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On Singularity of Function Family

Sun Daochun
(Department of Mathematics, Wuhan University , Wuhan 430072,China)

Abstract We define a notion of singularity for a family of meromorphic functions. Seme sufficient and
necessary conditions for this singularity are estabilished.
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Suppose that V is the Riemann sphere of unit diameter,F* is a connected domain on V,whose bound-
ary aF * consists of g circles {B;} (1<{i<(q), so that for any two circles B,,B;(i# ), the spherical distance
d(B:yB;)>b€ (0,0.5]. Let F be a finite covering surface of F*,whose boundary dF consists of a finite
number of analytic Jordan curves. We call the part of dF, which lies in the interior of F*,the relative
boundary of F,and we denote its length by L.

Let D be a domain in F* ,which is bounded by a finite number of analytic Jordan curves,and F(D) be

the part of F which lies above D. We denote the area of F* . F,F(D) by |F* |,|F|,|F(D)| respectively.
Set
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In (1], we have proved the following result;
Theorem A For any finite covering surface F of F* ,we have
L
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_|F(D)|
| = 10
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D]

IS* - SDY| >

In [2],we have proved

Theorem B For any finite connected covering surface F,we have
. 2L
ot (F)>p(F*)S = 32%¢
where p(F) is the characteristic of F ,p" =max(0,p).

Let {B;}!=) be g==3 disjoint circles on V,and that for any two B;,B,(i#).the sphercial distance
d(B:,B;)>b€ (0,0.5]. Set

F* =V\ U B;
Then
p(F*)=¢q—2
Now F(B;) consist of a finite number of connected surfaces
F(B) =U,F! + U Fs
Where F* has no relative boundary with respect to B;,and is called an island,while F? has such one,which
is called a peninsula.
Theorem 1 Let n(i) be the number of simply connected islands in F(B;),then
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max(O,Zn(i) -1} >@—2)S - 480b£3.
i=1
where L is the length of the boundary of F.

Proof We take off all peninsulas {F3;} above {B;} from F,and let F' be the remaining surface:
F'=F\ (UF;
Suppose F' consists of N(F') simply connected s':rlfaces {F'(¢)},then
p(F'y = D p(F' (1)) =— N(F')

q
Set F” (¢)=F'(¢)\ U U,F}. Suppose that F” (¢) consists of a finite number of connected surfaces
i=1

{F"(tyu)}. Since islands do not touch the boundary of F',the characteristic do not change,so that we have

— N(F') = p(F') = inm,-) + > D pF () ¢))
i=1 j t u

Since F'(t) is simply connected,there is only one F”( * )€ {F" (¢t,u)},such that aF' (¢) NaF" ( + )#
& yand other surfaces F” (¢,u) have relative boundary with length L=0. From Theorem B, one sees that
et (F"(¢,u))>S8>0. Thus F” (t,u) is not simply connected. This implies that the number N (F”" (¢)) of
simply connected surfaces in F”(¢) is not bigger than N(F'). We have that

(i) If there is no island in F'={F'(®)},i.e. > ,n(i) =0, then

N(F"(t)) = N(F")
(ii) If there is F'(¢,) € F' contanning at least one island,then for any F" (to,u) € F" (¢,) = {F" (t,,
u)}»F" (¢5,u) is not simply connected. That is,
NF"@)) 2 NF') — 1
Combine with (1),we get
q

~N(F) = p(F') = 2> % (Ff) = in(i) + D3>0 (Fr(t,u)) — N(F7)

i=1 i==] t

0= > >0t (F"(t,u)), in(i) =0
t u i=1

and
ijnm > > >0t (Fr,w) + 1+ Z >t (Fip
i=1 ! u i=1

> > >t (Friw) + 1, inm #0 (2)

i=1

Since every F” (t,u) is a covering surface of F* ,by Theorem B,one has

ZZVL (F"(tyu)) > (¢ ~ Z)ZZS" (tyu) — 35222 %2
> (¢~ 28" — 352 & (3)

b3
E2 U] gr = S S797(,u) yand L7 (¢ is the relative boundary of F”
—F] 'Y T 1 tyu) yand L" (t,u) is the relative boundary of F" (t,u).

From Theorem A,we have

where 8" (¢,u) =

n2L,
[/ —_—
|S S|<b|F'| (4)

Note that g<4|F* |/6%,and combine with(2),(3),(4),we have

max{0, Do) — 11> 33 D00t (Fr(w) > (q =) — 352 i
i=1 ) 7 u
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2 2
><q—2><5—b‘"pL,[>—352()—%2((1—2)5— (qﬂz—,,—( +%2>L

2
><q—2)5~(4’b%+%53—2>L><q~2)S—4sob£;- Q.E.D.

Combining our method with Theorem 1, Theorem VI in[3],we have;
Theorem 2 If {D;}_, is a set of ¢ disjoint simply connected domains on V ,each of which is bounded

by ananalytic Jordon curve. Let n(i) be the number of simply connected islands in F(D;) ,then
q

max {0, > (i) — 1} > (g — 2)S — hL

i=1
where h>0 is a constant ,depending only on {D;} and L is the length of the boundary of F.

Theorem 3 Suppose that F is a simply connected finite covering surface of V' ,and that every connect-
ed island in F(B;) has at least m(;) (i=1,2,*,q; ¢==3) sheets,where m(;) =00 means that there is no
simply connected island in F(B;) (except one from all islands),then

q -
D50 1m@) <2+ @80 + T—é%) i
where |B|=min{|B;|;i=1,2,... ,q}.
Proof Let n(i) be the number of simply connected islands in F(B;). If m(i)7#oo,then S(B,)=m(;)
n (i). For B; which has a exception,S(B; )=m(i,)[n (i) —1]+1. In this case,n(i))>0,s0 that by Theo-

rem 1 and A,

!‘ —?wS B
(q—2)S—4805%<Zn(i>~1<Z_LQ_ 1

- < m()  mGy)

g S(B,) 1 1 ’q'W 'KZL
<2 m)  mGy) T m(io)%/ bB, |

i=1

! S(B,) 1 thZL
< Zl mG)  mo) | bB,]

For n(i)=0,the above inequality holds too. By noting that q<}t—?,we obtain Theorem 3. Q.E.D.

Theorem 4 Let w=f(z) be a meromorphic function on B={|z|<<R}. Assume that the number of ze-

q
ros of H (f(z) —a(i)) (g=3)in Bis smaller than n,where multiple zeros has been counted only once.

i=1
If the spherical distance of any two points in {a(i)} are bigger than &,then
TSR

(@ — 2)S(r) <n + 2048 R =5

r € [0,R)

where

S(r) = ljj (—-—lw—(—gL)zrdrdt, z = re

)i 1+ |w(z)]|?

Proof We take off ¢ points {a(i)} from the w-sphere V,and let F* be the remaining surface. Then p

q
=p(F*)=qg—2. We take off the zeros of H (f€2) —a(i)) from B,and let D be the remaining domain. Set
i=1

D(r) =D {|z]| <r <R}, F@)={f(2);2 €€ D(r)}
Then F(r) is a covering surface of F*. By Theorem B,
pt (r) = (g — 2)S(r) — hL(r)

2
where h=§iT",p(r) is the characteristic of F(r),and L(r) is the length of the image of aD(r) on V. Thus

(@q—=2)5(r) —n< (g — 2)S(r) — p* (r) <hL(r)
If (g—2)S(t)—n>0 for all t€[r,R),then by Schwarz inequality .we have
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dS(t)

((g = 2)S@®) — M <ThE(L())? < 2nPh%t it

so that

R—r _ (Fdt zzr S onth?
R <J,. PSR TS ) S G =250) =n

R
R__r—-n+2048(—RT)b6

(g — 28(r) < n+ 2nth?

If (g—2)S(¢t)—n<0 for some t€ [r,R),then
(g—=2)S(r) —n< (@—2)S) —n<0
which implies that our theorem holds in general. Q.E.D.

Theorem 5 Let w=f(z) be a meromorphic function in B={|z|<R}. Let F be generated by w=
f(2) on w-sphere V. Let {B,} be q disks on V,and denoted by » the total number of simply connected is-
lands in {F(B;)}_,.If the spherical distance of any two different disks in {B;}are bigger than b,then

6
(0= DSC) <n+ 208 oy r € [OLR)

Proof Theorem 5 follows from Theorem 1 and the method of the proof of Theorem 4. Q. E.D.

Let M(D) be a family of meromorphic functions in a domain D. A subfamily F={f}CM(D) of mero-
morphic functions is said to be normal in D,if every infinite sequence of functions from F.contains a subse-
quence which converges locally uniformly on D. A family FCM(D) is said to be normal at a point e € D,if
there is a neighborhood U (¢e€UCD),such that F is normal in U.

Definition 1 If a family F={f}CM(D) is not normal at a point e € D,then e is called a singularity of
F.

Definition 2 We say that there exists a sequence of fulling circles in a family F={f}CM(D) at some
neighborhood of e€ D,if for any 4,6>>0,there exists f€ F such that f({|z—e|<t}) covers the sphere sur-
face V except for some point in at most two disks with radius b.

Theorem 6 Given a family F={f}CM(D),and a point ¢€ D, the following statements are equiva-
lent:

1) The point e is a singularity of F;

2) There exists a sequence of filling circles at point e;

|f' ()|
m;fEF, d(z,e)<t)=00;

4) There exist two different finite or infinite complex numbers p and ¢ such that for any £>0,there
exists f€ F,such that p,q€ f({|z—e|<t});

5) For any three different finite or infinite complex numbers p,q and g,and any t>>0,there exists f
€ F such that the total amount which f takes values on p,q or g in {|z—e|<t} at least two times;

6) For any b,¢>>0,there exists f€ F,such that for any three different finite or infinite p,q and g,
for which the spherical distances d(p,q),d(q,g) and d(g, p) are bigger than &, f takes values on p,q or g
at least two times in {|z—e|<t};

7) For any b,¢>0,there exists f € F,such that for any three disks A,B and C with the spherical
distances d(A,B),d(B,C),d(A,C)=>b,the total number of simply connected islands of f({|z—e|<t}) is
no less than two on A,B and C;

8) For any b,¢>>0,there exists f € F,such that for any ¢=>3 disks {B;}whose spherical distances be-
tween any two of them are larger than b,then the g positive integrals {m(i)} satisfy: '

: 1
; (1- m) <2
where every simply connected island of f({|z—e|<t}) which lying above B; has at least m(i) sheets (the
total amount of exceptional points is one at most),and m(i)=oc means that there is no simply connected

island in f({|z—e|<t}).

3) For any t>0,sup{
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Proof 1)&3): follows immediately from Marty normal criterion in [4].
4)=>3) : Suppose that 3)is not true,then there is a neighborhood U of the point e and a positive con-
stant M>0,such that for all fEF,z€U,

|f ()|
1+ | f())?

Let 6=d(p,q). We take t€ (O’Zi_'i) ysuch that Q={|z—e| <t}CU. Then for any two points «,v in @,and
any fEF ,we have

<M

0
d(fw),f(0) < J: 1 Jfl;“(jfre),,‘) dr <RM < 2t < %
v—u,l. e. the diameter of the surface f(Q) is uniformly smaller than # with respect to F. Thus
f(Q) does not cover p and q. This contradicts with 4).
The implications 5)=>2),2)=>3) and 8)=>7)=6)=>5) are obvious.
5)=>4): Take four different complex numbers x,y,u,v,and let b=min{d(z,y) d(y,u),du,v),d(v,

z),d(z,u),d(y,v)}. It follows from 5),that there exists a sequence{f,}CF,such that there are at least

0.

where Re

two numbers in f"(lz*e|<%)ﬂ {z+y,uyv}. Thus there are p,q€ {x,y,u,v}such that

#{fuiprg € Fullz—el < %)} = oo

This proves 4).

3)=>7): Suppose that 7) is not true. Then there exist ,:>>0,such that for any f & F,there exist three
disks A,B and C with respect to f with spherical distances d(A,B),d(B,C),d(A,C)=b,and the total
number of simply connected islands of f(|z—e| <t) is less than two on A,B and C. We take R<t,so that

{lz—e|<R)CDsand YEU = |z—e|<§}.Ler X=(Y-e)€{ iz|<§} and
| f (M [(R* — |X|®)

M=M= 037 PR (5)
For M>1,the mapping
MRz — X)
h=h(z)= R —a%
transforms{ |2| <R} into {|h|<<M},and A(X)=0. Its inverse mapping is
+ o) = RORA+ MX)
MR + hX
Let f(z+e)=f(z(h)+e)=g(h).Note g(0)=f(X+e)=f(Y) (6)
3 2
g h) = fz(h) + &)z (h) = f' (z(h) + e) M(RMR_—f-W}Ipr)(;l
! i R? — |Xl2 2
|g(0)|=|f(Y)——W——|=1+lf(Y)l'=1—+‘|g(0)|2 (7N

It follows from 6) that for any r€ (0,M),since g(|h|<r)Cf(DN{|z—e|<t}),the total times of g(|A|
<r)covering A,B and C is less than two. Set
___1_ . Igl(h)lz dtdd _J[ _lg’(h)l
St = n”MK, 0 gmprdd o=} T Temp®

where h=te®. It follows from Theorem 1 that
3

0 = max{0, >, n(j) — 1} > S(r) — GL(r)

j=1
where G is a constant depending only on ¢. By Schwarz inequality,

St(r) < GLA(r) < 2G*wer ‘%(:—)
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b s SO 207
og M = 7 <] G < K

By the Theorem V1,11 of [1] and (7),we know that there is a disk whose radius is a positive constant ¢ in
g(|h]|<1). Thus

2G"’1t3

log M < >0 (8)

For M<1,(8) is obvious. Then for any YEU ,any f€ F,by (5),(8) and|X|<§,

PO RM 16
T fDOE - R X 2

This contradicts to 3).

3)=>8): Suppose that 8) is not true,then there exist 4,>0,such that for any f€ F,there exist ¢>2
disks{B; }with respect to f such that the spherical distance between any two of {B;} is larger than 4. And
m(i) satisfies

i=1 m(i)
Since m (i) are positive integers,we have
1
Z(l —(5) —22 3
where the minimum value Zlé is attained ,when m(1)=2,m(2)=3,m(3)=7,m({4)=m(5)==m(g)=1.
By Theorem 3,
_ L@®)
Z(l ) <2ty
Thus one has .
S(t) < 42cL(t)
The rest part is the same as in 3)=>7). Q.E.D.
Definition 3 Given a family F={f}CM(D),and a point ¢e€ D,for any t>0,
If’(Z)| _— _ ,..tl)
sup{JL_elq Tt € Fl = oo, (e =1

then the point e is called a transcendental singularity of F.

Definition 4 We say that there exists a sequence of transcendental fulling cercles for a family /--
{f}CM(D) at some neighborhood of € D,if for any b,¢,N>0,there exists f€ F such that for any finite
or infinite complex number a,the number of times that f takes value a in{|z—e|<t}is bigger than N,ex-
cept for some points in at most two disks with radius &.

Definition 5 We say that there exists a sequence of transcendental filling circles in a family F={f}C
M(D) in the domain D,if for any 5, N>>0,there exists f€ F such that for any finite or infinite complex
number a,the number of times that f takes value a in D is more than N,except for some points in at most
two disks with radius 4.

Theorem 7 Given a family F={f}CM(D),and a point e€ D. If for any f€ F, f(D) does not contain
2,q(p7q) sthen the following statements are equivalent

1) The point ¢ is a singularity of F;

2) The point e is a transcendental singularity of F;

3) There exists a sequence of transcendental fulling circles at a neighborhood of e;

4) For any b,t,N>>0,there exists f € F,such that for any finite or infinite complex number z with
spherical distances d(z,p),d(z,q)>b, f takes values z more than N times in {|z—e|<t};

5) For any ¢,N>>0,and simply connected closed domain B in V\{p,g} bounded by an analytic Jor-
dan curve,there exists f € F such that the number of simply connected islands in f(|z—e|<t) is more
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than N on B;

6) CIn fact,we can go further) :For any b,t,N>>0,there exists f € F,such that for any simply con-
nected closed domain A bounded by an analytic Jordan curve with the spherical distances d(4,p),d(A,q)
<b,the number of simply connected islands in f(|z—e|<t) is larger than N on A.

Proof 1)=>5):We connect p,q by an analytic Jordan curve / in V\B. Denote the length of / by [Z].
Set

P=1-55, b=min{lpal, |Bl|,|l| v >0
A=z EVilepl <Th  E= (2 €Vilagl <7
C=lzr€V;lnl| < —Z— H=V-GDB
Then
|H| >n— 2b|l] — 2b*rn>n — 4b|l| > " 9)

2N
If 5) is not true,i. e. there exits t>0,such that for any f€ F,the number of simply connected islands in
f(|z—e|<t) is not larger than N on A. Then the total number of simply connected islands in f(|z—e|<

t) is not bigger than N on A,E and H. Since S}J—V—Inﬁl,one then has

o NIHIGN -1 ON -1
SP—-(N—-12 N N + 12> N(xn N) N N+1

(2N —1)? _

ey N +1 ~4N >0 (10

By Theorem 2,for g=3,0ne gets

3
N —1>max{0, > n(i) — 1} > — AL
i=1

where & is a constant which depends on A,E and H.By (10),we have
(1—P)S<hL

The rest is the same as in the Proof of 3)=>7)of Theorem 6. We would obtain that F is normal at the point
e. This contradicts to 1).

5)=>4)=3) and 2)=>1) are obvious.

4)=>2) and 3)=>2):If 4) or 3) is valid,S(|z—e| <t; f)is not bounded for f. Thus 2) holds. Q. E. D.

Theorem 8 If the point ¢ is a singularity of a family of analytic functions {f(z)} on a simply connect-
ed domain D,then e is also a singularity of the family

{j:f(z)dz}
 Proof Let

F(z) = sz(z)dz,
0

then F(0)=0.If the conclusion is not true,then there exists £>>0,such that every infinite sequence of func-
tions from {F},contains a subsequence {F,} satisfying that

F,(z) = sz,,(z)dz — = F(2)
0

uniformly on {|z—e|<t}. Thus {f,} converges uniformly to f. This is a contradiction. Q.E.D.
Theorem 9 Given a meromorphic function family F={f}CM(D),the following statements are e-
quivalent ;
1) There exist at least one transcendental singularity of F in D;
2) There exists a closed domain ECD such that
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_ | f(2)] _
sup{S(E, f) = ”E(—-—l L Tieyp)rdrdd, fEF) = oo

3) There exists a sequence of transcedental filling circles in F in D;

4) For any b,t, N>0,there exists f€ F,such that for any q different finite or infinite complex num-
bers C,,C;». .. ,C, for which the spherical distances d(C;,C;) (i#j) are all larger than b, f takes values at
C; (j=1,2,...,q) at least N times,with at most two exceptions in {C;};

5) For any b,¢,N>>0,there exists f€ F,such that for any ¢ disks B, ,Bs;. .. s Byysuch that the spher-
cal distances d(B;,B;)=2b (i%}j),the number of simply connected islands of f(|z—e|<t) are larger than
N for all B;(j=1,2,... ,q)with at most two exceptions in {B;}.

Proof The implications 5) =4) =3) =2) =1) are obvious. By Theorem 5,0ne gets 1) =5).

Q.E.D.
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