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Abstract 

In this paper, the author gives the weighted weak Lipschitz boundedness with power weight for rough 

multilinear integral operators. A simple way is obtained that is closely linked with a class of rough frac- 

tional integral operators. 
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1 In t roduc t ion  

Suppose that 

n E LS(S"-l)(s > n.~) 

is homogeneous of degree zero on R n, and A is a funtion defined on R n. Then the multilinear 

singular integral operator TA is defined by 

f~ n ( x -  v) TAf(x) = . ix-~--~-~_xRm(A;x,y)f(y)dy, 
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where Rm(A; x, y) denotes the m-th remainder of Taylor series of A at x about  y. More precisely, 

R,n(A;x,y) = A ( x ) -  E ~. D'rA(y)(x _y)'r, 
I~l<m 

where D'YA E ~.naB([~f[ = m - 1), and for i~ > 0, the homogeneous Lipschitz space A~ is the 

space of functions f such that 

I/x[n~]+l f (x ) l  II:II:~ -- sup < oc, 

w h e r e  Alhf (X)  = f ( x  + h) - f ( x ) , A k + ' f ( x )  = A k f ( x  + h) - A ~ f ( x ) , k  > 1. W h e n  D'~A E 

L'(R'~)(1 < r < oc) or D'~A EBMO(R),  it is well known that the multilinear operators have 

been widely studied by many authors ([1]-[4]). In 1982, using the rotation method, Cohen and 

Gosselin [1] proved that TA is bounded on L p. For m = 1,TA is obviously the commutator  

operator, [A, T]f(x) = T f (x )  - T ( A f ) ( x ) ,  where T is the following singular integral operator: 

In 1995, Paluszynski [2] proved that if A E Aa(0 < fl < 1), f~ E C~(s  n-l)  and 

f s  12(O)dO = 0, 
n - 1 

n 1 1 fl 
then [A,T] is a bounded operator from LP(R n) to Lq(R")(1 < p < ~ ) , -  . . . .  . 

p q n 

In 2001, Chen Wgngu, Hu Guoen [3] obtained the weak type (H 1, L 1) estimate for a multi- 

linear operator TA with DA~AA EBMO. 

In 2003, Lu Shanzhen, Wu Huoxiong, Zhang Pu [31 proved that if D~A E /itS(0 < fl < 1), 

then TA is weak bounded. That is, they proved. 

T h e o r e m  A. Let 0 < fl < 1,~ be homogeneous of degree zero on R n and f~(x) E 

n---n---) If D'rd E/i~(17l = m -  1), then LS(s"-I)(s > n -  fl " 

n 

I{x e R " :  ITAZ(X)I > A}t <_ C IID~AIIA~ , VA > O, 
I'~1 - l  

T h e o r e m  B. Under the assumptions of Theorem A, we have 

, V A > O .  
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In this note,  we will discuss the  case for weighted weak boundedness  wi th  power  weight.  

Now we can s ta te  our ma in  results  as follows. 

T h e o r e m  1. L e t - 1  < a < 0,0 < ~ < 1, and f~ be homogeneous of degree zero on 

Rn,f~(x) E LS(sn-l) ,s  > n i f  D~ A E/itB, l~'l = m -  1, then TA is a bound operator from 
--n--~" 

Ll(Ix[ a(n-o)/n) to Ln/(n-~)'~176 That is, there is a constant C > 0 such that for any A > 0 

and f E Ll([xla(n-B)/n), 

x:lTa/(x)l>X} i.~l=rn_ 1 

T h e o r e m  2. Under the assumptions of Theorem I, we have for any "7 > 0 and f 6 

L , ( I z I ~ ( - - ~ ) / - )  

2 L e m m a s  a n d  P r o o f  o f  T h e o r e m s  

L e m m a  1 [6] . Let O < ~ < n , - 1  < a < O, and l~ E LS(sn-1),s > n . Then T~,l~ is 

a bound operator from Ll(Ixl a(n-~)/n) to Ln/(n-~)'~(Ixla ). That is, there is a constant C > 0 

such that for any A > 0 and f E L l(]xl a(n-~)/ '~) 

f{z lTn.al(z)l>)Q ]z]adx <- c ( l /R ,  'f(x)]'x]a(n-B)/ndx) n/("-~) 

L e m m a  2 [11. 

some l > n. Then 

Let A(x) be a ]unction on R n with m-th order deri~tives in t n L,oc(R ) for 

( , o,A/x> d,) IRm(A;x,y)[ <_ C I x - y ]  m Z ~ ; 
Irl=m 

where Q~ is the cube centered at x and having diameter 5v/-nlx - Yl. 

1 

7 

L e m m a  3 [2]. For 0 < / 3  < 1, 1 <_ q < oo, we have 

1 
= supQ IQtX+~/, * fQ I f ( x )  - mQ(f)ldx 

1 

sup [QI~A#/n -~1 fo  I f (x )  - mQ(f)]adx q . Q 
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L e m m a  4 [51. Let Q* c Q,g E A~(0 < # < 1). Then 

ImQ. (g) - mQ(g)l _< CIQl~/"llgll~. 

Recently, Lu Shanzhen, Wu huoxiong, Zhang Pu [3] studied the multilinear operator TA by closely 

linked with a class of rough fractional integral operator T~,~, 

They obtained the following importment Lemma. 

L e m m a  5. Under the assumptions o] Theorem 1 or Theorem ~, /or any x E R n, we have 

ITAf(Z)[ <_ C ~ IlD~d[l;xT~,zf(x), 
M=m-1 

where 

- fR I ~ ( ~ -  y)l T~,~f(x) = . ~ -  ~.-:-~ If(y)ldy. 

Remark. Lemma 1 is also established for Tn,a. 

Proof o/Lemma 5. For any fixed x E R n, given r > 0, we have 

o o  o o  

k-=- ~-'~<1~-~1<2~,._ Ix- Yl'~+'~-' lt~m(A;x'y)lf(y)ldy := k= ~-~ Ik. 

For each Ik, let Q be a cube centered at x and having diameter r, Qk = 2kQ and set 

AQk (y) = A(y) - ~mQk (D~A)Y ~. 
I.yl=m-1 

Obviously, Rm(A; x, y) = Rm(AQ~ ; x, y). By Lemma 2, we get 

< tRm-I(AQ~;x,y)I§ ~ ID~AQ~(y)IIx-yl 'n-1 
I.yb=m-1 

<-C'x-Y 'm-l  ~'~ ( ~ / Q  'D~AQ'(z)"dz) ' §  

cIx-y l  m-' ~ ID~AQ~(Y)I, 

IRm(AQ,;x,Y)I 

t'rl=m-1 

where Q~ is the cube centered at x and having diameter 5V~lx - Yl. Note that,  if Ix - Yl < 2kr, 

then Q~ c 4nQk. 
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and 

By Lemma 3 and Lemma 4, we have 

(]-~x[ fQ~. ID~AQ'(Z)ltdz) ' = (I-~l fQv_ ID'rA(z)-mQ'(D~A)ltdz) ~ 

< ( I-~] fQ~_ [D~ A(z) - mQ~. ( D~ A)[t dz) ' + 

[mQ~ (D'r A) - m~nQ~ (D~A)[ + Im~nQ~ (D'r A) - mo~ (DTA)[ 

< CIQ~Ia/"IID~AIIAa < C(2kr)allD~Allha , 

]D'~ AQ, (Y)[ = IDeA(Y) - mQ~ (D"A)I < CIQkIZ/~IID~ AIIAa < C(2%)aIID~ AIIA~. 

Hence 

Therefore 

IR,-,,(AQ~;x,y)I < C(2%)Zlx-yl r"-' ~,  
I'Yl=m-1 

IID"AIIA~. 

lk f~ (2kr)# If~(x - Y)llY(y)ldy < ~ IID~AIIA~ ~_,r<l~_~t<z~, I ~ = ~  -- 
i ' r l=m-1 

f~ I~( z - Y)t < C ~ IID'rAIIha "-',_<l~-ul<2~,- F--- ~,,_---~II(Y)IdY. 
I,-rl=m-1 

It follows that 

ITAf(X)[ 
k = - o o  

<C 

= C  

Z IID~ AIIs f2~_2r<lx_yl<2kr -~: If~(x ~n~-~- Y)[ i.f(y)ldy) 
171=m-1 

[ If~(x - y)l 
IID'~AII'~'~ ~ J2k-'r<l~-~l<2~r~=~ '~-~If(y)Idy 

i-tl=m-1 k=-oo  - 

IID'YAIIA~ fR,~ If~(z - Y)I = ~-._~ I f(y)ldy 
M = m - 1  

=C ~ IID~AIIA T~,~f(x). 
M=-~-I 

L e m m a  6[4]. Under the assumptions of Theorem 1, we have TAr(x) > MAY(z), where 

/ ~  J~(x - y)l 
TAr(X) = ~ ix:yl-ff-+--~-_ 1 IRm(A;x,y)l l f(y)]dy.  
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Proof of Theorem 1. The proof will be depened on the power weight bounded ness of the 

fractional integral operator T~,t~. By Lemma 1 and Lemma 5, we have 

z:ITAI(z)I>X} z:C E IID~AII^~ITa,~I(z)I>A} 
I't[=m-1 

(' j, ) <C X ~ IID'~AII~,,,, ,I]'(x)llxl~--c-~-Xdx 
hi=m---1 

This completes the proof of Theorem 1. 

(n  - Z) 

By Lemma 6 and Theorem 1, the proof of Theorem 2 is directly deduced. 

3 Fur the r  Resul ts  

Let us give the definition of the multilinear fractional integral operator as follows 

/~ f l ( z  - y )  k 

TA"A2"" 'Akf (x)  = . Ix - y l  ~+~-k H R m j ( A j ; x , y ) f ( y ) d y ;  
j=l  

k 

1 flz [fl(x - Y)I H IRm, (Aj;x 'y) I[ f (y)[dy '  MA~,A2,... ,Ak I(X) = sup rn+m_k 
r > 0  - y l < r  j =  1 

where 

Rm, (Aj; x, y) = Aj (x) - 
k 

~ .D  A j ( y ) ( x - ' g ) ~ ,  j =  l , 2 , . . .  ,k, M = E m ~ .  
]a[<rn:  j = l  

Then we have the following theorems: 

T h e o r e m  3. Let -1  < a < 0,0 < 13 < 1,9t be homogenous of degree zero on R n and 

fl(x) �9 LS(sn-1)(s  > n - n -  ~3 )" I fD')AJ �9 h~(171 = m j -  1), then TA,,A2,... ,nk is a bound operator 

from Lt(]xl a( ' -~) /n)  to L"/(n-a)'~176 ). That is, there is a constant C > 0 such that for any 

A > 0 and f E Ll(Ixl o(n-~)/n) 

II(z)llxt~ n/(n-~) 

T h e o r e m  4. 

] E L 1 (]x[~(n-~)/n), 

Under the same conditions as in Theorem 3, we have for any A > 0 and 

,*An-B) 
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L e r n m a  7. Under the assumption of Theorem 3 or Theorem 4, for any x E R n, we have 

ITA,,A2,...,A~f(x)I < C H IID'~A-~Ilha T--'~,af(x)" 
j=l 171 -1 

Remark. By Lemma 1 and Lemma 7, we can obtain the proof of Theorem 3 and Theorem 

4 similar to that  of Theorem 1 and Theorem 2. 
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