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On Singularity of Function Family" 

Sun Daochun 

(Depar tment  of M a t h e m a t i c s , W u h a n  U n i v e r s i t y , W u h a n  430072,China)  

Abstract We define a notion of singularity fo r  a family of meromorphic functions. Some sufficient and 

necessary conditions for this singularity are estabilished. 
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Suppose that V is the Riemann sphere of unit diameter,F" is a connected domain on V,whose bound- 

ary OF" consists of q circles {B,} (]<~i~<q), so that for any two circles Bi ,Bj(i:/:j), the spherical distance 

d(B,,Bj)>bE (0,0.5-1. Let F be a finite covering surface of F" ,whose boundary OF consists of a finite 

number of analytic Jordan curves. We call the part of OF, which lies in the interior of F ' ,  the relative 

boundary of F,and we denote its length by L. 

Let D be a domain in F" ,which is bounded by a finite number of analytic Jordan curves ,and F(D) be 
the part of F which lies above D. We denote the area of F" ,F,F(D) by IF" I, [FI, [F(D) I respectively. 
Set 

S" - [F[ S -  iF[ S ( D ) -  IF(D)I 
I F ' l '  IVl' IDI 

In l-l-],we have proved the following result; 

Theorem A For any finite covering surface F of F '  ,we have 

r~-'L 
IS" - S(D)[ > IDIb 

In [-2],we have proved 

Theorem B For any finite connected covering surface F,we have 

~2L 
p~ (F) > p(F" )S - 32 - ~  

where p(F) is the characteristic of F ,p '  =max(0,p).  

Let {B,},%~ he q ) 3  disjoint circles on V,and that for any two Bi,B}(ir sphercial distance 
d(B~,B~)>bE (0,0.5]. Set 

q 

F'  = V \  UB, 

Then 

p ( F ' )  = q -- 2 

Now F(Bi) consist of a finite number of connected surfaces 

F(Bi) = UjF~ + UjF,~ 
Where F k has no relative boundary with respect to &,and is called an island,while F ~ has such one,which 
is called a peninsula. 

Theorem 1 Let n(i) be the number of simply connected islands in F(B;),then 
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q L 
max{0, '~ ,n( i )  - 1} > (q - 2)S - 480 b~ 

i ~ l  

where L is the length of the boundary of F. 
Proof We take off all peninsulas {FTj} above {Bi} from F,and let F' be the remaining surface: 

q 

F' = F\ U U jF~ 
i ~ l  

Suppose F' consists of N(F' )  simply connected surfaces {F' (t) } ,then 

p(F')  = E p ( F ' ( t ) )  = -  N(F ' )  
t 

q 

Set F" ( t )=  F' ( t ) \  U UjF~i. Suppose that F" (t) consists of a finite number of connected surfaces 
i ~ l  

{F" (t,u)}. Since islands do not touch the boundary of F' ,the characteristic do not change,so that we have 
q 

- N(F')= ~(~')= E E~(F:,)+ E E~(F"(,,~)) (1) 
i =  1 j t u 

Since F' (t) is simply connected,there is only one F" ( �9 ) 6 { F" (t,u)} ,such that OF' (t ) N aF" ( �9 ):/: 
~,and  other surfaces F" (t,u) have relative boundary with length L=0.  From Theorem B, one sees that 
p+ (F" ( t ,u) )>S>O.  Thus F" (t, u) is not simply connected. This implies that the number N(F"  (t)) of 
simply connected surfaces in F" (t) is not bigger than N(F' ) .  We have that 

(i) If there is no island in F'={F ' ( t ) } , i . e .  ~ n ( i )  = 0,  then 
i 

N(F" (t)) = N(F'  ) 
(ii) If there is F' ( to)6 F' contanning at least one island,then for any F" ( to ,u)E F" (to.)= {F" (to, 

u)},F" (to,U) is not simply connected. That is, 
N(F" (t)) ~ N(F' )  - 1 

Combine with (1),we get 
q q 

- N(~')= ~(F')= E E ; +  (F:,)- E , o ) +  E E ~  + (F"(t ,u))-  N(F") 
i = 1  j i ~ l  t u 

q 

and 

o > / E  ~ +  (F,,(~,~)), E , ( , )  = o 
t u i ~  1 

q q 

~_~n(i) > / ~  ~-],p+ (F" (t ,u)) + 1 + ~ ~--~,p+ (FI:~) 
i ~ l  t u i = 1  j 

q 

>i : E ~  ~. (F,,(t,.))+ ~, : E . o )  ~o  
t u i = 1  

Since every F" (t,u) is a covering surface of F" ,by Theorem B,one has 

(2) 

Y ; , Z r  (r,, (, ,,))> ~ -  2 )E  Es,,( , , , , )-  3szY;, E L,,(,,.) ' b3 
t u t u t u 

L 
>/(q - 2)S" - 352 b~ 

where S" ( t ,u)  - IF"(t,u) l 
lEt 

From Theorem A,we have 

(3) 

, S" = ~ ~ S " ( t , u )  ,and L" ( t ,u)  is the relative boundary of F" ( t ,u) .  
l It 

7rZL 
I s " -  sl < bIF'-----~ 

Note that q<4 IF" [/b 2 ,and combine with(2), (3), (4) ,we have 

L 
m a x { O , E n ( i )  -- 1} ~ E E p  + (F"(t ,u))  ~ ( q - ) S "  - 352 

b ~ 
i = 1  t u 

(4) 
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~ZL L ~2 352 
>~ ( q -  2)(S b i F ~ )  - 3 5 2 ~ > / ( q -  2 ) S -  (qbiF---Ti + b-T)L 

x 2 ~2 L 
> / ( q - 2 ) S -  ( 4 ~ +  ) L > / ( q - 2 ) S - 4 8 0 b ~  Q.E.D. 

Combining our method with Theorem 1,Theorem VI in[3],we have: 
Theorem 2 If {D~},%1 is a set of q disjoint simply connected domains on V,each of which is bounded 

by ananalytic Jordon curve. Let n(i) be the number of simply connected islands in F(D~),then 
q 

max{0, E n ( i )  - 1} > (q -- 2)S -- hL 
i ~ l  

where h > 0  is a constant,depending only on {D~} and L is the length of the boundary of F. 
Theorem 3 Suppose that F is a simply connected finite covering surface of V,and that every connect- 

ed island in F(B~) has at least re(i) ( i = l , 2 , ' " , q ;  q>~3) sheets,where m( i )=co  means that there is no 
simply connected island in F(B~) (except one from all islands),then 

q 510. L 
E ( 1  - 1~re(i)) ~ 2 -4- (480 + T-B-T ) Sb-- 5 
i = l  

wherelBl=min{ I B , ] ; i = l , 2 , . . .  ,q}. 
Proof Let n(i) be the number of simply connected islands in F(B~). If m(i )~co, then S ( B , ) ~ m ( i )  

n (i). For B,.o which has a exeeption,S(Br In this case,n(io)>0,so that by Theo- 

rem 1 and A, 

L E n ( i  ) -- S(Bi) 1 
(q - 2)8 - 480 ~ ~ - 1 ~ m(i) m(io) 

i ~ l  i ~ l  

,~1 m(i) m(io) + m(io---~ b[Bio[ 

"~, S(Bi) 1 q~ZL 
i=1 m(i) m(io) + blBio[ 

4~ 
For n ( i )=0 , the  above inequality holds too. By noting that q<~- ,we obtain Theorem 3. Q.E.D. 

Theorem 4 Let w = f ( z )  be a meromorphic function on B= { [z [ <R}. Assume that the number of ze- 
q 

ros of ] -I  ( f ( z )  - -a( i ) )  (q ~ 3) in B is smaller than n,where multiple zeros has been counted only once. 
i = l  

If the spherical distance of any two points in {a(i)} are bigger than b,then 
~6R 

(q -- 2)S(r) < n + 2048 (R - r)b 6' r E [O,R) 

1 ( ]w'(z)] [z)2rdrdt, z = re i~ 
S ( r ) = T f f , , , < ,  1 -4- [w(z) 

Proof We take off q points {aft)} from the w-sphere V,and let F" be the remaining surface. Then p 
q 

=p(F" ) = q - 2 .  We take off the zeros of ]7[ ( f ( z )  - a(i) ) from B,and let D be the remaining domain. Set 
i = l  

D ( r ) = D N  {[z[ < r < R } ,  V(r) = { f ( z ) ; z E  D(r)} 

Then F(r) is a covering surface of F ' .  By Theorem B, 
p+ (r) >~ (q - 2)S(r) - hL(r) 

32x 2 
where h=-~- - ,p ( r )  is the characteristic of F(r),and L(r) is the length of the image of 3D(r) on V. Thus 

(q - 2)S(r) - n ~ (q - 2)S(r) - p+ (r) ~ hL(r) 

If ( q - 2 ) S ( t i - n > O  for all tE Jr,R),then by Schwarz inequality,we have 

where 



132 Wuhan University Journal of  Natural Sciences Vo[. 1 

so that 

((q -- 2)S(t) -- n) 2 <~ h2(L(t) ) 2 <~ 27r2h~t - -  
dS(t) 

dt 

R - r  f~dt  I k dS(t) 2x2h z 
R ~< -- ~< 2~2h2 r ((q - 2)S(t) - n) 2 ~< (q - 2)S(r) - n 

R xSR 
(q -- 2)S(r) ~< n + 2n2h z - -  - n + 2048 R - r (R - r)b 6 

If (q-2)S(t)-n<~O for some tE [r,R),then 
(q - 2)S(r) - n <~ (q - 2)S(t) - n ~< 0 

which implies that our theorem holds in general. Q.E.D.  

Theorem 5 Let w = f ( z )  be a meromorphic function in B =  { I z l < R } .  Let F be generated by w =  

f ( z )  on w-sphere V. Let {Bj} be q disks on V,and denoted by n the total number of simply connected is- 

lands in {F(Bj)}~=1. If the spherical distance of any two different disks in {Bj}are bigger than b,then 
7r~R 

(q - 2)S(r) < n + 2048 (R - r)b 6' r E tO,R) 

Proof Theorem 5 follows from Theorem 1 and the method of the proof of Theorem 4. Q.E. I~. 

Let M(D) be a family of meromorphic functions in a domain D. A subfamily F =  {f}CM(D) of mero- 

morphic functions is said to be normal in D,if every infinite sequence of functions from F,contains a subse- 

quence which converges locally uniformly on D. A family FCM(D) is said to be normal at a point eED,if  
there is a neighborhood U (eCcUCD),such that F is normal in U. 

Definition 1 If a family F =  {f}CM(D) is not normal at a point eED, then e is called a singularity of 

F. 
Definition 2 We say that there exists a sequence of fulling circles in a family F =  {f}CM(D) at some 

neighborhood of e E D,if for any b, t>0, there  exists f E  F such that f ({[  z - e l < t } )  covers the sphere sur- 

face V except for some point in at most two disks with radius b. 
Theorem 6 Given a family F =  {f}CM(D),and a point eED, the  following statements are equiva- 

lent : 

1) 

2) 

The point e is a singularity of F; 

There exists a sequence of filling circles at point e; 

] if(z)[ 
3) For anyt>0,sup{(l_+_]f(z)[)  z ; f E F '  d ( z , e ) < t } = ~ ;  

4) There exist two different finite or infinite complex numbers p and q such that for any t>0, there  

exists f E F , s u c h  that p , q E f ( { [ z - e ] < t } ) ;  
5) For any three different finite or infinite complex numbers p,q and g,and any t>0, there  exists f 

E F  such that the total amount which f takes values on p,q or g in {[z -e l<t}  at least two times; 
6) For any b,t>O,there exists f E F,such that for any three different finite or infinite p,q and g,  

for which the spherical distances d (p ,q ) ,d  (q,g) and d (g, p) are bigger than b, f takes values on p,q or g 

at least two times in { Iz -e[<t};  
7) For any b , t>0 , the re  exists f E F , s u c h  that for any three disks A,B and C with the spherical 

distances d(A,B)  ,d(B,C) ,d(A ,C)>/b,the total number of simply connected islands of f ( { [ z - e l < t }  ) is 

no less than two on A,B and C; 
8) For any b , t>0, there  exists f E F , s u c h  that for any q>~3 disks {Bi}whose spherical distances be- 

tween any two of them are larger than b,then the q positive integrals {re(i)} satisfy: 

q 1 
~--~ (1 -- m(i----~)~ 2 
i=l  

where every simply connected island of f ( { [ z - e [ < t } )  which lying above B~ has at least m (i) sheets (the 

total amount of exceptional points is one at most),and m( i )=oo  means that there is no simply connected 

island in f({ ]z -e l<t} ) .  
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Proof 1)@3): follows immediately from Marty normal criterion in [4]. 
4 ) ~ 3 ) :  Suppose that 3)is not true,then there is a neighborhood U of the point e and a positive con- 

stant M>O,such that for all f E F , z E U ,  

b 
Let b=d(p,q) .  We take tE (0, ~--~) 

any f E F , w e  have 

If ' (z)  l 
1 -4- I f ( z ) l  z < M  

,such that Q=  { [z -e l  <t}CU.  Then for any two points u,v in Q,and 

f~ [f' (u + rd~ [ izdr < RM < 2tM < b d ( f ( u ) , f ( v ) )  < 1 + [f(u + re ~~ 

where Reie=v-u, i .  e. the diameter of the surface f (Q)  is uniformly smaller than b with respect to F. Thus 

f (Q)  does not cover p and q. This contradicts with 4). 
The implications 5)=>2),2)=>3) and 8)=>7)~6)=>5) are obvious. 
5)=>4): Take four different complex numbers x ,y ,u ,v ,and let b = m i n { d ( x , y ) , d ( y , u ) , d ( u , v ) , d ( v ,  

x )  , d ( x , u ) , d ( y , v ) } .  It follows from 5),that there exists a sequence{f, }CF,such that there are at least 

two numbers in f , (  [z-e[ < 1 ) N  {x ,y ,u ,v} .  Thus there are p,qE {x,y,u,v}such that 

r E f , , ( [ z -  e[ < 1)} = oo 
n 

This proves 4). 
3)=~7).. Suppose that 7) is not true. Then there exist b, t>0,such that for any f E F , t h e r e  exist three 

disks A , B  and C with respect to f with spherical distances d(A ,B) ,d (B ,C) ,d (A ,C)>~b ,and  the total 
number of simply connected islands of f (  I z - e l  < t )  is less than two on A,B and C. We take R<t , so  that 

{ ] z - e [<R}CD,and  Y E U = { [ z - e [ <  } . L e t X = ( Y - e ) E { i z l < ~ } a n d  

M = M ( Y , f )  = If '(Y)](RZ - IX12) 
(1 + [f(Y) I2)R (5) 

For M > l , t h e  mapping 
MR(z - X) 

h = h(z) = 
R 2 - zX 

transforms { [z l<R} into { ]hl<M} ,and h(X) =0. Its inverse mapping is 
R(Rh + MX) 

z = z(h) = 
MR + hX 

Let f ( z + e ) = f ( z ( h ) + e ) = g ( h ) .  Note g ( O ) = f ( X + e ) = f ( Y )  (6) 
MR 3 - MRIX[ z 

g'(h) = f (z(h) + e)z'(h) = f ' ( z (h )  -q- e) 
(MR + hX) z 

R 2 - I X I 2  I' 12 [g'(O)l = I f ( Y )  MR [ = 1 + If(Y) = 1 + ]g(O) (7) 

It follows from 6) that for any rE (0,M),since g ( l h l < r ) C f ( D N {  I z - e l < t } ) , t h e  total times of g ( lh l  
<r)covering A,B  and C is less than two. Set 

S(r) = ~ Ih~<r (1 + Ig(h)Iz) ztdtdO" L(r) = ~h~=, 1 qS ]g(~-) Iz rdO 

where h=te ~~ It follows from Theorem 1 that 
3 

0 = m a x { 0 , ~  n(j) -- 1} > S(r) - GL(r) 
j = l  

where G is a constant depending only on t. By Sehwarz inequality, 
dS(r) 

SZ(r) < GZLZ(r) <~ 2GZnZr dr 
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l~ M = I~  dr--;- (2GZ~aI~dS(r)~ S2(r) ~ 2G2~2S(1) 

By the Theorem VI,11 of ['17 and (7),we know that there is a disk whose radius is a positive constant c in 
g( [h [ <1) .  Thus 

2G2~ 3 
l o g M <  c--- Y- ( > 0 )  (8) 

R 
For M ~ 1 , ( 8 )  is obvious. Then for any YEU,any fEF,by  (5),(8) a n d I X [ < ~ ,  

If' (Y) [ RM 2c'; 
1 + ] f (y) ]2  - R z _ [XlZ < 2 e  " 

This contradicts to 3). 
3 )~8 ) .  Suppose that 8) is not true,then there exist b,t>O,such that for any fEF,there exist q>2  

disks {B~ }with respect to f such that the spherical distance between any two of {B~} is larger than b. And 
m(i) satisfies 

Since re(i) are positive integers,we have 

q 

E (  1 1 
i=1 m-(i) ) ~> 2 

q 
~--~ (1 1 1 

- -  m(i----~) - -  2 ~ 4--2 

1 
where the minimum value ~ is attained,when m(1)=2,m(2)=3,m(3)=7,m(4)=m(5) . . . . .  re(q)=1. 

By Theorem 3, 

Thus one has 

q 1 L(t) 
2 +  ~ E ( 1 - - - ) < 2 + c  i=l m(i) S(t) 

The rest part is the same as in 3)--7). 

S ( t ) <  42cL(t) 
Q.E.D. 

Definition 3 Given a family F =  {f}CM(D) ,and a point eED,for  any t > 0 ,  

sup{ff [f ' (z)[  2)2rdrdO;f E F} = oo, (z = ,o"~3 
!,-e!<, (1 + If(z)[  

then the point e is called a transcendental singularity of F. 
Definition 4 We say that there exists a sequence of transcendental fulling cercles for a family F--  

{f}CM(D) at some neighborhood of eED,i f  for any b,t,N>O,there exists f E F  such that for any finite 
or infinite complex number a,the number of times that f takes value a in{ [z-ei<t}is bigger than N,ex- 
cept for some points in at most two disks with radius b. 

Definition S We say that there exists a sequence of transcendental filling circles in a family F =  {f}C 
M(D) in the domain D,if for any b ,N~0 , the re  exists f E F  such that for any finite or infinite complex 
number a,the number of times that f takes value a in D is more than N,except for some points in at most 

two disks with radius b. 
Theorem 7 Given a family F =  {f}CM(D),and a point eED. If for any f E F , f ( D )  does not contain 

p,q(p~q) ,then the following statements are equivalent: 
1) The point e is a singularity of F; 
2) The point e is a transcendental singularity of F~ 
3) There exists a sequence of transcendental fulling circles at a neighborhood of e~ 
4) For any b,t,N>O,there exists f E F , s u c h  that for any finite or infinite complex number z with 

spherical distances d(z ,p) ,d(z ,q)>b, f  takes values z more than N times in {[z-el<t}; 
5) For any t , N > 0 , a n d  simply connected closed domain B in V\{p,q} bounded by an analytic Jor- 

dan curve,there exists f E F  such that the number of simply connected islands in f ( [ z - e [ < t )  is more 
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than N on B; 
6) tin fact,we can go further) .For any b,t,N~O,there exists f E F , s u c h  that for any simply con- 

neeted closed domain A bounded by an analytic Jordan curve with the spherical distances d(A,p),d(A,q) 
<b,the number of simply connected islands in f ( [ z -e[<t )  is larger than N on A. 

Proof 1)=~5) :We connect p,q by an analytic Jordan curve I in V\B. Denote the length of I by [l[. 

Set 

1 b=min{[p,q[ [B,l[ [/[ P = 1 - 2---N' ' ' ~ '8Nll l  } > 0 
1 m 

b b 
A = {x E V; [x,pl ~ ~ } ,  E = {x E V; [x,ql ~ ~} 

b G= {zE V;lx,ll<~-~}, H = V - G D B  

Then 

I H I  > - 2 b i l l  - 262  - 4 b i l l  - 2--N ( 9 )  

If 5) is not true,i, e. there exits s that for any f E F , t h e  number of simply connected islands in 

f(Iz-el<t) is not larger than N on A. Then the total number of simply connected islands in f (  [ z -e l<  

t) is not bigger than N on A,E and H. Since S ~  NIHl'' ,one then has 

- 7r 2 N - 1  N + I  SP- (N-1) )NIHI(2N2~N 1 ) - N + I > / N ( ~ - 2 - N  ) 2~N 

_ ( 2 N -  1 )  2 1 

4N N + 1 = 4-N > 0 (10) 

By Theorem 2,for q=3,one gets 
3 

m a x { 0 , ~ n ( i )  -- 1} ~ S - N 1 hL 1 

i = l  

where h is a constant which depends on A,E and H. By (10),we have 

( 1  - P)S < hL 
The rest is the same as in the Proof of 3)=>7)of Theorem 6. We would obtain that F is normal at the point 
e. This contradicts to 1). 

5 ) ~ 4 ) ~ 3 )  and 2)=>1) are obvious. 

4 )~2)  and 3 )~2) : I f  4) or 3) is valid,S( [z-el<t;f) is  not bounded for f .  Thus 2) holds. Q.E.D. 

T h e o r e m  8 If the point e is a singularity of a family of analytic functions {f(z) / on a simply connect- 
ed domain D,then e is also a singularity of the family 

{flf(z)dz} 
Proof Let 

F(z)= f l f(z)dz,  

then F(0)=0 .  If the conclusion is not true ,then there exists t:>0,such that every infinite sequence of func- 
tions from {F} ,contains a subsequence {F,,} satisfying that 

r,,(z)= flf,,(z)dz ~ F(z) 

uniformly on { Iz-eJ<t}. Thus {f,, } converges uniformly to f.  This is a contradiction. Q.E.D. 
Theorem 9 Given a meromorphic function family F =  {f}CM(D),the following statements are e- 

quivalent .. 
1) There exist at least one transcendental singularity of F in D; 
2) There exists a closed domain ECD such that 
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ff If'(z)112)2rdrd0, f E F}=~ sup{S(E,f) = e(1 + If(z) 
3) There exists a sequence of transcedental filling circles in F in D; 
4) For any b,t,N>O,there exists f E F,such that for any q different finite or infinite complex num- 

bers C1 ,Cz,.. �9 ,Cq for which the spherical distances d(Ci,C~)(i=/=j) are all larger than b,f takes values at 
Ci (j=l,2,... ,q) at least N times,with at most two exceptions in {C,}; 

5) For any b,t,N~O,there exists f E F , s u c h  that for any q disks B~ ,Bz,... ,Bq,such that the spher- 
cal distances d(Bi,Bi)~b (i=/=j) ,the number of simply connected islands of f (Iz-el<t)  are larger than 
N for all Bj(j= 1 ,2 , . . .  ,q)with at most two exceptions in {B,}. 

Proof The implications 5) =>4) =>3) =>2) =>1) are obvious. By Theorem 5,one gets 1) =>5). 
Q.E.D. 
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