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Abstract

In this paper, the author gives the weighted weak Lipschitz boundedness with power weight for rough
multilinear integral operators. A simple way is obtained that is closely linked with a class of rough frac-

tional integral operators.
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1 Introduction

Suppose that

Qe L(S™)(s 2 - = 5

is homogeneous of degree zero on R", and A is a funtion defined on R™. Then the multilinear

)

singular integral operator T4 is defined by

Taf@) = [ e —3) g (4zy)i@)dy,

Re |2 — ™t

*

Supposed by Zhejiang Provincial Natural Science Foundtion of China under Grant(No.M103069);
Supoorted by the Education Dept. of Zhejiang Province (20021022).



Lan Jiacheng : A Note on Multilinear Singular Integrals with Rough Kernel - 183 -

where R,,(4;,y) denotes the m-th remainder of Taylor series of A at = about y. More precisely,

Rm(4;z,y) = A(z) — }: D"A —y),
l7l<m v
where DA € Aagp(]y| = m — 1), and for B > 0, the homogeneous Lipschitz space Ag is the

space of functions f such that

(B]+1 ¢/,
”f“j\s = sup |_Ah—f(‘t)‘

<o
£ hER™ h#0 |h|8 ’

where A} f(z) = f(z + h) — f(z),Afl“f(:E) = Abf(z + h) — Ak f(z),k > 1. When D A €
L™(R™")(1 < 7 < oc) or DA eBMO(R), it is well known that the multilinear operators have
been widely studied by many authors(]=14), In 1982, using the rotation method, Cohen and
Gosselinl!] proved that T4 is bounded on LP. For m = 1,T4 is obviously the commutator

operator, [A,T)f(z) = T f(z) — T(Af)(z), where T is the following singular integral operator:

_ [ Sz-y)
Tf(z) = /Rn Wf(y)dy-

In 1995, Paluszynskil?! proved that if A € Ag(0 < 8 < 1),Q € C®(s"!) and

/s 0(6)dé =

then [A, T)] is a bounded operator from LP(R™) to LY(R")(1 < p < 1_8

n)l _
B7p q¢ n

In 2001, Chen Wgngu, Hu Guoen!®! obtained the weak type (H',L') estimate for a multi-
linear operator T4 with D444 4 eBMO.

In 2003, Lu Shanzhen, Wu Huoxiong, Zhang Pul3! proved that if D"4 € Ag(0 < 8 < 1),
then T4 is weak bounded. That is, they proved.

Theorem A. Let 0 < 8 < 1,9 be homogeneous of degree zero on R™ and Q(x) €
L3(s" V(s > m) If DYA € Ag(ly| = m — 1), then

lv|=m—1

-
{z € R" : |Taf(z) {>/\}|<C( > ||D’A||AB“f“1) . VA>0.

Theorem B. Under the assumptions of Theorem A, we have

n

n—p
|{zeR":|MAf<x)|>A}|50< > nD*AnA,,”f”‘) . W

rl=m—1
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In this note, we will discuss the case for weighted weak boundedness with power weight.

Now we can state our main results as follows.

Theorem 1. Let -1 < a < 0,0 < B < 1, and Q be homogeneous of degree zero on
R™ Q(z) € L*(s"1),s > # If DA € Ag,|y| = m — 1, then T4 is a bound operator from
LY (|z|x(n=B)n) to [/ (n=B):oo(|p|@). That is, there is a constant C > 0 such that for any A > 0
and f € L*(|z|*(n—B)/n),

n/(n-8)
1
el < C (x > DAy, | If(z)llml"‘"“’”"dz)

fr|=m-1

/;¢=ITAI(x)I>A}

Theorem 2. Under the assumptions of Theorem 1, we have for any v > 0 and f €
AT

/{'1=1MAf(==)|>v\}

l7|=m-1

n/(n—B)
1 ain— n
|x|°dzsc(; S D74y, /R (@)l dz) .

2 Lemmas and Proof of Theorems

Lemma 1., Let0 < 8 <n,-1<a <0, and Q€ L*(s"!),s > ﬁ Then Tq g is
a bound operator from L*(|x|*("~B)/n) to L/(n=B)oo(|z|*). That is, there is a constant C > 0
such that for any A > 0 and f € L!(|z|*(n—B)/n)

1 n/(n-3)
/ |z|%*dz < C (—/ |f(z)||x|°’("—ﬁ)/"dx> .
{z:|Ta,s f(2)|>A} AJpn

Lemma 201, Let A(z) be a function on R™ with m-th order derivatives in L{ (R") for

somel >n. Then
!
l

1
|Rm(4;7,9)| < C (va—ylm > 07 Jos

|r|l=m

ID”A(w)I'dZ) ,
where QY is the cube centered at ¢ and having diameter 5\/njz — y|.
Lemma 32, For0< 8 <1,1<q< o0, we have

11, = 5P iz Jo F(2) - ma(lds
1

1 1
o o (g7 o 0) = ma(Dltde) .
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Lemma 45, Let Q* C Q,9 € Ag(0 < B < 1). Then

Ima- (9) - ma(9)] < CIQIP/Iglis,.

Recently, Lu Shanzhen, Wu huoxiong, Zhang Pul®! studied the multilinear operator T4 by closely

linked with a class of rough fractional integral operator Tq q,

Toaf@) = [ et it).

They obtained the following importment Lemma.

Lemma 5. Under the assumptions of Theorem 1 or Theorem 2, for any x € R™, we have
[Taf(@)i<C Y D" Allz,Tasf(z),
lyl=m-1

where

Taof@ = [ D70,

Remark. Lemma 1 is also established for Tq 4.

Proof of Lemma 5. For any fixed x € R", given r > 0, we have

Taf@is 3 [ m'“_(;—;f,j‘_lm Arlf@ldy= S L
k=—o00

2kl rjz—y|<2kr k= oo
For each I, let Q be a cube centered at z and having diameter r, Q) = 2*Q and set
1
A ) = Ay) - Y Smaq (DA
lyf=m-1 "

Obviously, Rm(A;z,y) = Rm(AQ,;2,y). By Lemma 2, we get

|Bm(AQu;iz.9)| < |Rm-1(4guz,y)| +C Y DA )iz —yI™

fyl=m-1

1 +
<Clz—ymt ¥ (I_QTI / |DvAok<z>|‘dz) n
[7] Ty JQ¥

=m-—1

Clz—y™' > |D"Aq. ()],

|yl=m-1

where QV is the cube centered at = and having diameter 5\/n|z — y|. Note that, if |z — y| < 2*r,
then QY C 4nQx.
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By Lemma 3 and Lemma 4, we have

1 o1 t
[ D740, ‘d) =(— D A(2) - ,,D"A‘d)
(g1 L 1P 0.0tes) = (g [ i A

< (ﬁ i lD"A(z)—ng(D"A)de) +

Mz (D74) = mang, (D7A)| + Imanc, (D7) = ma, (D7 4)

S ClRUP/MID Ay, < C@*r)PIID7All4,,

and
|DYAq, (v)] = |DYA(y) - mq, (D7 A)| < CIQIP/™ID Ally, < C(2*r)PID7 4|3,
Hence
|Rm(Aq.;2,y)| < C2r)Ple—y™ S [IDVAll4,.
jy|=m-1
Therefore
(2*r)?
I, < D7 A||; / Qz - d
fS Y DM e o up 0 IO
Qz - y)|
<cC D7 A|l; / ————I )|d
= hl;_l” ”Ag k=1 p<|z—y|<2tr |:z:—y|" |f(y I Y.

It follows that

Taf@) < 3 (C > DAl [ E(—W—)glf(y)ldy>

k-2 — ky | T —
k=—o00 [vj=m—1 2k-2r<|z—y|<2 rl

<c Y DAl \; / P wldy

k-lrlz—yl<2tr l

fv|=m-1
Qz
¢ Y DAl / 10 =l 11y
Wil |z - |
Y=m-1
=C ) |ID"4l|;,Tasf(a).
|7|=m~-1

Lemma 64, Under the assumptions of Theorem 1, we have T 4 f(z) > Maf(z), where

Taf@)= [ I—%l;—ym)l_ylfimm;z,y)llf(y)ldy-
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Proof of Theorem 1. The proof will be depened on the power weight bounded ness of the

fractional integral operator T . By Lemma 1 and Lemma 5, we have

/ |z|*dz _<_/ B |z|%dz
{z:|Taf(z)I>A} {zC X [DVAll4,|Tas f(z)1>A}

lvl=m-1

AN
<Cls X 104l [ 1@l .

brl=m-1

This completes the proof of Theorem 1.

By Lemma 6 and Theorem 1, the proof of Theorem 2 is directly deduced.

3 Further Results

Let us give the definition of the multilinear fractional integral operator as follows

Qz -
Tay p20 4. f(2) = /Rn W H R (Aj;z,y) f(y)dy;

1
Mo e na @) = s0p = /l | m(z—ynﬂmm,.(Aj;z,y)nﬂy)ldy,
T—y|<r

T

where

k
1 ,
R, (Ajiz,y) = 4i(0) = Y =D 4,0 -9)° §=12k M=3 m,

la|<m,
Then we have the following theorems:

Theorem 3. Let ~1 < a < 0,0 < 8 < 1,9 be homogenous of degree zero on R™ and
Qx) € L¥(s™ 1) (s > __n_ﬂ) If D7 A; € Ag([y] = mj — 1), then Ta, a,,... A, is a bound operator
from L(jz|*(=A)/n) to L7/(n=B):0(|x|®). That is, there is a constant C > 0 such that for any
A >0 and f € L!(jz|o(n—B)/n)

. n/{(n-p3)

1 -_—
elrde<c($IIL T 104, | [ f@lateormds

J=1 \|v|]=m-1

AI:iTAl.AZ.--- Akf(:t)|>’\}

Theorem 4. Under the same conditions as in Theorem 3, we have for any A > 0 and

fe L1(|$|a(n~ﬁ)/n),

=

n/(n—3)
1 a{n-— n
jaf7dz < C XH( > 104l | [ (@il

=1 \|y|=m~1

/{.leMA).A'_) Akf >/\}
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Lemma 7. Under the assumption of Theorem 3 or Theorem 4, for any x € R™, we have

k
Tas s af@ISCT L Y ID"44ll, | Tasf(@).

J=1 \|v|=m; -1

Remark. By Lemma 1 and Lemma 7, we can obtain the proof of Theorem 3 and Theorem

4 similar to that of Theorem 1 and Theorem 2.
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