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Domains in C**! with Noncompact
Automorphism Group
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ABSTRACT. We consider certain pseudoconvex domains in C™" and show that
if the automorphism group is noncompact, then the domain is equivalent to E,,, =
{Jwl> + |21 *™ + 22> + - - - + |za|* < 1} for some integer m > 1.

Introduction

We consider relatively compact domains {2 C C™*! with smooth boundary, and we ask when
it is possible for Aut(Q) to be noncompact. It is a result of Wong [W], Klembeck [Kl], and Rosay
[R] that if £ is strongly pseudoconvex and if Aut(2) is noncompact, then €2 is biholomorphically
equivalent to the unit ball B™*!. € is said to be of finite type if there is a number % such that
for any p € 0€2, a germ of a holomorphic variety V,, containing p cannot be tangent to OS2 to
order higher than . A bounded domain with real analytic boundary is always of finite type (see
[DF1]). Our main result is the following:

Theorem. Let 2 C C**! be a bounded pseudoconvex domain of finite type whose bound-
ary is smooth of class C™, and suppose that the Levi form has rank at least n — 1 at each point
of the boundary. If Aut(S2) is noncompact, then 2 is biholomorphically equivalent to the domain

E,={(w,z,....2,) €C"T  Jw) + |21 + |2 + - + |2.)* < 1} (1)

for some integer m > 1.
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In proving this theorem we develop three variants of a scaling argument. Scaling and related
methods have been used in the convex case by [F], [GK1], [Kil-2], and [Kol—4]. In the papers
by Greene and Krantz, Kodama, and Kim, it is shown that if Aut(£2) is noncompact and if €2 is
locally equivalent near p. to a special domain F of ellipsoid type, then € is globally equivalent
to E. The scaling method also works well on strongly pseudoconvex domains, which are locally
equivalent to strongly convex domains. In fact, the method can be used to obtain many of the
basic results about holomorphic mappings between strongly pseudoconvex domains (see [P]). In
particular, this gives the easiest proof of the result that if Aut(£2) is noncompact and p, is a
strongly pseudoconvex point, then {2 is equivalent to the unit ball.

For the characterization of domains §2 for which Aut(€2) is noncompact, it is necessary
to consider the case where p., is not strongly pseudoconvex. It is well known that (weakly)
pseudoconvex domains are not locally equivalent to convex domains. Thus, since we must rescale
with a more general (nonlinear) holomorphic mapping, the scaling techniques that were used in
the convex and strictly pseudoconvex cases are not applicable here. The proof of convergence
is more difficult in this case and can be reduced to estimates of an invariant metric on a family
of domains D, which are independent of v. In the case n = 1, this was achieved in [BP] by
reducing this to estimates on the asymptotic behavior of the Kobayashi metric and then using the
precise estimates on the Kobayashi metric of a domain in C? given by Catlin [C]. Such estimates
are not known in higher dimension. However, it is known that {2 has a plurisubharmonic (psh)
exhaustion, and we show that is possible to use another intrinsic metric, introduced by Sibony [S],
that is defined in terms of psh functions.

With this technique, we apply a scaling in Section 1 to obtain a biholomorphic mapping
g:D={v+P(z))+ 225+ + 2,2, <0} — Q, where P = P(z,) is a real polynomial
that is only known to be subharmonic. Any domain of the form D contains the translations
T,(w, z) = (w+t, z) and thus has a noncompact automorphism group. The mapping g extends to
a homeomorphism between DU{OO} and €). Thus {2 has the 1-parameter family of automorphisms
goT,og™", which are parabolic with fixed point p = g(00), i.e., limy_ 40, goTyo g~ (p) = P
for all p € Q. The translations T} are generated by the vector field Re 2(8/8w), so the parabolic
subgroup gT;g~" is generated by the holomorphic vector field H = g, (2(8/0w)).

The rest of the proof will be concerned with a local analysis of H and {2 near p. We may
choose coordinates such that p = 0 and near the origin

Q={v+¢(zl,21)+2zaza+---<0},

a=2

where 1) is a homogeneous polynomial of some degree 2/m and the dots denote smaller terms.
We make 1) unique up to scalar multiple by the assumption that it contains no harmonic terms.
We assign weight 1/2m to the variable 2, and weight —1/2m to 3/0z;; weight 1/2 to z,, and
weight —1/2 to 0/02,, 2 < a < n; and weight 1 to w, weight —1 to d/dw. Thus the domain

Qhom = {'U + w(zlazl) + Zzaza < 0}

a=2
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is homogeneous of weight 1 and is the homogeneous model of €} at p. In Section 2 we determine
the holomorphic vector fields ¢} such that Re ¢} is tangent 10 O€2pn,. The tangent holomorphic
vector fields of weight 0, A©® | are of the form (19). Thus the dimension of A©® is 2+ (n —1)?
if ¥ = c|z;|*™ and 1 + (n — 1) otherwise. In Section 2 we show that there are no tangent
vector fields to Qo of weight > 0 unless 1 = c|z,|*™. In this case the only possible weights
are 1 / 2 and 1, and the corresponding vector fields are given by (21) and (24).

Now let ) denote the homogeneous part of H = ¢.(2(0/0w)) of smallest weight. By
Lemma 6, () # 0. The vector fields of weight zero are linear combinations of dilations and
rotations, so if () has weight zero, it must correspond to a rotation. (In the case of dimension 2
we can conclude at this point that ¢y = c|zl|2m and thus ) is locally convex at p; with these
facts, we can proceed directly to the final rescaling in Section 5.) Unfortunately, if n > 1, a
nontrivial rotation term might involve only the variables z,, 2 < o < n, which would not allow
us to conclude that 9 = ¢|z;|*™. Further, if n > 1, the fact that 1) = c|2,|*™ does not guarantee
that 2 is locally convex at the origin, and we must examine () more closely.

A parabolic vector field remains parabolic after the addition of a (weight 0) rotation term,
so there is no “geometric” reason why (J should not have weight 0. But under the change of
coordinates w +— —1 / w (which is merely “formal” since the domain is not known to be convex),
0/ 0w (with fixed point at oo) is taken to w?*(8/dw), which has weight 1. So, formally, if g were
“smooth” at infinity, the weight of g.(3/0w) would be 1. In Lemma 7, we use a second scaling
argument, based on homogeneous dilations of the mapping g, to make this formal argument
rigorous. Thus it follows that ¢} has weight > 0, and so by the results of Section 2 we conclude
that ¢ = c|z|*™.

Our third scaling argument will be carried out on the parabolic subgroup {g o T; 0 g7'}
generated by the vector field H = ¢ + .... In order to obtain more information from the new
rescaling than we obtained from the original one, we need to know the asymptotic behavior of the
orbit {g o T; 0 g~'(po)} of a point py € Q as t — F00. By Sections 2 and 3 we know that ()
has either the form (22), corresponding to weight 1/2, or (24), corresponding to weight 1. These
cases involve different geometric behaviors, and we analyze them separately. In Section 4 we show
that in the case of weight 1/2 the orbit has the asymptotic behavior given in Lemma 8, and the
w-coordinate satisfies u(t) = o(v(t)). The case of weight 1 is more delicate; the asymptotic be-
havior of the orbit is given in Lemmas 9 and 10, and the w-coordinate satisfies v(t) = O(u(t)?).

We perform our final rescaling in Section 5. We have shown that the orbit is well behaved
as t — Z00. With this information we can use very specific linear functions S; for rescaling,
and we can control the behavior of the domains S;({2) well enough to conclude that the limit
domain D is given by the homogeneous model {},m. The proof is now complete, since this is
biholomorphically equivalent to (1).

We note that in the case n = 1 the theorem was proved in [BP] for the case where {2 has
real analytic boundary.' Bell and Catlin [BC] showed us a version of Lemma 6 that allows the

IE. Berteloot brought to our attention a gap in the proof of Proposition 2.3 of [BP]; Lemma 2 both generalizes
Proposition 2.3 and fills this gap. We have recently received the preprint [BCo] in which Berteloot and Cceuré have found
an independent proof of this proposition.
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arguments of [BP] to carry over to boundaries of finite type. A natural direction for generalization
of the theorem above would be to weaken the hypothesis on the rank of the Levi form. This
case will be more difficult because a general pseudoconvex point does not have a nondegenerate
homogeneous model, peak functions are not known to exist, and there are many domains (not
of type (1)) with noncompact automorphism groups. For instance, let us choose positive weights
61,...,6, of the form §; = 1/2m;, m; a positive integer, and let p(z) be a real polynomial of
the form

p(Z) = Z aJ,KzJZK,

wit(J)=wt(K)=4

where we set wt(J) = wt(jy,...,jn) = 61J1 + - - + 8,Jn. The condition on the weights of the
multiindices is equivalent to saying that Q@ = {|w|* + p(z) < 1} is invariant under the 2-torus
action (¢, 0) — (e*w,e"%2,...,e%?2,). For rather general choices of the numbers a ; x
€ is bounded and has smooth boundary (which may be pseudoconvex or not). But the mapping
(w,2) — (w/4+ ) (—w/a4+9)7 zi(—w/4+ 1) ... z,(—w/4 + 1)~%") maps the
domain D = {v + p(z) < 0} (which has noncompact automorphism group) onto 2.

1. Rescaling of domains
If Aut(€2) is noncompact, then there exists P, € OS2 and a sequence {f,} C Aut(f2) that
converges uniformly on compact subsets to P, since there are no germs of complex varieties
in 9 (cf. [BP, Lemma 2.2]). We may assume that the rank of the Levi form at Poo 18 exactly

1 — 1. Let 7 be a smooth defining function for Q = {r < 0}. Writing w = u + v, we may
assume that p,, = 0, and r is given near 0 as

r =0+ up(u,2) + |z + -+ |2,)* + o(|z]*) (2)

where ©(0,0) = 0. Since {2 is pseudoconvex and finite type, there exists a homogeneous poly-
nomial ¥(z, Z;) of degree 2m such that <) is given by

r = v+ up(u,z)+ 12, 2) + i(Re(Ba(zl, Z) 24) + 2aZa)

a=2

+o(jz1"™ + |z + - - + |za) = 0. 3)
It is standard to perform the change of coordinates
W=w+ Y (bs+ew)z!, F=z, 4)

with |J| < 2m, which serves to remove the “pure” terms from (3), i.e., it removes 27 and z’
terms from 1 and (0, 2) as well as 2]z, from the summation.
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Thus ¢ contains no linear terms in 2z, by (4), so the only linear term is of the form cu.
Since 2 is pseudoconvex, we may apply [BP, Lemma 2.1] to obtain

p(u,z) —cu=0 (IuI2 +Jullz] + 2" + ) (1mza] + \2a|2)> : (5)

a=2

We may also perform a change of coordinates

~ 5 s J
W= w, Z = 2, Zo = Za -I—anjzl (6)

to remove terms of the form Z{ Z from the summation in (3).

Before we begin the scaling procedure, we make preliminary changes of coordinates of the
form (4) and (6) to remove the corresponding terms from (3). To start the scaling procedure, we
choose a point py € {2 and set p, = f,(po) so that for v large, we may write p, = (w), 2())
in the local coordinates at p,, = 0. We introduce new coordinates

f=z2—2W, W= erw —w) — Za ( zJ(")) (7)

where w(") € C, §, € R, and a; € C are chosen so that in the coordinates (0, Z) we have
(i) the point (0,...,0) € 99, (ii) p, is given as (—i¢,,0,...,0) for some €, > 0, and (iii) the
tangent to O at (0,...,0) is {Im W = 0}. The boundary of €2 is given in the (w0, £) coordinate
system by

2m m n
pA(V) = C(V)’l/) + Z ’l/)k (21, 21) + ’U,QD(V)(’[L, 2) + Z Z Re (B (Zl, Zl) Za)
k=2 k=2 a=2
+ QW (%,...,5.)+ EM(3,2) =0 (8)

where I/AJ,(CV) and B‘(l",)c are homogeneous of degree k, Q(’/) is a quadratic form, and EW =
o(lar™ + 222 + -+ + |2al?).

Now we make coordinate changes of the form (4) and (6) to remove the terms of the
form z], 2 < j < 2m, 2] 24, Z{ 24, 2 < j < m, and their conjugates from the expansion
of p("). We observe that these changes of coordinates, which we will denote by 4™y and
(6()), are biholomorphic mappings defined in a fixed neighborhood U of p., in C™*!, which
is independent of v. Further, as ¥ — 00, the composition of coordinate changes (4 @), (6™),
and (7)), associated to the point p,, approaches the identity transformation. Thus there exists
¢ > 0 such that 3, PP, oW and ¥, B k approach 1, o, and B,, in C*(|u| + |2] < ¢) as
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v — o0, and Q” approaches |2,|2 + - - - + |2, |* Further, there exist large N, K < 00 such that

] K(Jul + 2™ + [z2] + - + ] 2nl)

K lz|(la[™ + |zl* + - + |2a]) ©)

|

<
|E¥)| <

hold for v > N and |u| + |z| < c.

Now let us drop the hats (") from the coordinates and make the following rescaling of
coordinates:

EW = w
51,21 = 2
VEZa = Zg, 2<a<mn. (10)

The defining function for the corresponding domain is given by

1
vy — _ 5
p b
2m m n
= vte (Z 850 (21) + 30 Veuth Re (B (2, 21) za>))

k=2 k=2 =2

+ Q2.0 2,) + up™(eyu, 6,2, Ve, .. \/€2n)

+ 6, EYV(b,21,v/622, ..., /Euzn), (1)

where we have dropped the tildes (*) from all the coordinates. Now we choose 6, such that
the coefficient of the largest term in parentheses in (11) has modulus 1. Since the function 1/132
converges to ¥ as ¥ — 00, it follows that

supe, 62" < co. (12)

‘We may pass to a subsequence as ¥ — 00 so that the polynomials inside the large parentheses
in (11) converge to a limit. By (9), the o) and E ) terms disappear as ¥ — 00, and thus the
functions p(*) converge to a function of the form

n

p=v+P(z,z)+ Z(Re(Ca(zl, Z1) Za) + 2aZa),

a=2

where P and C, are polynomials with deg P < 2m and deg C', < m. Since (11) holds on the
set {|w| < ce;l,|z1] < €61, |2a| < ce; 72}, it follows that the convergence takes place in
C™ of compact subsets of C" !,
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Let D) denote the domain that is the image of €2 N U under the original coordinate
changes (4) and (6), followed by (4*)), (6™, (7)), and (10%)). It follows that the domains
D™ converge to the domain D = {p < 0}.

Lemma 1. We have
D={v+P(z1,21) + 222+ -+ + 2,3, < 0}

where P is a subharmonic polynomial whose Laplacian does not vanish identically. Further, there
is a holomorphic function @ on D such that |p(w, z)| < 1 for (w,z) € D and

li =1.
pam__p(w,z)

Proof. Since D is the smooth limit of the pseudoconvex domains D) it is pseudoconvex.
Thus the function p in (12) is plurisubharmonic, and so we must have

8le,zl 60 21,21)
> 0.
821821 ;R 821821 T 02,07 °F 0

Since this must hold for all values of z,, it follows that the terms in the summation must vanish.
On the other hand, since we removed all of the pure harmonic terms from C,, it follows that the
terms C', themselves vanish. Since we have also removed all the pure harmonic terms from P,
it follows that the Laplacian cannot vanish identically.

Let P be a polynomial of degree 2k, and let Py, denote the homogeneous part of P of
degree 2k. Thus for € > 0 we may choose a large C' such that

D C D= {v+ Puls, ) + ol + -+ al? < effuo] + 2} + C}.

Let us recall the construction of a peak function for the point 0 € dD as given in {BF]. This
involved constructing a function that was linear along certain sectors and vanished at the origin.
The reciprocal of this function vanishes at infinity and may be used to construct a function that
peaks at the point at infinity of D. This proves the lemma. d

Now let h, : D — QN U denote the biholomorphic mapping defined by taking the
inverse of the coordinate changes @™y, 6y, (7)), and (10*), followed by the inverses of
the original (4) and (6). Any compact subset of €2 is mapped to U N §2 under f, for large v,
and so h;‘ o f, is defined on any compact subset of §) for v large enough. Furthermore, for
any compact K C D, we have K C D™ for v sufficiently large, and thus g, := f, ' o h,
is defined on K. Since {2 is bounded, we may extract a convergent subsequence {gl,j} which
converges to a mapping g : D — ). By the choice of ¢,, it follows that g, (—%,0) = po holds
forv =1,2,3,.... Thus g(—1%,0) = po € §1.
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In order to control the convergence of the sequence {g, }, we will use the invariant metric
introduced by Sibony [S]. This assigns a length F(p,&; D) to a point p € D and a tangent
vector € at p. I decreases under holomorphic mappings, i.e., if g : D — €Q is holomorphic then

F(g(p),9.(€); ) < F(p, & D).

By the distance decreasing property it is easy to show that F' < Kobayashi metric. The property
of this metric that is most useful for our work is that F'(p,&; D) is defined in terms of certain
bounded psh functions on D. In particular, Sibony [S] shows that if there is a smooth, psh function
p defined on all of D with p < 1, and if there is a § > 0 such that dd°p(&, €) > 6|£|? holds at
all p such that the Euclidean distance satisfies dist(p, py) < &, then there exists € = €(6) such
that

F(po, & D) > el€]. (13)

We will find (13) useful for metric estimates that hold uniformly for a family of domains D.
Equivalently, we could use the Kobayashi metric in the proofs below and appeal to the Sibony
metric merely as a device for estimating the Kobayashi metric from below.

Lemma 2. The mapping g : D — S is a biholomorphism.

Proof. By [DF2] there is a 6 > 0 and a smooth function & with &(0) = 0 such that

7 := —e*(—r)? is a plurisubharmonic exhaustion function for 2. Then
ﬁ(u) — —eaOh"(—T‘ o hu)ﬁe;é — _eaohu(_p(u))ﬁ
is plurisubharmonic, and §*) converges to p := —(—p)® as v — oo. Let us choose a point

go € D near (—%,0) such that g(gy) € 2 and €’ is strictly plurisubharmonic at go. For v
sufficiently large, the functions e?™ will be uniformly strictly plurisubharmonic at the point gq.
Thus for a tangent vector £ there will be a uniform lower bound for the Sibony metric

F(go,& DY) > €lg].

Since this metric is nonincreasing under the functions g,, and since Fg is strictly positive, it
follows that the differential Dg, (o) is bounded below. It follows then by the theory of H. Cartan
(see [N]) that g : D — g(D) is a biholomorphic mapping.

It remains to show that g is onto. First we will show that g maps the boundary of D to
the boundary of ). Let us choose small neighborhoods By of gy and B; of g(go) such that
B C g,(By) for v sufficiently large. We choose ¢ > 0 such that p < —c on By, and thus
p*) < —c on By for v large. Now let b denote the harmonic function on §2 — B, such that
h = —con 0B, and h = 0 on 0f2. By the Hopf lemma, there is a constant € > 0 such that
—edist(p,0) > h(p) for p € . For any € > 0, we may choose a compact K such that
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h > —¢€ outside K, and thus for v sufficiently large, we have

—edist(p, 09) > h > 5 (¢") ' (p)) — €

for p € K. If p € g(D), we may pass to the limit as ¥ — 00 and obtain the same inequality
for p with € = 0. Finally, we note that for R > 0 there is a constant 7 > 0 such that
—ndist(g, D) < p(q) holds for ¢ € D such that |¢| < R. We conclude, then, that for ¢ € D
with |¢| < R we have

e/’ dist(g(q), 0)"/° < dist(q, 0D). (14)

Now we suppose that g is not onto. By (14) we must have lim,_,, ¢~'(p) = oo for any
po € 2N 3(g(D)). Let @ be the peak function given in Lemma 1. It follows that

(g7'(p) =1.

lim
p—0Nd(g(D))
Thus, by Rado’s theorem, ¢ 0 g~ ! extends analytically to € if we set it equal to 1 on 2 — g(D).
However, [ 0 g™'| < 1 on g(D), and so the extended function is bounded in modulus by 1 on
2. Thus Q — g(D) is empty by the Maximum Principle. [l

2. Tangent vector fields

In this section we will analyze, from the algebraic point of view, the tangent vector fields
for the homogeneous model of €2 at the point § = 0. We may assume that 02 has the form (3)
at 0. (Note, however, that the point P is in general different from p,, and the degree 2m of the
homogeneous polynomial 1/ at p may differ from the value encountered earlier.) We attach the
following weights to the coordinates: w has weight 1, z; has weight 1/2m, and z, has weight
1/2for2 < a<n.

We perform the scaling of coordinates at the point § = 0 given by w = 01w, 2, = n'/?™z,,

7]1/ 2Za» 2 < a < n. As ) — 0, we obtain the weighted homogeneous domain

v+ (21, 2) ZR@ am (215 21)%a) T 2aZa < 0. (15)

Since {2 is pseudoconvex, (15) must be pseudoconvex, too, so if we argue as in the proof of
Lemma 1 we conclude that the B, terms vanish. Thus we have

r=v+9(z,2) + ) ZaZat (16)

a=2

where the dots denote terms of weight greater than 1.
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We assign weight —1to /0w, —1/210 3/324,2 < @ < n, and weight —1/2m 10 8/0z;,
and we let A% denote the holomorphic vector fields @ that are homogeneous of weight y and
such that Re @ is tangential to the homogeneous model {v + (21, 2;) + > onrs 2aZa = 0}.
Thus @A™ is a graded Lie algebra, and [A®  AM] C AW+,

If we write QQ = Qo(0/0w)+3"7_, Q;(9/0z;), then the tangency condition is equivalent
to

i n
Re [_EQO + lel + Z ZaQa] =0, (173)
a=2
where we write 1), = 0v/0z,, and we substitute

w=u—i(p+ Y 2%) (17b)

with z and u arbitrary. It is evident that —1 is the lowest possible weight, and A consists of
real multiples of 8/8w. Since m > 1, every vector field of A("!/? is easily seen to have the
form

QUY =3 cula, ca€R, (18)
=2
where
0 i 0
L,=2y0— ———. 1
i ow 20z, (19)

A2 may also be described by changing coordinates so that the homogeneous model becomes
v+y(az) + Re(ca™) +y; + - +y, =0.

In these coordinates the vector field L, corresponds to d/0z,, which generates a translation in
the x,-direction. It will be seen in Lemma 4 that A(~1/2™) £ 0 if and only if a,c € C can be
chosen so that ¢(az;) + Re (cz¥™) = y7™, and in this case A("!/2™ is generated by §/0z,.

Let us make the useful observation that if wt(Q)) > 0, then ;(0) = 0 for 0 < j < n. Thus

there are no pure holomorphic or antiholomorphic terms in 9;@ or Z,Q,. So if (17a) holds,
then there can be no pure holomorphic terms in (), under the condition (17b). This means:

If wt(Q) > 0, then Q) is divisible by w. (20)
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It is an elementary calculation to check that a solution of (17) with weight 0 has the form
0 0 ~ 0 0 -
© = 2mw— 4+ 5H=—+m Za— | + vz — + z
Q H ( aw ]821 Z aaa Y 1621 Z ’Ya,ﬁ o

a=2 a,3=2

9
8Zg

,  (21)

with p1,7 € R and 7, 3 = —7s,4. Conversely, if (21) is a solution of (17) and if v # 0, then
¥ = clz ™.

Lemma 3. IfQ € AW, u > 0, and if [0/0w, Q] = 0 (i.e., if the coefficients of Q are
independent of the variable w), then @ = 0.

Proof. By (20) we have Qp = 0. And since wt(Q) > 0, it follows that 8Q;(0)/0z, = 0
for 2 < j, a < n. Differentiating (17a) with respect to Z,, 2 < o < 1, we obtain

Qa + '(/)1 (g?l

o3

£ ) -

=2

Thus Q; =0forj # l,andso @ =0. [

Lemma 4. [fQ € A™ and QQ # 0, then either p = /2 for some integer j > —2, or
(= —1/2m, in which case the following hold.:

(i) After a change of variable z1— az,

= (5" (3)"-3))

(i) Q= A(izi™""(8/0w) + c(d/Dz1)) for some X\ € R and ¢ = 4™ (=1)"/m.

Proof. In the case —1 < p < —1/2, we can only have Q = Qpd/0w, and it is obvious
that Q = 0.If —1/2 < p < 0, then Q@ = Qo0/0w + 3=;_, Q;0/0z;, and no coefficient Q,
2 < a < n is a nonzero constant. Either (); = 0 or we are in the case of weight —1/2m,
and @, is constant. [0/0w, Q)] = O since it has weight < —1, so the coefficients (); are
independent of w for 0 < j < n. Further, [L,, Q] has weight strictly between —1 and —1/2,
50 it, too, vanishes. Thus the coefficients g, 2 < 8 < n are also independent of the variables
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Za» 2 < @ < n,ie., Qs = Qp(z). Condition (17a) is now given as

Re ‘%Qo + Qi (21) + Z%Qﬁ(zl)] =0,

and it follows that Q)3 = 0 for 2 < 3 < n. In the case of weight < —1/2m we must have

Q1 =0, s0 Q = 0. If Q has weight —1/2m, then @, is constant, and we consider the new

coordinates Z; = @y '2). Dropping the " from our notation, we have —(i/2)Q = bzi™ ', so

the previous equation becomes
1
Re (b2 ™" +,) = Re (bzf'”_' + 5¢x1> =0.

It follows that, modulo harmonic terms, 1) is independent of x;. Thus 2/ has the form (i), and @
can easily be shown to have the form (ii).

Next we show that A!=(/2m) = 0. 1f Q € AU'~(/2™) | then [0/0w, Q] € A1/,
By Lemma 3, we have (Q = 0 unless A(~!/2™) £ 0, and in this case ¢ must have the form (i)
above and [0/0w, Q] must have the form (ii). Thus by (20) we have Q = Aiwz;™~'. And by

Lemma 3 again, we have Q) = Acw + R, Qo = R,, 2 < a < n, where R;(z) depends on
the variables 2 alone. Now we set 4 = 0 and z, = 0 for 2 < a < n, so (17a) becomes

Re [Aevmyi™ ™' + Ry (21,0,...,0)¢(z)] = 0.

Now we note that v = —1), and by homogeniety we must have R,(2,,0,...,0) = AzI™ for
some constant 4, so this equation becomes

_ m
Re |acy}? 1+Azfm7yf'"“ =0.

Expanding this out into powers of x, and ¥, we see that we must have A = A = 0, and thus

Q=o0.

For y1 > 0 with g # 1 — (1/2m), we have [0/0w, Q] € A*~D, and the lemma follows
from Lemma 3 by induction. [

In case 1 = c|z,|*™, it is easily seen that A/ contains
. n
QYW =) "¢,P,,  withc, €ER, (22)
=2

and

P, = o o _9 E o —) N
o mwez ) + 212, 621 2 w 7 +m < 2’ 2 (23)
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and A contains
0 0 - 0
W= w|muv—+2z21—+mY z,— | . 24
@ ( ow ! 21 agZ “0z, (24)

Lemma 5. If AW £ 0 for some p # —1,—1/2,—1/2m, 0, then the following hold:

i p=1 / 2o0rl.

(i) ¥ = c|z|*™ for some ¢ > 0.
i) A2 s spanned by the vector fields Q(l/z) in (22).
vy AW s spanned by the vector fields Q(l) in (24).

Proof. By Lemma 4, £ must be a positive half-integer. By Lemma 3, [8/0w, A®)] # 0,
and so we have A*~") = 0. Continuing in this way, we have either A/? % 0 or A"
0. Let us suppose first that there exists a nonzero Q@ € AU/2. If n = 1, then Q = 0by
Lemma 3. Thus we may suppose that n > 1, and [0/0w, Q] has the form (18), so in this case
0Qo /0w = Y, CaZa- By (20) Qo is divisible by w, so we must have Qo = Y7, ¢, 24W.
By Lemma 3, there exist functions R, ..., R, that are independent of w such that Q; = R,
and Q, = —(i/2)cqw + R, for 2 < a < n.

The commutator [L.,, )] has weight 0, and the coefficient of 3/0w is given by z, ¥ €424 —
3¢, w — R.. By (20) this is divisible by w, so we must have

n
R, =z, Z CaZa
a=2

for 2 < a < n. Now we have determined all of the (); except (. Substituting into (17a), we
obtain

Re (Qﬂ/ﬁ(%) - zn: Cazad](zl)) =0,

so we conclude that ¢ = ¢|2;[*™ and Q, = (1/m)z, Y. n_, CaZa. This proves (ii) and (iii) in
case A1/D £ 0.

The other case is that there exists a nonzero @ € A", The commutator [8/0w, Q] has
the form (21), so by (20) we have @y = pmw?. By Lemma 3, we see that Q, = pwz, +
iywz, + R(z) and Qo = pwz, + Y5 V8,028w + Ra(2) for 2 < oo < n. Now we consider
the coefficient of /0w in [Lq, Q] € A1/?. A simple calculation shows that this is equal to
R,, plus terms divisible by w. So by (20) it follows that R, (z) = 0 for 2 < a < m. Our vector
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field now has the form

. 0 0
Q= QY + (iyvwz + Ry (2))=— + Z’yﬁ’azlgw— , (25)
82’1 82,1
where Q) is as in (24) with A = p. Setting now v = 2z; = 0, we see that (17a) takes the
form Re ) 7s,2310Z, = 0. By the condition Y, 3 = —%g,a, We see that 7,3 = 0 for
2<a,f <n.

We distinguish now two subcases: ¥ = 0 and v # 0. If v = 0, then we note that on
V+ Y+ 242, = 0 we have Re QW (v + 9 + 3 2,2,) = p(Rewz13;) — pwmush. Thus
for the vector field (), (17a) becomes

Re (pivzip + Ri(2)¢1) =0, (26)

where we have set © = 0. If n > 1, then there is a 2,2, in v, and the coefficient of 2,2, (26)
must vanish, so

puRe (iz19) = 0, (27)
and from this follows that R; = 0. If n = 1, then we must have R,(z) = ¢;22™"", and in this
case also we must have (27) and ¢; = 0. In both cases it is evident that (iv) holds. Further, since

Q@ # 0, we must have u # 0. Thus (27) gives I'm z;9; = 0, so it follows that ) = c|z[*™ for
some ¢ > 0, and so (ii) holds.

The other case is that v # 0. As was observed after (21), this implies that ¢ = c|z;|*™ for
some ¢ > 0. In this case, if we set © = 0, then (17a) becomes

Re (ivzi(—i)yy — Rir) = Re (’Ym|21|4m - RI(Z)ZT“IET) =0. (28)

But (28) implies that v = R; = 0. Again () has the form (24), so (ii) and (iv) hold in this case,
t00.

We see that in both of the cases p# = 1/2 and p = 1 we have (ii), which implies that both
A/ £ 0 and ADY £ 0. Thus (ii), (iii), and (iv) all hold.

Now we prove (i). By Lemma 3, it is sufficient to show that AG/?) = 0 and A® = 0.
Let us first suppose that Q € AG/Y. Then [8/0w, Q] € A1/?), so by (iii) and (20) we have
Qo = Y.(m/2)caz,w?. And by Lemma 3 we have

Q= anzazlfw + Ri(2)

and
m
——c

Qs = 2

sw +m Z CaZaZpW + Rg(2).
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Now [L., Q] € AW, so by (iv) the coefficient of §/dw in this vector field is given by
1 3 ) )
me, _5+Z w” — R, (z) = dmw”.

Since ¢, and A are real, they must vanish. This yields R, = 0, so () = 0.

Finally, suppose @ € A®. Then [8/0w, Q] € AY, so by (iv) and (20) we have @, =
1Amw?’. By Lemma 3 we have Q; = (M\/2)z,w* + Ry(2) and Qo = (A/2)mzow” + Ry (2)
for 2 < a < n. Checking the coefficient of u? in (17a), we find that A = 0. Thus ) = 0 by
Lemma 3. This completes the proof of (i) and of Lemma 5. U

3. Geometry of the domain

The domain D has the one-parameter family of automorphisms T (w, 2) = (w + T, 2),
7 € R. By Lemma 2, this induces a one-dimensional subgroup S, := g o T o g~' of Aut({Q2).
Since €2 is bounded, Aut({2) is a Lie group, so this 1-dimensional subgroup is generated by Re H
for some holomorphic vector field H = Hy(8/0w) + H((0/02) + - - -+ H,(8/0z,), where
H,,..., H, are holomorphic on {2. By the fact that {2 is pseudoconvex and finite type, we know
that the functions H, ..., H,, extend to be C* on ). Repeating the proof of Proposition 2.4 of
[BP], we see that g : D — € extends to a homeomorphism between Du {oc} and Q. Thus
the point p = g(00) is a fixed point of S, and thus a zero of H. Further, it is a parabolic fixed
point since lim,_, 4o, S;(p) = p holds for all p € Q.

The vector field H is generated by the mapping g in the sense that for any function ¢ on €2,

dip(g(t))

(Re H)(0)lp=g(a) = ) (29)
dt =0
where we write g(t) for g(go + (¢,0,...,0)). It was shown in [BP, Proposition 2.4] that
lg(t) —pl < Clt|™ (30)

holds for go € D and [t| > t,. Thus we see that at the point p = g(q) € €, we have
|Re H(p)| = |dg(g + (£,0,...,0)}/dt|;.

Lemma 6. The vector field H vanishes to finite order at P.

Proof. Let us assume § = O and choose § > 0 such that 1 — ¢ > 27°. Then there is a
sequence ¢; — 0O such that

lt59(t;)| = (1 - 6)t|g(t)] (31)
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for t > t;. Thus
|9(t;) — 9(2t;)| = clg(t;)]

forc = 1— (1 —46)"'27¢ > 0. By the mean value theorem, there exists t; <& < 2t; such that

1t;g' ()] > clg(t;)| > c27¢|g(€)], (32)

where the last inequality follows from (31). From (30) we have t; < & < |Cg(€)|~"/¢. Thus
it follows from (32) that |g’(£)| is bounded below by a constant times |g(£)|'*'/¢, and so we
conclude that H vanishes to finite order at p = 0. O

Thus the Taylor expansion of H vanishes to finite order at p.,, and we may write H =
Q + ..., where ) # 0 is homogeneous and the dots are terms of higher weight. By Lemma 5,
Q is of the form (21), (22), or (24). Let us suppose for the moment that @) has the form (21)
and set p = wW + 27"2" + 2% + -+ 2,2, f 4 < 0, then Re Hp = mup+--- <0
holds near the origin. Thus the orbits of Re H approach the origin in positive time but not in
negative time. So we conclude that for a parabolic vector field with ¢ given as in (21) we must
have ¢ = 0. In the following lemma, we use the additional fact that

H=g (2%) , (33)

which is a restatement of (29), and we show that () cannot have the form (21). Our proof will
proceed by a scaling argument.

First we recall the following result, which is an elementary consequence of the definition of
the Kobayashi metric.

Proposition 1. Suppose that G C C" is an open set, that ¢ : A — G is a holomorphic
mapping defined on the unit disk A C C, that w = {p € C" : dist(p, ©(0)) < n} is contained
in G, and that F(p,&§;G) > €|| for some € > 0 and all p € w. Then ¢(z) € w for

|z| < min{(1/2), (3/4)ne}.

This is useful because it gives us a criterion for normality of a family of mappings into
variable domains.

Proposition 2. Let €, > 0 and py € C" be given. Let G, v = 1,2,3,... be domains
containing w = {p € C" : dist(po,p) < 71}, and suppose that F(p,&;G,) > €|€| for all

pE€w If p, : A — G, is holomorphic for v = 1,2,3,... and if lim,_, ©,(0) = py, then
{ev} is a normal family on {|z| < min{(1/2), (3/4)ne}.
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Proposition 2 follows easily from Proposition 1.
Lemma 7. Q has the form (22) or (24), and 1y = const 2" Z".

Proof. By Lemma 5 and the remarks above, it is sufficient to show that if () has the
form (21) with & = 0, then () = 0. So let us suppose that () # 0 and derive a contradiction.
Consider the biholomorphic map R(w, z) = (w+c2{™, 21, ..., 2,) and the scaling X, (v, 2) =
(V¥™w,vz,v™2,,...,V ™2, ), and note that Ry, = X, R. Let us set 2 = R™!Q) and Q) =
X,,Q. If r is as in (16), then by Diederich and Fornaess [DF2] there exists 6 > 0 and a smooth
function ¢ on Q such that p = —e“’(——rzé is a psh exhaustion of €. It follows that ﬁ(") =
v2mépo X, ' o R is a psh exhaustion of Q) and near the origin

()

/3('/) = —¢e¥ <— (v +Im CZ%m + 1/)(21, Z1) + Z ZaZa + E(U)))§

where p*) — (0) and E®) — 0 as v — 0. Further, as v — 0o the domain Q) tends
smoothly on compact subsets to the domain

O = {)5* = - (_ (U+Imcz12m+¢(zl,21)+Zza§a))6 <()}.

We may choose ¢ such that (Im(cz{™) + )., # 0 on the set {2; # 0: 9.z = 0}. Thus 5*
is strictly psh at all points of 2* N {2, # 0}. It follows from (13) that

for every compact K C €0 N {z # 0} there exists ¢, > 0 such that
F(p,6QM) > colél it p € K (34)

for v large enough that K C Q).

Let us fix p° € Q* N {z # 0}. Setting ¢*) = (w™, 2 20) = g7 (p0), we
make the coordinate change

2‘7‘ = Zj-—Z]('V), 1§]STL
W = w—Rew™ —ali+ Re Z ag")(zj - z](-")) (35)

where a(()y) € R and ag-u) € C, 1 < j < n are chosen such that (i) in the “-coordinates q(") is

given by (—iA®);0,...,0), (ii) the point (0,...,0) € 8D, and (iii) TodD = {Im & = 0}.
Now in the “-coordinates, the domain D has the form
G = {v+ P¥(2,5) + 22 + -+ + 2,2, <0},

where we have dropped the hats (*) from the notation. We observe that P(*) is a polynomial of
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degree < 2m, and we may make a change of coordinates
W= w—i—Zc]-zf (36)

so that the new expression for P in (36) in the ~-coordinates has no harmonic terms.

Finally we introduce the scaling of coordinates
W= X%, z=p"%, zZ,=VAWi,, 2<a<n. (37)

G will again be defined in the form (36) in the new coordinate system, and we choose (")
such that the largest coefficient in P has modulus 1. Now we drop the ~ from our notation. It
follows that if we pass to a subsequence P(*) converges to a polynomial P*, and G*) converges
smoothly on compact subsets to

G ={v+ P (21,2)) + 222+ - - + 2,2, < O}.
Since each G*) is pseudoconvex, it follows that G* is, too. Thus P*(z,Zz,) is subharmonic.
Now let us consider the mapping R G0 — Q(") that is given by the coordinate changes
(35), (36), (37), followed by Y, © g. By construction, h'*)(—i,0,...,0) = p°. Further, we have
the estimate (34) in a neighborhood {|p — p°| < ¢;}.
By Proposition 2, there exists £ > 0 such that {R™} is a normal family on V = {|(w, z) —
(=,0,...,0)| < &}. Let h : V — Q* denote the limit of a subsequence of {A()} on V. Now

let a; be a pomt near O such that P*(a;,a;),,z > 0. Arguing with psh exhaustion functions, as
we did to obtain (34), we see that

F(g,&GY) > cl¢] (38)

holds for v sufficiently large and ¢ sufficiently close to (—1,a,,0,...,0). Now since R®) is
biholomorphic and dist(h*)(~1, a,,0,...,0), Q) is bounded below, the estimate (38) gives
the lower bound

R (=4, 01,0,...,0)¢] > eaf€| (39)

for some ¢, > 0. Thus A is locally biholomorphic at (—1, ay,0, ..., 0).

Now we consider the mappings h(*) := RA™) .V — Q*, where
Q*=RQ*={U+1/) 21, 21) Zzaza<0}

We observe that the coordinate changes (35), (36), (37) preserve the orbits of 0 /Ou and in fact map
0/0w to a real constant multiple of itself. The map ) := RA™) : G — Q) .= RO®
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has the property that

W (55 ) = ). (40)

It is easily seen that the limit of a vector field under homogeneous scaling will yield only the
terms of weight 0, i.e., lim,_ o0 (X, ). H = Q. Since A%} converges to i = Rh, we see that
|c, | is bounded above, and by (39), h(*) converges to a locally biholomorphic mapping, so |c, |
is bounded below away from zero. Thus we have

h (5%) —cQ (a1)

for some real ¢ # 0.

Next we will use (40) and (41) to show that & may be continued to a holomorphic mapping
of V + (R x {0}) to Q*. We may assume that h(V) is relatively compact in 2*. In the form
(21), if v # O, then the functions w, 1 = |2;|*™ and |2,|* 4 - -+ + |2,|* are constant on the
orbits of Re Q); otherwise, if v = 0, then 2; in addition is constant. In either case, the orbit of
h(V') under Re @ is relatively compact in 2*. Thus by (34) there exists € > 0 and 1 > 0 so
that

F(p, &) = el¢] (42)

in an 77-neighborhood of the orbit of A(V'). Since Re(d/0w) is an isometry, we have

F(q,6G") > €l¢] (43)

forg € V4 (R x{0}) and some other € > 0. Now we may use (40), (41), (42), and Proposition 2
to conclude that {R(*} is a normal family on V + (R x {0}), and we again denote the limit
by h. By the estimate (43), it follows that 4 is a biholomorphic mapping from V + (R x {0})
to its image.

Finally, let ¢ denote the orbit of Re () passing through h(—%,a,,0,...,0). For any point
A € o, there is a (small) neighbornood U containing A on which h~! is defined. By the estimates
(42) and (43), the Jacobian matrix hﬁj’> is bounded above and below on a fixed neighborhood
of h='(A). Thus (h)~'(A) converges to h™'(A) as v — oo. Thus, by Proposition 2,
{(h))~"} is a normal family on a neighborhood of &. But this is a contradiction, since h~!(c) =
{(=i+1t,a,,0,...,0) : t € R} is not bounded. This completes the proof of Lemma 7. [

Remark. We note that if P(z;, Z,) is subharmonic and homogeneous, then the domain
{v+ P(21,2) + 2222 + - - + 2,Z, < 0} is hyperbolic. (We may use the change of variables
w=w+ czlzm to obtain a bounded function that is strictly psh at any given point of the domain.)

O
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4. Parabolic orbits

We let H = g.(2(0/0w)) denote our parabolic vector field, and we let f; = exp(t Re H)
denote the family of automorphisms of {) obtained by exponentiating. For a point py € 2,
we let p; = (w(t), 2(t)) = fi(po) denote the orbit under Re H. In this section, we study the
asymptotic behavior of the orbit t +— p; ast — +00. By Lemmas 5 and 7, we have H = Q+- - -
where either Q = Q('/? is as in (22) or Q = Q) is as in (24). In all cases the orbits approach 0
tangentially to the z;-axis, but there is an essential difference: if g = 1/2, then w(t) is essentially

imaginary (i.e., the w-coordinate approaches the boundary essentially normally), whereas in the
more singular case p = 1, v(t) = O(u(t)?).

Now we may define €2 locally as
r(w,2) = v+ 2"+l + -+ |2l +up(y, 2) + E(2) <0, (44)
where ¢ satisfies (5). Since € is pseudoconvex,

E =0 (] + Y (12" zal + |22 + |22))) - (45)

In the first case, o = 1/2, we may make a change of coordinates by an (n — 1) X (n — 1)
(real) orthogonal matrix acting on the variables 2, ..., 2,, followed by a dilation, so that () =
QU'/? = 2P, (as in (23)). Thus we may assume

1 0 1 0
EH = (wzz + GO)% + <E2122 + G1> 8—21

) 0 ~
+ <—5w + Z% + Gz) 52—2 + Z(zzza + Ga)

7
= 024

where G; denotes terms of higher weight. Thus the orbit ¢ — p, = (w(t), 2(t)) satisfies the
equations

w22+G0 = w

1 .
— 221 + G1 = 21
m

1 )
—Ew + 23 -+ G2 = 23
2Za +Go = Zg, 3<a<n. (46)

From (44), we have

|20 + 3 Lzal* = O(lwl) (47)
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for points (w, z) € €. Thus if G; vanishes with weight at least p;, we have G;(w, z) =
O(jw|*7). From the first equation of (46) we have

Zy = ’w_l'U:I - U)_IGQ (48)
and so
by = w2 (wib — ()?) — %(w“GO). (49)

Now we see from (46) and (47) that w = O(|w]*?), 2, = O(Jw|(/P+1/2m™)) "and 2, =
O(|w|). Thus it follows that

2w 1Gy) =

- O (w'Go); = O (Jul5)

=0 8ZJ'

where we use the notation zp = w. We substitue (48) and (49) into the third equation of (46) and
divide by w to obtain

- -1
w dt(w G0)7

2 w3 w3 w dt

i 20wGy, G G, d(u'))_ld

which we may rewrite as
? d (W
ama (), -

where B, = O(|w|"/?>™). We integrate this with respect to ¢, and it follows that w2 ~
—(i/2)t in the sense that lim, ., t~'w ™% = —i/2. Integrating again, we obtain w™" ~ it*/4,
or w ~ —4it 2. Substituting this back into (50), we have

? i d (W
—— 40t =) ==|—].
2 + (‘ | ) dt <w2>
Integrating this gives

% = —%t +0 (|t~ )

2
and
w=—4it™2+0 (|t 7)), (51)
which, by (48), gives

n=-2"+0(It[F). (52)
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Further, by (47), we have

a=0 (|t %), and z = O(|t|") for2<a<n. (53)

Lemma 8. Ast — +00, we have

(i) w(t) = —4it™2 + O(|t|~2~ /™).
(i) z(t) = O(|t| ™).
(iii)  z(t) = 2671 4+ O(J¢]| =1 -/,
(v) z(t) =O(|t| =™ for 3< a < m.

Proof. We have already shown (i) and (iii). To show (ii), we note that by (53), we have
z1 = O(|t| %) for § = —1/m, and by (52), the second equation of (46) has the form —2z, /mt+
Ot~ 1-0/m=8) = %, or

2 d 2 1
o () =0 (jt| %) 54
2 (= 4 (54
Multiplying this by t*/™, integrating, and then dividing by t/™, we have z; = O(t~/™ log |t|).
If we substitute this improved estimate for 2, into the second equation of (46), then we have (54)
with § > 1/m. Repeating our procedure, we obtain (ii).

The proof of (iv) is similar: by (53), we have 2, = O(|t|~!7%) with § = 0. By (i), (ii), and
(53), we have G, = O(]t|=2~?/™), the “worst” monomial that can appear in G, being 22z;.
Thus the fourth equation of (46) is

t‘2%(t2za) =0 () + 0 (jt ).

Proceeding as in the previous paragraph, we obtain (iv). (|

In the case it = 1, we may write the vector field as

1., 0 1 0 0
EH = (w +G0)aw + (mz1w+G1> B2 +Z(Zaw+Ga)aza )

where G; denotes terms of higher weight. Thus the orbit ¢ — p, = (w(t), 2(t)) satisfies the
equations

w2 + G() = w
i .
— w2z + Gl = 21
m

Wzo + Go = 2,4, 2< a<n,. (55)
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Since wt(Gp) > 2, we have Gy = O(|w|**(?/2™)) by (47). Under the change of variable
w* = —1/w, the first equation of (55) becomes

14+ (w* ) Go((w*) ™', 2) = w*

or

1+ A(w*) +iB(w*) = v,

(56)

(57)

where | A(w*)|, |B(w*)| = O(|w*|~!/*™). By elementary estimates on (57), we obtain w*(t) =
t + O(t'~(/2™)), from which it follows that

By (56) and (58) we have

a(t) =0 (t7)

= —t'+ O

—- 0 (t—‘—ﬁ).

(58)

Lemma 9. ¢ 't72 < |r(w(t), 2(t))] < ct™2

Proof. Since Re H is tangential to 82, Re H(r) is a smooth function on 2 that vanishes
at the boundary. Thus near O there is a smooth function & such that Re H(r) = hr. By (44) and

(55) we have

ReH(r) =

2Re <(w2 + Go) (—2—2 + E(wp + Eu>
1
+ (a0 G (ma '3 + (wp+ B))

+) (Zaw + Go) (2o + (up + E)..))
= (—2u(v+ |z + |l + -+ |z + ),

where the last set of dots indicates terms of higher weight. It follows that wt(h —2u) > 1. Since
r < 0 on {2, we may divide by 7 and obtain

dt

d _7'"_ _ -1 —1-5L
logr=—=(u+-) =2 +O(t )

Here the dots indicate terms of weight > 1, and we have substituted the powers of ¢ obtained
—1/2m
in (59). Integrating this equation and then exponentiating, we obtain 7 = ect—2e0t™" ), which

proves the lemma. [
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We will use the notation A = O(t#*?) to mean that A = O(t**€) for each € > 0.
Lemma 10. z,(t) = O(t~"/™), and 2,(t) = Ot "*°) for2 < a < n.

Proof. G, vanishes with weight > 1+(1/2m) at (w, 2) = (0,0) and so G| = O(|w|*+
lwza| + |2223] + |20 + |21)7™72). By (59) G) = O(¢~'~(/™)), and the second equation in
(55) becomes

(G+o(er#))aro(c#) =a,

or
e (1) =0 (t717%).

We multiply this by t!/™, integrate with respect to ¢, and then divide by t!/™ to obtain
21(t) = O(t"/™logt). When we substitute this new estimate for 2| into G, we have G, =
O(t='=@/™)+0) Thus the second equation in (55) is

Solving this again, we obtain z; = O(t~"/™).

To take care of 25,..., 2,, we note that G, vanishes with weight > 3/2, and so G, =
O(|w*+ X s(lwzszi| + |lwzd| + |23z | + 12527 |+ |2328™ ) +|23™ ! |). We may assume
that zz = O(t={1/2=°) for some € > 0, and so the third equation in (55) becomes

t“%(tza) =0(t™) +0 (%) + O(t™™).

If € < 1/2, then we muliiply by ¢, integrate with respect to ¢, and divide by ¢, to obtain
2o = ct™llogt + O(t~(1/D=<=(/m)) Thus we improve the old € by adding 1/m until we
reach 2z, = O(t 'logt). [

5. Final rescaling

The goal of this section is to make a final rescaling of the domain {2 and complete the proof
of the theorem. We let f; = exp(t Re H) denote the family of automorphisms of () obtained
by exponentiating the vector field H. We will assume first that the vector field has the form
H = QW +.... At the end of this section we discuss the case p = 1/2.
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We now perform a scaling of coordinates that is very similar to that of Section 1. We let
2 = z—2(t) and W = w—w*(t), where we define w*(t) = u(t)+iv*(¢) with v* < 0 chosen
so that 7(w*(t), 2(¢)) = 0, i.e., v* = —|z; ()" =X |2 (&) —u(t)p(u(t), 2(t)) — E(2(t)).
In the new coordinates, the defining function of the domain is given by
r(w,2) = r(+w(t),2 + 2(t)
= 04 (5 +a@OF™ — [2@)P") + D12l +2Re Za(t)24)
+ gl + u(t), £ + 2(t)) + u(®)[p(d + u(t), £ + 2())
— p(u(t), z()] + E(2 + 2(1)) — E(z(1))-

Now we make another change of coordinates 2 = % and W = W + Y. 2iZ4(t)2,. In the
"_coordinates, but with the ~ omitted from all coordinates, the defining function has the form

ro= v+ (Ja+ 2@ =)™+ 2aZa
+(u =Y Re (2iZa(t)z)) @ (u =3 Re2iza(t)za + ult), 2 + 2(t))

+ u()lp (u— D Re2iza(t)za + ult), 2 + #(t)) — pu(t), 2(¢))]
+ E(5+ 2(1)) — E(=(t)). 60)

Now we make a scaling w = t20, 2, = t~ /™%, z, = t"'Z,. We substitute the
~_coordinates into (60) and multiply the defining equation by > to obtain
r® = 4|z H TP~ [tF ™) + D 2aa
+ [(u-ZRe (2i2a(t)tza)> % (t_zu—z Re2iz, ()t ' zo +ult), t“”z+z(t))]
+ t*u(t) [cp(t_zu — Y Re2iza (1)t za +u(t),t ™42 + z(t)) — o(u(t), z(t))}
+ C[E{t "z + 2(t) — E(2(1))], (61)

where t ™z = (t w2, t " 2, ..., t 7 2,).

Let us analyze the behavior of the various expressions. First, by Lemma 8, we may pass to a
subsequence and assume that 2 (t)t'/™ converges to a limit 3. Also by Lemma 8, Re 2iZ,(t) =
O(t='*9), and it follows from (5) that

O(t72u — Re2iz, ()t 'z + u(t),t ™2 + 2(t)) = Ot~ =9).
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Thus it follows the first term in brackets [ ] in (61) tends to O as ¢ — o0. For the second bracketed
term, we see from (5) and Lemma 8 that

[(p <t‘2u — 3" Re2iza(t)t 20 + u(t), 2 + z(t)) — p(u(t), z(t))]
= O(t™' "7 %) + c(t2u — Re2iZa(t)t™'za) = O(t™' 7= *0),

Thus #?u(t) times this term vanishes as ¢ — 0o. By Lemma 8 and (45), we have E(t™#z +
2(t)) = O(t=2~(1/m)+0) ‘55 2 times the last term vanishes as ¢ — oo.

Let h; denote the holomorphic mapping obtained by the composition of f+ and the coordinate
transformations z +— Z and the z — 2. If G, = {r") < 0}, then h, : @ — G, is biholomorphic,
and the domains G, converge to the domain G = {v + |z, — B*™ — |B*™ + 3_ |2|* < 0},
which is equivalent to {v+|2;[*™+3_ |24|* < 0} by translation. The point h;(p;) = h:(fi(po))
is given by the “-coordinates of the point p; and is equal to (¢t ~2(v*(t) — v(¢)),0,...,0). Since

vi(t) = v(t) = r(w"(t), 2(8) — r(w(?), 2(t)) = —r(w(t), 2(1)),

it follows from Lemma 9 that p; is bounded and bounded away from Of). Thus {hy,(po)} has
a subsequence that converges to a point of G. It follows then from Lemma 2 that there is a
subsequence of mappings h;, that converges to a biholomorphic mapping h : {2 — G, which
completes the proof of the theorem in the case p = 1.

The main difficulties encountered in the final rescaling procedure above were due to the fact
that u(t) is relatively large, compared to v(t). If 4 = 1/2, however, then by (i) of Lemma
8, u(t) = o(v(t)). Thus the arguments above carry through more easily in this case, and the
theorem is proved.
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