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Exotic Spheres with lots of Positive
Curvatures

By Frederick Wilhelm

A basic question of global Riemannian geometry is,

Which closed, smooth n-manifolds admit Riemannian metrics with positive
(or nonnegative) sectional curvature?

This problem is almost entirely open. In the case of positive sectional curvature, the list
of known examples is very sparse (see [1, 2, 3, 7, 8], and [19]); for simply connected, closed
manifolds, M, there are no obstructions known to sec M > 0 that are not also obstructions to
either positive scalar curvature or nonnegative sectional curvature.

The principle underlying the construction of all known examples of manifolds of positive
curvature is that Riemannian submersions are curvature nondecreasing on horizontal planes [15].
The image of a Riemannian submersion of a positively curved manifold is thus positively curved.

Many more examples could be constructed if this process could be reversed in some cases.
That is: When does the total space of a fiber bundle whose fiber and base are positively curved
admit a metric with positive curvature?

“Always” is the answer to the analogous question for positive Ricci curvature and for almost
nonnegative sectional curvature [14, 16], and [9]. However, it is clear that if there are any further
examples of this sort with positive sectional curvature, they are very difficult to find. For example,
if the fibers are totally geodesic, then a necessary condition is that the bundle be “fat” (see [20]).
This imposes some pretty severe constraints on the topology.

Among the known fiber bundles whose base and fibers admit positive curvature, perhaps
the ones for which this question is most intriguing are the S3-bundles over §. They are easy
to construct, fairly abundant, and include 16 of the 28 oriented diffeomorphism classes of exotic
7-spheres among their total spaces.

Recall that the S3-bundles over S* are classified by Z @ Z as follows [12, 18]. The bundle
that corresponds to (n, m) € Z @ Z is obtained by gluing two copies of R* x S3 together via the
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diffeomorphism gy, » : (R*\{0}) x §3 —> (R*\{0}) x S given by
u  umvu"
8mn (U, v) —> <W, W) s 0.1

where we have identified R* with H and §3 with {v € H | |v| = 1}. We will call the bundle
obtained from g,, , “the bundle of type (m, n),” and we will denote it by E,;, _,.

In this article we will prove the following.

Theorem A. The exotic 7-spheres that are total spaces of S3-bundles over §* all admit se-
quences of almost nonnegatively curved Riemannian metrics that have positive sectional curvature
at a point and an effective, isometric O (2) x SO (3)-action.

This means that these spheres admit sequences of Riemannian metrics g; so that

@ sec(g) > —1;
(b) diam(g;) < 1;and
(¢) sec(g;) > 1 ata point.

It follows from [13] (and a Meyer-Vietoris argument) that the total space of an S> bundle
over $* is homeomorphic to S if and only if it is of type (m, ~(m — 1)) (or (—m, m — 1)) for
m=20,1,2,3,.... According to [13], the residue class (2m — 1)2 mod 7 is a smooth invariant
of the total space, and the total space has an exotic differential structure if (2m — 1)2 # 1 mod 7.
The complete diffeomorphism classification of these spaces can be derived from [6].

In[11], Gromoll and Meyer showed that the bundle of type (2, — 1), which is an exotic sphere,
admits a metric with an effective, isometric O(2) x §O(3)-action whose sectional curvature is
nonnegative and positive at a point. As a consequence, the bundle of type (2, —1) admits metrics
that satisfy the conclusions of Theorem A. Thus our theorem can be thought of as extension (with
a weaker conclusion) of the main result in [11]. In fact, the metric that our construction yields
on the bundle of type (2, —1) is, with a minor modification, the Gromoll-Meyer metric, and our
construction is a natural extension of the one in [11].

The idea behind the construction of the metrics in our theorem actually works for about half
of the $3 bundles over S*. We will also give the construction for the other bundles, and show that
the metrics are almost nonnegatively with effective, isometric 0(2) x SO (3) actions. However,
we will not give further curvature computations for the other bundles in this article.

In [5], Davis showed that every S3-bundle over $* admits an O (2) x SO(3) action by bundle
maps. It is easy to see that Davis’s SO(3) action is the same as ours. The author thinks that the
two O(2) x SO(3) actions are smoothly equivalent, but this has not been checked. In any case,
our actions are constructed by different means than those of [5].

The outline of this article is as follows.

In Section 1 we give explicit formulas for the Hopf fibrations, 4 and h, that come from the
free §3-actions on S from the left and from the right. These formulas are probably well known,
but the author does not know a reference for them. Since they are needed to rigorously check our
topological computations, they are included for the sake of completeness.

In Section 2 we give some motivation for our construction. The results of this section will
not be explicitly used in the sequel, but they do suggest a way to generalize our method, and
obtain a procedure that constructs new positively curved manifolds from old ones. Unfortunately,
this method does not work in all cases, but it seems likely that it could work on an ad hoc basis.
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In Section 3 we define a sequence of principal $3-bundles,

e —2

sp@.m) "= sp@,m 1) "8 L 28 5p) — 5T — st

These are essentially obtained by iteratively pulling back various versions of 4 and k over each
other. We also define m-actions of the (m — 1)-fold product xS x---xSon Sp(2, m) and
show that the quotients of these actions can naturally be viewed as the $3-bundles over 54 of type
(m,0), (m, —1), ..., (m, —(m—1)). This topological identification is carried out by explicitly
constructing bundle charts in a manner that is similar to the one used in [11]. Keeping in the
true spirit of an article about examples, these topological computations are done explicitly for the
bundies of types (3, 0), (3, —1), and (3, —2) in Section 3 and the bundles of types (4, 0), (4, —1),
(4, —2), and (4, —3) in the Appendix. Although a single computation for the general case could
probably be done with less ink, the resulting exposition would probably be more cumbersome
and less informative. It is hoped that the approach taken here will make these computations very
accessible and thereby facilitate the study of these spaces.

In Section 4 we review the result of Fukaya and Yamaguchi that we will use to conclude
that our bundles have almost nonnegative curvature. Before we can simultaneously achieve the
other curvature property mentioned in the theorem, we will have to make a further study of the
geometry of our spaces. This is done in Sections 5, 6, and 7, where the O(2) x SO (3) symmetries
are constructed, the tangent space of Sp(2, m) is found, and a metric on Sp(2, m) is constructed
that is invariant under all of the relevant group actions.

In Section 8 we show that our metrics on the exotic spheres have positive curvature at a point,
completing the proof of our theorem.

Background and Notation: We assume that the reader is familiar with the notions of the
vertical and horizontal distributions associated to a Riemannian submersion, 7w : M —> N, and
with O’Neill’s “horizontal curvature equation” (see equation {4} p. 464 of [15]).

We denote the vertical and horizontal distributions of = by V, and H, and the components
of a vector, w, that lie in V,; and H,; by w¥* and w”~, respectively. When we are discussing only
one submersion and there is no possibility of confusion we may omit the subscript , from the
superscripts ¥ and .

The sphere of radius r in R"+! is denoted $"(r). A; and Ay, are the free actions of S* on §”
from the left and from the right that give the Hopf fibrations.

1. An explicit formula for the Hopf fibration

_ In this section we write down explicit formulas for the Hopf fibrations / : §7 — $*and
h : §7 — $* corresponding to the right and left actions of $* on S7. These formulas are
probably well known, but were not found by the author even in the basic reference [10].

We denote points on S7 by pairs of quaternions written as column vectors. Then the multi-
plications by $3 on the left or the right are the Hopf S3-actions on S7. The quotients of each are
of course §*. We will need the following concrete descriptions of the quotient maps.

The quotient map for action on the right is

h: ( ‘ ) > (aE, % (1af? - |c|2)> ,
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and the quotient map for action on the left is

i ( . ) > (ac, % (|a|2 - |c|2)> ‘ (1.1)

The image is S4(%), which we are viewing as a subset of Hl @ R.

It is well known that the metrics induced on S* by & and / are isometric to $*(1/2). Not
surprisingly, the actual submersion metrics on $* induced by 4 and A are each the canonical metric
on $%(1/2). (Recall that the family of metrics isometric to a given one is parameterized by the
diffeomorphism group of the underlying manifold. So this is perhaps a pedantic point, but there
is some actual substance.)

Proposition 1.1.  The metrics induced on S*(1/2) by h and h are both the canonical metric.

Proof. We give the proof only for h since the proof for h is the same with different notation.
Setes =(0,1) c HOR.

Note that the S actions on S’ given by left multiplication with

g 0 qg 0O
<Ol>and<0q> (1.2)

are by symmetries of A, as is the SO (2) action given by left multiplication with

( cosf  sin6 ) . (13)

—sinf cosO

The maps induced on $*(1/2) by (1.2) fix 521 and are the standard $3 and SO(3)-actions on

the quaternion plane. The action induced on $4(1/2) by (1.3) is the direct sum of the standard
Z,-ineffective Sl-action on the “purely real” circle in $* C H @ R and the trivial action on the
purely imaginary quaternions.

Let g, denote the submersion metric on $*(1/2) induced by % and g4, the canonical metric.
Let S°“"(p, p) and S°(p, p) denote the metric spheres about p of radius p with respect to gean
and g;. Let r denote the distance from %5 with respect to gcqp, and a% denote the unit radial field

emanating from %5 with respect to g.q,. Using the S 3_action above we can conclude that

a 0
gs| —, — ) dependsonlyonr. 1.4
ar or

Next we claim that aa—r is also the radial field from 525— with respect to g;. To see this observe

that the orbit, ( fzisnee ) of ( (1) ) under (1.3) is a geodesic in S7(1) that is horizontal with

(1) = 3, it follows that the orbit of % with respect to (1.3) is a geodesic
withrespectto g;. The tangent field to this orbit coincides with part of % , and its image under (1.2)
is all of %. It follows that ;’—r is also the radial field from %5 with respect to g;.

respectto k. Since h

Therefore, gs(%, %) = gcan(%’ aa_r) — 1and

sean (eES’ ’.) =S (835, r) (15)
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forall r.

It remains to check that gg| san( ) = 8can| gean " for all . The actions (1.2) show

that the matrices for the two metrics (with respect to a fixed basis) differ by no more than a
multiplicative constant for each r, and (1.5) and the fact that ($?, gs) is isometric st /2) implies
that this constant is 1. O

2. Motivation for the construction

A few of the S3-bundles over §* are already known to admit nonnegative sectional curvature.
Those of types (1, 0), (1, 1), and (2, —1) are, respectively, the Hopf fibration, the unit tangent
bundle of $*, and the exotic sphere of Gromoll and Meyer [4, 11, 18]. In addition, Rigas has
observed that types (2, 0), (1, —1), and (2, —2) admit nonnegative curvature [17].

The construction of the metrics on all of these bundles is intimately related to the biinvariant
metric on Sp(2). In fact, the metrics on the type (1, 0), (1, 1), (2,0), and (2, —1) bundles are
S3-quotients of the biinvariant metric on Sp(2). Therefore it is rather intriguing that Sp(2) itself
can be constructed from the Hopf fibration.

Proposition 2.1.  Sp(2) is diffeomorphic to the total space of the pullback of the Hopf fibration
57 LN 54 via §7 2ok §*, wherea : $* —s $* is the antipodal map.
In fact, the biinvariant metric on Sp(2) is isometric (up to rescaling) to the subspace metric

on the pullback (aoh)y*(S7) € ST(1) x 87(1), where S”(1) is the unit T-sphere and 7 (1) x §7(1)
has the product metric.

Sketch of Proof. View Sp(2) as

Kz : ) la,b,c.d € B, lal* +|cl’ = b + 1d|* = |a]® + [b]* = |c]* + |dI* = 1

anda5+bé=o} )

3 ) are each in S7, so Sp(2) can be

identified with a subset of S7 x §7. Using the other equations, it can be shown that this subset is
(a o h)*(S).

The first two equations show that the columns of ( i

The direct sum of the standard Sp(2) action on R® with itself restricts to an action on §7 x §”7.
The restriction of this action to (@ o h)*(S7) = Sp(2) is just the standard left action of Sp(2) on
itself. Thus it is a tautology that (a o h)*(S7) = Sp(2) is invariant under this action. A similar
argument shows that (a o n*(S7) = Sp(2) is invariant under the right action of Sp(2). Since
these actions are by isometries on §7x 87, they are also by isometries on (a o n*sh = Sp(2).
Hence the subspace metric on (a o m)*(S7) = Sp(2) is biinvariant.

It follows that we can think of the metrics on the bundles of type (2, 0), (2, —1), and (1, 1)
as being “created” from the Hopf fibration, /, via the following recipe: pull back 4 via a o h and
mod out the total space of the pullback by an appropriate free S 3 action. Thus it is possible to
“change the type” of an > bundle over $* by pulling it back over another S° bundle over 5% and
modding out by a free §3 action. This leads us to ask:
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Question 1: Can we obtain metrics on different S3 bundles over $* by replacing one copy of
S7 in the recipe above with one of our other known examples, i.e., with the bundle of type (1, 1),
(1,-1),(2,0), 2, -1),0r (2, -2)?

Question 2: Will some of the metrics obtained in this way be nonnegatively (or positively)
curved?

General Question: Suppose M and N are compact, positively curved manifolds admitting
Riemannian submersions, 7y and 7y, onto the same base B. Can we find a free isometric group
action on the pull back 3, (N) whose quotient admits positive curvature?

The answer to Question 1 at least, is yes. In fact, by starting with the bundle of type (2, 0)
and iteratively applying our recipe (pull back some bundle over a o & and mod out by a free §°
action), we can obtain every bundle of type (m, —n), where m > n > 0. In particular, we can get
all bundles whose total spaces are exotic spheres, since these are of type (n + 1, —n), withn > 0.

We will not carry out this program explicitly here. We have described it only to motivate
the construction of Section 3, which will accomplish the same goal in a manner that is easier to
execute.

The author does not think that the answer to the general question is always yes, but it seems
reasonable that the answer is occastonally yes, and that this offers a new (ad hoc) method for
constructing manifolds of positive curvature.

3. Sp(2, m)-A space which fibers over the bundles of type (m, —k), (m > k > 0)

In this section we define a sequence of spaces and submersions,

sp@,m) =5 sp@,m — 1) gL B gp0) — 87— 54,

and show that there are free actions of the (m — 1)-fold product §3 x $° x --- x §3 on Sp(2, m)
whose quotients are the S 3_bundles over §* of type (m, —k) forall k € Nwithm > k > 0.

Sp(2, m) is the subset of the m-fold product ST x ... x 87,
sp@.m) = {wuz,us, .. oum) € 7 x o x ST | w) =aoh @), k@) =achs)
) =aoh@e), ... k1) =ach@m) .

The submersion p1, . m—1 : Sp(2,m) —> Sp(2,m — 1) is simply the restriction of the
projection map of the m-fold product §7 x §7 x --- x S7 onto its first m — 1 factors.

Now define actions of the (m — 1)-fold product §3 x $3 x --- x $3 on the m-fold product
ST x - x 87 by

(QI, QZ, LS| Qm—l) (u1! u2, u3y LI | um)
= (q1U1Gm—n. 14242, 24343, -, Gm-—2Um—1Gm—1, Gm—-1Um) . 3.1
and
(ql’ q27 ey Qm—l) (u17 u27 u3a ey um)

= (quu1, qU2q2, QU3G3, ... , gm-2Um-1Gm—1> Gm—14m) , (3.2)
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where the n in (3.1) satisfies 1 <n <m — 1.

We will call the actions in (3.1) and (3.2), A, —, and Ay, o, respectively.

Theorem 3.1.

() Apm,—_n and A, o are free and leave Sp(2, m) invariant.

(i) The quotient space of Ay, —n is diffeomorphic to the total space of the S3-bundle over S* of
type (m, —n).

(ii) The quotient space of Am.¢ is diffeomorphic to the total space of the S>-bundle over S* of
type (m, 0).

Proof of Theorem 3.1 (i).  Suppose

(q1419m—n. Q1U2G2, Q2U3G3, - .. , Gm—2Um—1Gm—1+ Gm—14m) = U1, U2, ... ,um) . (3.3)

The equality of the last factors of (3.3) yields q,,—1 = 1. Equality of the next factor then
implies g,,_2 = 1. Proceeding in this manner it follows from a reverse induction argument that
41,92, -+ s gm—1) = (1, 1,...,1). So Ay _, is free. A similar argument shows that A, ¢ is
free.

To see that these actions leave Sp(2, m) invariant, note that both the left and the right actions
of 53 on §7 are by symmetries of 4 and & [10]. When viewed as symmetries of & the left action
induces the identity on §* and the right action induces the standard Z-ineffective S3-action,
which conjugates the purely imaginary 2-sphere in $* and fixes its complementary circle. When
viewed as symmetries of 4 the right action induces the identity on S* and the left action induces
the standard Z,-ineffective $3-action, which conjugates the purely imaginary 2-sphere in $* and
fixes its complementary circle. Having made these observations, it can now be seen that the
defining equations of Sp(2, m) are preserved by the actions in (3.1) and (3.2). OJ

overlap maps. As mentioned in the introduction, these computations will not be done for the
general case. Instead we will cover the cases when m = 3 in the following subsections, and
the cases when m = 4 in the appendix. By going through the proofs of these cases the reader
will be able to concretely see how the computation changes when we increase m and how the
computation changes when we increase n.

3.1.E3p
Consider the $* x $3-action on Sp(2, 3) that is given by

(g1, q2) (u, v, w) = (q1u, g1vg2, Qrw) .

The quotient, E3 o, is an 53 bundle over $*. Indeed the map
p3,0: orbit (u, v, w) — ﬁ(w)

is a bundle map. This is because it satisfies p30 0 g3,0 = ho pg, where g3 0 : Sp(2,3) — E3p
is the quotient map and pg’ : 8p(2,3) —> §7 is the projection of Sp(2, 3) onto its last factor.

Since each of g3 0, h, and pg are smooth submersions it follows that p3 g is a smooth submersion
and hence (since Sp(2, 3) is compact) a bundle map.
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Define ¢ : R* — R by

1
= —. 3.4
P) = ey (34

Proposition 3.2. (E3, p3.o) is the S3-bundle over $* of type (3, 0).

Proof. We prove this by constructing explicit bundle charts and computing the overlap map.
Our computations closely resemble those of [11].

The charts hq, by : R x §3 —> Ej3 o are defined by

hi(u, q) = orbit (( )¢( )s ( )¢(u) ( ? )¢(u)) . (3.5)
h — orbi r v 1 3.6
2, =obit( | o Jow,( ° Jewn( | Jew) . (3.6)

h1 and h, are embeddings onto the open dense sets

e os((£)(5) (1) o] o
ool C)(Derd] o

In fact, the formulas for the inverses are given by

om0 ))- 5 )
o (1)) i)

as can easily be verified.

and

respectively.

and

It follows that

hy'ohi(u,q) = hy! [orbit(( “q ) (), ( ) (u),( ‘1‘ )«p(u))]
_ (L uuuq) _ (L _q)
RN TTEN AN T TRy

and hence by (0.1) that E3 g is the bundle of type (3, 0). OJ
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3.2. E3,_1

Next consider the S> x $3-action on Sp(2, 3) that is given by
(91, 2) (u, v, w) = (q14q2, G142, Q2w) -
The quotient, E3 _1, is an $3 bundle over S*. Indeed the map
p3,—1 ¢ orbit (u, v, w) > h(w)
is a bundle map. This can be seen via the argument that we gave for E3 g.
Proposition 3.3. (E3 _1, p3._1) is the $3-bundle over $* that is of type (3, —1).

Proof. As in Proposition 3.2 we define charts 41, Ay : R* x 83 — E for p3,—1 by the
formulas (3.5) and (3.6). As before /7 and h; are embeddings onto the open dense sets, U; and
U in (3.7).

The formulas for the inverses are now given by

i o ((2)-(2)- () (5 i)

and
o (). (2. (¢ ))) = (8, - %dae
"2 ("rb“(( c )( d )( y ))) - (lal"" |a|2|d|ra|) '
Thus
_ _ . 1 i
hy'ohi(u,q) = by [orbﬁ(( o )¢(u), - >¢(u),( 1 )(b(u))]
_ (Jt_ uuuqﬁ) _ (_u_ udqi
T\ et ) \qul? Jul*
So by (0.1) E3,—) is the bundle of type (3, —1). ]
33.E3 7

The S3 x §3 action on Sp(2, 3) that gives E3 _; is

(g1, 92) (u, v, w) = (q1uq1, q1vq2, Q2W) . (3.8)

The quotient, E3 _», is an S3-bundle over $*. Indeed, arguing as in the beginning of Sub-
section 3.1 we see that the map

p3.—2 ¢ orbit (u, v, w) > fz(w)
is a bundle map.
Proposition 3.4.  The quotient of the action in (3.8) is the total space of the S*-bundle over 54

of type (3, —2). It is therefore an exotic 7-sphere that is different from the space of nonnegative
curvature discovered by Gromoll and Meyer in [11].
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Proof. 'We define charts hy, b : R* x §3 —> E for p3,—2 by the formulas (3.5) and (3.6).

As before, k1 and h; are embeddings onto the open dense sets, U; and U, from (3.7), but
now their inverses are given by

()2 ()G 0

and
(@ b a _(ay adada )
"2 (‘"b“(( c )( d )( y ))) - (|a|2’ oPldPial)
Thus
hy'ohi(u,q) = by [orblt(( )¢( ), ( )d)(u) ( 1 )d)(u))]
_ ( u uuuquu) ( wiqi )
RN P
So by (0.1) E3 7 is the bundle of type (3, —2). L]

4. Almost nonnegative curvature

In [9], Fukaya and Yamaguchi proved the following theorem.

Theorem 4.1 (Fukaya-Yamaguchi). Let a compact manifold M admit the structure of a
fiber bundle
F—M-—N

with a compact Lie Group G as the structure group. Suppose that the fiber F admits a G -invariant
metric of nonnegative sectional curvature and that for every ¢ > 0, there exists a metric h,
on N such that secy, diam(hy)? > —e. Then M also admits a metric 8¢ satisfying the same
curvature—diameter inequality.

plkl

The submersion Sp(2, k)
action is given by

Sp(2, k — 1) is actually a principal $3-bundle. The 3

q (ul’ Tty uk) = (ul’ u2’ AL | uk‘_17 uké) .
Thus, applying Theorem 4.1 successively to our sequence of submersions

Pl,.m-1 ,.,.m 2

sp2,m) "=t spe,m—1)F L AN LN O

yields metrics of almost nonnegative curvature on Sp(2, m).

It also follows from Theorem 4.1 that all $3-bundles over §* admit almost nonnegative
sectional curvature.

To obtain metrics with the additional curvature property asserted in Theorem A we will need
to define more specific metrics on these bundles. Our metrics will be obtained from Riemannian
submersions of almost nonnegatively curved metrics on the Sp(2, m)’s.

Thus we will need to find metrics on Sp(2, m) that simultaneously satisfy the construction
of Fukaya-Yamaguchi and are invariant under the actions A,, _, and A, p.

Before defining these metrics we discuss the symmetries of E(,, _,) and the tangent space
of Sp(2, m) in the next two sections.
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5. The symmetries of E(,,, _p)

As was the case in [11], our bundles admit either an O(2) x SO(3) or an O(2) x §°
symmetry group. These groups also act by isometries with respect to the metric that we will
define in Section 7.

The O(2)-action is from the left. On the level of Sp(2, m), it is given by
A(u17u25"’ ,um)z(Aul»AVZ,-n ,Aum) ’ (5'1)
where we are viewing u; € $7 as a (2 x 1)-column vector with quaternion entries, and we are
exploiting the natural embedding O(2) — Sp(2) induced from the embedding R < H.
The fact that (5.1) leaves Sp(2, m) invariant follows from the fact that the O (2)-action on
7 that is given by
(A, u) — Au 5.2)

is by symmetries of both & and . It is by symmetries of %, because the §3-action that gives h is
on the righ~t and hence commutes with (5.2). (5.2) is by symmetries of % because the $3-action
that gives & can be described via the left multiplication

(gg)u.

Since this commutes with (5.2), (5.2) is by symmetries of h.

Since the action in (5.1) commutes with 4,, _, and A, o, it induces an O(2) action on each
of the E(n,—n)’s.

The S O (3)-action is induced by the $3-action

quiuz, ... um) =1, u2,...,Unq) . (5.3)

This clearly commutes with A, —,, An 0, and with (5.1). Hence, (5.1) and (5.3) together induce
an O(2) x S3-action on E (m,—n). However, on the level of E(,, —p), the $3-action is Z;-ineffective
if n # 0. To see this, simply note that

Wy ug, ... ,um(—D)Y=(1,-1,..., =D (ui,u2,... ,Um) , 54

where the action on the righthand side is one of the A,, ,’s with # # 0. On the other hand, (5.4)
is false if the action on the right is A, o, and a similar argument shows that —1 € S 3 acts freely
on E,, 0.

To find the full kernel of our actions we prove the following.
Proposition 5.1.

(i) Foranyn=0,1,2,...,m—1, the O(2) x §3-action on Em,_n induced by (5.1) and (5.3)
is by symmetries of py,—p : Epy,—n — S4. The induced action on S* is the restriction
of the action on R® obtained by taking the direct sum of the standard Z,-ineffective
O(2)-action on R? and the standard S O (3)-action on R3. Equivalently, it is the join of
the standard 7 -ineffective O (2)-action on S* with the standard S O (3)-action on S2.

(ii) Foranyn=1,2,...,m — 1, the kernel of (5.1) x (5.3) on E,, _, is isomorphic to either
Zy or Zo @ Zp. In the former case it is generated by {(0, —id)} C O(2) x $3. In the
Iatter it is generated by {(—id, 0), (0, —id)} C O(2) x $3.
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(iii) The kemel of (5.1) x (5.3) on E,, ¢ is isomorphic to 0 whenm is odd and to Z, when m is
even; in the latter case, the kernel is generated by {(—id, 0)} C O(2) x §3.

Proof. Let p™ : Sp(2,m) — 57 denote the projection onto the last factor, and let Gm,—n :
Sp(2,m) —> Ep.—n be the quotient map. Observe that py, —n0Gm,—n = ko p™. The O(2) x $3-
action on Sp(2, m) is clearly by symmetries of p™. The induced action on S’ is the product of
the action in (5.2) with the action

(g, u) = uq . (5.5)

We showed on page 171 that (5.2) is by symmetries of h, and it is clear that (5.5) is by
symmetries of k. Therefore our O(2) x SO(3)-action on E,, _, is by symmetries of py,, .

By direct computation we see that the actions induced on s4 by (5.2) and (5.5) via h are as
described in the statement of (i). In fact we have already given part of the computation for (5.2)
in the proof of (1.1).

The circle in S*(1 /2) that is fixed by SO(3) is the intersection of ¢! /2) and the “purely
real” copy of R? in H@® R = iR> @ R @ R, where iR @ R is the decomposition of H into purely
imaginary and purely real numbers.

The $? that is fixed by O(2) is the intersection of ¢! /2) and iR3. This completes our
outline of the proof of (i).

Given (i) it follows that the subgroups listed in (ii) are the only possibilities for the kernel
of (5.1) x (5.3) on E,; _,,. The exact kernel is therefore determined by the action of (—id, 0) C
O(2) x SO(3). By direct computation it is easy to see that this element either acts freely or
trivially on E,, _, and that both possibilities can occur. For example it acts freely on E;, _ and
trivially on E3 _;.

Similarly, it follows from (i) and the exposition before the statement of the proposition that
the group listed in (iii) is the only possible kernel for the action on A,, o. Direct computation
completes the proof of (iii). l

Notation: Throughout this article the symbols S} and 52, will stand for the circle and 2-sphere
in S* that were described in the preceding proof.

Since O(2) x SO(3) will ultimately act by isometries on Sp(2, m), we may reduce the
problem of studying curvature at an arbitrary point of Sp(2, m) to the problem of studying it at
certain special points.

Proposition 5.2,

() If n > 0, then every point in E,, _,, has a point in its orbit under O(2) x SO(3) that can be
represented in Sp(2, m) by a point of the form

cost asint cost asint
<<asint)p’( cost )’(—asint)’( cost ))’ (5.6)

witht € [0, %], re(e) =0, |a| = 1, and p an arbitrary member of §3.

(i) Every point in E,, ¢ has a point in its orbit under O(2) x §> that can be represented in
Sp(2, m) by a point of the form

cos? asint cost asint
((asint)’( cost )’(—asint)’( cost ))’ 5.7
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witht € [0, 71, re(e) = 0, and |a| = 1.

Proof.  Suppose our point is represented by

(()(2) (o)) esrem.

Replace this point by a point in the same 0(2)-orbit for which |g;| is maximal. At such a
point Re(ajc;) = 0. Indeed,
(%)
=0 4

d { cost sint a
dt \ —sint cost c1

Thus if a, is not perpendicular to ¢1, then by moving ( Z: ) slightly (forward or backward) in its

§0(2) orbit we can increase the size of its (1, 1) entry, contradicting our hypothesis. Therefore
ay is necessarily perpendicular to ¢y.

It follows from the defining equations for Sp(2, m) and the definitions of 4 and  that
la1] = laol = |ce| for each odd number o and each even number e in {1, 2, ..., m}. Hence if
|a1| is maximal for the O (2)-orbit, then |a,| and |c,| are too. By the argument above {ag, cg) =
{ae, ce) = 0.

In case (i), we now choose gpm—1, gm—2, - - - , g2, q1 S0 as to arrange that im(a,) = im(c.) =
0 for all odd numbers o and all even numbers e in {2, ... , m}.

In case (ii) we insure that im(a,) = im(c.) = 0 for all odd numbers o and all even numbers
ein{1,2,...,m} by choosing g1, g2, .. . gm—1 appropriately, and then choosing the appropriate
q € $3 for the action in (5.3).

Our point now has the form of (5.6) or (5.7). U

6. The tangent space of Sp(2, m)

Since the O(2) x SO(3) action will ultimately be by isometries, to study the curvature of
E,,,_» we may assume that we are at a point in Sp(2, m) of the form

cost asint cost asint
(Cas )r () (25 ) () e
asint cost —asint cost

if m is even, or
cost asint cost cost
. D, , . s e . 6.2)
asint cost —asint —a sint

Convention 6.1. To avoid repetition, whenever we need to write tangent vectors or other
objects explicitly we will do so as though we were only studying the case when m is even. The
only difference when m is odd is the substitution of the last column in (6.2) for the last column
in (6.1).

if m is odd.



174 Frederick Wilhelm

int .
Set N = ( cost )p, N, = ( @ sin ), and N, = ( cost ) Ng stands for N, if
asint cost —asint

k is even and N, if k is odd. If a statement about Nlp is valid for all p we may omit the p. Notice
that Nllp = N7 and that Nlp, Ne, N,, and Ny are all points in 57,

It will usually be possible to make statements that are valid for both N, and N,, simultaneously.
There will also be times when a statement for N, will have an obvious (but not identical) analog
for N,. Whenever either of these situations occurs we will write N instead of N, or N,, and only
make one statement. When the proof of such a statement requires us to explicitly write down N,
or N,, we will prove one of the cases and leave it to the reader to consider the other case.

The vectors
ol = Nllap, v° = N, and v’ = N,

at the points Nf’ , N, and N, in S7 are vertical with respect to both & and h. Most often the
location of the foot point will be clear so we will omit the superscripts and write simply v for v!,
v¢, or v°.

Let y1, 2 € HsatisfyRe(y;) =0, |yi| =1L, L y1 L » 1L @, and y1y, = ¢, and set

% = Ny, 92 =Ny, 131 =y N, and 1§2=y2N.

Similarly at N lp we set
91 =Niyp, 2=Nlyp, }1 =yNF, and 9, = y,N .
~As with v, we will usually make no notational distinction between the versions of the ¥;’s
and ;s with different foot points.

It follows that {v, ¥, >} and {v, f}l, 52} are orthonormal bases for V}, and V;, respectively,
and that

(ﬁi, 15,~> = cos2t.
In particular,
. 1 ift#0
dim (Vi 1 V;) ={ 3 ifr=0,

and therefore
2 ift#0

dim(HhﬂH;l)={ 1 ifr—0.

We denote by {x, y} a pair of orthonormal vectors such that {x, y} C H, N Hj; at p. More
specifically, we require that x is the vector whose projection to S is radial for dist(S%, -) in
4= SHIR * Sizm. Thus (under Convention 6.1)

— sin? acost —sint acost
(x,x,...,x)=(( )p,( . ),( ),...,( . ))
@ cost —sint —a cost —sint
At N, and N, we get an orthonormal basis for the rest of Hj, by adjoining x to
{y=xa, m =xy, and 2 = xp,} .
Similarly, we get an orthonormal basis for Hj; by adjoining x to

{y =ax, i1 =y1x, and o = y2x} .
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AtN lp we complete our bases for Hj, as follows.

H. — span —sint —sint o —sint —sint
h = SP acost )P\ acost P\ wcost VP \ qeost ) V2P

= {x,y, m,m}
and
H = span{ ( —sint )p, ( —sint )ap, y1< —sint )p, yz( —sint )p}
o cost o cost acost acost
= {x,y, M, m} .

We will call the resulting bases Base(Hj) and Base(Hj,) respectively.

Convention 6.2 (n,0—convention). We will use the symbol n to denote both 1, and n,, the
symbol i} to denote both 7}, and 7}, the symbol © to denote both ¥ and ¥, and the symbol & to
denote both B and ©,. To facilitate this convention we let y denote either y, or y,. Whenever a
statement is made about more than one of these vectors it is to be assumed that the index is the
same unless otherwise indicated.

We will need to know the inner products among the 5’s, 9’s, 7i’s, and & so we record them
here.

Proposition 6.3. Let (- - ) denote the round metric on S’ .

(9.3) = cos2r. 6.3)
{n,n) = —cos2t. 6.4)
(17, 5) = —sin2t. (6.5)
(n,9) = —sin2t . (6.6)

Proof.

~ asint asint
<ﬁ’ﬁ> = << cost )y, y( cost )>

— sin?t + cos?t = cos?2t .

.7 = acost o cost
= —sint V' V' \ —sint

= —cos’r+sin’t = —cos2r .
~ —sint cost
<n’ﬁ) = << —o cost )y, y( —asint )>
—2sintcost = —sin2t .
wo = (r(emn). (o))
= —2sintcost = —sin(2t) . OJ

Using the definition of Sp(2, m) it is easy to see
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Proposition 6.4. A vector (u1,ua, ... ,um) € T(S7 x --- x §7) is tangent to Sp(2, m) if and
only if its foot point is in Sp(2, m) and it satisfies

dh(u1) = d(aoh) (u2), di (uz) = d(aoh)(uz), dh(uz) = d(aoh) (us),
dh (um—1) = d(@oh) (up) . 6.7)

We will refer to the equations in (6.7) as the “tangency equations.”

Because of the tangency equations we will have a recurring need to know the images of the
n’s, ®’s, i’s, and 9 ’s under dh and dh and how they relate to each other. We record these relations
here.

Proposition 6.5, Foralli =2,... ,m,
(i) dhy,(n) =cos(2t) d(a o 1A )]
() dhy, (i) = —d(@oh)y,, ()

(iii) dhn, () = sin(2t) d(aoh)y,,, (1)

(iv) dh Nf(5) = —sin(2) d(a o h)n, (1)
) thlp (M) = —cos2t d(a o h)n,(n).

Proof. Letg = ( Zl ) € 87 be an arbitrary point and z = ( ;1 ) € T,,S7 an arbitrary
2 2
vector tangent to S7 at g.

Then

d
dhy(z) = —d——e-h(q cosf + zsinf)|p—g

_ I B - - _
= <q122 + 2192, 5 (Q1z1 + 2191 — q222 — zzqz))

= (q122 + 2192, Re (q1Z1) — Re (q222)) , 6.8)

and

-~ d ~
dhy(z) = Eh(q cos8 + zsinf)lg—p

_ _ | B _ _ _
(61112 + 2192, 3 (121 + 2191 — @222 — 12612))

= (q122 + 2192, Re (q171) — Re (g222)) . (6.9)

From here the proof is just to compute all of the differentials in the statement and compare
the answers. The computations are a bit different for the cases i even, i > 3 and odd, and i = 1.
The answers are still as given in the statement, and the computations for each of the cases are
about equally difficult. We will do them explicitly for some of the cases and leave the other cases
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to the reader.

dszo(n) = dﬁNO (( —sint )y):(—aycoszt+y&sin2t,0)

—a cost
= (ya cos?t — yo sin2t, O) = (yacos2t,0). (6.10)
dhn,®) = dh cos! = (—ay costsint + pdcost sint, 0
No = No —asin: |7 )= (Coycostsin yacostsinz, 0)
= (yasin2:, 0). 6.11)
A Ny —sint -2 - .9
dhy, (1) = dhy, (V( o oSt )) = (ya cos”t + yasin“t, 0)
= (-ya,0). (6.12)
- —sint - . —— .
thlp @) = dh cost (y( acost >P> - (ppay cos’  + yppo s1n2t,0)
asint )°
= (ay cos’t + yasin’1, 0) = (ay cos2t,0),
dh (5) = dh cost = (ppay costsint por int, 0
Ny = ( cos t ) Y\ osins | P ) = (ppaycostsint +yppacostsinz,0)
osint

= (aysin(2t),0).

dhn,(n) = dhy, <( (icscl)sl; ) y) = <ay sin? ¢ + ay cos ¢, 0)

= (ay,0). []

We will need a more concrete description of 7'Sp(2, m). To get this we prove the following.

Proposition 6.6. The vectors

(x, x, x, ..., x)
(-y, 9, 5 ...,y) and
(n, n, cos(2)n, ..., cos™ 320, cosm_2(2t)77)

are all tangent to Sp(2, m).

For the reader who wishes to have an even more concrete description, see Table 6.1 with
these vectors for the case m = 4.

Sketch of Proof.  One can gain a pretty good sense that the statement is correct by observing
the relationship between the basis {x, y, 71, 2} and our join decomposition, S]Ilg * Sizm , for §4 (1/2).
Indeed, under A4, x projects to the vector that is radial for dist(.S. 1 ,*); Y projects to a vector that is
tangent to the S'’s and 7;; and 1, project to vectors tangent to the $2’s. A similar statement holds
for the basis {x, y, 71, 7i2} with respect to . This observation determines the entries in the first
two rows of Table 6.1 up to sign, and the entries in the second two rows up to a convex combination
of {y1, y2}. Unfortunately, a precise proof cannot be obtained without direct computation. It is

straightforward to do this using (6.8) and (6.9).
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TABLE 6.1
vector type 15 col 2nd ol 374 col 4tk col
—sint acost —sint acost
u @cost —sint —acost —sin?
—sint acost —sint @cost
Y “\ acosr )P ¥\ —sint —acost & —sint J¢
no (i Ve (e )n (e Jnemen (250 Jneofen
no (i ) (S ) (S Jneseo (250 )nestan
For example,
—sint - - .
dhy, p)= (a cos?t —asxnzt, —2smtcost)
@ Ccost
= (—o cos2t, —sin2t) (6.13)
and
o COSt — . .
thz(( . )) = (asm2t+acos2t,2s1ntcost)
—sint
= (xcos2t,sin2t) . (6.14)

(6.13) and (6.14) explain the first two entries in the first row of Table 6.1. The first two entries of
the second row are explained by the computations

dhy, ( - ( I )ap) = (~cos?t + @ sin’1,0) = (1,0), (6.15)
and
dhy, ( ( (ics(:z )a) = (aasinzt —coszt,0> =(-1,0). (6.16)

The first two entries of the second and third row are explained by similar computations and
the last two entries of the last two rows are explained by Proposition 6.5(i).

We leave the rest of the details of these and the other necessary computations to the reader.

OJ
7. The metric on Sp(2, m)
Let g1 denote the canonical unit metric on §”.
Our choice of metrics on Sp(2, m) are the restrictions of certain product metrics
ST 1) x 8T (1, ¢2) x ST (v3,¢3) X - X 8T Wmets Em1) X S Wy Cm) . (1)

The metric on the first factor is obtained from gy by scaling V; by v; while keeping Hj; L V.
We denote the resulting Riemannian metric on S7 by either 8 or {, )p;-

The notation S’ (v;, ¢;) for the Riemannian manifold that is the i™ factor (for2 < i < m)
stands for the metric on S that is obtained from g; by scaling Vj, by v; and Hj, by ¢; and keeping
Hy, 1 Vj,. We denote the resulting Riemannian metric on s7 by either gy, ¢; or {, )u;.¢;-
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The metrics we will use will satisfy
1>>V>>m>>13>> - >> Uy | >> Uy >>
C)>>C3>> - >>Cp >0, (7.2)

where the symbol “>>" means “much greater than.” Its meaning is only implicit—that any
assertions we make are valid provided the gaps between the numbers in (7.2) are sufficiently
large.

n is not perpendicular to ¥ with respect to g, . The vector, 5, (1), that is normal to ¥ and
satisfies

dh (nn (V1)) = dh(n) (7.3)

is

“2hl v(]
ﬂn(f)l)= ~2”1’I ( )+" ()

, 7.4)
bf cos?(2f) + sin?(2¢) (

where 7" (1) and 5 (1) denote the components of n that are h-horizontal and h-vertical with respect
to (-, -}1. Use Proposition 6.5[(iv), (v)], (6.4), and (6.5) to verify that n, (V;) satisfies (7.3).

The normalization in (7.4) is not the one that makes 1, (V1) a unit vector, rather it is the one
that keeps dh(n, (V1)) constant with respect to v;.

Remark on Notation—fonts for v: There are three notions we have introduced that one might
naturally denote by the symbol “v.” The vertical component of a vector, ¥, (p. 163), the specific
vertical vector v (p. 174), and the scale, v or ¥, on the vertical space of the Hopf fibrations, & or
h. Our hope is that these symbols look sufficiently like the letter v that the meaning will be easy
to remember, and simultaneously that the different fonts are still sufficiently distinct that these
notions will not become confused.

Identify Sp(2, k) with the first k columns of Sp(2, m). Under this convention, Sp(2, 1) is
the first column of Sp(2, m), i.e., Sp(2, 1) = §7 ().

We will get a hold of the curvature tensor of Sp(2, m) by studying the sequence of submer-
sions

Pm,m—1 Pm—1,m—-2

Sp@2,my s sp@,m— 1) s L P gp0) 22§ iy s st (1.5)
where py -1 : Sp(2, k) — Sp(2, k — 1) is the projection of Sp(2, k) onto its first k — 1 entries.
Proposition 7.1. Let g; be the Riemannian metric on Sp(2, k) obtained by restricting the
metric on Sp(2, m). There is a Riemannian metric g;_, on Sp(2, k — 1) so that

Pk k—1

(Sp2.k), g ) = (SpQ.k—1,g_,) (7.6)
is a Riemannian submersion.
Moreover, if we fix V1, ¢;, and v; foralli <k — 1, and let cy, — 0, then g, _, converges to

gy, in the C®—topology.

Sketch of Proof.  The existence of g;_, is an immediate consequence of the fact that py —1
is the quotient map of the free S3-action on Sp(2, k) given by

(g ur, ... up) =y, ..., uxg) . a7
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It remains to compare gy _; with g;_,. Let p,’gj denote the projection of Sp(2, kK — 1) onto

its last factor, and let W = Kker d(ﬁ o pfj) CTSp(2,k—1). Let

Wx0={(0,0)|weW}CTSp2,k).

The vertical space for pi x—1 is spanned by
{©,0,...,0,0), (0,0,...,0,91), (0,0,...,0,92) }.

So with respect to g;, W x 0 is horizontal for pg x—1.

To get a decomposition for the full horizontal space, we set

Basis (ﬁk)={ (x, x, x, ..., x),

(=Y ¥ ¥ oo ¥,

(70 G0, w1, cos@Omy, .., cos @0, cost @0, cos 2 @nm: ) |
(nz,n (1), n2. cos@)ma, ..., cos*T*(20)my, cos* (21, cosk‘2(2t)nz) }
and

Flk = Span[ Basis (ﬁk )} .

Note that the image of H; under dpr k-1 15 I-?k_l.

To compare the metrics g; | and g; _, we point out that

span{ I:Ik_l,WXO }

(@) the four vectors in Basis( H ) are mutually perpendicular with respect to g;;
(b) the four vectors in Basis( I:Ik_l ) are mutually perpendicular with respect to g;_;; and
() Ifwe Wandze Hp, , =Span{ W x 0, H},then

8z, (@,0)) = g&_; (dpeik-1@), dprk-1(®, 0)) .

Given (a)—~(c) only the possible distortion of lengths of vectors in Basis ( I:Ik ) could prevent the

submersion (Sp(2, k), g;) Pkt (Sp(2,k — 1), g;_,) from being Riemannian. It is easy to see

that there is such a distortion and it is by an additive term whose size is no more than c. It follows
that gf_, converges to g;_, in the C*°—topology as ¢; — 0. L]

The upshot of (7.1) is that rather than actually having a sequence of Riemannian submersions
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in (7.5) we have a stack

p _
Sp(2,m) mm=1 (Sp(2.m - 1),3,‘,,4)
2

(spe.m 1.8, ) Pm—lm-2 (sp@.m-2).85,_,)
H
(sp@.m-2.g7, ) Pm—_2m-3
(18)
P43
(Sp2.4.g) =3 (sp2.3).85)
?
p3,
(sp(2.3).85) 23 (5P, 85)
2
P21 _
(5p(2), 85) = 57 (@) .

Since the change in the metric when we “go down one of the :’s” is small in the C* topology,
we may (and will) think of (7.8) as a sequence of Riemannian submersions, provided we remember
that the curvature computations we make are subject to an error that is very small compared to
V-

Of course there really is a sequence of Riemannian submersions (7.5), but due to the errors
introduced at each stage in (7.8), the precise description of the metrics that make the submersions
in (7.5) Riemannian is fairly complicated, and the subsequent exposition would be even more so.
For this reason we will think of the stack (7.8) as a sequence instead of the actual sequence (7.5)
at the cost of a small amount of precision, but with the benefit of considerable simplification. We
will make no further mention of this device in the sequel, and trust the reader to remember that
there will be an error in our curvature computations that can be made arbitrarily small compared
to our choice of v,,.

8. The exotic spheres have sec > 1 at a point

It follows from Proposition 7.1 and the proof of the Fukaya- Yamaguchi result (Theorem 4.1)
that the family of metrics (7.1) is almost nonnegatively curved.

Next we point out that (5.1), (5.3), A, and Ap, o are isometric with respect to the met-
rics (7.1). This is because each action is by symmetries of & and / in each factor. Asa consequence
we see that (7.1) gives us a family of metrics on E,, _, forallm,n € Zsothat0 <n <m—1. It
follows from O’Neill’s horizontal curvature equation (equation {4}, p. 464 of [15]) that the family
of metrics on E,, _, is almost nonnegatively curved.

Since the exotic spheres are among the bundles of type (m, —(m — 1)), to prove Theorem A,
it suffices to check that the induced metrics on these bundles have a point of positive curvature.

Proposition8.1. The curvature of E,, _(mm—1) isnearly > 1 atthe point py = orbit {( ( (1) ) ,

0
chosen appropriately.

0 1 . . -
( 1 ) ( ) ------ )},provzdedourmemcparameters V1, V2, ...y Un, C2,C3, ... ,Cy are

Proof.  Once again our argument can be thought of as a generalization of the one in [11].
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At the points (1) and (l) the vertical spaces for 4 and h coincide. Therefore the

vertical space for the submersion g, _(s—1) : Sp(2, m) —> Ep _ (1) at this point is the direct
sum

©, V4,0,0...,0)® (0, Vi, Vi, 0, ... ,0)® (0,0, ~Vh, V4, 0, ... ,0) @ ------
®(050v"' y()s—vha Vh) 1 (8'1)

where
©, ~Vi, V1, 0,...,0) = {(0, —w, w,0, ... ,0) € Tp,Sp(2, m) | w € Vi} ,

and the other summands of (8.1) have the obvious analogous definitions.

It follows that the horizontal space for g, _(m—_1) at pg is the direct sum
(V. 0,0,...,0) ® Hp , (8.2)

where H,,, is as defined on page 180.

By O’Neill’s horizontal curvature equation ({4} on page 464 of [15]), it suffices to check that
every plane tangent to (8.2) is positively curved with respect to the family of metrics (7.1).

To see this, observe that (8.2) is also the horizontal space for the submersion p; 1 0 p32 0
©++ 0 Pmm—1: Sp(2,m) — S7(91). The curvature of a plane in (8.2) is therefore the sum of
the curvature of a plane in S7(¥;) and the appropriate A-tensor “correction term” in O’Neill’s
horizontal curvature equation.

S7(Hy) is positively curved for all b1 < 1. In case the reader does not know this, we set
¥y = 1. Then the curvature of our plane is the sum of the curvature of a plane in the unit
sphere and O’Neill’s “correction term.” The proof is concluded by observing that multiplying our
metric parameters vy, ... , v, by £ multiplies the correction term by £2. Therefore by choosing
V2, ..., Uy to be sufficiently small we can guarantee not only that all curvatures of planes in (8.2)
are positive, but actually that they are < and nearly equal to 1. ]

Remark on Ricci curvature: It was shown in [14] and [16] that all of the $-bundles over
S* admit positive Ricci curvature. It should not be surprising therefore that all of the metrics we
have constructed have positive Ricci curvature.

Appendix
Topological computations for the bundles of type (4, -)
Al.E4q

Consider the 3 x $3 x $? action on Sp(2, 4) that is given by
(91, 92, 43) (u, v, w, x) = (q14, q1v§2, 2WG3, g3X) .
The quotient Eq4¢ is an S> bundle over S*. Indeed the map
pag : orbit (u, v, w, x) — fz(x)

is a bundle map. This can be seen via an argument analogous to the one we gave for Ej3 .
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Proposition A.1. (E4, pa,o) is the S*-bundle over $* of type (4, 0).

Proof. We define charts k1, hy : R* x §3 — E for pg o by

hi(u, q) = orbit (( —?tq >¢(u),( Ll_‘ )d)(u),( _lﬁ )¢(u)’<

)¢(u)) , (A
and

ha(v, r) = orbit (( o )¢(v),< . )¢<v).< Y )¢(v),< : )¢<v>) . @A)

h1 and h, are embeddings onto the open dense sets
oo (2)-(4)(2)-(2) o]
oo ((2)-(5)-(2 () o]
In fact their inverses are given by
o e (50 ()= (B )
o o (1 (5. ()- ()= o )

Therefore
orbit (( g )¢(u),( “ )¢(u),( ! )¢(u),( “ >¢(u)>]

— &

and

hylohi(u,q) = hy'

| pa—

_ (u uuuuq)
2’ [v]*
4
u uqg
= ({—, — . ]
(Iul |ul4)

A2.E4
$3 x 53 x 3 also acts on Sp(2, 4) by

(q1, 92, q3) (u, v, w, x) = (q1443, 41V42, G2WG3, 43X) .
The quotient E4 _; is an S> bundle over 5*. Indeed the map
D41 ¢ orbit (u, v, w, x) > fl(x)

is a bundle map. Again we can see this via an argument analogous to the one we gave for E3 g.
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Proposition A.2. (E4_1, pa.—1) is the S3-bundle over $* of type (4, —1).

Proof. Lethi, hy : R* x 3 — E be defined as in (A.1) and (A.2).

The inverses are now given by

(1) (5)-(3)(2))= (Bt

and
_1 ‘ a b o B _ ﬁ Lgcﬂ_)
h; (orblt(( . )( d )( y )( 8 ))) B (lﬂlz’ 1By llbllel )
Therefore
hy'ohiu,q) = hy' [Orbit(( —Zq )¢(“)’( ? >¢(u)’( —lu )¢(u)’( ? )¢(u))]
- 4 .-
o (L umuqu) (M uiqu
- (|u|2’ Jufs )_(Iulz’ |u|5>' .
A3.E4 2

$3 x §3 x 83 also acts on Sp(2, 4) by
(1,92, 93) (u, v, w, x) = (q1uq2, q1VG2, G2WG3, G3X) .

The quotient E4, > is an 53 bundle over §*. Indeed the map
4,2 & orbit (u, v, w, x) —> ﬁ(x)

is a bundle map. Again we can see this via an argument analogous to the one we gave for E3 g.
Proposition A.3. (E4 5, p4.—2) is the S3-bundle over §* that is of type (4, —2).

Proof. Lethy, hy: R* x §3 — E be defined as in (A.1) and (A.2).

The inverses are now given by

it (o (2)-(2)-(5)-(8))) = (5 i)
(o (2)-(2)- ) (2))) - o o)

Therefore
h2~1 ohi(u,q) = h;l [orbit(( —Zq )¢(u),( lf )d)(u),( _lﬁ )db(u),( ’i )d)(u))]

_ (u uuump}z)_(u u4qﬁz) B
o\ S\ jule )

and

o o
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A4.E; 3

The $3 x 53 x $3 action on Sp(2, 4) whose quotient is the exotic sphere of type (4, —3) is

(915 92, q3) (u, v, w, x) = (q14q1, q1VG2, G2WG3, 43X) .

The submersion from the quotient to S* is again given by

pa,—3 ¢ orbit (u, v, w, x) > fl(x) .

Proposition A.4. (E4 _3, ps_3) is the S3-bundle over $* of type (4, —3). In particular, E4 _3
is an exotic 7-sphere, and is not diffeomorphic to the example of Gromoll and Meyer or to E3,_.

Proof.  As before we define charts for ps, 3 using the formulas (A.1) and (A.2). k; and hy
are again embeddings onto U and Uy, only now their inverses are given by

wlom((2)-(2)-(3) ()= (s e

and
(@ b p B _(BS  Bybcbyp
"2 (°rb“(( c )( d )( y )( 5 ))) = (lﬂlz’ IﬁI2Iy|2|b|2|6|> '
Therefore
h;l ohi(u,q) = h2_1 [orbit(( _‘iq )¢(u),( II >¢(u),( _‘lﬁ )(P(u),( If )¢(u)):|
-3 4 -3
_ L uuuuqu _ L U qu
B (|u|2’ |ue]7 )‘<|u|2’ lu|7 ) =
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