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1. Introduction

We assume throughout this paper that the population under con-
sideration has the distribution function F(x) and the density function
f(x) with finite mean x and finite variance ¢°. It should be noted that
we assume nothing about the distribution except the above existence
assumption, that is, we shall consider a non-parametric problem. When
we are concerned with estimation of the population mean: we often
encounter the situations where the measurement of the quantity of each
element drawn from the population is very laborious but several elements
can easily be arranged in the order of magnitude, for example, the case
where the elements can be arranged without the measurement of each
quantity. In practice the number of elements which are easily arranged
will possibly be two or three, but we shall consider the general case.

The following three examples will give us a better understanding of
the situations:

Example 1. Let us suppose that the quantity under consideration
is the length of a kind of bacterial cells and the length of the cells in
a microscopic field is measured by using a micrometer. While the oper-
ation for the measurement will be laborious, the order of magnitude of
two or three cells in the same microscopic field may be found by a glance
in most cases.

Example 2. Let us suppose that the quantity under consideration
is the height of trees. We can find by a glance the order of height of
two or three trees standing nearly each other.

Example 3. Let us suppose that the quantity under consideration
is the number of a kind of bacterial cells per unit volume. If there are
several test tubes containing the cell suspension, we can rearrange these
tubes in order of concentration by using an optical instrument without
knowing the exact values.
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In the situation mentioned above, we ean obtain an unbiased esti-
mator of the population mean based on the sample which is stratified
by means of the order of magnitude as follows.

Let Xiy, Xip, « -y Xiy Xoty Xogy » o) Xpgy 200+ 3 Xoty Xogs -+ ¢, Xy be inde-
pendent random variables all having the cdf F(x) and X, Xiws =+ s Xiem
be the order statistics of X, X, -+-, X (1=1,2, ---, m).

Let us define X;,; by )-(m:Zn} X,w/n. We shall consider the statistic
i=1

X..; as an estimator for x. To obtain an observed value of the X0y, We
need an observed value of (X, Xigy ** ) Xpew). 1O obtain an observed
value X, we need the ordering of the sample of (X, Xo, -+, Xin). Thus
we shall be able to expect that the variance of the unbiased (see (3.3))
estimator X, of g will be considerably smaller than that of the usual
estimator X, the sample mean of a simple random sample of size m.
The reason why we compare the variance of X.,; not with X, but with
X, is that in our situation the cost of ordering need not be taken into
account and we have only to take into account the cost of measurement.

In general the above procedure will be repeated m times. Then, we
have m observed values of X;,;. The total number, say N, of elements
whose quantities are measured, is mn, while the total number of elements
which are drawn from the population is mn?, whether they are measured
or not. The estimator of g is the arithmetic mean of m observed values
of Xi3.

Let us here Interpret our procedures by an example in the case
N=6;

Simple random sampling procedure:
Draw 6 elements from the population.
Measure the quantity of each element.
Make the sample mean as an estimate of .

Our procedure, n=2 (thus m=3):
Draw 6 pairs of elements from the population.
Find the order of magnitude in each pair.
Measure the quantity of the smaller element in the first, second and
third pair and that of the larger element in the fourth, fifth and
sixth pair.
Make the arithmetic mean of these gquantities.

Our procedure, n=3 (thus m=2):
Draw 6 triplets of elements from the population.
Find the order of magnitude in each triplet.
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Measure the quantity of the least element in the first and second
triplet and that of the middle element in the third and fourth
triplet and that of the largest element in the fifth and sixth triplet.
Make the arithmetic mean of these quantities.

Let us denote the variance of the kth least order statistic of a
sample of size n from the population by ¢}, (k=1,2,---,m). If the
variances ¢, are known (or have been estimated), then we can apply
the so-called Neyman allocation to our problem. For simplicity we as-
sume that o,:0,5: -+ :10,,=N;:N;:---:N,, where N, N,, -+, N, are
positive integers. Let X, Xp, +«+, Xins Xoty Xog, o+ 0y Xows + -0+ ; X Xy
+++, Xy, be a random sample of size nN from the population, where
N=N,+N,++--+N, and X, Xy, ***» Xyoy be the order statistics of

Xy Xy, X, (i=1,2,--+,N). We now define Xy by Xopy=

1/1 Sy o 17y 1 X..). This X
;(]\711':1 o _]\Tzizfr?ﬂ i(2)+.“+Nn =N NNy 41 i(n)>. 15 Lo

is an unbiased estimator of the population mean.
In this paper we shall also consider this estimator, but our main

purpose is to study the properties of the estimator Xm which seems
more practical.

2. Notation and preliminary

Let X, . be the kth least order statistic in a sample of size » drawn
from a continuous population with the pdf f(x), the cdf F'(x), the mean
£ and the variance o (We shall use the abbreviations ‘the pdf’ and
‘the c¢df’ throughout this paper for the probability density function and
the cumulative distribution function, respectively.). The pdf, the cdf,
the mean and the variance of the distribution of X,, will be denoted
by fux(®), F,.(x), p.. and o, respectively. Let us denote I'(n+1)/
(C'(k)-I'n—k+1)) by a,,.. Let us denote the expected value and the
variance of a random variable X by E(X) and ¢%(X), respectively.

Some well-known results will be shown below for the latter use.
We have, in the first place,

@1) @)= P @A-F@)y*f @),  k=1,2,---,n.
Suppose in the next place that f(x) satisfies the relation

22) f@=Zaf@, i=1,2-n,

where fi(x) is a pdf and «; is a positive constant. Then éaiz:l must
i=1

be satisfied. Let us denote the mean and the variance of fi(x) by g
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and o¢;. If ¢, is an unbiased estimate of x; and ¢, ¢, ---,t, are inde-
pendent, then

(2.3) t=STad,

i=1

is an unbiased estimate of p and has the variance
2.4) o(t)=31 alo¥(t,) .
i=1

If ¢, is the sample mean of a simple random sample of size N, drawn
from f;(x), then

(2.5) ()= eo? / N, .

=1

If N;=Nug; (the proportional allocation), then
2.6) o (£) = <z a,.az> / N.

If N;=Nuag, / <é ajoj> (the Neyman allocation), then
i=1

n 2
@.7) ()= (g ai0i> / N.
We also have
”ZE it
(2.8)
0'2:2} a0+ 2 (s — 1)
and
(2.9) 7 0= oS alu—p] /N .
i=1
If qy=ap=--- =a’n=—::7, then we have
(2.10) A (8) = @ ) / nN
@.11) At = <z o‘i> 2 / N,
i=1

and
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p=k 5
s
=(Z71) /0t Bt /n=(F ot) 4 e/ o0

corresponding to (2.6), (2.7) and (2.8), respectively.

2.12)

3. The unbiased estimates of the population mean

From (2.1) the following relation can be obtained easily, but it is
fundamental to our discussion:

@.1) f(w)=% S Furl®) -

Therefore, we can apply the results of section 2 to our following

discussion. Let Y, be a random variable with the pdf f, (), (k=1,2,

,n) and Y, Y, -+, Y, be independent. In order to obtain Y, Y,

, Y, from a sample drawn from the population with the pdf f(x) we

should take X,u, as Y., that is Y,=X.u, (k=1,2,---,n), where the
X.a's are the random variables explained in the introduction.

Let us define Y;,; by

(3.2) V=L i
n k=t

that is, X, in the introduction. From (2.3) and (2.10) we have

(3.3) E(Vo) =

and

(3.4) HT=1 5102, .
’]’L k=1

9

It is our purpose to compare oz(f'[n]) with aZ(X,L)z—(E, that is, the
n

variance of the sample mean of the simple random sample of size =,
because of the situation explained in the introduction. It is, therefore,
convenient to define of,; by

M=
.

(3.5) oty=L
n

2
k

1

— 2 — 2
Then, while az(Xn)zi, A(Ye,)="2. Suppose that the actual sample
n

size (strictly ‘speaking, the number of observations whose values are
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measured) is N. For the simplicity let N=mn. In this case m inde-
pendent Yi.u, Yeup -5 Yiagm, €ach with the same distribution as that
of 17'[”], are available. If we define ﬁn]m by

(3‘6) Y_v[n]m:% g _[n]j >
then E(I:’mm):;z and

= 2 2
3.7 (Vi) = 22l = %ln1 |
(3.7 (Yenim) o = N

— 2
On the other hand, aZ(XN):%. Thus of,; in such a sense corresponds

to ¢*. Hence our problem will be the comparison between ¢* and of,;.
Now we define z;,; by
0-2()?)_0'2( 'f*[n]) — 0’2—0%,,]

3.8 = me =
(3.8) Tinl AHE) 7

The 7y will represent in a sense the efficiency of the stratification by
means of ordering. It should be noted that r;,; is invariant under the
linear transformation of the variables. Since the covariance of any two
of order statistics in a given sample is positive [7], it is obvious that
1> 0.

In order that we may be justified in restricting our consideration
to the estimator 17[”] in (3.2) as the unbiased estimator of the mean of
any populations it will be necessary that we state here the following
theorem.

THEOREM 1. A linear combination of Y.'s

é a, Y,
k=1
is an unbiased estimator of population mean whatever the distribution
of the population is if and only if ay=a=" --=an=-1— .
n

Proor. The “if part” is established by (3.3). Next suppose that
ST, Y, Is an unbiased estimator of all the population means. We have

n

2 Xplln =t

From this and the “if part” we have
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> (l"—ak>.un,k:0 .
Ei\n

If we can find n distributions each of which has g as-u,, (1=1,
2, --+,n) satisfying
det D,#0 ,
where D, is the matrix having g% as (7, k)-element, then the proof of

the “only if part” will be completed.
In fact, we can take the distributions with the density functions

lxl/“i exp (—z') , x>0,
fimy={ ! (1=1,2,---,7)
0, =<0
as n distributions satisfying the above condition.
We have
a ! "é‘ (—1) 1!

B =l =0 11— =kt 5+ D
After some calculations we obtain the relation

nrl (n—1yt... on-1 {n-1
nr? (n__l)n-—2 R e I Lo
p=c| 1 L |=epa-g=o,

n—-1 ... 2 1
1 1 e 1 1

where C is a non-zero constant. Thus our proof is completed.
Now we have

THEOREM 2.
(3.9) O'%n]>0'%n+1] ,
hence,
z-Cn:l<7'-[n+1:| ’ fO’r all 'ﬂ;l ,
n 2__ 2
where aﬁ,ﬂ:.l_ Y e and z-mz"_g_tﬂ .
n k=1 P

Proor. From (2.1) we have

(3.10) fn'k:—q}‘%:—]l:-l_—kfn+l’k+;—];—l_ﬁl“’k+l .

If we denote SD: 2 for(®)de bY a,,;, then from (3.10) we have
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(3-11) 24 n,k:n——!—liav,n+l,k +i-0(y,n+1,k+1 .

n+41 n+1
From this

(3'12) O-Z,Ic =g p,x ai nk

1—k 2 k 9 1"" 9 2
= <ﬁ—:—+—10’n+1,k+n—;—10;+1,k+1> + <n—:;‘_—+_‘]—.ﬁﬂ;z+1,k+17_—]f_—1/~’ﬁ+1, k+1>
— 2
- <%l—k#n+1,k+ni+lﬁn+1,k+1> .

Then, from (8.12) it follows that

(3.13) O'%n]—‘a'%n+1]

1, _ 1wl
—% 7?—‘:10-"”C n+1 kz_:l ntlk

1 nti o » 9
=W_T)2{%(n—i-l)]§1 Prite— kZ=1 ((n+1—k)‘u,,ﬂyk-]-kﬂni_l,w)-}
:m{k=1k(n+1—k)(#"+1»k+1—#n+1,k)2}>0 .

This completes the proof of the theorem.

COROLLARY 1. Let N=ab=cd, where a, b, ¢, d are positive integers
and N>a>c>1, then the following inequalities hold.

(3.14) (X)> (Vi) > (Vea) > Tiws) -

This corrollary can easily be obtained from (3.6), (3.7), (3.9).
According to_ the result of theorem 1 or corrollary 1, the variance

of the estimate Y, decreases as  increases under the condition N=
mn. The large n, however, will be impractical. In most practical cases
n will be two or three. If we can practically take both two and three
as the value of n, in such a case we had better take n=38 from the
viewpoint of the variance of the estimate apart from the other problem.

4. The Neyman allocation

Let us suppose that the variances o2, are known (or have been
estimated). Let us denote an’k/é Gn; DY 7ni- Let Ny=Nr,., (k=1,2,
. i=1

--,m). Further let us assume for the simplicity that every N, is
positive integer. Let Yy, Y, -+, Yiw; Yo, Yoo, oo, Yoy -5 Yooy Yoy
-+, Y,y be independent random variables and Y;, (7=1,2, .-, N,) be
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drawn from the distribution with the pdf f, ().
Let us define Z,, by

n N
(4.1) Zy.=1 % (_1_ >3l Y,w.> .
n =1\ N, i=1

This Zy . has been appeared in the introduction as X,,y. From (2.3) and
(2.7), we have

(4:2) E(Zy)=p
and

s _ 1 k3 2
(4.3) )= (B ous ] -

Let us define o, and =, by

3 2
(4.4) Gy = (l > a,,,k> .
n k=1
and
2_ 2
(4.5) ty=T respectively.
g

The variance ¢%(Zy,,) can be written in terms of o, as

(4.6) oZ<zN,n)=i’l{f@ :

Therefore, when we use Zy,, as the unbiased estimate of z, the efficiency
of Z, . relative to X, will be expressed by Ty independently of N.
From (3.5) and (4.4) it follows that

4.7 Ghg= = 3151 (0, — 0 ) 20 .

nisi<ksn
The last inequality in (4.7) will be obvious since oi,; corresponds to pro-
portional allocation and o3, corresponds to Neyman allocation.

5. Examples of 7y and 7

In this section the numerical values of r,; and 7, are shown for
several distributions, especially for n=2 and 3, and the moments of order
statistics which are necessary for the caleulation of z,, and 7, are
shown. It should be noted again that <,; and z, are invariant under
the linear transformation of the random variables.
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It may be useful to introduce another representation of the efficien-
cies of estimators, denoted by e, and e,,, which are defined by

2

(5.1) €t =—2— X 100
On3

and
2

(5.2) ey =—— %100 .
Olny

5.1 The moments of order statisties
[R] Rectangular distribution;

. _ 12k(n—k+1)
(5.3) = D 15) (I11] p. 383) .

From this we have the simple form

-1
(5.4) fmzz_ﬂ- i
[E] Exponential distribution ;
5.5 L N 11] p. 343
(5.5) On =0 ngm ’ ([11] p. ).
Thus we have
(5.6) eg=1—L 1
n k=t
[S] Symmetrical distributions ;
Let us put

Pigpt, —1<z<1,
(5.7) flz)={ 2

0, otherwise ,
where p>0. We have
(5.8) E(X.:)

—o-n SY I'(7+1+(/p)
=2"""(n+1){(-1)>] - ; p
( 1 )f=° rG+)In+1=k—NIEk+-14+54+(v/D)
RS F(+1+(/p) .
= LG+ k=D (n+2—k+ 5+ (v/p))

Thus we have
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Bri+2p+1) .
(2p+1y

= PP12)
B @pt1y

: _ 3(T0°+8p'+8p+4) .

T _ 2 .
03,1=03= ’

5.9 1= ,
-9 T Y 2+ 1)(3p+2)
2 3p &,
(Bp+2)
_3 plp+2)

[J] J-shaped distributions;

Let us put
pxt,  0<x<1,
5. =
(5.10) /(@) 0, otherwise ,
where p>0. We have
o y_ L (n+ 1) (k+(x/p))
5.11 E(X: )= , 2] p. 305
(6.11) (X2%) T(nt oip) £ DI (k) (21 p )

Thus we have
= p ,
(@+1)*(p+2)
- p(bp-+1) e
T (2p+1)
o= PTDP+2) .
N (2p+1)
.= PO+2)
2] 2 7
(2p+1)
= 5p'+6p+1—+p(p+1)(p+2)(5p+1)
’ 2(2p+1)°
g = SP(A9P +4Tp + 11p+)
T (8p+2)(2p+1)*(8p+1)
o2 ,= 3P+ D(p+2)(13p*+10p+1) .
" (B3p+2)(2p+1)"3p+1)
o = SO (p+2)
3,3
(3p+2)(3p+1)°

’

(65.12)

¢

’

’

?

b

11
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and

ey =2PPE 27D +4p+1)
T @+ 1)Ep+1y

Put p:-%—, then we have

(5.13) =2,  gy=-. ontd _ _(n=1)4n+7)

45 T 1B+ D®+2) T dm+2)m+1)

[B] Compound exponential (Burr’s) distributions;

Let us put
—p___l___ , x>0 ,
(5.14) Fl@)={ Q+a)**
0, otherwise,
where p>2.
= Le+1) e\ - Ln+1-k—(G/p))
G159 B T(n—k+1) j%(j)( ) I(n+1—(j/p))
Thus we have
02 ='_“‘_~—“_p — Uglz—_“—p — ’
(p—2)(p—1)* T @p—1ip—1)
o= p(5p—1) ,
T (p—DHp—2)(2p—1)°
ey =-PP=2)
(2p—1)*
_ (@=1(Gp-1) /{ _ p(p—2)
616 o= g PR 1o PR S )
: = 3=2p=1) o
T (3p—2)3p—1)
5, =33y —10p+ H(p—1)(p—2)
’ (3p—2)8p—1)(2p—1)°
: _ 3p'(49p°—47p'+11p—1) ,
» T (3p—2)Bp—1)2p—1)
and

o= 20(0—2)(TP'—4p+1)
BT (3p—1)2p—1)
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[T] Triangular distributions;

Let the pdf be

25, 0<z<1,
0
(5.18) F@=1_2 (g, 1zu=p,
(p 1)
0, otherwise,

where p=1. Then we have

(6:19)  E(G)=2a.. 5 (-1 (" ¥ LS
i @hre o)
20, 3] jjo ("l)m< " ><k;1> (1"’,17>n+m+12—;+2j+11+2—2k ‘

Therefore,

o =—11§<p2——p+1) :

o= 225 s(60*~60°+150"~3p~1) ,

ol,= 225 L ip—11p+70-1)
(5.20) 1[2]=2_§_:§(%__‘_f;ﬂ§_

o= 4900 — L (756 —T50°+ 8500 — 1400 — 450+ 40p—4) ,

o= 4900 L (1460 — 14605+ 3080 —194¢* + 480—16) ,

(201"~ 2010°+ 950" —160—4)

2
J3,3=—

4900 ¢
and
= 4  (1480°—1480°41750' — 630"+ 540 —27p+9)
1225 p'(@®—p+1)

[SP] A special distribution [5];

13

The means and variances of order statistics from the distribution of

the random variable X defined by
(5.21) X=(1—=U)-wm_y-m
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where U has the uniform distribution on the interval [0, 1] were tabu-
lated in [5]. From the table we can obtain the numerical values of o2 .,
Ty and ¢, for n=<10.

[EV] An extreme-value distribution;

Liebelein [8] evaluated the moments of order statistics in sample
from the extremal value distribution with the ecdf

(5.22) F(x)=exp(—exp(—2x)) .

By using the results we can obtain the numerical values of 7y, 7 oo
and T<3> .

[W] Weibull distributions ;
Let us denote the c¢df of Weibull distribution by

l—exp(—2%), x>0,

(5.23) F(x)———{ . o

where 5>0. Then we have

628 EX)=enl(1+%) 5 (-0 (* T mti-krnor, 9.

Thus
. 2\ 1
A=r(1+3) =11+ )
2 _o-b _g_>_ < l)
=2 <r<1+b 14+ >
A= @2 (145 )~ @2 (1t )
F2<1+%>(1_2—1/b)2
(5.25) 7[2]: 2 1 > y
r1 —>-—F<l _>
( *3 3
semsrun ) rfied)

Gg’zz(3-2_2/”—2-3'2/1’)['(1—]-%—) —(3-2—1/b—2-3-1/b)21“2<1+%—> ,

a§,3=(3—3-2—2/b+3-2/b)r<1+%> - (3—3-2'””+3'“”)2['2<1+—;—>
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and
2

T[3]: P<1+_2-> —F2<1+l>
b b

X(3-2/b+3.2—2/17__3_2—1/b3—1/b+3-1/b__3.2—1/b+1)[?2<1+_;_> .

[G] Gamma distribution;

We consider the Gamma distribution with the pdf

‘ e -t , x>0,
(5.26) f(x):-] I'(p)
0, x<0,

where p=1, 2, 3,4,5. The tables of ,, and o, have been obtained by
Gupta ([4], [11] p. 439) for n=1,2, ---, 10.

[DE] Double exponential distribution;
Let f(x) be the pdf of the double exponential distribution:

(5.27) f(x):—;—e“’”' . —co<z<oo .

Then we have

by n—k (__,1)»+l<,n__k y!
(5.28) B(Xid =0 2“5 >(k iy

-1 i
(_1) . JJI
"I—a/n,kLZ:% onsl+1-k (n—{-l-l—l—k)”“ .

The numerical values of o2, for n=2,3,4,5 have been tabulated by
Sarhan [10].

[N] Normal distribution;

In order to calculate z,; and =, we have used the table of 4 ,’s
represented in ([11] pp. 200-205).

5.2 The table of z(,;, 7, €n; and e,, for n=2,3

Since, in the most practical situations, » will be two or three, we
shall now show as Table 1 the values of t(, 7wy, €m; and e, of the
distributions mentioned in 5.1 for n=2,3. It should be noted that in
symmetrical distribution z,; and z, are identical because of (4.7). It
may be worth-while to mention that the efficiency 5 can be expressed



16 KOITI TAKAHASI AND KAZUMASA WAKIMOTO

in terms of the mean difference 4, ([6] p. 46) of the parent distribution
as 444

Table 1. Efficiencies for n=2, 3

Distribution ] T[] 1 T[3] [ T3y ' (3 ern 1 ers] €2 ecsy
[R] .333 .500 .333 .502 150 ‘ 200 150 201
[N] .318 ATT .318 .479 147 191 147 192
[E] .250 .389 .345 .510 133 164 153 204
[DE] .281 .422 .281 .439 139 173 139 178
[EV] .292 442 .323 .484 141 179 148 194
[SP] .286 .429 .286 442 140 175 140 179
[G] p= 2 .281 .430 .334 .497 ‘ 139 !} 175 150 199

3 - .203 .445 329 | .491 M1 | 180 149 197

4 .299 .453 .327 .488 . 143 183 149 195

5 .303 .458 .325 | .487 143 184 148 195

[W] b=1/2 113 191 .393 .559 113 124 165 227
2 .34 .473 .327 .489 146 190 149 196

3 .322 .484 .323 .485 147 194 148 194

4 .322 .483 .322 .484 147 193 147 194

5 .319 .479 .322 .483 147 192 147 193

10 .310 .467 .322 .483 145 188 147 193

[T] p=1 .320 .483 .335 .502 147 193 150 201
2 .327 .490 .327 .490 149 196 149 196

3 .325 .488 .329 .493 148 195 149 197

4 .323 .487 .331 .497 148 195 149 199

[J] p=1/5 .224 .365 .350 .523 129 157 154 210
1/2 .313 475 .336 .507 145 190 151 203

3 .306 .465 .337 .503 144 187 151 201

4 .296 .452 .338 .504 142 183 151 202

[S] p=1/2 .313 .469 .313 471 146 .188 146 189
3 .306 .459 .306 475 144 .185 144 190

4 .206 444 .296 .463 142 .180 142 186

[B] p=3 .120 .195 .377 .538 114 124 161 216
4 .163 .262 .364 .526 119 136 157 211

5 .185 .295 .358 521 123 142 156 209

10 222 .348 .351 .514 129 153 154 206

5.3 1, and 7, for n=4

In Table 2 the values of 7, and <z, for n=2,3,4, ---, 20 are given
for a rectangular [R], a normal [N], an exponential [E], a compound
exponential [B], and a J-shaped [J] distribution, and the values of 7,
and ¢, for n=2,3,4, ---,10 are given for a gamma [G] and a special
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[SP] distribution. (Refer to 7.1 and 7.2 for Supry; and Supr,, in
Table 2.)

5.4 The relation between efficiency and parameter

There are the families of distributions with the parameter which

0:5

0.4

0.333

0.3
0.283

T(2)=T 2

0.2

0.1 L L4

Fig. 1la. [S]

0.6

0.5

0.4F

0.3

0.2

0.1F
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0. I L
: 5 10 ?
Fig. lc. [J]
0.5F ~ e ——— T3
T3
0.4
e e e e o o o o e o e e = T2y
T2
0.3
0.2
1 1 1 . p
0.1 7 3 n
Fig. 1d. [T]

Fig. 1. The variation of values of 723, T(2), 7[33 and 7() with the parameter

has its effect on r;,; and r(,,. Here we shall only show several examples.
In Fig. 1 the values of 7wy, g, sy and 7, are traced against the para-
meter of the distribution for the families of the compound exponential
[B], the J-shaped {J], the symmetric [S] and the triangular [T] distri-
butions.
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There are some limits which are easily obtained.

. 1 . . 25 —44/ 7
In [S] 2’1_12 T[zjzz , Ll‘{gfta]—_—'—g- , 21_'127<3>=——5—§(—3—«{—z- and
. 1
].;Hol T<3>=§- .
. i . —/ .
In [J] Llff.} =y 1}1}2 o= 5 3 > ) 21‘{2 7[332_1%“ ,
lim Tre1— 0 and Hm = —1— .
-0 p—0 2
. 8 . — 24/ . 2
In (1] Mmea=gp,  lmee= 2500, lme=gt,
lim 4= w and max 1-[2]:.-_4_9.. when p=2.
o= 11025 e 150

In [W] lim r[2]=6<10g2>2 and lim 75,=0 .
b—oo T b—0

6. Examples of the distribution of Yim

In order to compare the distribution of our estimate 17'[,,] with that
of the usual sample mean X, we shall give several examples.
Let h,(r) be the pdf of Y}, and let g,(x) be the pdf of X,.

(i) Let the pdf of the population be
(6.1) flx)=1, 0<zZ1.

Then, we have

L a3-2), 0=,
(6.2) o) =
18 _ayparory, L=t
3 2
and
(6.3) M)
9 (3xy (84— 2 (3)° 0<p< L
oo (82)} (84— 56(35)+-12(30F — (32} , <e<t,

526_ {1191 —3888(3) 4 4536(3x)! — 2268(3¢)' + 630(3x)*

— — 252(3¢)+ 112(3x) — 24(30) +2(30)°) , éxé% ,

|
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9 5 - —
a5 BL—2)/(84-56(3(1—2))
+123(1—a)f—BL—2))'} , %gxgl .

The pdf’s g,, g5 are well known (see, for example, [1] p. 245). The pdf’s
h,, ¢, are shown in Fig. 2a. The pdf’s h;, g; are shown in Fig. 2b.

4 — hy(x)
————— g.(%)
—— fx)
2r //\\
/// \\\
/4 N
//
e N ——
1 = "ﬁ‘\\
4 N
e N J
7 N
0 // o \\ ©
0.5 1

Fig. 2a. kg and g2 for the rectangular distribution

/ hy(x)
——— f ()

,,,,,

Fig. 2b. hs and g3 for the rectangular distribution

(ii) Let the pdf of the population be

(6.4) flx)y=e—", x>0 .

Then

(6.5) hx)=8(e ¥ —e *(1+-22)) , x>0,
and

(6.6) g(x)=4xe™™ , x>0 .
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22
The pdf’s are shown in Fig. 2c.

N
\
S TV U — u
P -
0.6 /I \ \\\\
/ AN
/1 \\ \\\
! AN
0.4r I, ~N \\\
! N AN
’I \\ \\‘
!
0.‘2—1’ \\ S
{ ~R
l’ \%
| “>‘~\_ —_——
0" L T e
1 2 3
Fig. 2¢. 7y and g3 for the exponential distribution
(iii) Let the pdf of the population be
(6.7) flxy=2x, 0=x=<1.
Then
256 (74— 4z7) o<zt
35 2
6.8)  hofx)= 1—?;25§(-272x7+700x6—644x5+245x4—35x3+7x2—1),
Loz,
2

0
Fig. 2d. hs and ¢; for the right-triangular distribution
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and
—:-)’33903 , 0=z= % ,
(6.9) g:(%) =
—%xa—}-le——-lgﬁ, %§x§1
The pdf’s A,;, ¢, are shown in Fig. 2d.
(iv) Let the pdf of the population be
(6.10) f(x)=-g—x2 . —l<w<l.
Then
| 7—%{—256090“—}—40656x5+79200x‘+69800x3
44004002 +138602+2016) , —1<a<0,
6.11) I(a)=
%_0_(25609011—40656x5+79200x*—69300x3
4004002 — 138601 +2016) , o<e<l,
and
%(32x5+80x2+60x+12) , —1<z=0,
gs(x)= 3
E0—(—32905—1—80932—6090—{—12) , 0=<x<1.

The pdf’s h;, ¢, are shown in Fig. 2e.

— hy(x)

—— f(x)

ol
-1

Fig. 2e. kg and ¢z for the symmetric distribution

23
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7. SUp Ting and SUp T¢ny
7.1 Sup gy

From the tables in section 5, it will be found that the values of
7, are, for each fixed n, concentrated in rather small range. It is
known that t;;=<1/3 for all continuous distributions with finite variances,
and this supremum is attained by the rectangular distribution [3]. Thus
we are led to the consideration of the supremum of z, for general n.
We shall give the value of Supr,; which is attained by the rectangular
distribution for general =.

The 7;,; which we are going to maximize was given by

(7.1) o= (o1 =L S ) [or= — .
We can without loss of generality assume that

(7.2) n=0 and @=1.

Then

(7.3) - :71{5 (S 0G0 w1 — ) du> ,

where G=G(u)=F(u), i.e., the inverse function of the cdf F(x).
In order to maximize (7.3) under the conditions (7.2), we put the
first variation of

(7.4) %z (S n,kG-u"“(l—-u)""‘du)z——zzlS:Gdu—l(S:szu-—1>

equal to zero. Then we obtain as the characteristic equation

(7.5) L3 @ (L= =2 =16 =0,
where
(7.6) rn,k=S:Gu"‘1(1—u)"""' du .

Integrating the left-side of (7.5), it turns out to be
(7.7) 4=0.
Multiplying (7.5) by G(u) and integrating, it turns out to be
(7.8) =R .
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From (7.5), G{u) must be a polynomial of degree at most n—1. Let

(7.9) Glu)= ]z au .
Then from (7.5), (7.6), (7.7), (7.8) and (7.9), we have
(7.10) T,,,,cz'gajB(quk, n—k+1) .
and "
e

(7.11) XG::;ij:<"j__1> g(_—l)f—z@) g

st U,
<n+s> J
n
Hence we have the following equations;

w3 Ry e )
n

Now it is easy to prove the following lemma (see, [12] p. 62).

(j=07 1727 "',n—l) .

LeMMa 1. If a, b are non-negative integers, then

b
e gerep)-l

Proor. Let us consider the polynomial
(7.14) p(x)=(1+z)z*=(1+=z)’{(1+x)—1}°
=(1+x)bil§:% (?)(-1)&4(1%)1}
=S (R0

The coefficient of «? is

(7.15) é(—l)%l(‘i)(bzl) .

On the other hand, from the definition of p(x) it must be equal to

b >, if b=a, and 0, if a>b. This completes the proof of lemma 1.
—a
By this lemma (7.12) becomes
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"5
e U )3 )/ )0
<n+j) K <j S\ )% s ’
n o/
j=0,1,2, ..+, n—-1.

Let us denote < . >/<n+3> by ;, (7=0,1,2,---,n—1). Since o=
n

<n;1>/<n+a> 227’2’0+31>/<2n 1), we have

(7.16) A—

(7.17) l=w> o> >0,.,.>0.

If ay=a3=---=a,_,=0, then a,<0 and a,a,#0, since G(u) must be the
inverse function of the cdf F'(x) with zero mean. From (7.16) we can
show that for a solution satisfying a,.,=a,.,=---=0a;,,=0 and a;#0

the corresponding 2 must be w,. Hence the solution which maximizes
the corresponding A must be of the form

(7.18) Qe =y ="+ =0, =0 and aa,#0.

Thus we can conclude that

(7.19) Gu)y=a,—2a.u

and

(7.20) =21
n+1

From the condition (7.2), ay)=—+'3 . Thus, G(u)=—+3 +2+ 3 % inde-
pendently of n. Of course, G(u) is the inverse function of the distri-
bution function of the rectangular distribution.

Summarizing the above discussions, we have the following theorem

THEOREM 3.

Sup z-m=—Z—il— ,  for n=2.

This supremum is attained by the rectangular distribution, where ¢ Sup’
w8 taken for all continuous distributions with the finite variance.

7.2 Sup i,
We shall start with proving the following lemmas.

LEMMA 2.
-1

Sup 7= L



UNBIASED ESTIMATES OF THE POPULATION MEAN 27

where ‘Sup’ is taken for all continuous distributions with the finite
variance.

Proor. Let f(x)=pz?', 0<x<l, where p>0. This distribution
has been discussed in 5.3 [J]. In this case, we have

Tt — 2 n—k n!
e e e F TRy e ey ¥t
_pn-lc+1< n! >2} )
(k—=Dlnp+1)((n—1)p+1) -- - (kp+1)
Hence

. o { 0 s l§k§n—1 ,

lim 2k =4

-0 g x/’ﬂ , k=n.

On the other hand, by the definition

2 2 2
g _0<n>.=1— < any1+an,2+ Tt +Un,n >

Ty =
a* neo

Thus we have

hm T<n>:1—_1_=£_:_]; .
0 n n
This completes the proof of Lemma 2.
LEMMA 3.
T(n)é n_l y %22 .
n
Proor. Let X, X,, .---, X, be a random sample of size n drawn
from the population. Let (X, Xa, -+ -, X)) be their order statistics.

Since Xi+Xo+ -+ X, =X+ X+ + X, We have

na* =g} 1 +0, .+ F+05,+2 Cov (X, Xpp)+ -+ - +2 Cov (Xen-1, Xew)
§01,1+0'121,2+ e +Ui,n+2gn,lo-n,2+ ccc +26n,n—lan,n

=(Un,1+an,2+ P +0'n,n)2=n20'§n) .
Thus we have

1_mn-—1

9
T<n>:1“—0<g>§1——=
¢ n n

From Lemma 2 and Lemma 3 the following theorem has been proved.
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THEOREM 4.

)
S‘lpf<n>=—n— , n=2.

8. Related problems
8.1 A modification of sampling

The method mentioned above may be applied with various modifi-
cations. We shall here simply discuss only one example.
Let X, X;, -+, X;y be an independent random sample from a popu-

lation. Let us define Yy, Yeu, Ya and 17{33 by
Yy, =min{X|, X3},

Yop=min {max {Xs X4}, max {X;, Xe}} ;

Yen=max {max {X7, X}, max {X,, Xw}}

and
Y(Z 1 + YV(Z 2)
2
2

Yo+

V %k —
Y=

Then f’[; is obviously an unbiased estimate of the population mean. Let
us denote the pdf of the distribution of Yui, by fen(x), 1=1, 2, then

SFen(®)=2f,(x)Fys(x)
and

San(@)=fidx) .

The variance of Y is given by
ATf) = 4o+ 0" (Yar)+oL)

Let us define o3 and =, by o#%2=36%(Y%) and ¥,=(*—c%D)/e®. It should
be noted that Y% is based on three measured observations. If o}, is
considerably larger than o},, then it will be expected that such an esti-
mate may be useful.

Suppose that the pdf of the distribution of the population be e-%,
(z>0). Then we have

2 1
TZ— , E(Y(zn):z#z,z_m,«z:l*; ’

/«52,2:—2— ’ a4
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2

0‘3,1:?1“ al’ld 0'2’2:—2 .

Hence
3 2 9 —‘E Y 2 203
G[ﬂ§§=—1€<402,1+202,2_(#4'4 2( <21)))>= 581
and
fﬁjz_;%:o.m .

Thus our estimates in the exponential population satisfy the following
inequalities ;
T[g]( = 0250) < T<2>( = 0345) <1'[3]( == 0389)
rf(=0.4T1) <z5(=0.479) < 7(5,=10.510 .

8.2 Note on Neyman-allocation

When we want to apply the so-called Neyman-allocation we may
have to estimate the variances o2, 62,, - -+, 0%, and sometimes we may
have to use the approximate values in practical cases. For this reason
we shall simply consider the quantity <7, defined in the following. Let
us define ¢%; by

1/ a o a;
O'?%:“ LI L T . X0
n\ng 71/‘32 nﬁn

where B,+p8+---+8,=1 and each B,>0. Let us define %, by

2 k2
g —U<n>

L -
Tny ==
0.2

(i) For simplicity suppose that »=2 and ¢},=0¢%,. Then we have

mie L (oL (md)t
/ 4182 o

48\ ¢
Let _O.E::_gﬂ:'r and 1et ﬁl’—‘—p:l_ﬁz . Then
g [
* 1 { 1—n)— (1—@)7’2___@'_2
1 v
= p(1—p)—-L
i) (1—p) >

Hence <%,=0 is equivalent to
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1
2

1 1 .
——— . <

1 :
5 +=V/1—7

A

It should be noted that %g 7’<1. For example in the normal population
7'=0.68169. Hence ¢},=0 is equivalent to 0.218<p=<0.782.

(ii) Suppose that n»=2 and the population has the exponential
distribution. Let

1

= =1—p5.
B 17 2
Then
1_(4;}_10,0—‘02—5
16p

Hence 73,20 is equivalent to

5—2V5 Zp<5+2v5 ,
and
T$>27m

is equivalent to 1<p<5.
In Fig. 3 this <%, is traced against p.

*
T2

0.345 T2

0.3 r

0.25 T2}

0.2

5+2/5

VA s X

Fig. 3. %% for the exponential distribution
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