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A b s t r a c t  

In this paper, a lemma as a new method to calculate the Hausdorff measure of fractal is given. And 

then the exact values of Hausdorff measure of a class of Sierpinski sets which satisfy balance distribution 

and dimension < 1 are obtained. 
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1 I n t r o d u c t i o n  

Advocated by Zhou Zuoling, some authors present the Hausdorff measure of special fractal 

in recent years. Because it is a very difficult problem, no common serve method has been obtained 

up to now, we have to analyse specific example with specific method. 

Just as the various fractal set of generalized Sierpinski in [2], there include cantor fractal 

set. We can caculate its exact value of Hausdorff measure for cantor set is discrete point set. 

Zhou Zuoling discuss Sierpinski carpet firstly, thereafter, [4],[5] caculate the Hausdorff measure 

of Sierpinski carpet which satisfy balance distribution and dimension=l.  Furhtermore, paper [6] 
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gives another caculating method and extends the result of [3] on the condition of dimensionil. 

In this paper, we obtain an important lemma by extending the lemma 1 of paper [1] which 

Zhou Zuoling gives. Using it and Combining the method in [3]-[6], we discuss a class of Sierpinski 

sets which satisfy balance distribution and dimension _< 1. Furthermore, we caculate the exact 

values of their Hausdorff measures. The notations in this paper are the same as the [5] and [6]. 

2 C o n s t r u c t i o n  a n d  Conc lus ion  

Let So be a unit square in R 2, Sn is composed of m n smaller squares and the length of their 
1 

edge is in Sn- l .  One of these squares is called elementary square of Sn and denoted by Dn. 
7Tt n 

Let n -~ oo, we get a class of Sierpinski carpets such that  their dimension=l and S = lim Sn. 

Obviosuly, every Dn can form a Sierpinski carpet and each is similar to S with similaity ratio 
1 

m n 

If we define distributed function # on So, let 

{ ,(So) = 
'D' #t m) = nm'  

- s )  = 0, 

then/~ is a measure on So and S is a quality distribution when/ t  restricte on S. 

Paper [5] shows that  m = 5 is a Sierpinski carpet that  satisfies balance distribution. The 

construction can be seen from figure 1: The unit square D1 in $1, one lies in the centre, the 

other distribute on the 4 angles of the square. Now, our aim is to extend the result of [5], that  
" l  

is, we let the edge length of D,~ is ~ ( m  > 5). It is easy to prove Hausdorff dimensions of these 
m 

Sierpinski carpets (denoted by s) are 

i I 

D 

I I 

s = dimHS = l~ < 1 
logm - 

( see  [2]). (1) 
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We define distributed function # on So, let 

~(s0) = 2~, 

~(D1) = ~2~,  

~(Dn) = ~---2~, 
m n 

~ ( S o  - S )  = o. 

Our main result in this paper is as follows: 

T h e o r e m  1. Hs(S )  = 2~ with s = 
log5 

logm" 

3 P r o o f  of  t he  T h e o r e m  

Let Sn be a covering of S, we may obtain the upper estimate for Hansdorff measure of S: 

Hs(S)  <_ 2~, 

so, the main proof of the theorem is to show 

Hs(S )  _> 2}. (2) 

For any plane point set u if its diameter lul > 0, we denote the member of Kin that  intersected 

with U by C~n(U). 

L e m m a  1. For any suficiently large positive integer n, we have 

~n(U)2~ < IVl 8 (3) 
5 n 

and then (2) holds. 

The imilar proof can be seen from [6]. 

Similar to [4], we denote 

on(u) = in(u) + j . (u )  + kn(U) 

(kn(U) is the number of Dn that  lied in the center and intersected with U). When IUI >__ v/~, we 

easily get to know (3) holds for every n. So, let 0 < IUI < v f~, then, for a given u, there exists a 

positive integer k such that  
v~ v~ 

m~+' < }u{ < m----;' 
Using the self-similarity, we only discuss the case of a certain k. So, we always assume without 

loss of generality that  

v~ _< IUI < v~. 
m 
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The five cases al(U) = 1, 2, 3, 4, 5 can be discussed respectively as following: 

1 n a~(..U) 1 . 
Case  1: If a l ( U )  = 1, then an(U) _< g5 and w '  2~ _< ~2~ _< [U[ s. So, (3) holds 

obviously. 

Case  2: al  (U) = 2. 

Now, the two unit squares that intersected with U are I1 (or Jl)  and K1. We only need to 

prove 

~3tu)2~" " < lVl  s. (4) 
53 

Since { a , ( u ) )  is a decreasing sequence, so, (3) holds. 
5n - 

To prove (4), we notice that a2(U) < 10 and consider three cases: 

(i) a2(u)  _< 5 

From a2(U) _< 5 and a3(U) _< 5 x 5, then 

aa--(U)2t < ~2~ 
53 - _ �9 

Furthermore, ]U I _> ~ - ( 1  - m >_ --~-, thus ]U] 8 _> 2~. So, (4) holds�9 

(ii) 6<__a2(U) < 9  

From a2(U) _< 9 and aa(U) < 5 • 9, then 

Also from a2(U) _> 6, we obtain 

[Vl > (1 

9_~ 
Thus ]U[ 8 _> ~-ff2 . So, (4) holds. 

(iii) a 2 ( V ) =  10 

m - 5 

From a3(U) < 5 x 10, then a3(U)o~ < 102~ _ 53 _ _ ~ . Furthermore, 

IUP > ( 1 -  ~ ) v ~  > 
2V~ 10x/~ 

_ _ 5 = ~ . - ,  

102~ thus IU[' >_ ~ . So, (4) holds. 

Therefore, in the case 2 of a l  (U) = 2, (3) holds�9 

C a s e  3: a l ( U )  = 3. 

Now, the three unit squares that intersected with U are I1(I~) and Jl (J~) and K1. 

Concerning a2(U) _< 15, we consider four cases to prove (4) holds: 
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(i) a2(U)  < 10 

From a2(U) < 10 and aa(U) _< 5 x 10, then 

a3(U)2 ~ _ 2 
53 < ~2  . 

S i n c e a l ( U ) = 3 ,  w e o b t a i n l U  I > _ 1 -  2 > 3 ~V~, m - 5 > thus IVl" >_ 2~. So, (4) holds. 

(ii) 11 _< a2(U)  <_ 12 

~a(U)2~ 122~ also from 11 < a2(U), we From a2(U) _< 12, and a3(U) _< 5 x 12, then 53 <_ 52 , 
obtain 

IuI > (1 

122~ Thus Igl  s >_ -~ff . So, (4) holds. 

(iii) 13 <_ a2(U) < 14 

1 1_._) > 4 1 19 12vf ~ 
m m 2 - 5 52 - 52 > 52 "-" 

From a2(U) <_ 14, and aa(U) <_ 5 x 14, then 

Also from 13 < a2 (U), we obtain 

IUI >_ (1 - - -  

a3__(U) 2 ~ 14 o 
53 < ~2~. 

Thus IUl" > 142~ So, (4) holds. - 5 2 �9 

(iv) a2(U) = 15 

From a3(U) ~ 5 x 15, then 

Furthermore 

2 2 4 )  4 1 21 14 + + > + -- > 
, .  ~-~ m 2 - g  s2 s2 g v~. 

thus 

a3(_.U)2~ < 152~ 
5~ - - ~ " 

i 2 2 1 2 ) 2  IUI > (1-~-~-) + ( ~  m2 
1 _ ~___~)2 = 2x/~-9qr~ 16x/, ~ 

>- I ( 1  - ~-~)2 + (~ 52 - -  > ~ ' " - ,  

162~ IUl~ > U . So, (4) holds. 

Therefore, in the case of al (U) = 3, (3) holds. 

C a s e  4: a l ( U )  = 4. 

Now, the four unit squares that intersected with U are I1, I~, and J l ( J [ )  and Kl.  

Concerning a2(U) _< 20, wc consider three cases to prove (4) holds: 

(i) ~2(v) _ 15 
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 3(u)2  _ By a2(U) <__ 15 and a3(U) <__ 5 x 15, then ~ < 2~. 

Also from IU[ _> (1 - )v~ >_ ~v~, we obtain [U[ s > ~2~. So, (4) holds�9 

(ii) 16 _< a2(U) <_ 19 

From as(U) < 19, and a3(U) _< 5 x 19, then 

Also from 16 < a2(U), we obtain 

[Ul > ( 1 -  - -  

1924 thus IUI s _> ~- . So, (4) holds. 

(ii) a2(U) = 20 

5 - 5 ~ " 

+ . _  > + . _  = 

m - 5 

a3(U)2] _ 202~ From a3(U) < 5 x 20, then 53 < ~ . Meanwhile, 

]U,>(I 2 + 4 m~ 3 ~ 23 /~ 
_ 

232~ thus ]UI s _> ~ . So, (4) holds. 

Therefore, in the case of al (U) = 4, (3) holds. 

Case 5: otl(u)= 5 

We need the following lemma: 

L e m m a  2. We assume that L is a straight line which parrellas to one of diagonal lines of 

So and intersects with So. Denote 

d ( ( x , y ) , L ) - - l ,  (x,y) ={(0,0),(1,0),(0,1),(1,1)}, 0 < l <  l y e ,  
7n 

also denote the traingular that surrounded by L and the edge of So by AL. If  we let l = l 'v~, 

then we obtain 
l' 1 

#(ALASo) > ~2~, 0 < l' < -- .  
z m 

Proof�9 

LI ~ L . t  

We consider three cases: 

/ 

\ /L  x 



Chen Dan et al : Hausdorff Measures of a Class of Sierpinski Carpets �9 173 �9 

1 - l '  1 (i) ~ < < - 
m 

1 - l, 1 , 1 2~ 
By ~m < <--m t h e n p ( A L N S 0 ) >  ~#([:31)= 2 x 5  

m - 1  1 1 
(ii) 2 m 2 - < l ' <  2m 

Then there exists positive a integer k E {2, 3 , . . .  } such that  

~ > 2 - ~ 2 ~ > ~ 2  ~. 

2 i=2 m---7 ~ < < ~ i=2 m 
- - m ' -  ~J~ ( 1 + - + " ' + ~  -r:r-~ " 

k + l  k + l  
.(ALnSo) > Z . ( o , ) =  ~ 2~ _ 2~ ( : _ ~ , ) 1  1 

- 5i 5~ -1+  o + " +  o~-, - 
i = 2  i = 2  

Thus 

We only have to prove 

If m = 5, (5) is identity. Let f (x )  -= 

m - 1  1 
4m 2 < ~ .  

x 2 2 z  z 2 z ( z  - 2) 
x - 1 '  t h e n  i f ( x )  = x - 1 ( x  - 1) - - - - - - - - -~  = ( x  - 1) 2 .  

If x > 2, then f ' ( z )  > 0 and 1 monoton increasing such that  

m 2 5 2 
f (m)  --- > 1(5) -- m > 5. 

m - l -  ~ "  - 

I I _~  
So, in this case, we have proved # (AL f3 So) > 32  �9 

1 _ l' (iii) ~-~ < < 

Meanwhile 

m - 1  1 
2 m 2 

1 [] 5~2~ # (ALAS0)>_  5#(  2 ) =  �9 

/.' 
In view of (5), we also get # (AL n So) > 2-2~. 

- 2  
Now, from the argument above, we can use the conclusion of lemma 2 to prove. 

Case 5: #(u) _< lu[ s. In fact, we can get from figure: 

I=1 > (1 - 2 ) ~ +  ( ~  _ tl) + ( ~ - t 3 ) =  ( 1 - / [  - t ~ ) V ~ ,  
m m 

I~1 _ (1 - l ~  - l ~ ) v / - 2 .  

Thus 
4 

1 
I~,i >_ ( 1 -  ~ ~ l ; ) ~ ,  

i = l  
1 4 1 4 

I~1' _> (1 - ~ ~t~)"2~ >_ (1 - ~ ~t',)2~-. 
i=1  / = l  

(5) 
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On the other hand 

~(u) 
4 

< ~2(u)2~ - ~-~',(ALi n So) 
- 5 i=l 

4 4 =2~-~8 1~1~2~=(1-1~I~12~~ _<1~1 s 
i=l i=1 

Consequently, by using lemma 1, theorem holds. 
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