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1. Introduction 

In many practical ana]yses of statistical data from continuous dis- 

tributions, we use histograms. -From the histogram we can get approxi- 

mate values of probabilities that the data we observe fall in some 

preassigned class-intervals. We usually treat histograms from this 

point of view. This point of view is theoretically reasonable, and the 
confusion between the histogram and the density function will never 

take place. 

There are, however, problems in which we want to use directly 
density functions like that of determining some domain by the likelihood- 

ratio criterion. In such cases we often use the histogram as an approxi- 
mate image of the density function, or we first obtain informations 

about the density function from the histogram. Concerning this problem 

consider the next one. Let the data we observe be from the two- 

dimensional population 7ri or w~ with density functions f1(x, y), f~(x, y), 
respectively, and let the a priori probabilities with which the data are 

taken from 7ri or ~r~ be PI and P2, respectively. Then, if we want to 

classify the observed data as from ~rl or 72, we consider the data 

falling into 

S~= [(x, y); P~.f~(x, y) ~ P2"f2(x, Y)} 

to be f rom 7r~ and those falling into 

85----{(x, y); P~.fl (x, y) < P2"f~(x, y)} 

to be f rom 7r2. 
As is well known, this procedure assures us the maximum rate of 

success which is given by 

Now, if f~(x, y) and f i (x ,  y) a re  unknown but  PI and P~ are  known, and 
if we want  to apply, formally,  the  above idea of obtaining the maximum 
ra t e  of success to this case, we may  take  
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S~*= [(x~ '), y~)); i = 1 . 2 ,  . . -  n} 

and 

S~* = [(x~ ~), y~"-)) ; i---1.2, -- .  m} 

as approximations to S~ and $2, where  (x.~ ~) y~))s are  the  fo rmer ly  obtained 
.data f rom 7r~(]c=1, 2). Then, we  almost  a lways have SI*N $2"--~ and 

p~ • n +p2  • m = 1  (visional ra te  of success). 

But ,  as is obvious, 

' 1 ' 92  "~' 

which shows tha t  S~* and S J are  of no use for our purpose.  To avoid 
such circmnstances ,  we  usual ly divide the  whole space into cells or 
class-intervals and ar r ive  a t  the idea of histogram. 

In considering the histogram, however ,  arises the  problem to deter-  
mine the  sizes of these  cells. When we make  the  sizes of cells larger,  
we  ge t  the more reliable bu t  dull resul ts .  When  we make the  sizes 
.of cells smaller, we ge t  the  more  accura te  bu t  unrel iable  resul ts .  

In this paper,  we shall give an appro• to the  dens i ty  func- 
t ion not by histogram but directly. Through it the problem of optimm.n 
sizes of the cells in making histogram will be considered. 

2. e.Approximation to the density function 

We shall r es t r i c t  our consideration t o  one-dimensional space /~ wi th  
Lebesgue measure m on it, but the results will easily be extended t.o 
a space of any dimension. 

Given a random sample (xl, x2, --" , x.z,) of size ~ from the popula- 
tion with the bounded density function f@) in respect to ~z, we define 

an s-approximate density function f,v.~(x) by the following formula. Put 

U~(x)=- I x -  ~, x + ~ ) - -  Ix ' ;  x -  ~ _< x ' < z +  ~} 

d , .~ (x )~number  of x~s such tha t  x~ e U~(x). 

Then the ~-approximate densi ty  func t ion  A,.~(x) is given by 

N.m(U~) 

where  m(U~)----2~. Our j(~.~(x) is defined for all x in /~. The height  of 
the  ordinary his togram at  the  cen te r  of every  class-interval  wi th  width 2e 
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j u s t  coincides  w i t h  t he  va lue  of N.m(U~).f~.~(x)  a t  t h a t  poin t .  T h e r e -  
fo re ,  t h e  o r d i n a r y  h i s t o g r a m  can be cons ide red  as an  i n c o m p l e t e  g r a p h  

C o n c e r n i n g / ~ . , ( x ) ,  we  have  

L f ~,,.~ (z) d m =  1,  

Eo~v.~(x)-  P~ {U~(x)} w h e r e  Pr[U~(x)} = f ( t )  din, 
m(U ) 

E(f,~,.~(x)--f(x)) ~ -- P~ [ U~(x)} - F1 - Pr  [ U~(x) } ] ~_ If(x).  m(U~) - P~ { U~(x)} ]2 
N.  {m(U~)l 2 [m(U~)} ~ ' 

f o r  i t  holds t h a t  

f~.~(x) d in=  ~, . ~ ( z + 2 k e ) . d m  
~C0) k = - - ~  

a n d  d~,.dx ) has the  b inomia l  d i s t r i bu t i on  such t h a t  

Pr [d~.dx) = k ]  = ~C~. [P~ [ Udx)} ]~- [1 - P~ [ Udx) } ] ~-~ 

( = p r o b a b i l i t y  t h a t  x is c o v e r e d  by  j u s t  k U~@,)s). 

T h e n ,  i t  is s e en  t h a t  f o r  a lmos t  all x 

lira E f .~ .~(x)=f(x) ,  
E-~0 

Jim E( f~ .~(x ) - - f (x ) )  2= + co f o r  x w h e r e  f ( x ) > 0 ,  
E-~-0 

lira E(f~,.~(x) - f ( x ) )  2 -- Ff(x) .  m(U~) - P~ { U~(x) } ]2 2 
Now,  the  p r o b l e m  of d e t e r m i n i n g  t he  bes t  ~ m a y  be  t r e a t e d  as fol lows.  

T a k i n g  some a p p r o p r i a t e  w e i g h t  f u n c t i o n  w(z), we c a l c u l a t e  

= f .  f ( z )  ) 2 �9  v(z) . d m  

and  def ine s which  min imizes  D,v(e,) as t h e  bes t  fo r  the  N.  As t h e  
w e i g h t  f u n c t i o n ,  w ( z ) ~ l  or w ( x ) - - f ( x )  m a y  be cons idered .  I f  w e  can  
e v a l u a t e  

�9 )Concerning the quantity o,v(e), see K. Matusita, On the theory of statistical decision 
functions, Ann. Inst. Star. Math. Vol. III, 1951, K. Matusita and H. Akaike, Note on 
the decision problem, Ann. Inst. Stat. Math. Vol. IV, 1951. 
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m a x i m i z i n g  p.~,(s) is des i rab le ,  b u t  f o r  t he  p r e s e n t  p~,.(r s e e m s  no t  e a s y  

to  c a l c u l a t e .  

3. E x a m p l e s  

A p p l y i n g  t h e  a b o v e  min imum-D~<r  m e t h o d  to  s o m e  t y p e s  of  f(x) 
and  w(x), w e  ~ e t  t h e  fo l lowing  r e l a t i o n s  b e t w e e n  N a n d  t h e  b e s t  ~. 

I .  I n  case  f(x)=e -~ fo r  x _> 0, f(x)= 0 fo r  x <  0. and  w(x)=l, w e  h a v e  

N ~ -  - 1 +  e - ~ + r  -~ 
- 1  + e - ~ +  ~( - 1  + 2e-~ + e-~O + 2~ 2. e -~ 

I I .  I n  c a s e f ( x ) = e  -~ fo r  x _ > 0 ,  f ( x ) = 0  fo r  x < 0 ,  and  w(x)=f(x), w e  
h a v e  

Nr~ = - 4e-~ + 2e-~  + 2e-3" + z( - 2e -~ + 2e -~ + 3e-30 

III. 

6 - 1 0  e-~ + 2e -~ + 2e -:;~ + ~ ( -  6 - -  e -~ + 4e--~ + 3e-'~O + r + 4e--~O 

I n  case  f ( x ) = -  1-- e -J~j and  w ( x ) = l ,  w e  h a v e  
2 

N~---- - 3 + 3e -~  § 4r --~ + 2r -~ 

- -  3 + 3e -~ + ~ ( - -  2 + 4e -~ + 4e--"O + ~ (  4 e - '  + 2e-~O + 2~3e-~ " 

IV.  I n  case  f(x)=l~e -j~l and w(x)=f(x), w e  h a v e  
2 

--  12 + 6e + 14e - ~ -  4e -2~ + 2e -:;~ + e (5e-~-- 2e --~ + 3-:{0 + ~2 ( _  2e-~ + 4e-~9" 

V. I n  case  f ( x ) :  1 fo r  x e [0, a ] ,  f ( x ) = 0  fo r  x e  [0, a ] ,  and  w ( x ) = l ,  

w e  h a v e  

lV, = 3. - - - 2 .  
2 r 

VI .  I n  case  f ( x ) =  ~1 fo r  x ~ [0, a I ,  f ( x ) = O  f o r  x ~ 10, a ] ,  and  w(x)---f(x), 

w e  h a v e  

C- 
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lNumerical values of e and N~, N~, ..- , Nw are given below 
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These relat ions b e t w e e n  N and ~ are  graphical ly represen ted  below. 
F rom this graph, i t  can be seen tha t  the  usual  procedure  of t ak ing  
about  f rom 10 to 20 class-intervals for  his tograms based on samples 
of about  500 or more may  be considered reasonable.  Moreover, taking 
into account  the fac t  tha t  the sensibil i ty of the  bes t  ~ to w(x) is ra ther  
low, i t  can also be seen that  our approach to the  densi ty  funct ion  has 
th rown some light on practical  procedures  in s ta t is t ical  analyses. 
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