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Generalized Low Pass Filters and MRA
Frame Wavelets

By Maciej Paluszyriski, Hrvoje Siki¢, Guido Weiss, and Shaoliang Xiao

ABSTRACT. A tight frame wavelet \r is an LZ(R)function such that (Y ji (x)} = {2% 1//(ij —k), j. ke
7}, is a tight frame for L%2(R). We introduce a class of “generalized low pass filters” that allows us to
define (and construct) the subclass of MRA tight frame wavelets. This leads us to an associated class
of “generalized scaling functions” that are not necessarily obtained from a multiresolution analysis. We
study several properties of these classes of “generalized” wavelets, scaling functions and filters (such as
their multipliers and their connectivity). We also compare our approach with those recently obtained by
other authors.

1. Introduction

We assume the reader is familiar with the Multiresolution Analysis (MRA) method for con-
structing wavelet bases for L%(R). For the sake of completeness, however, and, also because we
need to establish an appropriate notation that allows us to explain the contents of this article and
how our results compare with those of other authors, we begin with a brief description of the
MRA method.

AnMRA consists of a sequence {V;}, j € Z, of closed subspaces of L%(R) that is increasing,
V; C V;41, the members of this sequence are dyadic dilates of, say, Vp in the sense that f € V;

if and only if f 27y e V, Lz(R) = U V; and, lastly, there exists an element ¢ in Vo (a
JEZ

scaling function) such that the sequence of its integral translates ¢, (x) = ¢(x — n) makes up an

orthonormal basis of Vp.

An (orthonormal) wavelet is a function ¥ € L%(R) such that the system Yirx) =

2%1&(21' x — k), j,k € Z, is an orthonormal basis of L?(R). The construction of such a ¥
from an MRA is rather simple and elegant. If we can produce a ¥ in the orthogonal complement,
Wo, of Vp, within V|, such that {y;} = { (- — k)}, k € Z, is an orthonormal basis of Wy, then the
properties of the MRA {V;} easily imply that v is a wavelet. We refer the reader to [4] for these
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details (as well as other that are related to much of the discussion of wavelets we shall present).
In this reference and here the Fourier transform is defined by

fe = /R fx)e 8 dx (1.1)

for f € LY(R).

One obtains the function ¥ from the MRA by making use of the fact that associated with
each scaling function ¢ there is a unique 27 periodic function m € L%([0, 27)) = L*(T) such
that

¢(26) = m(©)¢ (&) (1.2)

a.e. A basic property of m is that
m(E) + Im(E +m))* = 1 (1.3)
for a.e. £ € R. One can then show that ¢ € L%(R) satisfying
V(28 =mi (), (1.4)

where m1(§) = e*m(€ + ), is a wavelet. These properties of m; and ¥ are straightforward
consequences of the fact that we are seeking an element ¥ € V; orthogonal to Vy with the
properties we described.

These are the MRA wavelets. There are wavelets that cannot be obtained in this way. The
class of all wavelets y in L?(R) can be characterized by two equations and the property ||y]> > 1:

3 [1/} (21'5)\2 =1 ae., (1.5)

JEL
and

© =Y (28) ¥ (& +29m) =0 ae. (1.6)

j=z0

whenever g is an odd integer. We remind the reader that the book [4] presents a complete account
of these facts; in Chapter 7 of this book one can find the characterization of all scaling functions
as well. There it is pointed out that if the condition ||y||2 > 1 is not assumed, then the two
equations (1.5) and (1.6) characterize the systems {¥;¢}, j, k € Z, that are tight frames with
constant 1.

A frame in a Hilbert space H, with inner product < -, - >, is a family {¢,,n € A} of
elements in H for which there exist two positive constants, A and B, such that

AllFIP <Y 1< fron > < BIIFII (L7)

neA

for all f € H. The numbers A and B are called the frame constants; if A = B, {¢,} is called a
tight frame and, after a renormalization, we can assume A = B = 1 (we shall suppose this to be
the case in this article and, therefore, the term “with constant 1" will often be tacitly assumed).
The indexing set A for the family {¢,} can be quite general; we assume it to be countable and, in
particular, we often will be dealing with the case where {¢, } is the sequence of translates {¢(- —n)}
of a function ¢ € H C L>(R), n € Z, or the indexing set consists of the pairs (j, k) € Z x Z.
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Many investigators have considered the case when the system {y &}, j, k € Z, is a frame
for L?(R) rather than an orthonormal basis. This leads to the question of giving meaning and
studying such frames that arise from a construction that extends the one we described above
that produced the MRA wavelets. This is the purpose of this study: to introduce an appropriate
definition of an MRA wavelet frame and, then, to study the properties of such frames.

Other authors have posed this problem and have obtained interesting and useful solutions
of it (see [1], [3], and [6]). Our approach is different from the ones we have cited and the MRA
wavelet frames we obtain belong to a class that strictly includes the ones obtained by the other
authors.

The next section is devoted to the definition and construction of MRA wavelet frames. We
consider, at first, only the case of MRA wavelet tight frames. In the fifth and last section, when we
compare our results with those obtained by others, we show how the study of the general frame
in [1] can be reduced to the case of tight frames.

The novelty of our approach is that we define and construct our MRA wavelet frames by
making use of a collection of general low pass-filters. In the wavelet case, the function m
introduced in (1.2) is called a low pass filter; the pair (m, my) is often referred to as a pair of
quadrature mirror filters, and m is called a high pass filter The MRA method we described
above begins with the spaces Vj and V; and a scaling function ¢ and, from these, one constructs
W), the orthogonal complement of Vi within V;. The wavelet is then a member yr of Wy such that
{¥(- —n)}, n € Z, is an orthonormal basis for Wy. The MRA wavelet frames introduced by [1]
and [2] follow this approach after introducing the notion of a “frame MRA” which is defined as
we did above, except that the integral translates of the “pseudo-scaling function” ¢ form a frame
for Vy (instead of an orthonormal basis).

An important implementation of the MRA construction begins with a low pass filter m and,
from it, a scaling function and its associated MRA are then produced in order to obtain wavelets.
This method is very powerful and provides important information about the properties of the
wavelet it produces. It was used very effectively, for example, by Daubechies [3] when she con-
structed her compactly supported wavelets. Unless a complete characterization is known of these
27 periodic functions m € L?(T), satisfying (1.3) that are low pass filters for an MRA, con-
structing wavelets, by the “standard” method from the “known” low pass filters, does not produce
the general MRA wavelet. Fortunately, some of us were able to find such a characterization [5].
In this article we show how one can use the information obtained from [5] in order to develop
a general theory of MRA frame wavelets based on an appropriate “generalized low pass filter.”
This then will be the principal material included in the second section.

We want to emphasize that our approach is to obtain tight frames (or, more generally, frames)

of the form {yr;;(x)} = {2%1p(2jx — k)}, j,k € Z, from a function ¢ constructed from an
appropriate generalized filter m (a 27 periodic function satisfying (1.3)). Such a filter need not
be associated with a “generalized” MRA (say, of the type introduced in [1]). In the literature,
the function m(&) = (1 + €%¢)/2 is often presented as an example of a 27 -periodic function
satisfying (1.3) that is not a low pass filter. It is then cast away as “useless.” We shall show, in
fact, that this m can be used for constructing an “MRA tight frame wavelet” (MRA TFW) and
provides an example of such a generalized filter that does not arise from a “generalized MRA.”
Our moral is simply: Do not discard a generalized filter even though it is not a low pass filter; it
may very well yield a bonafide “MRA tight frame wavelet.”

In the third section we study the “multipliers” associated with the classes of MRA frame
wavelets, the corresponding “pseudo-scaling functions,” and generalized low pass filters. That
is, we characterize those measurable functions v such that (vi/)" belong to the class C whenever
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Y belongs to C (C will be the class of frame wavelets, MRA frame wavelets, and pseudo scaling
functions that we have introduced). We also characterize those measurable functions p such that
um is a generalized low pass filter whenever m is such a filter. In the fourth section we study
certain consequences of the muitiplier results in the previous section and the connectivity of the
classes of wavelet frames we introduced. This is very much in the spirit of [7]. The fifth section is
devoted to a comparison of our approach with those used by other investigators [1], [2], and [6].

We want to thank Ziemowit Rzeszotnik for his suggestions and corrections.

2. Preliminaries and basic definitions

We introduced the notion of a tight frame immediately after the inequality (1.7). We shall
study such frames when they are generated by a function in L2(R).

Definition 2.1. A function ¥ € L*(R) is a tight frame wavelet (for short, TFW) if the system

{¥jk}jkez, where ¥ (x) = 2% ¥ (2/x — k), is a tight frame (with constant 1) for L2(R); that is,
forall f € L*(R),

f=Y <fvi>vi @.1)

J.keZ

unconditionally in L2(R).
This is equivalent to the condition

W= |< fivn > 22

J.keZ

forevery f € L2(R) (this corresponds to the definition of a tight frame we discussed in the first
section; see [4, Chapters 7 and 8]).

We shall use the following characterization (already mentioned in the first section) of TFW’s,
which is essentially proved in [4], Theorem 1.6 of Chapter 7 (the frame terminology is not used
in Theorem 1.6, since in [4] frames are introduced in Chapter 8).

Theorem 2.2. A functiony € L*(R) is a TFW if and only if y satisfies (1.5) and (1.6).

Following [5], we shall denote by F the set of generalized filters; i.e., m € F if m is 27-
periodic, and satisfies (1.3).

Definition 2.3. A function ¢ € L?(R) is called a pseudo-scaling function if there exists m € F
such that

0QRE) =m(&)p(&) for ae. £eR. (2.3)

Remark 2.4. Notice that m is not uniquely determined by the pseudo-scaling function ¢.
Therefore, we shall denote by F, the set of all m € F such that m satisfies (2.3) for ¢. For

example, if ¢ = 0, then, F¢ = F, while, if @ is a scaling function for an MRA (see [4, Chapters 2
and 7]), then, F,, is a singleton.

Note that for a pseudo-scaling function g, the function |@|" is also a pseudo- scaling function,
and if m € F(p, then, |m| € F|¢|v Let us recall (see [5, Section 3]) that for every m € F, we can
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o0
define ¢y € L2(R) by letting @jm|(£) = I—[ |m(%)|. However, in general, it is not true that
j=1
|¢| can be obtained as the infinite product of the values of |m| (take ¢ = 0 for example). Hence,
it is not necessarily true that |¢| = @y In order to explore this further let us mention (see [5,
Lemma 1]) that for almost every £ € R\ {0} the limit lim @, (27"&) exists and is either equal
n—>o0

to O or 1. Since this limit is not going to change if we replace & with any dyadic dilate 2%£, k € Z,
of &, it is important to consider the Lebesgue measure of the set

No(mi) = |& € 1, lim g (27€) = 0]

where I = [, ) \ [—%, %) (see also [5, Theorem 2 and Lemma 4] for the significance of
No(im)).

Proposition 2.5. Suppose that ¢ is a pseudo-scaling function and m € F,,. If
lim |¢27"8)| =1 for ae £eR 2.4)
n—oo

then,
= (ﬁ|m|(:§) for a.e. g eR (25)

) = £
lo@&)| = l'Illm (5_7)
j:

and, obviously, |Ng(|ml)| = 0.

Proof. By (2.3), we have, for every n € N,

()
my —
2J
Using (2.4), we obtain that |¢(§)] = @m(§) and, therefore, (2.5) and | No(lm|)| = O are clearly
satisfied. LJ

n

6@ =11

j=1

o278 -

Following [5], we shall call a generalized filter m with the property that |No(Im|)| = 0, a
generalized low pass filter (see [5, Section 3], for more details).

Remark 2.6. Note that even for a pseudo-scaling function ¢ which satisfies (2.4), the set

l~?‘(p is not necessarily a singleton. For example, take @(§) = x—¢,)(§), (0 < € < §). Any
m € F, m > 0, such that m|[_c ¢] = X(-5,51l[—¢,e 1s an element of F,. Since m restricted to
[— %, %) \ [—¢, €) can be any measurable function with values in [0, 1] ( can then be extended

to [—m, ) so that it satisfies m(&)2 +m(§+ fr)2 = 1), it is clear that I~<’¢ contains infinitely many
elements.

Definition 2.7. A TFW ¢ is an MRA TFW if there exists a pseudo-scaling function ¢ and
m € F, such that

V() = éim (% + n)(i) (%) for ae. £eR. (2.6)

The following lemma is an elementary result in integration theory. Since we shall apply it
several times in the sequel, we provide a proof for the reader’s convenience.
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Lemma 28. Iff ¢ L'(R), then, forae. £ € R, lim f(2"¢§) =0.
n—+00

Proof.  Without loss of generality, we can assume that f > 0. Assuming that f € L'(R) and
applying the monotone convergence theorem we obtain

/R}:f(z"u)du=2[l;f(2"u) du=22_"/Rf(u)du=||f||1<oo_

neN neN neN

It follows that for a.e. u, _S_ f("u) is finite. Therefore, for a.e. u, lir_E QW) =0.0
n—>1+00
neN

Proposition 2.9. Suppose ¥ is an MRA TFW and ¢ is a pseudo-scaling function satisfy-
ing (2.6). Then ¢ satisfies (2.4); thus, m is a generalized low pass filter.

Proof.  Since v is a TFW, we can use (1.5) and, since ¥ is an MRA TFW, we can use (2.6) to
obtain 5 5 5
1=y ‘@(2/5)‘ =3 |m (2 e+ n)‘ é (21—15)’
jeZ JEZ

=, (e )f o ()

n—o0

Jj=—n

Il
e
8
e —
A=
N
~
=
l
wre
N—
I

Since ¢ € L?(R), Lemma 2.8 implies 1_1}120 |¢(2"§)|2 = 0 for a.e. £. This shows that for
ae & eR, lim |g27"E)| = 1. U]
n—oo

Remark 2.10. Observe that if ¢ in Definition 2.7 happens to be a wavelet, then, ¥ is an MRA
wavelet in the usual sense. To see this, recall that (2.6) implies

o
PN s (mic)
o =Y | (27)| - @7
A consequence of (2.7) is that ||@|]; = ||1/A/||2, and, since ¥ is a wavelet, this implies that

{l¢l]2 = 1. Using Proposition 2.9 and Proposition 2.5, we conclude that the generalized filter m
in (2.6) satisfies |[No(|m|)| = 0, @jm) = |¢| and ||@jm/[|2 = 1. We can now apply [5, Theorem 2] to
conclude that m is a low pass filter and ¢ is a scaling function. Therefore,  is an MRA wavelet.

The notions presented suggest a natural way of constructing MRA TFWs from generalized
low pass filters. We will, in fact, show that this offers us a method that yields all the MRA TFWs
that we just introduced.

The construction of MRA TFWs. Suppose that m is a generalized low pass filter.
Using results from [7] and [5], we know that there exists a filter multiplier x (i.e., y is unimodular
and 2x -periodic) such that m(&) = p(&)|m(&)| and a scaling function multiplier v (i.e., v is
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unimoedular and v(2§)v(§) is 2z -periodic) such that v(2§)v{§) = u(g) forae. § ¢ R. If
we define a function ¢ € L2(R) by ¢(¢) := v(§)P|m|(€), then ¢ is a pseudo-scaling function,
|| = @jm) and $(28) = m(£)§(£) a.e. We then define a function ¥ € L2(R) by (2.6)

JE) = elim (% +n)¢ (%) .

First, we show that v is a TFW (this would imply immediately that ¥ is an MRA TFW).
Secondly, we will show, as promised, that all MRA TFWs are obtained in this way.

Theorem 2.11. The function defined by the procedure we just presented using equality (2.6)
isa TFW.

Proof. Theorem 2.2 shows that it is enough to prove that 1;0 satisfies (1.5) and (1.6).

Note that since [No(Jm|)| = 0 and |@| = @}, the function ¢ satisfies (2.4) (see comments
preceding (2.5)). The argument in the proof of Proposition 2.9 shows that

S |i (@) = im [le(e) - o]

Lemma 2.8 and (2.4) now immediately yield (1.5).

The following argument shows (1.6}. When ¢ is an odd integer we have

S (26) ¥ (e +270)

Jj=0

=1/?(s)tﬁ<s+znq)+2 (2/8) ¥ (27 € +279)

—e’5m< ) (%) -(—1>-m<§+n<q+1>)¢(§+nq)

+§,M@(2Fls) m (2716 + 1) ¢ (27T +27mq)
j=1

=—¢<s>¢<s+_znq>+i(1—]m(zf—ls)}) (27'¢) 6 27T +27 )

ASH

=—<p<&)¢<s+z‘;q>+2{ (27') 6 1€ +279)

j=1

$(2/8) 9 (2 +27q))

—— it

< i s

=0
forae. £ € R. O

Theorem 2.11 completes our construction since it shows that, indeed, we always obtain an
MRA TFW by this method that starts with an arbitrary m € F satisfying |No(|m|)| = 0.
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We still have to answer the opposite question: Suppose we have an MRA TFW i (meaning,
of course, that there exists a pseudo-scaling function ¢ which satisfies (2.6)), is it true that i
can be obtained by the construction described above? The problem is that it is not a priori clear
that there exists a scaling function multiplier v such that ¢(§) = v(£)@|m (&), where m € F«)
satisfies (2.6) for yr. The following theorem gives a positive answer to this question.

Theorem 2.12. Suppose that ¥ is an MRA TFW and ¢ is the associated pseudo-scaling
function which satisfies (2.6). Then, {r and ¢ can be constructed in the way described preceding
Theorem 2.11.

Proof. 1+ is defined by (2.6) in terms of a pseudo-scaling function ¢ and an associated m € ﬁ}p.
Hence, we need to show that ¢ is obtained by our construction from m € F. More precisely, we
shall prove that there exists a scaling function multiplier v such that ¢(§) = v(§)@jm(§). By
Proposition 2.9 ¢ satisfies (2.4). Then, by Proposition 2.5, |@¢| = @, and |No(|m])| = 0. We also
know that there is a filter multiplier i such thatm = u|m|. Consider a signum functionfor ¢,i.e.,a
function ¢ which is unimodular and ¢(£) = r(§)|¢(£)| (obviously, such a function exists). Hence,
we only need to prove that there exists a unimodular function v such that v(2§ WE) = u)ae.
and v(£) = t(£) when ¢(§) # 0. If we do this, then our construction based on this m gives us
precisely this ¢ when we choose 1 and v as indicated.

Take & € R such that (2€) # 0. Therefore, (€) # 0and m(&) # 0. The following simple
computation

(&) mE)PE) = m€)@E) = 28) = 1(28)
shows that in this case ¢ (2& )@ = u().

$Q25)| = 12N E)IME)1G)

Consider an arbitrary £ € R for which (2.4) is true (as we observed above, a.e. £ € R has
this property). If ¢(2"&) # O for every n € Z, we define v(2"§) := £(2"¢) for every n € Z.
Otherwise, by (2.4) and (2.3) we must have an ng € Z such that ¢(2"0¢) # 0 and $(2"€) = 0
for n > ng + 1, while ¢(2"&) # 0 for n < ng. In this case, we define v as follows: for
n < ng, v(2"E) 1= t(2"€), while, for n > ng + 1, v(2"€) = v(2" &) (2"1€). This clearly
completes the proof. [

We shall complete this section by addressing yet another question that appears naturally in
our construction of MRA TFWs. As we have shown above, givenm € F such that [No(Jm)| =0
we can construct an MRA TFW ¢ from m. It is important to emphasize that we can construct
infinitely many different ’s, since our choice of the corresponding pseudo-scaling function ¢
depends on our choice of a scaling function multiplier v. Recall that the only requirement for v
was to be unimodular and to satisfy that v(2&)v(£) = w(&), where y is a filter muitiplier such that
m(&) = pu(§)|m(&)]. It was shown in [7] that there are infinitely many v’s with those properties,
since we can define v to be an arbitrary unimodular function on 7 (defined immediately before
Proposition 2.5) and then extend it inductively by using v(2"&) = v(2"~1&)u (2"~ 1¢) forn > 1

and using (2" 1E) = v(2"E)u2n1E) for n < —1. Observe that under our assumption it is not
oo

necessarily true that the product l_[ m(%) converges a.e.! Moreover, even in the case when the
j=1

o0

! For example, if m(€) = —|m(£)], the product 1—[ n3(2_j &) is not convergent. The reader might amuse
j=1

him/herself by producing a ¢ such that i € F«-,.
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o0
product l_[ m(%) converges a.e. to a function (2 € L*(R) (obviously, @ is then a pseudo-scaling
j=1
function and m € F ), by choosing an arbitrary v as above we may not pick exactly ¢ (although,
by Theorem 2.12, we know that there is a proper v among those available). The question now
becomes: Can we prescribe a particular choice of v (and, therefore, of ¢ as well) in the general

o0

situation so that in the case when the product l_[ m(%) converges a.e. our ¢ happens to be
j=1

exactly ¢? The answer to this question is yes. Let us prove that.

Suppose, as above, that m € F and [No(Jm|)| = 0. Consider a filter multiplier p such that
N

m(&) = w(§)|m(&)|. For & € I consider a sequence {l_[ w(2 7€)} nen. Since this is a sequence
j=1

of points in the torus we can pick (measurably with respect to £) an accumulation point on the

torus of this sequence. Let v(§) be this accumulation point, i.e., we have defined v properly on

I. As before, we extend v to R and define ¢ by @(&) := v(§)Pm((§), § € R. We claim that this

is the proper choice of ¢.

(o]

Suppose that (f)(é) = 1_[ m(27/€) exists. We have to prove that in this case ¢ = @ (as ele-
j=1

N N
ments in L2(R), of course). By our assumption &3(5) = lim n w7E) - l_[ Im2=/ &)
N—+o00 i1 i

Since |Ny(Im!)| = 0, for almost every £ € R, there existsn = n(&) € Nsuch that ¢, (27"€) # 0
N

and 5(2_”5 ) # 0. This implies that foru = 27"& the limit lim I_[ w(277 u) exists. It follows
N—+o0 =1

N

that the limit lim l_[ /L(2_j &) exists for a.e. £ € R. By our choice of v above it is clear that,
N—>+00 1 ]
j:

o0 oo
forae. £ € I,v(§) = 1—[ M(Z“js). Since the product l_[ w (277 €) exists for almost every € e R
j=1 j=1

>0
and v(2&)v(¢) = u(%), we conclude by induction that, for a.e. £ € R, v(§) = ]_I ,u(2_j§). It
j=1
then follows that, for a.e. £ € R,

v

o0 o] .

© =[Tu (@) [T (27¢)| = v©om® = 6®,
j=1 j=1

which completes the proof and concludes this section.

3. Multiplier results

We will now describe the multiplier classes associated with TFWs.

Definition 3.1. (1) A TFW multiplier is a function v such that = (¥rv)Y is a TEW whenever
Y is a TFW.
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(2) An MRA TFW multiplier is a function v such that ¢ = (1)1/3)V is an MRA TFW whenever
¥ 1s an MRA TFW,

(3) A pseudo-scaling function multiplier is a function v such that § = (¢v)V is a pseudo-
scaling function associated with an MRA TFW whenever ¢ has the same property.

(4) Finally, a generalized low pass filter multiplier is a function y such that m = mpu is a
generalized low pass filter whenever m is a generalized low pass filter.

The next theorem shows that the class of TFW multipliers is identical to the class of wavelet
multipliers (see [7, Theorem IIJ).

Theorem 3.2. A measurable function v is a TFW multiplier if and only if v is unimodular and
v(2€)v(&) is 2m -periodic.

Proof.  (if) TFW’s are characterized as elements of L ([R) satisfying (1.5) and (1.6). Being an
element of L2(R) and (1.5) are properties invariant under multiplication by a unimodular function
on the Fourier transform side. Thus, let us consider (1.6). Let v be a TFW, so that (1.6) holds.
Let us assume v is unimodular and v(2£)v(&) = u(&) is a 2 -periodic function, necessarily

unimodular. Let () = v (£)v(€). Let ¢ be an odd integer, and let j > 0. Then
v (278) ¥ (V& +20m) =¥ (208) b (6 +2qm)v (26) VD& +2qm) . G
If j > 1 then,
v (2E) v (2 € +2qm))
=u(2718) v (27E) u (271 + 2gm))v (21-1(E + 2 )
= u (2171 n (@ E)v (2771E) v (1 + 2gm))

= v (27E) v (271 + 2gm))

by 27 periodicity and unimodularity of p. If j — 1 > 1, then we can repeat the above argument
until we obtain

v (2“.;’) v (2/(§ +2gm)) = v(E)v(E + 2q7) for j>1.

Using this equality in (3.1), and summing over j > 0 we obtain
Zw (/) ¥ (276 +24m) = v&VE +2qn>2w (2/6) ¥ 2/ € +24m)).
Since, by (1.6) the right-hand side is 0, we conclude that ¥ also satisfies (1.6). Hence, ¥ isa

TFW and, thus, v is a TFW multiplier.

(only if ) Let v be a TFW multiplier. We will first show the unimodularity. Let 1 be the Haar
wavelet:

llf(x) = X[O’%)(x) - X[%‘l)(x) .
It follows that h@(&)l > 0O forae. £&. By assumption, for every n > I, (I/} V")V is a TFW and,

thus, satisfies (1.5):
Z’ (215)‘ (21 )' =1 ae E.
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In particular, for a.e. £ and every n € N,

N 2
v(E)" w(s>} <1.

ThiAs is only possible if |v(§)] < 1 a.e. since 1/} almost never vanishes. Using (1.5) for ¢ and
(v)Y, and subtracting, we obtain

KZ;}@(ZfS)iz(l—[v(zfs)\z)=0 ae. &

which is only possible if all terms vanish. Thus, [v(§)| =1 a.e.

Having established this unimodularity, we see that the application of the multiplier v does
not effect the L2(R) norm of ¥ (| |1/}H2 = ||¥r||2). It follows then that v is a wavelet multiplier
(see (1.5), (1.6), and the discussion immediately preceding and following these two equations).
We can, therefore, use [7, Theorem II] and conclude that v(2§)T§) is a 27 -periodic function. []

The next result shows that the class of TFW multipliers coincides with the class of MRA
TFW multipliers.

Theorem 3.3. A measurable function v is an MRA TFW multiplier if and only if it is unimod-
ular and v(2&)v(§) is 2m -periodic.

Proof.  (if) Let v be unimodular, and let

s(§) = v(2E)V(E) 3.2)

be 2m-periodic, necessarily unimodular. We now use [7, Lemma 2.1] to obtain a unimodular,
27 -periodic function ¢ such that

s(€) = 1) (E)t(§+n> . (3.3)

Let u(¢) = v(&)t(%)t(% + 7); then w is unimodular, and

n2&HuE)

)

%
) 34

I

V(26 E)E)(E + )t ( ) (
+

s@r@re +mr (3 (§
=1 +7)

is a 27 -periodic function. In the above computation, we have used (3.2) and (3.3) as well as the
unimodularity and the periodicity of ¢. Let ¥ be an MRA TFW, ¢ an associated pseudo-scaling
function with m € F, such that (2.6) holds. Let

m(§) = m(E) (€ + )

and )
(&) = pE)uE) .
Then, m € E;,:

GQE) = wQRE)GQE) = 1(E + M)uEMEGE) = REGE) - (3.5)
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Let R
V(E) = vEE) .

Since ¥ is a TFW, we can apply Theorem 3.2 to deduce that ¥ is a TFW. It follows, that ' is an
MRA TFW, since

. 2
Aa (i )

ei%t (% + 27t>m (

72
b©r (§)n(3) =den(
= Y(E(E)

MM
+
q
S——

= 9®),
where we have used (3.4), and the definition of u.

(only if) The Haar wavelet is, in particular, an MRA TFW; we can then proceed as in the
proof of Theorem 3.2 to show the unimodularity of v. Using Remark 2.10 we conclude, that v is
an MRA wavelet multiplier. The theorem then follows from {7, Theorem II]. (]

The next theorem characterizes the class of generalized low pass filter multipliers. Gener-
alized low pass filters are functions m € F,, for some pseudo-scaling function ¢ satisfying (2.4).
That is, m € F and [No(Im])| = 0. We will use this fact in the following result.

Theorem 3.4. A measurable function v is a generalized low pass filter multiplier if and only
if v is unimodular and 2 -periodic.

Proof. (i) If we let m(§) = v(£)m(&), and v is unimodular and 2 periodic, then, clearly, if
m € F, |No(|m[)| = O then these properties are also true for .

(only if) We proceed as in the proof of the two previous theorems.

Let ¢ be the Haar wavelet, and m the corresponding low pass filter, since lth| > 0ae,it
follows, that |m| > 0 a.e.. Let

m(&) = v()m() .

By assumption i (¢) € F; in particular, i is 277 -periodic, and so v is also 2sr-periodic. Applying
v repetitively, we obtain

W@ ImE)| <1 ae. & nx1.

This implies, that [v(§)| < 1 a.e.. Unimodularity follows, since both m and m are in F and,
thus, satisfy [i(€)” + 1R + 1)1 = 1 = |mE)* + Im(€ + 7). O

The above three results provide description of TFW, MRA TFW, and generalized low pass
filter multipliers. These classes are identical with the respective multiplier classes of wavelets.
This fact is basically a consequence of the fact that all of these multiplier operations necessarily
preserve the L?(R) norm of the TFW .

The following result is somewhat surprising, since it shows that the situation for pseudo-
scaling function multipliers is completely different. A pseudo-scaling function (psf) multiplier
is a function v which transforms, via the associated multiplier transformation, pseudo-scaling
functions, satisfying (2.4) into pseudo-scaling functions satisfying the same requirement. Let us
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observe, that pseudo-scaling functions satisfying (2.4) are exactly those, which appear in (2.6).
This follows from Propositions 2.9 and 2.5, and Theorem 2.11. Let us introduce some notation
for the next theorem.

For a measurable function v, let E = {& : v(§) # 0} and u(¢) = ﬁzs—) onE.

v(§)
Theorem 3.5. v is a psf multiplier if and only if
(D |v(28)} < |v(§)| a.e. and lim v /e =1ae.
j—oo
(2) u(&) extends to a 2m -periodic function.

() If§, n € E, and & — n is an odd multiple of 7, then |p(&) = ()| = L.

Proof. (if) Let ¢ be a psendo-scaling function satisfying (2.4), and suppose v satisfies (1)-(3).
Let

GE) =vEGE) .
Using condition (1), we see, that ¢ satisfies (2.4):

i 6 () = i )| o () =1

j—oo —>00

Let us now examine the 2-scale equation
$(28) = mE)p(E) . (3.6)
We claim that there exists 7 € F such that

v(25)m(&) = v(E)m(§) . (3.7

If &£ € E, then (3.7) is equivalent to

_ v(2%)
V()

m(§) m(§) . (3.8)

If & ¢ E, then, by (1), 2£ ¢ E and, thus, (3.7) is satisfied automatically. Requirement (2)
implies that m defined on E by (3.8) is 2r-periodic on E; that is, if £, n € E, § = n(mod 27),
then m (&) = m(n). We will now define a 27 -periodic extension of m to R satisfying

I E)1* + ImE + o =1. (3.9)

Let us consider [—m, 7]. Define m (&) on (part of )[—, 7] by the following: If £ +2kmw € E
for some k € Z, then
m(&) = m(§ + 2km) .

The definition is consistent with the 27 periodicityof mon E. Let§. n € [—n, w]and [§—n| = 7.
Then one of the following conditions must hold:

(a)3k, £ € Z,suchthat £ + 2kw € Eand n 4+ 24w € E;
(b) Ik € Z, such that £ + 2km € E andforany £ € Z, n+ 2¢n ¢ E; and
(c)foranyk € Z,& +2kn ¢ Eandn+2kn ¢ E.
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In the (a) case, (§ + 2km) — (1 + 2£€x) is an odd multiple of 7, so by (3), 1 = |u(& +
2km)| = |u(n+ 2€m)|. Thus, |m ()| = |m(§ + 2kx)| = |m(§ + 2kx)| = |m(£)| and, similarly,
[m@m)| = im(m)|.

Since m € F this implies
I (E)* + imm|* = 1.

We have either§ + 7 =norn+ 7 = &, so (3.9) holds.

In the (b) case we extend the definition of m to the set of all such € [—x, ) by

m(n) =1 - [mE)?.

m(g) =1

In the (c) case, we let

if¢ € [~%, 7), and
m(g) =0

if ¢ € [~m, )\ [-7, 5), whenever { =& or .

We have thus extended m to the entire interval [—7, ) so that (3.9) holds if & and £ + 7 are
in [—7, ). We now extend m to R by 2m-periodicity. Clearly, m € F, and (3.6) is satisfied.

(only if) Let ¢ be the Shannon scaling function; that is, ¢(§) = x[—x,7)(§). Then é(g) =
v(E)P(E) = v(§) on [—m, ). By (2.4) for & we have

tim | (z—fg)‘ ~1.

J—>00

Now, let ¢ be the Haar scaling function, so that |¢| > 0 a.e. Take the unique m € f‘w, and
select m € i‘(ﬁ; then

vEME)PE) = v(2E)P2E) = (2£) = ME)GE) = MEWE)P(E) .

So,
v&mE) =mE)v(E) ae. £eR. (3.10)
For& € E,
v(2§)  m(§)
—_— = 3.11
v(g)  m(§) G0

This establishes (2), since the right-hand side is 2rr-periodic. Since m(£) # 0 a.e., then it
follows from (3.10) that if &€ € E, then 2& ¢ E. To conclude (1), we need to establish

2O < @) for §eE.

We do this by using specific filters m. Given any & € E that is not an odd multiple of 7, we can
produce a generalized low pass filter m1, such that m(§p) = 1, m; is smooth and m;(£) # 0 a.e.
It follows that the associated pseudo-scaling function ¢; satisfies ¢; # 0 a.e. and, thus, for this
my, instead of m, (3.10) holds. So,

@il _ 1RG0l _
vE  Im Gl -




Generalized Low Pass Filters and MRA Frame Wavelets 325

Hence, (1) is established. Let us return to the Haar low pass filter and consider (3.11). Let
£,n € E, and & — n be an odd multiple of 7,

m(§) = wEm&), mn = pummn) .

Then,
L = m@EP + 1w = k@ Pm@E)? + 1w imm)?
< m@? +mm)* =1
by (1). Hence, the inequality is actually an equality and we obtain (3). U]

Remark 3.6. Letv(£) = x[— z 1)(§). Itis easy to see, that (1)-(3) in Theorem 3.5 are satisfied.
Thus v is a pseudo-scaling function multiplier, which is not unimodular. It cannot be a scaling

function multiplier.

4. Connectivity question for MRA TFWs

As we have seen in Sections 2 and 3, MRA TFWs have several common traits with MRA
wavelets. More precisely, as in the case for MRA wavelets, MRA TFWs satisfy equations (2.6)
and (2.7), and the class of MRA TFW multipliers coincides with the class of MRA wavelet
multipliers (Theorem 3.3). This suggests that the question of connectivity of the set of all MRA
TFWs can be treated by the argument applied in [7]; where the connectivity of the set of MRA
wavelets was proved.

We shall prove in this section that this suggestion is only partially true. It turns out that
the proof (given in {7]) of the connectivity of the MRA wavelets 4 with given absolute value
|1/}| translates word for word to our situation. On the other hand, the path we constructed in [7]
connecting two MRA wavelets having Fourier transforms with different absolute values fails to
do so in the case of MRA TFWs,

We begin by proving the analog of Theorem 3 from [7]. Suppose that v is an MRA TFW
and ¢y is a pseudo-scaling function associated with g (in the sense that ¢g and vg satisfy (2.6)).
Although such ¢ is not uniquely determined by v, we know, by (2.7), that |@g] is unique. Fol-
lowing [7, p. 578-579], it makes sense to define the three classes of MRA TFW’s, 1/, determined
by ¥ (notice that in the following definitions, ¢ denotes a pseudo-scaling function associated
with an MRA TFW by (2.6), while v denotes an MRA TFW multiplier):

WI;OF = [1// : ‘1/;(5)’ = ‘1/}0(5)‘ a.e.] , @.1)
SiE=1{v 1 9®)] =do®)| ae}. 4.2)
Mi(f = [1// : v such that I/AJ(S) = v(g)szo(g) a.e.] . 4.3)

Theorem 4.1. If vy is an MRA TFW, then
TF _ oTF _ s 4TF
W% - Sl/fo - Mlﬁo :

Proof.  The proof of this theorem is essentially the same as the proof of MRA wavelet case
given in [7]. Let us only highlight the main steps of the proof.

Notice that (2.7) immediately implies that W] F  S7F and that

A2 2
o =6 (3) - oor @4)
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Obviously, (4.4) implies that 85 OF - W];OF .

By Theorem 3.3 we know that an MRA TFW multiplier is unimodular; thus, M%‘" C W%OF .

It remains to prove that Sliop c Mgop . This part of the proof requires some subtle modifications
of the proof in [7]; we shall emphasize these details.

Suppose ¥ € Sg OF . By (2.6), there exist pseudo-scaling functions ¢g and ¢, and general-

ized filters mo and m such that |@o ()| = |¢1(§)| ae..m; € Fy, and ;(&) = ei%m,-(g + )¢,
(%), j = 0, 1. In particular, since Si(f = W]iop , [¥0(&)| = |91 (&) ae. Therefore, it makes
sense to define 1]/ e LX(R) by

. j=0,1. @.5)

Notice that ¥ is well defined by (4.5), despite the fact that it is not necessarily true that |mg|
and |m| are equal (see Remark 2.6). |m;| and |¢;|¥,i = 0, 1, are a generalized low pass filter
and pseudo scaling function satisfying (1.2); thus, it is clear that (4.5) provides a function ' that
is an MRA TFW. As in the proof of [7, Theorem 3] it is enough to show that there exists MRA

TFW multipliers v; such that IZI =V j1/~/ (j =0, 1) (by Theorem 3.3, these multipliers satisfy
exactly the same properties as the MRA wavelet multipliers constructed in [7]). Without loss of
generality we shall consider the case j = 1.

Toward this end, let
Fi=lee R (2718) =mi (2%€) @1 (2%) foral tez), (4.6)
and it is clear that
IR\ F|=0. 4.7
Alsolet E = (£ € F: §1(§) # 0}. We then have E C 2E, and, consequently,

"EC2'E for n=0,1,---. (4.8)

It follows that if we define Ag = E, A, = 2"E \ 2"~1E for n > 1, then A, NA, =0
for m # n. We claim that

F\|J2'E|=0. (4.9)

n=>0

If we accept (4.9) the rest of the proof follows verbatim the proof in [7]. Indeed, since

R\(J2E={®\P\[J2"et J{F\U2"E} .

n>0 n>0 n=0

(4.7) and (4.9) imply |R \ U 2"E| = 0. Thus, it suffices to define v; on the disjoint union

n=>0

U Ay = U 2" E which has full measure. We accomplish this by defining first the function p

n>0 n>0
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such that w(&)|m (&) = m1(&) if mi (&) # 0, and u(€) = 1 if mi(&§) = 0 (notice that u is
unimodular and 27 -periodic), and then, we define the function # (£) inductively on U A, so that

n>0

|61(8)]
¢1(8)

E)=pn (%); (%) for £€e€A,.
Vi) = p (% + n) -t (%) , (4.10)

and it follows that vq is unimodular and vy (2§)v; (E) w( + n)u(% + n)u(%) is 2 -periodic,
i.e., v1 is an MRA TFW multiplier and 1//1 =y - 1// a.c.

t(E) = for & € Ay,

and

We define v; by

Therefore, it remains to prove (4.9); however, we have to modify the argument presented
in [7] to do so.

Suppose K is a measurable subset of F \ U 2"E = ﬂ(F \2"E). If £ € K, then,
n>0 n>0
§c F=2"Fforalln € Z. Hence, 27"¢ € F for all n € Z; moreover, 27"¢ ¢ E foralln > 0.
It follows that ¢;(27"&) = 0, for all n > 0. We conclude that for all n > 0,

xk(E)@1(27"E) =0. 4.11)

Apply (4.4) for ; and ¢ to conclude that forall j <0, j € Z,

[n (27¢) | xx®) = 0. 4.12)
Since 1 is a TFW, it satisfies (1.5). Thus, by (2.7), we obtain
R YY) R ) R N2
=3[0 ()] =la®l + [0 (28)] ae. @.13)
JEL =0
Observe that (4.11) for n = 0, (4.12), and (4.13) imply that xx (§) = 0 a.e., i.e., |[K| = 0. This
proves (4.9) and completes the proof of Theorem 4.1. O

Let us now consider the proof of [7, Theorem 4]; in particular, the part of the proof which
establishes the connectivity of the set M., (see [7, p. 587-588]). Notice that this part of the proof
uses only the properties of wavelet multipliers, which are, by Theorem 3.2, exactly the same as
the properties of TFW multipliers. Observe also that the class M%: , defined by (4.3), is well
defined for an arbitrary TFW 7. Hence, the first part of the proof of [7, Theorem 4] translates
verbatim to this situation and shows that the following theorem is valid.

Theorem 4.2. if is a TFW, then MI%E is arcwise connected in L*(R).
Using Theorem 4.1 we obtain the following corollary in the MRA case.

Corollary 4.3. If g is an MRA TFW, then W$ OF is arcwise connected in L*(R).



328 Maciej Paluszyriski, Hrvoje Siki¢, Guido Weiss, and Shaoliang Xiao

Remark 4.4. With Corollary 4.3 we have reduced the question of connectivity of MRA TFWs
significantly. What remains to be answered is the following question.

Suppose that ¥ and vr; are MRA TFWs that are obtained from pseudo-scaling functions
whose Fourier transforms ¢g and ¢, are nonnegative. Can we connect g and y; with a continuous
path in L%(R), within the class of MRA TFWs?

Observe that without loss of generality we can assume that, say, Y is a particular MRA
TFW; for example vy can be the Shannon wavelet. As is well known (see [7, Theorem 4]), this
question has been answered positively for MRA wavelets ¥ and ¥;. However, as we shall see
below, the analogy with methods [7] breaks down in the MRA TFW case.

In order to see that, let us recall (see [5]) that a generalized nonnegative filter m which is
Holder continuous at zero and bounded below a.e. by a positive constant on [— 13’—, %] has to be a
filter of an MRA wavelet.

Choose /g to be the Shannon wavelet and ] to be an MRA TFW whose associated pseudo-
scaling function is ¢ such that $(&) = x[_c (), where 0 < € < 5 (see Remark 2.6). Then,
obviously, the norm of y; satisfies

¥l <1,

and it is impossible to connect g and 1; with a path which has the property that v, is an MRA
wavelet for every ¢ € [0, ). Unfortunately, if we define our path as it was done in [7, p. 588],
then, for every ¢ € [0, 1), m, is going to be a Holder continuous at zero, generalized nonnegative
filter with the property

b 4
>1—t fi [——, —] .
my(§) > or §¢ >3
Hence, v, has to be an MRA wavelet for ¢ € [0, 1). The same thing happens if we choose to
define m; by the following formula

my =,/(1 —t)m%+tm%.

Therefore, the above question remains open and would require a different method.

5. A comparison with other constructions of MRA wavelet frames and the relation
to the case of tight frames

In [1] and [2] a very natural construction of MRA wavelet frames is presented based on an
extension of the notion of an MRA we described at the beginning of Section 1. As we explained
there, their extension differs from the “classical” one only in the last assumption: the existence of
an element ¢ € Vp such that the sequence {¢,}, n € Z, of its integral translates is an orthonormal
basis of Vj is replaced by the existence of such a ¢ such that {¢,) is a frame in Vy; that is,
they assume that inequalities (1.7) are satisfied by {¢,} for each f € Vj. These authors then
find conditions that guarantee the existence of a function yr € V| that belongs to the orthogonal
complement of Vj whose integral translates form a frame for Wy = Vi e Vp = V| N Vol. If
this is achieved, it follows immediately from the other properties of an MRA that the system
{¥k}, j, k € Z, is then a frame for L>(R). We shall show that these systems form a proper subset
of those constructed by our method in Section 2. In particular, the systems obtained by Benedetto
and his collaborators, in [1], [2], are semiorthogonal; that is, i kLmn if j # m (i.e., the spaces
W; and W, are orthogonal when they are the 2/- and 2™- dilates of Wy). This is not always
the case for the frames we construct. Before showing these things it is useful to consider some



Generalized Low Fass Filters and MRA Frame Wavelets 329

properties of the frames we are considering. We shall often refer to such a generator y as being
semiorthogonal if {1} is a semiorthogonal system.

Suppose ¢ € L%(R) has the property that its integral translates ¢, {(x) = ¢{x — n) form a
frame for the closed subspace Vj that they span. Thus, the inequalities (1.7) are satisfied for all
f € Vu. From these inequalities we can easily deduce several properties related to the frame
operator S : Vo — £2 = (2(Z) defined by Sf = {< f, ¢n >}, n € Z. Most of these results and
the consequences we derive from them are well known and we shall give appropriate references
later in this section; we need to state them in the notation that is consistent with this article and
we find it useful to include some of the arguments that establish them.

It follows from (1.7) that S is a bounded operator on Vp with norm ||S]|| < JE, and the
range of §

R = R(S) = {a € £2(Z) : a = Sf for some f € Vo]

is a closed subspace of £2(Z); moreover, S maps Vy one-to-one, onto %. The inverse of § is also

1
a one-to-one, onto map, S~' : | — Vg and ||S71| < ﬁ We consider the adjoint S$* of S to

be a map from £2 onto Vj or as a map from R onto V. In the latter case S* is one-to-one and has
~ 1
an inverse ($*)~! = (§71)*. We also have ||S*|| < /B and HES*) ™| < J_Z

A simple calculation shows thatif a = {a,} € 22, then

$*a=Y_ ann, (5.1)

nez

where the (say) symmetric partial sums of this series converge in the norm of L%(R). Taking
Fourier transforms of both sides of (5.1) and writing f = $*a we obtain

f&) = n@©eE®) , (5.2)

where u(§) = Zane'i"s. Since a = {a,} € £2 this last series converges in the L%(T)-norm,

nez
where T denotes the torus (which we identify with the interval [0, 27) together with addition

modulo 277). The norm on L?(T) we shall use is given by

248

5o = llallp: (5.3)

27
102y = fo 1 (®)
and we consider u to be a 27 periodic function on R having Fourier coefficients a = {a,}. We
can (and shall) consider the correspondence ¢ <— a to be an identification of the space £2 with
the space L2(T). Thus, we may regard S* to be a mapping of L*(T) onto Vp with norm not
exceeding /B : I1S* 1|12 < Bliul| Moreover, since S* is onto, every f € Vj satisfies
equality (5.2).

2
LX(T)’

If u(¢) = Zane_i"E e LX(T) corresponds to a = {a,} € ¢2, the last inequality gives us
neZ

|57l = |5*a|)? < Bllal% = BliulZaq, (54)

In particular, we have shown the following.
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Theorem 5.1. If¢ € L%(R) is such that the sequence {¢,} = {¢(- — n)}, n € Z, is a frame
for Vy = span{,, n € Z}, then n$ € L*(R) whenever p is a 27 -periodic function in L*(T);
moreover,

Vo = [f elL?: f= W@, w2m-periodic in LZ(T)} .

The function u for which (5.2) is satisfied for an f € Vj is not, in general, unique among the
elements of L2(T). Since S*, as an operator on %, is one-to-one and onto Vy, it follows from (5.1)

that the unique element a = {a,} € R such that f = S$*a produces a unique A(§) = Za,,e—i"g
neZ

such that f (&) = A(&)@(&). As we shall show, there is a simple characterization of these functions

A € L?(T) for which the sequence of their Fourier coefficients is a member of .

In order to obtain this characterization we introduce the function

o,(€) = Y |9 + 24m)|* (5.5)

keZ

which is immediately seen to belong to L!(T’). Consider the 27 -periodic subset of R
U={&eR:0,() #0}.

The general A € L?(T) having Fourier coefficients that make up a sequence in % has the form

M=) <fign>e™, feVp. (5.6)
neZ
It is not hard to see that
ME) =" F(& +2km)GE + 2k) . (5.7)
keZ

The expression on the right is clearly a 27 -periodic function in L!(T). Its Fourier coefficients
are

1 2 ) . R,
- —ink ~
ol keXij(erzkn)go(szn)ds
1 © o .
—- - —in§
= L 7@ as
=< f’ (p—ﬂ > +

n =0, %1, £2, ---. This, together with (5.6), shows (5.7) as well as the fact that A € L2(T).

Now suppose & € U = {n : g,(n) = 0} and, thus, ¢(& +2kn) = Oforall k € Z. It follows
that A(¢) = 0 and , consequently, U C {£ : A(§) = O}). If A f = Ay f for Ay, A2 € LX(T)
and 11(§) = 0 = A(§) if &£ € U*, we claim that A1(§) = A2(§). Indeed, A and A, agree on
U°¢ while, if £ € U then there exists k € Z such that ¢(& + 2kn) # 0. Since A; and A, are
27 -periodic,
ME)QE + 2km) = f(E +2km) = 2(E)P(E + 2km) ;

consequently, A1(§) = 12(£) and the claim is established.
We have established the following.



Generalized Low Pass Filters and MRA Frame Wavelets 331

Theorem 5.2. Given f € Vj there exists precisely one function . = Ay € L*(T) satistying

f (&) = A(&)@(&) such that the sequence of Fourier coefficients of A belongs to R. This is the
unique function in L*(T) satisfying (5.2) that vanishes outside U . This establishes one-to-one cor-
respondences between the pairs (Vo, R) and (R, L2(U)), where L2(U) = {» € LYX(T) : A(§) =
0ifé§ € USY. f «— (S)"'f =aanda «— Ay. Furthermore, . € L>(U)(C L*(T)) is
characterized by the minimality property ||A|| r2(ry < w2y for all p satistying (5.2).

The various norms of elements in L2(U), £2, Vi, we have been considering are related as
follows:

2
A aplawy = A%all < AlLFIB < < fron >H2 58
i .
< BIIf13 < B2al3 = B2 |Af] 2, -

It is also of interest to characterize the functions ¢ € L?(R) that generate such frames by
their integral translates {¢, }:

Theorem 5.3. Suppose ¢ € L*(R), then {¢,} is a frame for the space Vo = span{g, : n € Z}
if and only if there exists a 2 -periodic measurable subset U C R such that

Axu®) <Y |66 +2km)[* = 0,(6) < Bxu(®) 5.9)

keZ

forae & e R.

Proof.  Suppose {¢,} satisfies (1.7) and suppose F = {£ : 0,(§) > B} has positive measure.
Since xr is 27 -periodic it follows from Theorem 5.1 that the function f defined by f = xr@
belongs to Vy. But, using Theorem 5.2 and (5.8),

U \FApo.2711B ” a _ 1 ‘ \zd
El [0, 27 ]| </0 XF(f)%(g)E—z—j;/Rf(S) 3

B
=13 = Blxrlzzg, = 5 IF N0, 2711

This is clearly impossible and we conclude that |F| = 0. This establishes the right side
of (5.9). A completely similar argument, in which the role of F is replacedby G = {£ € U :
0,(§) < A}, shows that this last set has measure 0. This shows that the inequalities (5.9) are
satisfied when {¢,}, n € Z, is a frame for Vj satisfying (1.7).

Now suppose ¢ satisfies (5.9) and f € L%(R). The argument we used to establish (5.6)
and (5.7) shows that

MO =Y < fign>e ™ = f(E +2Um)PE + 2Kk7) .

neZ keZ
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Thus,
27 2
dYol<fien >l = —f 3 F& +2m)PE + 2km)| di
neL keZ
< —/ [Z‘f(ﬂzkn)l ]{Z|¢(§+2kn)| } (5.10)
keZ

= %/OZN{ZV(H%”)‘ ]aw(é)df-
keZ

Applying the right-hand inequality in (5.9) to oy, (§) (taking into account the 27 -periodicity
of xy) we obtain

B 2
Yi<roPsy [
n keZ 0

neZ

= [ i@ werd <o [~ |fef e = usi.

N 2
fe+ 2k7r)‘ v (€ + 2k) dE

Thus, the second inequality in (1.7) is true whenever f € L3(R) (not just for f € V). When
f € Vy it follows from Theorem 5.2 that f = fxu. Thus, applying the left-hand inequality
in (5.9), we have

Mg = [T wefef a <o [~ ae|ie] e

= —/ {Z |76 +2km) }%(s)ds =Y i< fion >l

nez

where the last equality is a consequence of (5.10). This shows that the first inequality in (1.7) is
valid as well when f € Vj. ]

The following result shows that one can replace the assumption that the translates {¢,}
produce a general frame to the case where {¢,} forms a tight frame with constant 1.

Theorem 5.4. Suppose ¢ € L>(R) is such that {¢,} = {¢(- — n)}, n € Z, is a frame for the
space Vg = span{p,, n € Z}, then there exists ¢ € Vy such that {¢(- — n)} is a tight frame with
constant 1.

Proof. We have shown that under these hypotheses ¢ satisfies (5.9). Let ¢ be defined by letting
@) = —2_. G s, then, well defined since () = 0 when o,(£) = 0 (we let (§)" (&) = 0
/O

¢
xu ()

op(§)
Theorem 5.1 that ¢ € Vp. Since a5(§) = xu(§) (5.9) is transformed into an equality with
A = B = 1, and the sequence {¢(- — n)}, n € Z, forms a tight frame with constant 1. O]

for such £). Moreover, A(§) =

is a bounded 2w -periodic function. It follows from

Let us now return to the construction of [1] and [2]. The following lemma is a version of
Proposition (4.3) in the second of these citations.
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Lemma 5.5. Suppose ({V;}, ¢) is an MRA of the type we described at the beginning of this
section with {¢(- —n)}, n € Z, atight frame with constant 1 for Vyy, then there exists a 2 -periodic
function m, whose restriction to U is unique, satisfying

(D) 9(28) = m(E)@(&) forae. &,
and

(i) |m(&) 2 + |m(& + m)|? is either 0 or | when& € U N (U + 7),

(iii) |m(&)| is either O or 1 when& € U \ (U + m).
Proof.  Since $(2-) € V_| C Vp Theorem 5.2 tells us that there exists a unique m € L%(T)
that vanishes on R \ U = U¢ satisfying (1). The values m assumes on U€ are irrelevant to the

validity of (i); we shall see that these are appropriate non-zero choices for us later on. If £ € U,
then there exists kg € Z such that ¢(§ + 2kgr) # 0 and we have

¢ (26 + 4kom)
¢ (§ + 2kom)

and, in particular, we see that m is completely determined on U.

m(&) =m (§ + 2komr) =

Since a,(§) = xy(£) (see Theorem 5.4 and its proof) we have, summing separately over k

even and k odd,
XwE) =Yy
kel

=S lpeE + 200+

LeZ Lel

= 37166 + 26m)|* Im(€ + 26m))?

LeZ

2

Le?
= mE)*xu E) + ImE + ) xuE + 7).

¢ (28 + 2%km)|’

$Q(E + 2L + D))

GE + 7 +26m)|7 Im(E + 7 + 26m)

It is clear that (ii) and (iii) are an immediate consequence of the last equalities. 1l

Given this result we shall describe the method used in [2] and [1] to obtain the function
Y that generates the wavelet tight frame associated with this MRA. We believe that we are
clarifying the ideas if we express them in terms of the notion of a generalized low pass filter we
have introduced in this article and the construction of a wavelet y by means of equality (2.6).
Lemma 5.5 provides us with the function m, defined on U, that is the candidate for the generalized
low pass filter we seek. In order to have equality (1.3) satisfied on U N (U + &) we shall assume
that [m(&)|? + |m(€ + )7 > 0 a.e. on this intersection. Lemma 5.5 (ii) then assures us that (1.3)
is true for these . If € € UN(U + )¢, Lemma 5.5 (iii) tells us that |m(£)] is either O or 1. In this
case, n = & + m lies outside U and this allows us to define m(§ + ) = m(n) so that |m (€ + )|
is0if jm(€)] = 1and |m(& + )| = Lif jm(§)|is 0. In fact, this extends m to U N (U + 7). On
the remaining set U N (U + 7)¢ we can extend m so that the resulting function is measurable,
27 -periodic and satisfies (1.3) (since £ €e U N (U 4+ w) ifandonlyif§ +7 € U N (U +7)°);
however, these values play no role in our discussion.

In order to obtain the generator, v, of the MRA TFW, we have to produce such a function
YreWy=VN VOi such that {y,} = {¢/(- — n)}, n € Z, is a tight frame for the space Wy. We
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do this by defining ¥ to be the function satisfying
¥(26) = ¥ mE +mp(E) ; (5.11)

that is, we use equation (2.2) with m defined as we described in the last paragraph. We shall show
that {y1}, j. k € Z, is a tight frame for LZ(R). In particular, this also shows that the systems
obtained in [2] and [1] are of the type we introduced in this work. We shall also show that if
¥ € Wy does generate a tight frame, {¢ (- — n)}, n € Z, for Wy, then it is of the form (5.11). In
addition we shall present an example of an MRA TFW of the type we constructed in Section 2
that is not one that we have just produced; thus, the class of MRA TFW we obtain is strictly larger
than the class produced in [2] and [1].

Assuming, then, that  satisfies (5.11), with m described in the paragraph that follows the
proof of Lemma 5.5, we have, since a,(§) = xu (§),

Y[t +20m] = T i +nm + P (666 +nm

nez nezZ

=) Im( +2em + 1)

£cZ
+ 3 ImE +2(¢¢ + D)
{cZ
= m( + ) xu &) + ImE P xuE + 7).

o€ +2em)[°

PE + 7 + 2¢m)|

Since [m(&)[?> + [m(& + n)[> = 1if & € UN (U + 7) and [m(§)] is either 0 or | when
EceUNWU+m)oré elUNU + ) we see that

. 2
oy2) =3 ’w(zg + 2n7) (5.12)
neZ
assumes only the values 0 or 1 a.e. (observe that this is independent of how m is defined on
UNU + m)°). That is,
oy(n) = xe() (5.13)

a.e., where E is a 2m-periodic measurable set E C R. Moreover, since m is a 2w -periodic
function in L%(T"), Theorem 5.1 and equality (5.11) imply that ¥ (2~1-) € V;. In this case this
is equivalent to ¢ € V|. We want to show that v € Wy (equivalently, ¥ L Vp) and, finally that
{Yv (- —n)},n € Z,is a tight frame for Wy.

We shall show that ¢ (- —n) L ¢ forall n € Z and, thus, span{y/(- —n) : n € Z} C Wy. By
the Plancherel theorem this orthogonality is equivalent to

| e gt an =0
for all n € Z. Changing variables by letting n = 2¢ this equality is equivalent to
2n ) . -
0= / e N " (2F + 2km)p(26 + 2km) dE
0 keZ

for all n € Z. Since this last sum is a m-pertodic function in LY([0, 7)) this last equality is
equivalent to

D V(2% + 2km)p(2E + 2km) =0 (5.14)
keZ
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for a.e. £ € R. Using 5.11 and Lemma 5.5 (i) the left-hand side of (5.14) equals

Y et mE +kn +m)¢E + kmym(E + km)P(E + k)
keZ

=¥ mE + mmE) [04(8) — 0, + m)]
= S mE +mmE) [xu€) — xuE +7)] .

But the difference in the bracketis 0if§ e UN (U + ) or & € U N (U + ). Furthermore,
our extension of m to [U° N (U + )] U[U N (U + 7)*] is such that the product m(§ + ) m(§)
is O on this union. This establishes (5.14) and, consequently, Wo = span{y/(- —n) : n € Z} C
Wo=Vi N VOJ‘.

Finally, we show that ‘% = Wp. Let P be the orthogonal projection of L%(R) onto Vo & V%.
Since V; = Vy & W) the desired equality is true if the image of P is V. The general f € V)
satisfies

f@e) = u®©@E), (5.15)

where p is a 2 periodic function in L3(T) (this follows from Theorem 5.1 and the fact that
{V;i}, j € Z,is atight frame MRA (TF-MRA), as described at the beginning of this section, with
{¢n} a tight frame for Vp). Since m satisfies (1.3) we have

EGE) =) [mEmE) + eEmE T e Emis + 1] 6©)
= wEmEPQ2E) + uEe Em(E + 0 28) .
Thus,
£Q8) = pEmEPQE) + u@e Em(E +m)P(26) . (5.16)

The equality (B) in Theorem 1.7 of Chapter 3 in [4] can easily be seen to be valid if we apply it
to the projections onto the subspaces span{¢(- — n) : n € Z} and Wy. That is,

(PFYN28) = Y fO +2nm) {§2E +20m)$(26) + ¥ 26 +20m)F2)] .

neZ

The last expression, using (5.15) and the usual summation over the odd and even n, then gives us

(P 28)
= [REOmME X ® + n& + OME T 10 E +m) | $28)

+ | e m +mx0 @)
— w + Mm@ xwE + o F28) (5.17)

We now claim.

Lemma 5.6. (Pf)" = f whenever f € V).

Remark: As pointed out above this implies the desired result ‘% = Wy.
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Proof of Lemma 5.6. 1f& e UN (U + w)° then & + m ¢ U (recall that U is a 27 -periodic
set) and (5.17) reduces to

(PFYNQ2E) = pE)mE)G(2E) + nE)e “m( + m)pr(2£) = f(28)
(the last equality is (5.16)).

. If& ¢ U then (Pf)"(26) = Ossince $(28) = m(E)§(¢) = 0 = e*mE + m)- $(¢) =
W (2§) (recall t}}at suppg C U). Also, by (5.15), f(2§) = u(§)@(¢) = 0. Again we obtain
(PHNQ2E) = f(28).

Finally, if £ € U N (U + ) we have, by (5.16) and (5.17),
fee) — (PH™E) |
= uEmME)PQE) + pnE)e " m(E + m)P(28)
—{nOmE + u¢ +MME T 1| mEPE

— [ ©®eEmE + 1) - u + e Em® | EMEFTIOE
=0. l

Let us summarize what we have established with the arguments we just presented.

Theorem5.7. Suppose{V;}, j € Z, isatight frame MRA withg € Vy suchthat{¢(-—n)},n €
Z, is a tight frame for Vyy. Suppose the function m, defined on U, by equality (i) in Lemma 5.5
satisfies |m(£)|> + [m(& + 7)|*> > 0 for& € U N (U + 7). Then m can be extended to all of R
S0 that this extension, also denoted by m, is a generalized low pass filter such that the function
Vv € Wo = Vi N Vi, defined by (5.11), generates a tight frame, {y(- — n)},n € Z, for Wy. As a
consequence,

{wi@) = {24y (2x-k)}. sk ez,
is an MRA wavelet tight frame for L (R).

This is, essentially, the construction of [2] and [1]. We presented it in the terms we introduced
in this article and, by doing so, we did not need the smoothness or decrease at oo conditions
imposed in the two papers cited. We are also restricting our attention to one dimension; [1]
and [2] consider these frames in R” as is the case in other treatments of this subject, (see [6]). We
shall comment on these other approaches. Before doing so, however, we establish a “converse”
of Theorem 5.7.

Theorem 5.8. Suppose ({V;}, ¢) is a tight frame MRA (as in the last theorem) and there exists
ayeWy=Vin VOl such that {y (- — n)} is a tight frame for Wy, then v satisfies (5.11),

¥ (28) = e moE + 1o (&), (5.18)

where mq is a generalized low pass filter in F oo and gq is also a generator of a tight frame
{po(- =)}, n € Z, for Vp.

Proof. By Theorem 5.1 there exists an m| € L%(T), 2 periodic and completely determined
on U such that

G (28) = mi(E)G(E) . (5.19)



Generalized Low Pass Filters and MRA Frame Wavelets 337

We also have a functionm € L(T), 2n periodic and completely determined on U such that
Lemma 5.5 (i) is satisfied: ¢(2&) = m(&)@(£). We claim that

ImE)*> + imE+m)P=1for E e UNU +7). (5.20)

By Lemma 5.5 (ii) it suffices to show that the sum in (5.20) is positive for almost all such £.
Suppose this were not the case, then the set

E={fcUNU+r):mE) =0=m( +n)}
has positive measure. Let A;(§) = xg(§) and
xe&) if & € [2knw, 2k + )x)
A2(€) = _
—xe&) if€E e[k+ D, 2(k+ D)

fork € Z. Since E is 7 -periodic, both of these functions are 2 periodic (in fact, Ay is 7-periodic).
We then define fi and f, by letting f;(28) = A;(§)¢(&), j = 1, 2. Itis clear that f], f, belong
to V1. We claim that f;, f» € Wy. This follows from the fact that

> fi @ +2km)p (28 + 2k)

keZ
=2, EME) xuE) + 1€ +1mE + DxuE +7) =0

(since suppXr; C Eand m(&) =0 =m(§ +n) for & € E) and, thus, f; L Vp, j = 1,2. Now,
since we determined that these two functions are in Wy, we can find (again, using Theorem 5.1)
2 periodic aj € LZ(T),j =1, 2, such that

F1®) = ;%@ = a;®)m (%) P (%) ,

From these equalities and the definition of f; (after multiplying by ¢(£)) we obtain
Y RN
1) |@®)|" = a;jE)m1E) [§)| .
Applying the usual periodization argument, we obtain

A xu€) = a;2Eym1E)xu @), j=1.2. (5.21)

Since the left side of (5.21) equals &+ xg(£) it follows that o (28) # 0, for j = 1,2, when & € E.

Since E is m-periodic it follows thatif £ € EN [0, 7),then§ + 7 € E N [w, 27). When
& € EN{0, ) then A1(§) = A2(£) and, using (5.21), we have

a1(28)m () = a2 (26)m () .

For this same £ we also have A1(§ + 7) = —A2(§ + m); using the 2 periodicity of o) and o
we then have
a1 (28)m(§ + ) = —a(26)m (§ + 7).

Suppose neither m (&) nor m1(§ + m) is 0, then the [ast two equalities imply o) (2§) = 1 (2§) =
—a2(2€) which is impossible since «;(2§) # 0, j = 1,2, when § € E. It follows that either
mi(E) =0orm(§ +7) =0whené € EN[0, x). Since we are assuming that |E| > 0 and,
since E is w-periodic, |E N[0, w)| > 0, at least one of the two sets in the union {£ € EN[0, 7) :
m@E)=0U{E € EN[0,7) : m(& + ) = 0} = E N[0, ) must have positive measure.
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Since E is m-periodic it follows that E = {n : m(n) = 0} N E has positive measure. Let f be
the nonzero function defined by the equality f 28) = x E(S)é)(é). The argument that showed
that f; € Wy, j = 1,2, applies to f. Moreover, x;(§)m1(§) = 0 a.e. and this implies that
f L span{yr(- — n) : n € Z} and it follows that {t(- — n)} cannot be a tight frame for Wy. This
contradiction establishes the claim that m satisfies (5.20).

We can now use Theorem 5.7 and deduce that the function 1/7 satisfying (1/7)’\(25) =
eEmE + m)P(E) generates a tight frame (W —n)),n € Z, for Wy. By Theorem 5.1 we
see that 1/}(5) = u(é)(t/?)A(S), where p is a 27 periodic function in L%(T). Hence, oy () =
| (€ )|20'1/-, (&) a.e.; moreover, it is clear that oy, and o; must be equal a.e. to the characteristic
function of the same set S C R. Thus, [£(§)] = 1 a.e. onthis set and we might as well assume that
this equality is true a.e. on R. Now let « be a unimodular 27 periodic solution to the functional
equation

n(28) = a28)a(§ + ma(d) . (5.22)

(See [7, Lemma 2.1], where this equation is discussed in detail. Also recall that we used this
functional equation to obtain Theorem 3.3). We claim that ¢gp(§) = «(§)@(§) generates a tight
frame {go(- — n)}, n € Z, for V; such that

$0(28) = mo(§)go(§) , (5.23)

where my is a generalized low pass filter for which (5.18) is true. This claim establishes The-
orem 5.8 and its proof is simple: first it is clear that mg(§) = a(2§)a(§)m(&) satisfies (5.23).
Moreover,

16)(¥)" 28) = nEOSME T 6 )

e’:sa(2§)a($ + maE)mE + 7))
e 5moE T g0 (E) - .

¥ (28)

We have described the MRA wavelet frames that were introduced in [1] and [2]. As we
have already stated we did this in terms of the construction we developed in Section 2; we
also claimed that the class of frames we obtained is more general. Let us be specific about
this. Theorems 5.7 and 5.8 can also be used in order to characterize the class of all MRA
(tight) frame wavelets ¢ € L%(R) that are semiorthogonal. Recall that this term means that the
spaces W; = span{y(2/ - —k) : k € Z} are orthogonal to each other as j ranges through Z. The
construction of v as a function in Wy, a space orthogonal to Vo, makes it clear that (1}, j, k € Z,
is a semiorthogonal tight frame for L?(R); that is, ¥ is a MRA tight frame wavelet. Conversely,
given a semiorthogonal MRA tight frame wavelet, as defined by Definition 2.7 with ¢ a pseudo-
scaling function and m € I‘:ga, it can be shown that it is constructed, as in Theorem 5.7. More
precisely, we shall show that we have the following characterization of the semiorthogonal MRA
tight frame wavelets.

Theorem 5.9.  is a semiorthogonal MRA tight frame wavelet(tMRA TFW) if and only if yr
is a tight frame MRA wavelet.?

2n order to avoid confusion we remind the reader that an “MRA tight frame wavelet” is defined by Definition 2.7
and does not involve a “tight frame MRA” A “tight frame MRA wavelet,” on the other hand, is a function
yeWy=Vn VOJ- whose translates form a tight frame for Wy.
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Proof. We only need to show the “only if” direction since the converse, as we just explained,
is already established. Thus, we assume i is an MRA TFW which is semiorthogonal. We claim
j-1
that the sequence of subspaces V; = @ We, together with the function ¢ in equality (2.6),
{=—00
form a tight frame MRA. That is, the translates ¢ (- — n), n € Z, form the desired tight frame for
Vo. From equations (2.6) and (1.3) we obtain

=Y
j=t

(see equality (2.16) on p. 61 of [4]). We claim that

0 (2/’5)'2 (5.24)

op® = Y [0 + 2%} = 3 3|0 (246 + 2kn))12 —xw® (525

keZ j=1keZ

for some 2 -periodic set U. By Theorem 5.3 this would then tell us that {¢(- — n)},cz is a tight
frame for § = span{g(- — n)},cz. We also claim that

-1
s=Vo= P w,. (5.26)

j=—o0

Once these claims are established, since the semiorthogonality of the system {v;;} implies
that {Vor} = {¥ (- — k)}, k € Z, is a tight frame for the subspace Wy, we can invoke Theorem 5.8
to obtain the desired conclusion that ¢ is an MRA tight frame wavelet. This would establish
Theorem 5.9.

Inorderto establish (5.25) we fix & andletvy = {ve(n) : n € Z} = {1}(2‘5(5 +2nm)) :n € Z}
(forae. £ € R, v € €2). Equality (3.3) in Chapter 7 of [4] is easily seen to be valid in our case:

" (255) = i S (21'(5 + 2k7r)> J (2L + 2km)) ¥ (245) .
=1 keZ

Replacing & by &€ + 2n7m, n € Z, in this last equality we obtain
o0
vj=Z<vj,vg>vg. (5.27)
£=1
We now apply (3.7) in Chapter 7 of [4] in order to have
o0
Z IIng2 = dim {span{vz 1L > 1}} .

=1

That is,

Dy =))

£=1keZ

= dim {span [ (2 +24m)} _:e=1].

ne

¥ (2E+ 2kn))‘2
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If we apply (2.6), ¥ (2n) = €/"m(n + 7)$(n), when n = 2¢(¢ + 2n7), n € Z, we obtain
w={peE+20m)| = mE+m (o6 +20m),

and, for £ > 2,

ve =@ +2%um)]

={ 271 a1 4 ) 2e l§+n l:[ ( )] (p({-'+2k7r)}nez.

This shows that v, is a multiple of the same vector {¢(£ + 2k7) }pcz forall £ > 1. Consequently,
the dimension of spanf{v, : £ > 1} is either 1 or 0. Hence, Dy (§) = xy(§), where U is a
27 -periodic set. This proves (5.25).

We only need to show

-1
Vo= P W, =spani{gnluez=5. (5.28)

j==c0

It follows immediately from (2.6) that

—— j . —j—1 —,————_j_z
Wo)® =274 Em 2 Te + 1) [ m (2) 6®)
k=0

forj <0 (ﬁ m(2kE) is to be interpreted to be 1). This means that @(5) = u(&)@(§) for
some 2n-p£r?((>)dic w € L*(T). Thus, ¥ jo and, consequently, ¥, € Sforallk € Z and j < 0.
This shows that Vy = é W; C S. If we show that § L W; forall j > O we would then have
the desired equality (SJEE;)O.O Toward this end we observe that it suffices to show § L W since,
for j > 0,

j 1
28 . NP
< Vjk, 9¢ >= 5= <V, ud >, where u(n) = et~ m (2mn).
n=0

It follows that ug € S and, then, the assumed orthogonality S | Wy shows that the last inner
product is 0 and, consequently, < ¥k, 9 >=0forallk, £ € Z, j > 0.

Our proof then is finished if we show S L Wy. But, using (5.11) and Lemma 5.5 (i), we
have

30k + 2UmFEE +2km) = EmE + M) [0p€) — 0p(€ + )
keZ e E L Nen(EY
= emE +mm® () - xuE +m) -

IfE e [UNWU+m)VUUNWU+7m)Y, xu€)—xuE+m)=0. When & € [UN U +m)°TU
[U° N (U + 7)], Lemma 5.5) (iii) and (1.3) imply that either m(§) = 0 or m(¢ + ) = 0. Thus,

Z U (28 + 2kn)PQE + 2km) =

keZ
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and, consequently,

2 < ¥, @ —n) >= / F©F@®™ dt

k+Dm .
=2 _desseaenas =2y [ beoione

keZ

= 2/n (Z U (Q2f + 2km)G(2E + 2k7r)> A dg =0
0

keZ
This implies § L Wy = 0 and the proof of Theorem 5.9 is completed. L]

This shows that the systems studied in [1] and [2] are those we have introduced in Section 2
that are semiorthogonal. We present an example of an MRA tight frame wavelet that is not
semiorthogonal. Let m(£) = 3(1 + ¢¥¢) and §(¢) = (- %), It is easy to check that m is

a generalized low pass filter belonging to Ij’q,. Thus, the function ¥ satisfying

(-3 (1)

—3it

o

b =¢ (5.29)
is an MRA TFW, by Theorem 2.11. We claim that v is not semiorthogonal. It is immediate that
Y= )([_2‘_%) - X[_%’]). But

1))=i¢0

11
12

< Yoo, Y10 >= ﬁ\/R (X[-zq_%) - X[_%’l)) (X[_l,_%) — X[~

showing that Wp and W are not orthogonal.

Not every tight frame MRA gives rise to an MRA tight frame wavelet. Consider, for example,
the function ¢ € LZ(R) such that ¢ = X[-3x ). Then it is easy to check that o, = xy where

b4

U= U[—Z(Sn +3), —%(Sn — 3)). Thus, by Theorem 5.3 we know that {@(- — n)} is a
nez

tight frame for the closed subspace, Vj, these translates generate. The dyadic dilates V; =

{f: fQ277) € Wy}, j € Z, then, clearly, form a tight frame MRA and ¢ satisfies (1.2) with

m(€) = Z X-3 3z y (& + 2km). Theorem 5.8 and its proof (see, in particular, (5.20)) showed
keZ

that, if there exists ¢ € Wy = Vi N VOJ' such that {/(- — n)}nez is a tight frame for Wy, then

|m(&)|2 + |m(§ +m)|*> = 1for & € UN (U + 7). In the case we are considering

unw+m=J[F@n+n. Z6n+3),

nez

which is a -periodic set that contains the interval [ = [——— ——) and, a fortiori, the interval
I+7= [3§', Sé’). Butm(§) = 0 = m(¢£ +7) when & € I and, consequently, [m(&)|> + |m(§ +

7)*=0<1forallé € I c UN(U +n). This shows that this tight frame MRA does not have
an associated MRA tight frame wavelet.

We have shown, in considerable detail, how our construction compares with that of [1]
and [2]. As we mentioned earlier, we do not need the regularity and decrease at oo assumptions
stated in [1] and {2]. This, however, is not an essential point; perhaps the most important difference
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lies in the direct use of the generalized low pass filters we employ in Section 2. We would also
like to point out that in [6] yet another construction of wavelet tight frames is presented that does
not have, as its base, a frame MRA. Again certain regularity and behavior at oo assumptions are
made that could be avoided. It is also important to observe that the treatments in these other
works apply to R” and are not restricted to R! = R. One of the reasons for the restriction to
1-dimension we have made is that we wanted to develop some of the material involving muitipliers
and connectivity presented in the earlier sections of this article.
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