic vector field X on
M is belonged to a reductive subalgebra 77(M) of n(M) such that the imaginary part of X generates a
compacl one-parameter transformations subgroup on M, and L x 2 is a real-valued (1,1)-form of M.
Let K be the maximal subgroup of Aut(M) generated by 7(M). Then one can choose a K -invariant
Kihler metric g of M with its Kahler form w, = /1) gijdzi A d7/. In particular, Lywy is a
real-valued (1,1) form of M. Hence, by the Hodge theorem, there is a smooth real-valued function
6y of M such that

Lywg = dix (wg) = +/—1006x . 3.0

Since Ricci curvature form Ric(wg) of w, represents C1(M), there is a unique smooth real-
valued function f of M such that

Ric (wg) — © = +/=153 1

(3.2)
Ju efwz = fM Wy
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where wg = wg A ... A wy. Moreover, from the proof of Proposition 2.1, we see LxRic(w,) is a
real-valued (1,1)-form of M. Hence, by the assumption of £,

V=1Lx (33 f) = V—=183(X (f))
is a real-valued (1,1)-form of M. This shows X (f) is a real-valued function.

Let w = w, + /—133¢ be a solution of the Kahler-Ricci soliton typed equation, ic., wg
satisfies

Ric (0g) — 2 = Lyw - (3.3)

Then by combining (3.1) through (3.3), it is easy to see that Equation (3.3) is equivalent to the
following complex Monge-Ampére equation:

det (7 + 917) = det (g7) exp {f — Ox + X (@) + )

(3.4)
(g,vj + ¢i7) >0
for some constant c.

From Equation (3.4) we see that X (¢) is real-valued function of M. For this reason, we introduce
the two functions spaces as follows:

My = {¢€C°°(M)| wp = wy ++/—133¢ is a Kihler form

and X(¢) isareal-valued function} .

and
Wy = {¢p € C¥(M)| X(¢) isareal-valued function} .
Clearly, Mx C Wy.

For any ¢ € My, we define a family of functionals,

L(¢) = / f pre' XY@ YL ndr, (3.5)

where ¢, is a path in My from 0 to ¢ and by = th,. 1, (¢) are modifications of one functional
used in [1] and [12].

Lemma 3.1. 1,(¢) are all independent of path. So I, is a family of functionals on My. In
particular,

H
I(@) = / f pe! XD A dr (3.6)
0 M

Proof. Assume that ¢, is a path in My so that ¢g = ¢ = ¢ = 0. Then the lemma is equivalent
to prove I,(¢) = 0. Let ¢, 5 = (1 ~ 8)¢; = ¢'. Then

I pl
L) = / f f dr s’ Ao (X @)

] ,
nfff/(—aaai—iaa%)e“@X”(‘P”ngl/\dmda (3.7)

a6 0t

+J_r//f[ d (a‘b)—%%,x(%)] 'O X@N Y AdT nds .
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By using integral by part, the first part of second equality becomes

n«/—tf /f[%a%m(a +X(¢)+aia?i/\a(ex+x(¢)]
x ! OX+X@) ” TV Adt AdS

/ _a ’ a ! ,
— /-1 f f f ( +aa":S AG—%)e'(GX+X(¢))wZT]AdI Adb

[ [ (W) S (58 | e s
=_“\/—’f f f [aqb/ <85/> ad; (%(éi)] x(9x+x(¢)) n , AdT A dS(3.8)

Inserting (3.8) into (3.7), we prove I;(¢) = 0. O

In order to prove the existence of a solution of Equation (3.4), we use the continuity method like
the one in [16] and [12] and consider the following normalized equations with parameter ¢ € [0, 1]:

[ det (g7 + #;7) = det (g,7) exp (f — 1 Ox + X (@) + 1:(@)) .

(8:7+47)>0.
Since 6y is a smooth real-valued function of M, X (¢,) are all real-valued smooth functions if ¢,

are smooth solutions of Equation (3.9) at 1. Moreover, by differentiating log of Equation (3.9), wg,
satisfies the following Ricce equations:

Ric (wg,) — © = v/=1801 Ox + X (¢1)) = tLywg, - (3.10)

4. Openness

Let F be a functional on My x [0, 1] defined by

F(,1) =log det (g5 + #;5) — log det (g,5) = f +16x + X@N —L(@®) . &)

Since by Lemma 3.1 the linearized functional of 1,(¢) at ¢ is
’ _ t{Ox+X(¢))
W) = [ e Oy,
M
the Fréchet derivative L (g 1) of F at (¢, 1) with respect to the first factor is given by
Loy = 8y +1X¥) - f el XX @Ogp @.2)
M
where A’ denotes the Lapalacian operator associated with Kihler form wg.
Lemmad.1. Let¢ € My andyy € Wx. Then Ly ¥ € Wyx and F(¢,1) € Wy.

Proof. Foreach p € M, choose alocal coordinate system (xj, ..., Xx,) so that wy = =10 AT
and ¥;5(p) = i ¥;;(p). Then

Lx(wg) = V=16x + X(#));0' AT = V/~1X;,0' AT .
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In particular, X ; are all real-valued. Thus

X (A,‘/’) = Xg¥im = Xi¥u
(Xzou);; — Xpiv = (XW));7 — X795 43)

is real-valued. It follows A’y € Wy. On the other hand, X (X (¥)) = X;X;v;; and X (y) are both

real-valued, then X (X (v¥)) = X(X (¥)) is real-valued and consequently X (X (¢)) € Wyx. Thus
L(¢‘t)¢ € WX.

Let ¢; = s¢. Then we have

X (A:,,J¢) = X ((—j; (]og det (&‘7 + s¢i7) — log det (&'7)))

4 (x (oo es0g) e (er))) . o

and

X (1og det (g,; + ¢,.7) — log det (gij)) - fo 'y (A/%¢) ds . @.5)

As similar as the proof of (4.3), it is easy to see X (Aipscp) are all real-valued. So

R

is real-valued. On the other hand, X (6x + X (¢)) = X;Y; is real-valued. It follows X (F (¢, 1)) is
real-valued and consequently F (¢, t) € Wy.

Let Hy4o (M) = C*2(M) N Wy. We define a family of inner products <, > on Hy2(M) by

—_ tOx+X (@), n
< nm [ speorron

for any f, g € Hyy2(M), where wy € My. Then one can extend Hi42(M) to a family of Hilbert
L%-spaces H? ,(M) with the family of products <, >.

Lemma 4.2. i). Let¢ € Mx. Then Ly ) are all self-adjoint with respect to the products <, >,
i.e., we have

AgL(¢’1)fet(9x+X(¢))wZ=/ fL(¢,,)ge‘(9"+X(¢))w; @.6)
M

forany f, g € Wx.

ii). Suppose Q is a positive form in Cy (M) and ¢ = ¢, is a smooth solution of Equation (3.9)
att. Then the first eigenvalue of Ly ;) is positively definite.

Proof.  i). Let Lonf = &'f +1X(f). Then by (4.2), it suffices to prove < Z(W)f, g >=<
L ng, f >. Foreach p € M, choose a local coordinate system (x1,...,x,) so that wy =
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V—=1o' A@'. Then (6x + X (¢)); = X;. By using integral by part, we get
fM gz(¢”)fef(9x+x(¢))wg = /M (ef7 +18X: f}) et(9x+X(¢))w;
= fM (fg;.’ +1fgXs +1fgiX;+1gf X + tzfgx;Y;) el Ox+X@)
-1 /M (faiX; +&f Xi7 +1fgX;X7) e XD
= ,/)14 (fei + le_,—g:) e'(0x+X(¢))wg
= fM (fg,~,-+th(g)) I(9x+X(¢))wn — /M fzwvl)gex(exﬂtxw))wg_ (4.7)

ii). Let X be the first eigenvalue of L4 ;) and ¥ an eigenfunction of 4, i.e.,
Ay +tX () ~f pe! XXl = iy
M
Clearly, A = f, e/ X¥@)% > 0if ¢ = const # 0.
By using integral by part together with Ricci formula and identities (3.10), we have

M
_ /M wjji%et(9x+X(¢))w(r;’ _ / (X_'V/T\/fij 4 in%%) XN
=/ (Rfj—'in) Ve OHX @), n+f Yijhe X @) g1
M

> /M Qe X O 8)
Since Q is positively definite, we prove A > 0. Ll

Set I = {t € [0, 1]| there is a smooth solution ¢, of Equation (3.9) at ¢ }. Then we have the
following:

Proposition 4.3. The set I is nonempty and open.

Proof. By Yau’s solution for Calabi’s conjecture, there is a unique smooth solution ¢ of Equa-
tion (3.9) at + = 0 with Ip(¢p) = fol Sy P0w] 4 AdT = 0. So I is nonempty. Now we suppose ¢ is
a smooth solution of Equation (3.9) at 7. Consider the map F(¢, 1) : Hy42(M) x [0, 1] — Hp (M)
defined by (4.1). By Lemma 4.1 and the standard regularity theorem of elliptic equations, the lin-
earized operator L g, 1) : Hx+2(M) — Hi (M) of F(¢, t) with respect to the first factor at (¢, 1) is
invertible. Then applying the implicit function theorem to the map F(¢, t), there is a small number
§ > 0 such that there are C¥*2-functions ¢; of Equation (3.9) atany s € [t, 1 + §). By the regularity
theorem of Monge-Ampére equations [16], ¢ are in fact smooth. This proves / is an open set. [

5. CO.estimates

Let (52, wpg,) be a unit two-sphere in R3 with the standard metric go- Since 52 is conformal to
C'!U{+0o0}, a holomorphic vector field X of S? canbe denotedby X = (a++/—1b)(r % +4/-1 5%),



Kdhier-Ricci Soliton Typed Equations on Compact Complex Manifolds with C} (M) > 0 767

where (r, 6) is the polar coordinate system on C' and a, b are two real numbers.

Lemma 5.1. Let X be the above nontrivial holomorphic vector field and w, a Kéhler form of S 2
with w, < Awg, for some positive constant A. Suppose that wg + +/ —1893¢ is a Kihler form such
that X (¢) is a real-valued function. Then

|X (@) < 2lalA .

Proof. Since X (¢) is real-valued, we have

d¢ a¢
2 el 0. 5.1
"ar T %% (5.1)

First assume a = 0. Then %—‘f = 0. It follows

_¢ 0 _ 00 _
X@) =arg —bog =036 =0

since X (¢)|,—0 = 0. So we may assume a # 0. By (5.1), we have

»2\" 9
X(¢) = (a+—(—z—> r-é% (5.2)
and
3¢ (b\° 8 [ 3¢
_ T _(Z —{rx1. 5.
962 (a) "or (r3r> (5:3)
On the other hand, since
o — i dz ANdZ
g0 — -l
’ (1 +1212)?

wg ++/=133¢ > 0 implies

¢ 10¢ ,8%¢
— et e— 2L = A
A M T

-4 w, S —4A

> "¢ > . (5.4)
1+ r2)2 Weo (14 r2)2
It follows by (5.3),
-4 r -
LN Azf L s> A (5.5)
TN LN RO )
and
4 o 2A
r3_¢5 A 2/ s 2ds§ - (5.6)
T () S (1452 1+ ()

Combining (5.2), (5.5), and (5.6), we obtain

| X{(#)| < 2|alA . U (5.7
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Definition 5.2. et K be aclosed set of complex manifold M and S a connected compact manifold.
A family F of complex curves I's(possibly singular) with base points O (s € S) is said to be a smooth
S2-fiber covering of M with K if there exist

i) a differentiable manifold ) and a smooth submersion 6 : ) — S whose fibers are S 2~comp]ex
curves and

ii) two smoothmaps o : S — Y and 7 : ) — M such that foreach s € S
(a) 6~ (s) = 57 is the normalization of I' under the map T

(b)1(o(s)) =0;and M = FUK.

Corollary 5.3. Let (M, w,) be a Kahler manifold with a nontrivial holomorphic vector field X .

Suppose that ¢ is a smooth function of M such that wg + +/ —103¢ is a Kihler form and X (¢) is a
real-valued function. Then there is a uniform constant C independent of ¢ such that | X (¢)} < C.

Proof. 1letK ={pe M| X(p)=0)}. Then span{Real(X), Im(X)} defines a two-dimensional
distribution on M \ K and the closures of its integral orbits through a point p € M \ K are all
complex curves with possible singularities in M. Since there is no nontrivial holomorphic vector
field on any compact Riemannian surfaces with genus > 1, we see that all normalizations of orbits
are holomorphically isomorphic to 2. So one can construct a connected compact manifold S and a
family F of integral orbits I's with base points O;(s € S) such that F is a smooth S —fiber covering
of M with K. Applying Lemma 5.1 to each normalization fiber 2, we see there is a uniform constant
C independent of ¢ such that | X (¢)| < C. O

Proposition 5.4. Let ¢, be solutions of Equation (3.9) att. Then there is a uniform constant C
such that |¢;| < C.

Proof. From Equation (3.9), we have

el,(¢:)/ ef—t(6x+X(¢:))wg =/ w;] _.._f w; . (5.8)
M M M

It follows by Corollary 5.3, there is a uniform constant C; such that {I;(¢;)| < C;. Let f: =

L(@) + [ — 1(Bx + X(¢:)). Then |f;| < C;, for some uniform constant C; and Equation (3.9)
becomes

det (g7 + &,7) = det (g;7) e, (5.9)
where 5, = ¢ — ¢; and ¢, are constants chosen so that sup,, 5, = —1. By an argument of

C9—estimate in [13, p- 157-159], we see that there is a uniform constant C3 such that |$,| < Cs.
On the other hand, by (3.6) in Lemma 3.1, we have

1
f / ¢tel(0x+sX(¢r))w;1¢’ds
0 JM

1 1
= ¢ jo /M ' O+ X@NGI A ds + /0 /M g CxHX@D et ds . (5.10)

It follows by Corollary 5.3,

11 (¢)

]
¢ f f ! Ex K@D gn Ads — I (¢r)| < Ca
0 /M
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and consequently |c;| < Cs for some uniform constants C4 and Cs. Therefore, we prove

¢ <

&1‘+|CI|EC3+C5- D

6. C2-estimates and C3-estimates

Proposition 6.1. Let ¢, be solutions of Equation (3.9) at t.” Then there are two uniform constants
C and c such that

n+ Agy < Cexp{c (¢ — infy )} .
Proof. For simplicity, let ¢ = ¢;. Given each p € M, choose a local coordinate system

(x},..., xy) so that gij(p) = §;; and ¢i7(p) = 8;j¢,7(p). Then by using Yau’s C2-estimate [16],
[11], one can obtain

A'((n + Ag)exp{—ce}) = exp{—ce} (A(f —10x + X(9)) - "zinfi#lRi:"li)

. 1
— cexp{coin (n + A¢) + (c + 1nf,-¢1Rim) exp{—co)(n + L) (Z 14+¢ -) , (6.1)
i ii
where A’ denotes the Lapalacian operator associated with Kéhler form wg.

Let p be the maximal point of function A’((n + A¢)exp{—c¢}). Then at this point, we have
¢ = c(n+ Ad)¢;. 1t follows

duX; = ¢ X;=cn+ AP)PiX;
= c(n+ LP)X(¢) < c(n+ Ad)supu(X(9)) . (6.2)
Thus by Corollary 5.3, we have

A(—f +1(6x + X (9))

—Af+1(6x + X(9);

—Af (X (87 + ¢i7));

—Af +1Xpgg + 10 X5 + 1 (X5 (845 + ¢47)

C1 +t(n+ A)supi X3 + ct(n + Ad)suppy X (¢)

(n+ A@) (Cy 4+ cC3) + (6.3)

IA TA

for some uniform constants Cj, C;, and Cs.
Inserting (6.3) into (6.1), we have
A'((n + Ag)exp{—co))
> exp{—c¢) (—C1 - nzinf#IR,-,—-,;) —exp{—co}(n + A@) (cn + C2 + cCa)

1
+ (¢ + infizi Rip) expl—co}(n + 9) (Z 1+ ¢)

> —Caexp{—c¢} — cCsexp{—co)(n + A¢)
+ (c + infix R;35) exp{—co}(n + Lg) (Z T ¢:) . (6.4)
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Choose ¢ sufficiently large so that ¢ + inf; 4 R;7;7 > 5. Then by using Equation (3.9), one can get

A'((n+ Ag)exp{—ce)) > —exp{—c¢} (Cs+ cCs(n + A¢))
+ Ceexpl—ce)(n + Ap) 7T . (6.5)

Now applying the maximal principle theory to the function exp{—c¢}(n + A¢) at the point p the
same as in [16], we see there is a uniform constant C such that

n+ A¢; < Cexplc (¢, —infydy)} . O

Combining Proposition 5.4 and Proposition 6.1, we have the following.

Corollary 6.2. Let ¢, be solutions of Equation (3.9) att. Then there is a uniform constant C
such thatn + A¢, < C.

Keep the notation in Proposition 6.1. Let g -=8&7+&; and

HF _1js /kl
S=Y g"g" g" 55

where (g’ ’7) is the inverse of matrix (g”,j). Then we have the following.

Proposition 6.3. Let ¢, be solutions of Equation (3.9) at t. Then there is a uniform constant C
suchthat S < C.

Proof. For convenience, we use a notation as in [16]. We say that A = B if |A — B} <
a(S + +/S) + b for some constants a and b which can be estimated. By using Corollary 5.3, one can
compute (c.f. [16])
AS =~ /lrg/js /ktFde)F“ + gnr rjs lkt‘pUkFrsz
_ (gliqglprglj: L gllrg/pjglsqglkl + gan/sfg/piglka)
X Fﬁd)ﬁkd);s; + 5o, (6.6)

where F = f — 10y + X(¢)) + 1I,(¢) and

So = Z (1 +¢i7)_1 (1 +¢j7)_1 (1 +¢k%)_1 (1 +¢17)_]

x l%zz = ttri (1+6pp) "

‘2

+ |~ Z ("’ﬁ”‘pﬁk + ¢ﬁ“‘¢p71) 1+ ¢pﬁ)h1 >0.

P
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Furthermore, we have

Fio = (F-16x+X@05
= (f —10x);5; —1 (¢I7iX§< + ¢’17ng + ¢17ka> - ’¢17ile . (6.7)
Fg = (f—10x)5—1 (d’mxi + ¢17Xi;> — ¢ X'

(f = 19x)rs — 1 (@ Xk + B XLy) = 1y X'
— 1 (¢7pReprr — ¢ps Ryrrr) (6.8)
and
Frg = (f —16x) 5 — 1 (¢,§x§, + ¢1§le> , (6.9)
where Ri7k7 are sectional curvatures associated with the Kihler metric g.
Inserting (6.7) through (6.9) into (6.6) and using Corollary 6.2, it follows
AS = —rx! [g’”g’7sg’k7¢,~7k,¢>rsf + 8787 g g5 i
- (g”'qfs”’ﬁg’ﬁg"‘7 + g TP g TGN g’i7g"7g”’7g”‘5)
X Gugbjadrei| + So
= —1X' lg”.Ffs’J’g'k7 (¢i7k¢?s7) |~ $ra9,5u i
x (z(>”’7g"ﬁg’7’g”‘7 + g gPl g Tgh g'ﬁg’gg”’;g"‘a)] + So
= X' (s} - §F) + 5, (6.10)
where
S| = g gl g (¢i7k¢”;)1 (6.11)
and
SE = bpudtrs
x (g"'ag“”;g'ﬁg”‘; +gTg"P g g 4 g’ﬁg"7g”’7g"‘7) : (6.12)
On the other hand, one can prove (c.f. [16]),

ANAp > AF+CS—-C
= (f—10x)pp —1 (¢1ﬁX1p + ¢Iﬁpxl)
+ C1S—CoC > CiS —Cy, (6.13)

for some positive uniform constants C1, C2, C3, and C4. Thus combining (6.10) and (6.13), we have

A'(S+cag) 2 cCsS —1X! (8] - §7) = Co (6.14)
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as ¢ sufficiently large.
Let p be the maximal point of function S + cA¢. Then we have (S + cA¢); = 0. It follows
S| — 8% = —cppp - (6.15)

Inserting (6.15) into (6.14) and then applying the maximal principle theory to the function S + cAg,
we obtain

0 > A(S+crd)p)
> (cCs5+ctX!'gp = Co) (p)
> cC78(p) — Cs,

and consequently S(p) < Cy for some uniform constant C9. By Corollary 6.2, it follows

S = S+chp—cAp <maxy(S+ cA@) — cinfy Ag
< (S+cA¢)(p)+nc
< S(p)+cmaxy A +nc < Cyp (6.16)
for some uniform constant Cig. Il

7. Proof of Main Theorem

Proof of Main Theorem. By Proposition 2.1, it remains to prove the existence and uniqueness
of Equation (3.4). i) Existence. We shall prove that there is a smooth solution of Equation (3.9) at
t = 1. Since we have proved / is an open set in Proposition 4.3, it suffices to prove I is closed.
This is immediately foliowed from Proposition 5.4 and Proposition 6.3, and the regularity theory of

Monge-Ampére equations (cf. [16]). In fact, we prove there are smooth solutions ¢, of Equation (3.9)
forany t € [0, 1].

ii) Uniqueness. Let w be a Kdhler form solving Equation (1.2). Then there is a smooth function
¢ € My and a constant ¢ such that w = wy = wg + +/—103¢ and

{ det (g7 +¢,7) = det (,7) exp 1/ — Ox + X(#) + ) o

(g,; + ¢,7) >0,

where f and x are both real-valued functions of M determined by (3.2) and (3.1), respectivly.
Choose ¢’ such that ¢ = ¢ + ¢’ and

1(5) f /¢e9X+sx(¢) . Ads

f / (@+ ) e Xyl nds=0. (7.2)
0 JM

Consider the following normalized equations with the parameter z € [0, 1],

det (g,-; + 35,.7) = det (gﬁ) exp{f —1(6x+X (5)) +c+ 1, ($)}

~ (1.3)
(8,7 +¢;5)>0,
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where I, (5) is defined by (3.6). Clearly, 5 is a solution of Equation (7. 3)atz = 1. Then by the
similar arguments as m Part i), one can prove there are smooth solutlons ¢>, of Equatlon (7.3) for any
t € [0, 1] with ¢1 = 4) ¢ + ¢’. Choose constants ¢, so that ¢ + I,(¢,) = I,(¢, + ), i.e.,

-1

i Ry
aG=c / / e/ Ex+sX@Nn A ds ) (7.4)
0o Jm ¢

S¢;

Then 5, + ¢, are smooth solutions of Equation (3.9) at 7. On the other hand, ¢y is a unique solution
of Equation B9atr = 0 (cf. the proof of Proposition 4.3). Thus, we have 50 + co = ¢o and
consequently ¢, + ¢; = ¢, for any 7 € [0, 1], where ¢, are solutions of Equation (3.9) proved in
Part i). In particular, by (7.2) and (7.4), we have

Y !
¢ = - =¢r—c' —q

1
= ¢ —c / / eex—HX(<1>1)(‘0":¢1 Ads
0 JM
] =l
/ f e9x+sX(¢1)w;'¢] A ds / / ¢e€x+sX(¢|)w;'¢] Ads . (1.5)
0 Jm 0 JM

This shows w = wy, and w is the unique solution of Equation (1.2) in the class [eg]. O

-1

Remark. Since Calabi’s conjecture is true forany 2 € C1(M), one may believe that the assumption
that €2 is positively definite can be removed. From the above discussions, we see that all results are
stilt held for any Q € C;(M) except in Section 4 as long as X and Q satisfy Conditions i) and ii) in the
Main Theorem, if one uses the continuity method to prove the existence and uniqueness. The only
difficulty is how to prove the linearized operators of Equation (3.9) for the variable ¢ are invertiable
without the assumption that €2 is positively definite.
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