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A phenomenological  descr ip t ion  of c rys ta l lograph ic  sl ip and penci l  glide in single c r y s t a l s  is 
outlined, with emphas i s  on the behavior  under  p r e sc r ibed  s t r a i n s .  Theore t ica l  r e l a t i ons  a re  
es tab l i shed  be tween these s i n g l e - c r y s t a l  p roper t i e s  and the behavior  of quas i -homogeneous ,  
quas i - i so t rop i c  po lycrys ta l s  deforming  uni formly  on a macroscop ic  sca le ,  at subdiffusive tem- 
pe ra tu r e s .  Expe r imen ta l  compar i sons  between single c r y s t a l s  and po lycrys ta l s  are  reviewed,  
cons ider ing  flow s t r e s s ,  work harden ing ,  t empera tu re  and s t r a i n  rate  effects,  and va r ious  ef- 
fects  of g ra in  s ize.  

I T  is a fortunate c i r c u m s t a n c e  that one does not need 
to unders tand  dis locat ion theory in order  to be able to 
d i scuss  the physical  p r o c e s s e s  under ly ing the behavior  
of a m a t e r i a l ,  say, in a ro l l ing  mi l l .  In p r inc ip le ,  it is  
poss ib le  to proceed ins tead  in a s e r i e s  of s teps :  to ex- 
pla in  the behavior  under  r ea l  deformat ion condi t ions  
in t e r m s  of the behavior  under  ideal ized tes t  condi-  
t ions;  to explain the p rope r t i e s  of a po lycrys ta l l ine  
aggregate  under ideal  t e s t  condit ions on the b a s i s  of a 
phenomenological  knowledge of s i n g l e - c r y s t a l  defor -  
mat ion  proper t i es ;  to explain the mechan ica l  behavior  
of single c rys t a l s  on the bas i s  of d is locat ion theory;  
and so on down to the a tomic  or subatomic  scale .  The 
success  of each step in the complete explanat ion often 
does not depend on the degree  of our unders tand ing  of 
the other steps.  However ,  the usefu lness  of these  
separa t ions  depends on the degree to which the i n t e r -  
media te  s teps in the model  can be phys ica l ly  r ea l i zed  
by in te rmedia te  e x p e r i m e n t s .  For  example ,  the be-  
havior  of a m a t e r i a l  under  ideal ized tes t  condi t ions  is 
meaningful  only to the extent  to which f r i c t ion  and gr ip 
effects  can be separa ted  out. 

The model used to desc r ibe  the mechan ica l  behavior  
of po lycrys ta l s  in t e r m s  of that of s ingle c r y s t a l s  is  
based  on an ideal ized concept of a " p o l y c r y s t a l "  and 
on an ideal ized concept of " s ing le  c rys t a l  p r o p e r t i e s . "  

A " p o l y c r y s t a l "  is a po lycrys ta l l ine  spec imen  in 
which each c ros s  sect ion contains  a large number  of 
g r a in s  of each c rys ta l log raph ic  or ien ta t ion ,  d i s t r ibu ted  
at r andom,  and very  few surface  g ra ins .  E x p e r i m e n -  
ta l ly ,  it is v i r tua l ly  imposs ib le  to obtain spec ime ns  of 
any ma te r i a l  without a p r e f e r r e d  or ien ta t ion .  While it  
would be possible to analyze  such textured  s p e c i m e n s  
on the bas i s  of the concepts  to be outl ined below,  the 
theory would be more  compl ica ted  and would be dif-  
fe ren t  for each case.  

The influence of sur face  g ra ins ,  on the other hand,  
would be well nigh imposs ib le  to cons ider  theore t ica l ly .  
Expe r imen t s  in which the number  of sur face  g ra ins  is  
a s m a l l  f ract ion of the total  number  of g r a in s  a re  pos-  
s ible  but expensive.  It is f requent ly  over looked that a 
wire  containing 100 g ra ins  on the c ros s  sec t ion  has 
about one- th i rd  of i ts  g ra ins  at the free sur face .  If one 
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wants the f ract ion of surface  g ra ins  to be s m a l l e r  
than 10 pct,  the specimen d iameter  has to be at least 
30 to 40 t imes  the grain d iameter .  Since it is often 
hard  to obtain wel l -annea led  spec imens  with gra in  
s izes  of l ess  than 0.1 mm,  the m i n i m u m  wire size 
should thus be about 3 mm or -~ in. If one wishes to 
study g ra in  size dependence up to a gra in  d iamete r  
of, say ,  1 m m ,  one needs spec imens  of over 1 in. d iam,  
and a su i tably  strong tes t ing  machine .  

The models  d i scussed  in this  paper  a lso presuppose 
an ideal ized behavior  of s ingle  c r y s t a l s .  For  example,  
sl ip is  a s s u m e d  to be c rys t a l log raph ic  but homogene-  
ous. Since even this f i r s t - o r d e r  descr ip t ion  of s ingle-  
c rys t a l  p las t i c i ty  leads to s t rong  in te rac t ions  between 
neighbor ing g ra ins ,  the physica l  r e a l i t i e s  of finite s l ip 
plane spacing and finite d is locat ion mean  free path 
only lead to minor  pe r tu rba t ions  on the theory,  which 
will be d i s cus sed  in the las t  sect ion of this paper .  It is  
also ignored  that there is  genera l ly  some dis locat ion 
ac t iv i ty ,  or " m i c r o - s l i p "  on slip s y s t e m s  other than 
those providing the bulk of the macroscop ic  de fo rma-  
tion. 1'~ Final ly ,  it i s  a s sume d  that a unique work -ha rd -  
en ing  curve  can be defined for a c r y s t a l  of a given o r i -  
enta t ion  under  a given s t r e s s  s ta te ,  whereas  in rea l i ty  
the r ep roduc ib i l i ty  of s t r e s s  s t r a i n  cu rves  is  r a r e l y  
be t t e r  than +5 pct. 

For  al l  these r ea sons  and m o r e ,  one will probably 
have to be sa t i s f ied  with an " e x p l a n a t i o n "  of the 
mechan ica l  behavior  of po lyc rys ta l l ine  spec imens  
that e s t ab l i shes  qual i tat ive f ea tu res  and t rends  for all 
prope r t i e s  on the bas i s  of one model ,  but  in which an 
a g r e e m e n t  of ~10 pct between theory and expe r imen t  
on any speci f ic  proper ty  mus t  be r ega rded  as  very  
good. An explanat ion in this sense  has ,  I be l ieve ,  been  
es tab l i shed  with respec t  to flow s t r e s s  and work 
ha rden ing ,  and their  dependence on t e m p e r a t u r e ,  
s t r a in  ra te ,  and gra in  s ize,  for m a t e r i a l s  of face-  
cen te red  and body-cen te red  cubic la t t ice  s t r u c t u r e s ,  
deforming homogeneously.  On the other  hand,  defor-  
mat ion  by the spreading of a Lfiders band,  the for-  
mat ion  of deformat ion t ex tu re s ,  and the p r oc e s se s  
l imi t ing  the duct i l i ty  of po lyc rys ta l l ine  spec imens  a re  
not as yet unders tood to such a degree .  

THE YIELD LOCUS OF A SINGLE CRYSTAL 

Gra ins  in a po lycrys ta l  a re  genera l ly  not under  such 
s imple  boundary  condit ions of s t r e s s  and s t r a in  as 
s ingle c r y s t a l s  in a tens ion  test .  One thus needs  more  

METALLURGICAL TRANSACTIONS VOLUME 1,MAY 1970-1121 



gene ra l  c r i t e r i a  for the mean ing  of " y i e l d "  and "work  
h a r d e n i n g "  in a gra in  than a re  used in f ree  s ingle  
c r y s t a l s .  

The Schmid Law 

For  yield,  the Schmid Law s may be s ta ted in a form 
that is applicable to any s t r e s s  s ta te:  ,4 single crystal 
yields on any particular slip system i f  the shear s tress  
resolved on that slip plane and slip direction reaches a 
critical value, the "yield s trength" on that slip sys tem.  
If the s t r e s s  state is  spec i f ied  by the tensor  ~ij ,  and 
the yie ld  s t rength on sys t em s as T s, this law may be 
exp re s sed  as  

mijaijs _< r s (i, j : 1, 2, 3) [1]* 

*Summation over repeated subscripts and superscripts is always implied unless 
the index is in parenthesis. The indices l,j, k, 1, m, n run through 1,2, 3; Greek in- 
dines run from 1 through 6; the superscript s runs through all slip systems, posi- 
tive and negative. 

where miSj is the t enso r  t r a n s f o r m a t i o n  m a t r i x  to be 
defined below in more  deta i l .  The le f t -hand side of 
Eq. [1] is the p roper ly  r e so lved  applied s t r e s s ,  while 
the r igh t -hand  side is  a m a t e r i a l  property* depending,  

*r is a scalar while o is a tensor; that is why the word "yield strength" is to be 
preferred over "yield stress." (See also McClintock and Argon, 3 p. 279.) 

for example ,  on the defect  s t r uc tu r e  or,  i nd i r ec t l y ,  on 
the previous  s t r a in  h i s to ry .  The equal i ty  s ign in  Eq. 
[ 1] has to hold for eve ry  sys tem that is act ive at a 
p a r t i c u l a r  t ime;  the inequal i ty  (or the equal i ty)  may  
hold for other sys tems .  It is  imposs ib le  to apply 
s t r e s s e s  so high that they would violate Eq. [1]; ~.s for 
each overloaded sys t em would then have r i s e n  along 
with the applied s t r e s s  through work hardening .  

The magnitude of the y ie ld  s t rength ,  ~.s, may ,  in 
some cases  (for example ,  when it is cont ro l led  by the 
P e i e r l s  s t r e s s ) ,  depend on other components  of the 
appl ied  s t r e s s ,  such as  the hydros ta t ic  p r e s s u r e  or 
the n o r m a l  s t r e s s  on the s l ip  plane (which affect the 
d is loca t ion  core s t ruc tu re ) .  Such cases ,  in which the 
Schmid Law ~ is said to be violated,  shal l  be excluded 
f rom t r ea tmen t  in this paper ,  although most  of our 
conc lus ions  will be based  on strain a r g u m e n t s  and 
would thus apply even for these m a t e r i a l s .  

For  the case of s ingle  s l ip  in sys tem s = 1 i n a  
s ingle  c rys t a l  under  pure t ens ion  in the z d i r ec t ion ,  

fl mij  degenera tes  into the Schmid factor 

[ 2 a ]  m --- mzz = cos ~b.cos X 

where q~ and X a re  the ang les  between the s l ip  plane 
n o r m a l  and the sl ip d i r ec t ion  on the one hand and the 
t ens i l e  axis  on the other.  If one defines n s as  the sl ip 
plane no rma l  of sys t em s, n s as  the s l ip  d i rec t ion  of 
sy s t em s, and (al, as, a3) as  the three  unit vec to r s  de-  
f ining the coordinate  sy s t em in which the appl ied 
s t r e s s  tensor  is given,  then Eq. [2a] may be g e n e r a l -  
ized to 

m~j = n~ s, "ai n~ s, . a j  [2b] 

It is  often convenient  to wri te  out the two s c a l a r  
products  in [213] in t e r m s  of the components  of a l l  the 
unit  vec to rs  in some th i rd ,  " n e u t r a l "  coordina te  s y s -  
tem such as the cube edge d i r ec t ions  in m a t e r i a l s  
with cubic lat t ice s y m m e t r y .  Cha rac t e r i z ing  this  th i rd  
coordinate  sys tem with the dummy indices  k and 1, 
we have 

s {s) is) 
mij = n~kaik nsl ajl (k, 1 = 1, 2, 3) [2] 

as  the most  gene ra l  defini t ion of the tensor  t r an s fo r -  
mat ion ma t r ix .  

If one wants  to re ta in  the poss ib i l i ty  of having dif- 
fe rent  yield s t r eng ths  in the forward  and backward 
d i rec t ion  on the same sl ip plane (for appl icat ions  to 
work hardened  m a t e r i a l s ,  to twinning,  and to slip in a 
d i rec t ion not pe rpend icu la r  to a m i r r o r  plane,  as  it 
occurs  in bcc c rys t a l s ) ,  one should label  each conven- 
t ional " s l i p  s y s t e m "  with two dif ferent  number s  s, 
one for the posi t ive  and one for the negat ive  di rect ion.  
In this  paper  we shal l  use the t e r m  " s l i p  s y s t e m "  in 
this d i r ec t iona l  sense .  ~-s is  then posi t ive by defini-  
t ion,  as is the i nc r e me n t  of shear  in each sys tem:  

d7 s =- 2.  IdeSsl [3] 

The total s t r a i n  deij in a c r y s t a l  in which the 
equali ty in Eq. [ 1] is  fulfi l led in any number  S of 
sys t ems  s is  (using crij =(rji) 

deij = -~ (mSj + m[i)dT s (s = 1, ... S) [4] 

Inasmuch as  the s t r e n g t h - s t r a i n  r e l a t i ons  during 
plast ic  de format ion  depend ve ry  s ens i t i ve ly  on the 
s t r a in  path, through the path dependence of the devel-  
opment of the dis locat ion s t r uc t u r e  with s t r a in ,  it is  
appropr ia te  to use di f ferent ia l  s t r a i n s  ra the r  than 
finite s t r a i n s  which are  based  on an a r b i t r a r y  in i t ia l  
state. * 

*For shape measurements on single crystals, it is appropriate to use finite de- 
formation gradient matrices. 4 

Eq. [ 1] is m e r e l y  a specia l  form of the genera l  y ie ld  
c r i t e r i on  

f( ij) -< c [5 ]  

commonly  used  in the ma thema t i ca l  theory of p las -  
t ic i ty .  S imi l a r ly ,  Eq. [4] would follow from Eq. [1] by 
use of the " a s s o c i a t e d  flow r u l e "  

af dcij = ~ .d~' [6] 

which is another  bas i c  hypothesis  of this  theory.  Eq. 
[6] is  equiva lent  s to the s t a t ement  that  the function f 
in the y ie ld  c r i t e r i o n  [5] is  a lso the plas t ic  potential .* 

*For a good discussion of the application of the concepts of the mathematical 
theory of plastmlty to physmal problems, see McClintock and Argon) 

If one i nve r t s  m in the equal i ty  [ 1] and then mul t i -  
p l ies  aij(=crji) with deij as  e x p r e s s e d  in Eq. [4], one 
can see that the work done by the ex te rna l  forces  
equals  the work done in the s l ip  s y s t e m s :  

aij deij = 7Sd7 s [7] 

The Yield Locus 
The above concepts  may be e x p r e s s e d  by means  of 

a geomet r i ca l  r e p r e s e n t a t i o n  cal led the yield surface 
or yield locus .  For  this  purpose it  i s  useful  to define 
single row (or column) m a t r i c e s  for the six indepen-  
dent components  of s t r e s s  and s t r a i n  and for ce r t a in  
combina t ions  of d i rec t ion  cos ines ,  as  follows: 

{av} ~- {axl, a22, a33, ~ss, a31, a~s} [8a] 

{ev} ~- {dex~, des2, des3, 2dess, 2des,, 2dex2} [Sb] 

{ m . } - = { m , %  s s s m s ross, m33, ms3 + 32, 
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m S  + mS,} [8c] 

so that Eqs.  [1] and [4] may be rewr i t t en  as  follows: 

m S a ,  = r s for each act ive sys tem [ la]  
(. = 1 ,  . . . 6 )  

mS~(~v < T s for each inact ive  sys tem [lb]  

and 

dcv = mSdg s (s = 1, . . . ,S)  [4a] 

One may further complement  these equat ions by de-  
f ining the i n c r e m e n t s  of la t t ice ro ta t ion  

s s 
dw k = rkdT [9] 

with 

{dWk} -= {2dwaa, 2dwa~, 2dCOla} [10a] 

and 

{r~} -= {maS3 - ma2,S ma~S _ mS3, mS - mS~} [10b] 

Eqs.  [ la]  may be i n t e rp r e t ed  as desc r ib ing  a set  of 
p lanes  (one for each sys tem)  in a s ix-d ime 'ns ional  
space whose coordinates  a re  the six components  of 
s t r e s s  [8a]. The m s are  the inverse  in te rcep t s  on the 
~, axis  of the s plane.  S imi l a r ly ,  Eq. [4a] shows that 

the d i rec t ion  of the s t r a i n  i n c r e m e n t  due to a s ingle 
s l ip  sys tem s is  in the d i rec t ion  of m s, i . e .  the no r -  
ma l  to the plane s. (The coordinate  sys tem used in 
the s ix -d imens iona l  space is  a s sumed  to be or tho-  
gonal.)  Thus ,  the s t r a i n  i nc r emen t  is  pe rpend icu la r  
to the yield locus as  suggested  by Eq. [6]. 

To i l lus t ra te  the use fu lness  of these concepts ,  let 
us der ive  the yield locus  of an hexagonal s ingle  c r y s -  
ta l  yielding in basa l  s l ip only. 6 Here ,  the yie ld  s t r e s s  
is infinite in all  d i rec t ions  of the s i x -d imens io na l  
s t r e s s  space except in the two-d imens iona l  plane 
r ep re sen t i ng  shea r s  in the basa l  plane. There  a re  six 
s l ip  d i rec t ions  in the ba sa l  plane (three posi t ive and 
three  negative),  and thus there  are  six facets  of the 
yie ld  sur face ,  which i n t e r s ec t  the two-d imens iona l  
plane in quest ion in s t ra igh t  l ines .  The yield locus ,  by 
v i r tue  of the inequal i ty  in Eq. [1] or [ lb] ,  is  the inner  
envelope of these l ines .  Fig.  1 shows the requ i s i t e  
p ic ture .  

O-zy 

l dE(~ ) 

l' P 
- d ,  / ~ k  ~ m' 

o_ 2 o_ 3 

(o) REAL SPACE (b) STRESS SPACE 
(Strom Spoce Superimposed) 

Fig. 1--(a) Definition of a coordinate system in the basal 
plane (perpendicular to z) of an hexagonal crystal. The slip 
vector n~ may be in the directions al, -a l ,  a2, -a2, a3, - a  a. 
(b) Section at a x x  = a y y  = (rzz = axy  = 0 through the yield 
locus of an hexagonal crystal yielding in basal slip. The 
stress states a (~) and 0 -(2) will lead to the strain state dc (1) 
= de(2); any one of the strain increments dE (a) will demand 
the same stress a (3}. 

Let us apply,  in tu rn ,  three di f ferent  s t r e s s  s ta tes  
to the c r y s t a l  r ep re sen t ed  by Fig.  1, and  let al l  of the 
components  of each of the s t r e s s  s ta tes  in turn  be 
r a i sed  p ropor t iona l ly  until the yield sur face  is  reached.  
The three s t r e s s  s ta tes  at this  stage a re  cal led 
a (~, a c2~, and 0 (a~, and are  r e p r e s e n t e d  by a r rows  in 
Fig.  l(b). In the f i r s t  and second case ,  any s t r a i n  in- 
c remen t  upon yielding will have to be in the " d i r e c -  
t ion"  specif ied by the a r rows  dc r and dc(~); they 
are  the s a me ,  although the s t r e s s  d i rec t ions  a re  dif- 
ferent .  The Schmid law says nothing about h o w  m u c h  

s t r a in  will occur  upon yie lding,  only that it mus t  be 
posi t ive (or zero)  in the d i rec t ion  specif ied.  

The s t r e s s  state a ~3~ was chosen in a special  way, 
namely  such that two sys tems  be ac t iva ted  s imu l -  
taneously  as soon as the yield surface  is  reached.  
Again, the Schmid law does not specify how much 
s t r a in  will occur on ei ther  sy s t e m,  only that it mus t  
be posi t ive (or zero) in the d i rec t ion  of the outward 
norma l  to each of the facets .  Thus ,  the total s t r a in  
i nc r e me n t  may be in any d i rec t ion  contained within 
the fan of n o r m a l s  dc ~3~ in this  c o r n e r  of the yield 
surface.  This  is a genera l iza t ion  of Eq. [6] for d is -  
cont inui t ies  in the yield sur face ,  i . e . ,  when Eq. [ 5] 
degenera tes  into a set of s imul t aneous  equat ions.  

The case of basa l  sl ip in hexagonal  c rys t a l s  was 
de l ibe ra te ly  chosen to be s imple .  In this  case ,  the use 
of the yield locus  does not s igni f icant ly  advance our 
unders tanding  of the process .  The use fu lness  of the 
method will  be more  evident  if we t r ea t  one more  ex- 
ample that has been extens ively  s tudied:  6-~ fcc c ry s -  
ta ls  s l ipping on {111} planes in (110) d i rec t ions .  
Since there  a re  twelve posit ive and twelve negative 
slip s y s t e m s ,  one will obviously have to find a s t ra igh t -  
forward  procedure  to define the yie ld  surface.  Such a 
procedure  is  given by Eqs. [ l a ] ,  [8c], and [2]. For  a 
cubic c r y s t a l ,  it is sens ib le  to choose as  the coordi -  
nate sy s t em ai in Eq. [2] the cubic axes  and not a 
coordinate  sys tem defined by a specif ic  ex te rna l  s t r e s s  

s 
state.  Then,* aik = 6ik and ajl  = 6jl;  the t e r m s  n~k 

*Sij= 1 fori=j;Slj = 0 for i :/=j. 

s 
and n21 become the no rma l i zed  Mi l le r  indices of the 
sl ip plane no rma l  and slip d i rec t ion ,  respec t ive ly .  
The m a t r i x  m s (Eq. [8c]) for a l l  sl ip sy s t e ms  is  then 
eas i ly  obtained. It is given in Table I, where we again 
a s sume  

r s = T for al l  s l ip s y s t e m s  s [11] 

For  comple teness ,  Table I inc ludes  the rota t ion 
ma t r ix  r~ a lso.  8 Now each m s def ines  the inverse  
in te rcep t  on the ~ axis  of the facet  belonging to slip 
sys tem s. For  a v i sua l iza t ion  of the yield sur face ,  
one only needs  to se lect  specif ic  sec t ions  through the 
s i x - d i me ns i ona l  space by set t ing three  s t r e s s e s  a v = 0 
and plott ing the other three.  Fig.  2 shows a sect ion 
obtained in this  way for (~22 = (~33 = ~23 = 0, with a12 
plotted in  the X-d i rec t ion ,  and so on. 

Fig.  3 was obtained by the same  method but by use 
of the coordinate  sys tem appropr ia te  for one par t i cu-  
lar  sl ip sys t em.  The figure was der ived  m e r e l y  to 
show the compar i son  to basa l  s l ip in the hexagonal 
c rys t a l .  The yield surface is  now no longer  infinite 
in al l  d i rec t ions  other than those contained in the 
plane co r re spond ing  to basa l  s l ip .  For  example,  plot- 
t ing a tens i le  s t r e s s  pe rpend icu la r  to the slip plane 
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as the third d i rec t ion ,  a s  in Fig.  3, shows that  s ix  
s y s t e m s  will  get s imu l t aneous ly  ac t iva ted  in fcc 
c r y s t a l s ,  although in a much l e s s  eff ic ient  way. 

C o r n e r s  of the Yield Locus  

If one looks at the c o r n e r s  in F igs .  2 and 3, one 
finds that e i ther  four ,  s ix ,  or  eight s y s t e m s  a re  s imu l -  
taneously  act ivated.  Drawing  other  sec t ions  through 
the yield sur face ,  one could have found 6 c o r n e r s  in 
which three  or five s y s t e m s  a r e  ac t iva ted;  f u r t h e r -  

Table I. The Matrix m~ of All Single Shp Facets of the fcc Yield Locus, 
Referred to Cubic Axes, and the Miller Indices of the Plastic 

Rotation Axes, r~ 

Shp System (• 

Names* Plane Dir. 

a PK 1 l l  0 1  1 
b PQ 1 0 1  
c PU 1 l 0  

d QU l i i  0 1 1  
e QP 1 0 1  

f OK 1 1 0  

g KP 1 1  1 0 1  1 
h KU 1 0 i  
1 KQ 1 1 0  

1 UQ 1 1 1  0 1 ]  
k UK 1 0 ~  
1 UP 1 1 0  

mS = + 1/~/6 X 

11 22 33 23 31 

4 
31 12 

2 3 
12 23 

1 2 3 4 5 6 

0 1 ] 0 1 1 
1 0 1 1 0 1 
1 ~ 0 1 1 0 

0 1 1 0 1 1 
1 0 i i 0 i 
1 1 o ~ ~ 0 

0 ] 1 0 1 1 
1 0 1 1 0 
1 ] 0 1 1 0 

0 1 i 0 ] 1 
1 0 ] 1 0 1 
1 T 0 1 1 0 

2 ] 1 
1 2 1 

1 2 

2 1 1 
i ~ 1 
1 1 2 

1 2 1 
1 2 

1 1 
i 2 i 
1 1 

*The single lower-case letter is for use in Table II, the pair of  capital letters is 
the designation usually used by this author, 6'9 whmh is useful for the study of 
dislocation interactions 

Z 

A 

>--...o 
/ PQ 
) UK 

KU 

X 

F i g .  2 - - -Sec t ion  t h r o u g h  f c c  y i e l d  s u r f a c e  f o r  

0 " =  0 
0 

in cubic coordinates. 

Fig. 3--Section 
through fcc yield 
surface in coor- 
dinates of glide 
system, UP: 

(x, y, z) 

= (111, 110, 112); 

(axy) = o 
0 

PK 

,Z 

UP 

m o r e ,  t he re  a r e  the edges in which only two s y s t e m s  
a re  ac t iva ted .  In six d imens ions ,  it t akes  six planes  
to make a r e a l  " c o r n e r " ,  whose cone of no rma l s  has 
a finite angular  extent in e v e r y  one of the six d imen-  
sions. When fewer  face t s  mee t ,  the poss ib le  s t ra in  
d i r ec t ions  a r e  r e s t r i c t e d  in some d i m e n s i o n s ,  and it 
is a r b i t r a r y  whether  one ca l l s  such p laces  c o r n e r s  
or edges .  

Now it is  evident  that slip can never  cause any 
volume changes  and, c o n v e r s e l y ,  that a hydros ta t ic  
s t r e s s  can neve r  have a r e s o l v e d  shea r  s t r e s s  on anv 

�9 . t S) ~s)  
slip s y s t e m  (see Eqs.  [1] and [2], r e m e m o e r m g  nlin2i 
= 0). Thus ,  a l l  y ie ld  su r f aces  will  a lways  extend to in-  
finity in the {111000} d i rec t ion ,  and no co rne r  can have 
a cone of n o r m a l s  extending into m o r e  than five di- 
mens ions .  We shall  call " c o r n e r s  o f  the y i e ld  l o c u s "  
only such s t r e s s  s ta tes  as  are  capable o f  act ivat ing a 
f in i t e  range o f  s t ra ins  in all  r e m a i n i n g  f i v e  d imens ions  
and we shal l  call  the p r o c e s s  invo lved  "po l y s l i p " .  %1~ 
All s t r e s s  s t a t e s  that ac t iva te  m o r e  than one sys tem 
but do not qual i fy  as c o r n e r  s t a t e s ,  a r e  ca l led  "edge  
s t a t e s "  and the p roces s  involved is  ca l l ed  "mul t ip l e  
s l i p " .  

If one were  to p r e s c r i b e  an a r b i t r a r y  d i rec t ion  of 
s t ra in ing ,  th is  d i rec t ion  would in gene ra l  be normal  to 
the yield su r f ace  only at one of the c o r n e r s .  Thus,  
the s t r e s s  s ta te  n e c e s s a r y  to ach ieve  such a de fo r -  
mat ion will  have to be one of a number  of d i s c r e t e  
s t r e s s  s ta tes .  This  i s  analogous  to the case  of a p r e -  
s c r i bed  a r b i t r a r y  s t r e s s ,  in which the r e sponse  of the 
spec imen  will  be any one of a number  of d i s c r e t e  
s t ra in ing  d i rec t ions .  

Most  s ingle  c rys t a l  e x p e r i m e n t s  a r e  p e r f o r m e d  on 
w i r e s ,  in which the proximi ty  of f r e e  su r f ace s  e v e r y -  
where f o r c e s  the s t r e s s  d i rec t ion  to be in the wire  
axis  (even though the amount of the s t r e s s  may not be 
p r e s c r i b e d  by a dead weight,  but r a the r  by the spec i -  
m e n ' s  r e s p o n s e  to a p r e s c r i b e d  ex tens ion  rate) .  In 
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s u c h  t e s t s ,  s i n g l e  c r y s t a l s  wi l l  g e n e r a l l y  y i e l d  in s i n g l e  
s l i p .  T h e  s t r a i n  s t a t e  wi l l  b y  no m e a n s  be  a p u r e  e x -  
t e n s i o n ;  fo r  e x a m p l e ,  the  c r o s s  s e c t i o n  wi l l  g e n e r a l l y  
c h a n g e  s h a p e .  

The  c a s e  of a c o m p l e t e l y  p r e s c r i b e d  " d i r e c t i o n "  of 
s t r a i n i n g ,  in  a l l  c o m p o n e n t s ,  i s  i m p o s s i b l e  to  r e a l i z e  
in  p r a c t i c e .  M a n y  t e c h n o l o g i c a l  f o r m i n g  o p e r a t i o n s ,  
s u c h  a s  f o r g i n g  in a c l o s e d  d i e ,  a r e ,  h o w e v e r ,  of  t h i s  
g e n e r a l  type .  D r a w i n g  a w i r e  t h r o u g h  a d ie  ~r or  c o m -  
p r e s s i n g  a s p e c i m e n  u n d e r  l a t e r a l  c o n s t r a i n t s  ( " p l a n e  
s t r a i n  c o m p r e s s i o n " )  ~ , b  a r e  r e l a t i v e l y  s i m p l e  t e s t s  
t h a t  m a y  be  p e r f o r m e d  e v e n  on s i n g l e  c r y s t a l s  a n d  t h a t  
a p p r o x i m a t e  p r e s c r i b e d  s t r a i n  c o n d i t i o n s .  In a l l  s u c h  
c a s e s ,  the  s t r e s s e s  a r e  no t  we l l  known  b e c a u s e  of the  
u n a v o i d a b l e  f r i c t i o n  a t  t he  c o n t a c t  f a c e s .  

If  t he  d i s c r e t e  s t r e s s  s t a t e s  l e a d i n g  i n to  a n y  c o r n e r  
c of the  y i e l d  s u r f a c e  a r e  d e f i n e d  by  a c ,  a n d  i f  Eq .  
[11] h o l d s ,  i t  i s  s e n s i b l e  to  de f ine  a n o r m a l i z e d  c o r n e r  
a r r o w  M c s u c h  t h a t ,  b y  v i r t u e  of the  y i e l d  c r i t e r i o n ,  
E q s .  [ l a ]  a n d  [ l b ] ,  

C S M v m  v = 1 fo r  a l l  (s) in  (c) [12a]  
(v = 1,  . . . ,  6) 

Mevm s < 1 fo r  a l l  (s) no t  in  (c) [12b]  

Eq.  [12a]  d e f i n e s  M on ly  in  i t s  d e v i a t o r i c  (i .e. ,  
n o n h y d r o s t a t i c )  c o m p o n e n t s , *  a s  i n d e e d  the  s t r e s s  to  

*The deviatonc components Aij of a tensor A are defined as A~I = Aij - Akk6~j. 

dF  _ ere fo r  u n i a x i a l  s t r a i n .  [17] 
M - d~ T 

H e r e  de  e m e a n s  the  c o m p o n e n t  of t h e  s t r a i n  in  the  
d i r e c t i o n  of the  a p p l i e d  s t r e s s ,  a n d  oe the  c o m p o n e n t  
of the  s t r e s s  in  the  d i r e c t i o n  of  the  a p p l i e d  s t r a i n ,  s e e  
F i g .  4. T h e s e  e q u a t i o n s  fo l low f r o m  E q s .  [ l a ]  a n d  [4a ] ,  
a n d  f r o m  E q s .  [13] a n d  [15] ,  r e s p e c t i v e l y .  

V a l u e s  f o r  M in  t e n s i o n  (or c o m p r e s s i o n )  in  v a r i -  
ous  o r i e n t a t i o n s  in  the  s t e r e o g r a p h i c  un i t  t r i a n g l e  h a v e  
b e e n  o b t a i n e d  by  T a y l o r .  ~3 F i g .  5 r e p r o d u c e s  c o n t o u r s  
o b t a i n e d  by  c o m p u t e r  J 4 T h e r e  a r e  f i v e  r e g i o n s  of the  
t r i a n g l e  in  w h i c h  the  f i n a l  c o r n e r  of the  y i e l d  s u r f a c e  
i s  the  s a m e .  

F r o m  the  po in t  of v i e w  of t he  c r y s t a l l o g r a p h i c  r e l a -  
t i o n s h i p  b e t w e e n  the  v a r i o u s  s l i p  s y s t e m s  a c t i v a t e d  b y  
a g i v e n  c o r n e r  s t r e s s  s t a t e ,  a n d  the  e n s u i n g  d i s l o c a t i o n  
i n t e r a c t i o n  p o s s i b i l i t i e s ,  c o r n e r  s t a t e s  fa l l  i n to  f ive  
d i f f e r e n t  " p o l y s l i p  t y p e s " .  ~e T h e s e  a r e  l i s t e d  in F ig .  6 
fo r  fcc  c r y s t a l s .  E a c h  type  i s  r e p r e s e n t e d  in one of 
the  f ive  r e g i o n s  of the  un i t  t r i a n g l e  f o r  p r e s c r i b e d  u n i -  
a x i a l  s t r a i n .  T h e  v a r i o u s  p o l y s l i p  t y p e s  m a y  b e  a c t i -  
v a t e d  in  a f r e e  s i n g l e  c r y s t a l  by  s p e c i a l  s t r e s s  s t a t e s ,  

Table II. The Matrix M~ of All Polyslip Corner Stress States in the fcc Yield 
Locus, Referred to Cubic Axes, and the Miller Indices R~ of Strain-Free 

Plastic Rotation Axes 

a c t i v a t e  a c e r t a i n  s l i p  s y s t e m  c o m b i n a t i o n  c a n  on ly  
b e  d e f i n e d  in  i t s  d e v i a t o r i c  c o m p o n e n t s .  T h e y  a r e  

' ' [ 13] Bish~ 
qv = Mv~- fo r  e a c h  c o r n e r  

2 
In  p r a c t i c a l  c a s e s ,  i t  i s  u s u a l l y  no t  the  h y d r o s t a t i c  3 

s t r e s s  t h a t  i s  z e r o ,  bu t  one  o r  two of t he  i n d i v i d u a l  1 
n o r m a l  s t r e s s  c o m p o n e n t s .  One  m a y  t h u s  d i s p o s e  of 28 
the  a r b i t r a r y  h y d r o s t a t i c  c o m p o n e n t  of the  c o r n e r  27 
a r r o w s  M in t he  s a m e  w ay  a n d  m a k e  a s  m a n y  of t h e  

26 
c o m p o n e n t s  for  v = 1, 2, 3 z e r o  a s  p o s s i b l e .  In  t h i s  

25 
d e f i n i t i o n ,  the  M c m a t r i x  f o r  f cc  c r y s t a l s  i s  g i v e n  in 
T a b l e  II. 8 In c o n t r a d i s t i n c t i o n  to  the  m s m a t r i x ,  M c 4 
h a s  to be  found  by  t r i a l  a n d  e r r o r  (or by  a s y s t e m a t i c  5 
s e a r c h ) .  6 

Eq .  [13] i s  the  a n a l o g u e  of Eq.  [ l a ] ,  f o r  t he  c a s e  of 17 
p r e s c r i b e d  s t r a i n s .  S i m i l a r l y ,  a n  a n a l o g u e  of Eq .  [4a]  20 
d e s c r i b e s  the  r e l a t i o n  b e t w e e n  s t r a i n s  a n d  s h e a r s .  I t  19 
i s  m o s t  e a s i l y  d e r i v e d  ~2 by  w r i t i n g  down the  w o r k  

18 
e x p r e s s i o n  13 

o v d e  v = ~'M~de v (v = 1, . . . ,  6) [14] 16 

a n d  e q u a t i n g  it  w i th  t he  w o r k  done  in  the  a c t i v e  s l i p  14 
s y s t e m s ,  ~Sd),S. I f  w o r k  h a r d e n i n g  i s  i s o t r o p i c  (Eq.  15 
[11] ) ,  a n d  ff the  s t r a i n  i n c r e m e n t  i s ,  a s  u s u a l ,  p r e -  21 
s c r i b e d  on ly  in  i t s  d e v i a t o r i c  c o m p o n e n t s  d e ~ ,  i t  24 
f o l l o w s  t h a t  23 

22 
M v d e ~  = ~ d 7  s = d r  [15] 9 

$ 

10 
w h e r e  F i s  the  a l g e b r a i c  s u m  of s h e a r s  d e f i n e d  by  7 
t h i s  e q u a t i o n .  8 

J u s t  a s  m s d e g e n e r a t e s  in to  the  S c h m i d  f a c t o r *  l l  

12 *The symbol m is variously used for the quantity defined in Eq. [ 16] or its 
inverse. 

_ ~- _ de~r 
m o dy fo r  u n i a x i a l  s t r e s s ,  [16] 

s o  M c d e g e n e r a t e s  i n t o  the  T a y l o r  f a c t o r  

Corner(-+c) 

Name* 

A1  
2 
3 

B l  

M~ =_+,,g x 

11 22 33 23 31 
1 2 3 4 5 

1 0 0 0 0 

0 1 0 0 0 
0 0 1 0 0 

1 1 0 0 0 +5 +~ 

R~ 

12 23 31 
6 1 2 

0 
0 Any 
0 

t +1 +1 +~ 

c s= 1 My my 
for these 

12 sip 
3 systems 

bcefhikl 

abdeghik 

+1 ab~rgi 

2 
3 
4 0 0 0 +�89 

C 1 0 0 0 1 
2 0 0 0 0 
3 0 0 0 0 

D1 -~ 0 0 0 
2 ~ 0 0 0 

I 3 5 0 0 0 
4 -~ 0 0 0 

5 o ~ o +-~ 
6 0 ~ 0 _1 5 
7 0 .{ 0 -~ 
s o -~ o +~ 
9 0 0 -~ +-~ 

10 0 0 1 _~ 

11 o o -~ +-~ 
1 1 12 0 0 ~ 

1 1 E 1 0 +~ 5 +i 
I 1 1 2 0 +5 -5 5 

3 -~  o +~ o 
4 _1 0 +-~ 0 

t _1  0 0 5 +{ 5 
6 +-~ --~ 0 0 

o o o -~ +-~ 
0 0 0 +! 1 2 - - 5  

1 
+5 

+-~ 

+~ 

o 
o 
0 
0 

+-~ 

--~ 
+4 

0 
0 

+! 
2 

0 
0 

+~ -1 
1 +1 +5 

--12 +l 

0 
0 
1 

+-~ 
--~ 

! 

-5  
+-~ 

_ !  
5 

--~ 
o 
0 
o 
0 

0 
o 
0 
0 

+ 

+1 +1 acg[akl 
-1 +1 bcd;ji 
+1 -1 d fhljk 

bcefhikl 
Any acdf'gij 1 

abd~gKjk 

0 1 1 _abglkl- 
acefgh 
dehl~] 

0 1 ] 
bcdfJk 
abefjl 

J 0 l Bc~e~; 

1 0 i achiI k 

efgljk 
1 1 0 ab d f[al 

acdekl 
I ] 0 . . . .  

bcghjl 

abdfghii 
acdegijk 

Any Tac~fgEl~ 
abdehikl 
bcdfgikl 
acefhijl 

Note:  A constant pC was added to each Mt c, M c , and MCa such as to make zeroes 
out of as many of them as possible. 

*A, B, C, D, E are the crystallographically distract types of polyslip investigated 
by Kocks. 6' n 
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such as <100> tens ion ,  (111> tens ion ,  {100}<010> shear ,  
and so forth. 12 In this  m a n n e r  the respec t ive  work 
hardening  curves  have been  obtained by Kocks.12 Hos- 
ford Is has la ter  de t e rmined  the same polysl ip c u r v e s  
in "p lane  s t ra in  c o m p r e s s i o n " .  

Rota t ions  

The number  of s y s t e m s  act ivated in any c o r n e r  or 
edge state may be l a r g e r  than the number  of d imen-  
s ions  in which the cone of n o r m a l s  has a f inite extent.  
In this case,  one says  that they do not form a set  of 
independent  sl ip sy s t ems .  This  t e rm  is  somewhat  m i s -  
leading ,  16 because  d is locat ion  motions in,  for example ,  
eight different  s l ip s y s t e m s  may be en t i r e ly  uncoupled 
f rom each other. However ,  different  combina t ions  of 
s l ip  may give the same  macroscop ic  s t r a in  in a l l  di-  
r ec t ions ;  they would give different  ro ta t ions  of the 
c ry s t a l  lat t ice with r e spec t  to the spec imen  su r faces .  
Such "p las t i c  r o t a t i o n s "  can,  on the other hand, not be 
enforced  by any boundary  condit ions on the spec imen .  
It is  in this sense that r e so lu t ion  of an applied s t r e s s  
or s t r a in  state into more  than five slip sy s t ems  cannot 
be unique, and that such a set  of s l ip s y s t e m s  may be 
ca l led  interdependent .  

When eight s l ip s y s t e m s  meet  in a c o r n e r ,  there  
a re  three degrees  of f reedom left,  and thus a l l  r o t a -  
t ions  are  possible.  When there  a re  only six s l ip  sys -  
t e m s ,  however,  ro ta t ions  mus t  be r e s t r i c t e d  to a 
s ingle  axis.  To find this  axis ,  it is  bes t  to t ry  to 
produce a pure  ro ta t ion  by maximiz ing  the d i f f e r e n c e s  
between var ious  sl ip s y s t e m s  of the combinat ion .  Max- 
i m u m  difference between the cont r ibut ions  of coplanar 
s l ip  s y s t e m s  show, in the case  of <111> tens ion  of fee 
c r y s t a l s ,  that the a r b i t r a r y  rotat ion can only be a 
twist  around the tens i le  axis .  Table II l i s t s  the Mi l l e r  
ind ices  of the axis a round which a r b i t r a r y  addi t ional  
ro ta t ions  a re  allowed, under  R~. 

Card  Glide and Penc i l  Glide 

Ice s l ips  on a c rys t a l log raph ic  slip plane,  but the 
s l ip  d i rec t ion  is approx imate ly  the d i rec t ion  of max i -  
mum reso lved  s t r e s s  in this plane. This  s i tua t ion  is  
eas i ly  descr ibed  in s t r e s s  space. The yie ld  locus  is  a 
c i r c l e  in the plane conta in ing  al l  shea r s  on the s l ip  
plane,  and it is infini te  in a l l  four pe rpend icu la r  d i r ec -  

t ions.  The d i rec t ion  of the s t r e s s  state and the d i r ec -  
tion of the s t r a i n  state are  thus pa ra l l e l  in this  plane 
(Eq. [6]), although there may be addi t ional  s t r e s s  com-  
ponents out of this plane. This  behav ior  may be de- 
sc r ibed  as  " c a r d  gl ide" .  

" P e n c i l  g l i de"  is  very  s i m i l a r :  here  the sl ip d i r e c -  
tion i s  c rys ta l lograph ica l ly  p r e s c r i b e d ,  but the slip 
plane is  that of maximum reso lved  shea r  s t r e s s  con- 
taining the c rys ta l lograph ic  sl ip d i rec t ion .  Since the 
t e r m s  sl ip plane and slip d i rec t ion  a re  in terchangeable  
from a point of view of macroscop ic  s t r a i n ,  any yield 
locus for penci l  glide in a p a r t i c u l a r  s l ip d i rec t ion can 
a lso  be desc r ibed  by a c i r cu l a r  cy l inder .  For  example ,  
if there  were an hexagonal c r y s t a l  that deformed in 
penci l  glide on any p r i sma t i c  plane in the d i rec t ion 
n o r m a l  to the basa l  plane,  i ts  y ie ld  locus would be 
ident ical  to that of ice desc r ibed  above. 

In a lgebra ic  form,  the yield condit ion for card  glide 
or penci l  glide,  with a c rys t a l log raph ica l ly  p r e s c r i b e d  
sl ip plane or s l ip d i rec t ion  in the x -coord ina te ,  is  17 

02 2 2 [ 1 8 ]  xy + (Yxz = T 
Penc i l  glide is often a good desc r ip t ion  of what 

happens in bcc single c r y s t a l s :  the sl ip d i rec t ion is 

~ 674 

3 ~ 3  6 

[,oo] / 1 [,,o] 
2.449 24 2.4 2.5 2.62.8 30 3.2 3.4 3,6 5,674 

Fig. ~r--The Taylor factor M for tensiotl in fce crystals, as 
a function of the orientation of the tensile axis. According 
to Chin et al. 14 
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o) PRESCRIBED STRESS CASE: 
SCHMID FACTOR 

-r dE o- 
m= -- = - -  o- d X 
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of (111> type and the sl ip plane is ,  on the ave rage ,  
noncrys ta l lographic .  In other cases ,  {110} is  a c r y s -  
ta l lographica l ly  p r e f e r r e d  slip plane. If again one 
t r ea t s  the t e r m s  slip plane and slip d i rec t ion  as  i n t e r -  
changeable ,  the la t ter  case  is exactly equivalent  to 
s l ip  in fcc c r y s t a l s ,  and thus the yie ld  su r f aces  a re  
ident ical .  

The yield locus for penci l  glide may then be obtained 
f rom the fcc yield locus by e l imina t ing  any d is t inc t ion  
between the slip d i r ec t ions  in the fcc [111} plane. This  
amounts  to replac ing a number  of hexagonal cy l inde r s  
by c i r cu l a r  cy l inders .  However,  not all  c o r n e r s  and 
edges are  taken out of the yield sur face ,  because  the 
different  cy l inders  be longing  to different  fcc sl ip 
p lanes  (bcc slip d i rec t ions )  in t e r sec t  to form some 
edges and co rne r s .  F igs .  7 and 8 show the bcc penci l  
glide equivalents  to F igs .  2 and 3. It is worth noting 
that there  are  some " p o i n t s "  where two cy l inde r s  in -  
t e r s e c t ,  which a r e ,  however ,  not c o r n e r s  in any sense  
of the word: they have a unique normal .  

Those points on F igs .  7 and 8 that look -like t rue 
c o r n e r s  a re ,  however ,  not " c o r n e r s "  by the defini t ion 
used here  e i ther :  the i r  cones of n o r m a l s  extend into 
only three or four d imens ions ,  not into five. Thus ,  

there  a re  no polyslip c o r ne r s  at a l l  in the bcc pencil  
glide yie ld  sur face ,  and by far  the ma jo r i t y  of al l  p re -  
sc r ibed  s t r a i n  s ta tes  would be sa t i s f ied  by a combina-  
tion of fewer s l ip  sys tems ,  k l s o ,  there  is never  any 
ambigui ty  of sl ip sys tem se lec t ion that could lead to 
a r b i t r a r y  super imposed  rotat ions. iS 

The four sl ip d i rec t ions  ava i lab le  in bcc c ry s t a l s  
a re  thus ample  to insure  the poss ib i l i ty  of plas t ic  r e -  
l ief of any (deviatoric) p r e s c r i b e d  s t r a i n ,  i .e. ,  to in-  
sure  that the yield surface is c losed in five d imens ions .  
Would three sl ip d i rec t ions  have been enough, in gen- 
e r a l ?  It is  easy to see that three  sl ip d i rec t ions  a l igned 
with the edges of a cube could not produce any length 
change in any of the edge d i r ec t i ons ,  no ma t t e r  what 
sl ip plane were used. 

The genera l  condition for penci l  glide to provide a 
complete  set  of independent modes is  that three slip 
d i rec t ions  be avai lable  which a re  not coplanar  and 
which do not include any right  angle.  

Work Hardening and Latent  Hardening 

Work hardening in single c r y s t a l s  is usual ly de-  
sc r ibed  by a s e r i e s  of yield s t rength  vs  shear  curves  

Fig. 6--The five types of polyslip. 
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Fig. 7--Section through the yield surface for bcc pencil glide, 
in cubic coordinates. 
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Fig. 9--Latent hardening. 

for different  or ien ta t ions  of the tens i le  axis  with r e -  
spect to the c rys ta l log raph ic  axes.  In t e r m s  of the 
yie ld  locus,  these curves  show the ra te  at which those 
facets  of the yield sur face  that co r respond  to act ive 
sl ip sy s t ems  move away f rom the or igin  with i n c r e a s -  
ing shear .  Nothing is  known from such expe r i me n t s  
about the other,  " l a t e n t "  sys t ems .  

There  are  two s imple  a s sumpt ions  one could make:  
that the la tent  sys t ems  do not harden at a l l  or  that 
they harden at the same ra te  as  the active systems.23 
Figs .  9(a) and 9(b) show these two cases  for two equal 
i n c r e m e n t s  of s t rength  on the single ( " p r i m a r y " )  s y s -  
tem that yielded f i r s t .  In case (a), a second sys t em 
wil l  get ac t ivated soon; a f te r  one addi t ional  equal  
s t reng th  i nc r emen t ,  the f i r s t  sys t em would in  fact  be 
deact ivated as  a th i rd  sys t em comes in. The yield 
sur face  becomes  ve ry  an i so t rop ic .  In case (b), work 
ha rden ing  is " i s o t r o p i c " :  the yield sur face  blows up 
like a balloon.  

F r o m  recen t  expe r imen t s ,  9'19-24 it s eems  that Fig.  
9(c) typifies the r e a l i s t i c  case :  the la tent  s y s t e m s  
harden  fas ter  than the act ive  ones;  the ra t io  of the two 
harden ing  r a t e s  (past easy  glide) is roughly cons tan t  
and at most  about 1.4. La ten t  sl ip sys tems  on the same 
sl ip plane harden  at a ra te  equal to that on the p r i -  
m a r y  sl ip sys tem.  9'23 (The yield locus in Fig.  9 is  a 
symbol ic  one, not r e p r e s e n t i n g  any specia l  c l a s s  of 
c rys t a l s . )  Fig. 9(c) a lso  shows that there  may  be a 
Bauschinger  effect: the sl ip sys tem that is the exact  
opposite of the active one may harden less  than the 
act ive one. 

In polysl ip,  one may expect l i t t le dif ference between 
the va r ious  act ive s l ip  sys t ems .  Again, the la tent  s y s -  
t e m s  should harden at an equal  or h igher  ra te .  In the 
case  of (111) c o m p r e s s i o n  in a luminum,  this  has been  
shown 6 to be the case by a l t e rna t e ly  c o m p r e s s i n g  and 
twis t ing a th in-wal led  s ingle  c rys ta l  tube of hexagonal  
c r o s s  section with i ts  axis  in  the (11 1) d i rec t ion .  

The state of af fa i rs  de sc r i bed  in Fig. 9(c) is  not 
v e r y  different  f rom that postulated by Taylor,~3 Fig.  
9(b). Especia l ly  under p r e s c r i b e d  s t r a in ,  " i s o t r o p i c  
work h a r d e n i n g "  is  thus a r easonab le  assumpt ion .  

The expanded yie ld  loci shown in Fig. 9 a re  no dif-  
f e ren t  in pr inciple  f rom the or ig ina l  one: if a c r y s t a l  
is  unloaded and then re loaded,  its new yield  c r i t e r i o n  
is  desc r ibed  by the new yield  surface.  The word 
"y ie ld  s t r eng th"  is  f requent ly  used only for the s t r e s s  
at which a m a t e r i a l  f i r s t  becomes  plast ic .  However ,  
s ince "y ie ld  s t r eng th"  may re fe r  to co ld-worked m a -  
t e r i a l s  as well as to annea led  ones ,  one may r e g a r d  
the s t r e s s - s t r a i n  curve  a s  nothing but the locus  of 
c u r r e n t  yie ld  s t r eng ths  vs  (p re - ) s t r a in  and use the 
words "y ie ld  s t r e n g t h " ,  "y ie ld  s u r f a c e " ,  and so 
forth,  i r r e spec t ive  of whether they a re  in i t i a l  or c u r -  
ren t  values .  

Rate Effects  

Any influence of s t ra in  rate  on the yield c r i t e r i on  
has been ignored  up to now. In the p las t ic i ty  l i t e r a -  
tu re ,  an a s s u m e d  absence of ra te  effects  is  often s ta ted 
to be equivalent  to a very  low s t r a i n  ra te ,  as if one 
were close to the rmodynamic  e q u i l i b r i u m .  To achieve 
a finite s t r a i n  ra te ,  one would then have to exceed the 
" r a t e  independent  yield s u r f a c e "  by an amount  that 
i n c r e a s e s  with the rate demanded.  

The physica l  s i tuat ion is be t t e r  de sc r i be d  as  p r e -  
c i se ly  the r e v e r s e .  Yield is not the consequence of a 
sma l l  deviat ion from equ i l ib r ium;  it may ra ther  be 
cal led a th reshold  phenomenon.  In a l l  m a t e r i a l s ,  there  
is  a r ea sonab ly  well defined th resho ld  l imi t ing  al l  e l a s -  
tic s ta tes ,  independent  of s t r a in  r a t e ,  at the absolute 
ze ro  of t empe ra tu r e .  At finite t e m p e r a t u r e ,  this 
threshold  gets lowered,  in many m a t e r i a l s ,  by the r -  
mal  ac t iva t ion ,  and the amount  of dec rease  depends 
on the s t r a i n  ra te .  One may thus def ine,  for any ma-  
t e r i a l ,  a s e r i e s  of yield loci for any combinat ion  of 
s t ra in  ra te  and t e m p e r a t u r e ,  a l l  of which a re  contained 
within the l imi t ing  yield locus for T = 0~ Fig.  10 is  
a schemat ic  i l lus t ra t ion .  

If the s t r e s s  i s  p r e s c r i b e d  in a given exper iment ,  
r a the r  than the s t r a in  r a t e ,  one can define a p rec i se  
e las t ic  l imi t  only at zero  t e m p e r a t u r e .  At al l  finite 
t e m p e r a t u r e s ,  s t r e s s e s  below the l imi t ing  yield locus 
will lead to some finite s t r a in  ra te  which is  the lower 
the lower the s t r e s s .  In p r inc ip le ,  one could thus say 
that the y ie ld  locus  for i n f in i t e s ima l  s t r a in  ra tes  is  a 
point at  the or ig in .  In p rac t i ce ,  however ,  s ince the 
s t r a in  ra tes  decrease  exponent ia l ly  with the deviat ion 
of the s t r e s s  f rom the l imi t ing  yie ld  locus ,  there  is 
usual ly  a finite s t r e s s  at which the tes t ing  t imes would 
exceed the age of the un iverse .  In this  fashion,  a yie ld  
locus for in f in i t e s ima l  s t r a in  r a t e s  would be definable,  
although it  would be less  useful  than the one for zero  
t e m p e r a t u r e .  

Fig. 10 a lso  shows an i n t e r e s t i ng  effect which b e a r s  
on the bas ic  tenet  of the Schmid law: that only those 
sy s t e ms  may be operat ive  for which the "y ie ld  
s t r e ng t h"  is  reached.  Evident ly ,  s l ip sys t ems  other 
than the mos t  highly s t r e s s e d  one wil l ,  in this  p ic ture ,  
provide some s t r a i n  r a t e ,  although it will  be lower 
than that on the p r i m a r y  sys t em.  In p rac t ice ,  these 
s t r a in  r a t e s  may again be van ish ing ly  sma l l ,  but this  
depends on the deviation of the appl ied s t r e s s  f rom 
edges of the yie ld  sur face ,  and on the detai led model  
of s t r a in  ra te  sens i t iv i ty .  

In the r e m a i n d e r ,  we shal l  ignore  s t r a in  ra te  and 
t empera tu re  effects.  

Fig. 10--The "rate 
independent" yield 
surface, i .e . ,  the 
one for absolute 
zero temperature. 
Inside it ~--) the 
yield surfaces for 
increasingly lower 
strain rates. The 
extensions (---) 
allow for different 
strain rates on dif- 
ferent slip sys- 
tems. 
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THE THEORY OF POLYCRYSTAL DEFORMATION 

We shall only deal with plastic deformation, not with 
fracture. Since the absence of sufficient modes of plas- 
tic deformation may lead to premature fracture, there 
is a significant interaction between the two fields. 
Some general observations on this relationship are 
contained in a paper dealing with the specific case of 
eph materials. 2~ 

We shall also restrict ourselves to homogeneous 
deformation throughout a specimen (or a sufficiently 
large part of it to qualify as a "polycrystal"), and 
exclude cases in which the macroscopic strain gradient 
is significant on the scale of the grain size, whether 
by virtue of external boundary conditions or as a re- 
sult of the particular deformation mode of the material. 

E l a s t o - P l a s t i c  Solutions 

A polycrystal in the ideal sense defined in the first 

section contains very many grains of the same orienta- 

tion (within a certain small range), each one of which 
has a different set of surrounding grains. Since we as- 
sume no cor re l a t ion  between the o r ien ta t ions  of neigh-  
bo r ing  g ra ins ,  al l  these su r round ing  gra ins  taken to- 
gether  a re  a large r andom set and a re  as i so t rop ic  as 
the whole po lycrys ta l  is a s sumed  to be. For  this  r e a -  
son,  one may average  out the effect of the su r round ings  
on the gra ins  of any pa r t i cu l a r  or ienta t ion.  Kr6ner  26,27 
proposed a model ,  i l l u s t r a t ed  in Fig.  11, in which al l  
g r a in s  of one c rys ta l log raph ic  or ienta t ion  (within a 
ce r t a in  sma l l  range)  a re  r e p r e s e n t e d  by a s ingle  
spher ica l  g ra in ,  and the su r round ing  m a t r i x  is  r e p r e -  
sen ted  by an isot ropic  cont inuum. This  case i t se l f  
may then be t rea ted  by the Eshelby ~8 method,  and sub-  
sequent ly  averaged over g ra ins  of al l  o r i en ta t ions .  

The Eshelby method may be desc r ibed  by the follow- 
ing thought exper iment .  F i r s t ,  the spher ica l  or e l l ip-  
soidal  grain  is  cut out of the i so t ropic  ma t r ix .  When 
surface  t r ac t ions  a re  appl ied to the ma t r ix  at  inf ini ty ,  
which give r i se  to the macroscop ic  average  s t r e s s  a,  
sur face  t r ac t ions  a re  appl ied at the hole such that the 
su r round ing  m a t e r i a l  is under  the same s t r e s s  s tate  
as  it would be if the hole were fi l led with the i so t rop ic  
cont inuum also.  The m a t r i x  will then deform e las t i ca l ly  
and p las t ica l ly  in a c e r t a i n  uniform way; the p las t ic  
s t r a i n  of the hole may be desc r ibed  by ~: (The elas t ic  
s t r a i n s  in ma t r ix  and g ra in  are  a s s u m e d  to be ident i -  
cal .  For  a cons idera t ion  of elast ic  aniso t ropy  a l so ,  
see Hook and Hirth ~9 and Wil l i s .  3~ Now the sur face  

t r ac t ions  that had to be applied to the inside surface 
of the hole a re  applied, with opposite sign,  to the sepa-  
ra ted  gra in .  P r e s u m e  that these sur face  t r ac t ions  
will make the gra in  yield and give r i s e  to a plas t ic  
s t r a in  c. (All the a ' s  and E's are  t enso r s . )  If one 
now wants to i n s e r t  the gra in  back into the ma t r ix ,  
it will  not fit:  the "compat ib i l i ty  cond i t ions"  have 
been violated.  F r o m  this point on, both gra in  and ma-  
t r ix  a re  t r ea ted  as e las t ic ,*  and a d i s t r ibu t ion  of in-  

*This inconsistency has also been pointed out by Hill al who gave a more gen- 
eral soluhon, 

t e rna l  s t r e s s e s  and e las t ic  s t r a i n s  is  found that will 
make the gra in  fit back into the hole. As Eshelby 2s 
has shown, the in te rna l  s t r e s s  is  uni form inside any 
gra in  of e l l ipso ida l  shape, and it is d i rec ted  p re -  
c i se ly  opposite to the difference between the plas t ic  
s t r a i n s  of g ra in  and hole. In other  words ,  some of the 
p las t ic  s t r a i n  is  undone e las t i ca l ly .  Let a be the 
total  s t r e s s  inside the g ra in .  Then,  accord ing  to 
K r 6ne r ,  z7 

(O - o) = - ~ G ( c -  3) [19] 

where G is  the appropria te  e las t i c  modulus  and ~ is 
a s ca l a r  constant  of order  4 .  

Rega rd l e s s  of any quant i ta t ive de ta i l s ,  we may con- 
clude from Eq. [19] that the d i f fe rences  in s t r a in  
(both magni tude and direct ion)  between neighboring 
gra ins  cannot be very  large : a dif ference of a few 
percen t  would cause f r ac tu re ,  and many yield mech-  
a n i s m s  may in tervene  before  that. 

There  a re  two bas ica l ly  d is t inc t  modes of yie ld  that 
may occur  in response  to the a t tempt  by any gra in  to 
deform by an espec ia l ly  la rge  amount .  One is  by a 
chain r eac t ion  in which ne ighbor ing  gra ins  yie ld  
under  the forward s t r e s s  concen t ra t ion  caused by the 
yie ld  of the previous  grain .  If this  mechan i sm pro-  
ceeds through an ent i re  c ros s  sec t ion,  it leads  to the 
format ion  of a Lfiders band. Since the s t r e s s  concen-  
t ra t ion  f rom the f i r s t  grain  fal ls  off with a c h a r a c t e r -  
i s t ic  d is tance  of the order  of the average  g ra in  d iam-  
e te r ,  the second g ra in  would deform to a s ignif icant  
extent only if yield is cont ro l led  by the genera t ion  of 
d is loca t ions  ra the r  than by their  propagat ion through 
the en t i re  gra in .  

The other mode of yield,  with which we shal l  deal 
exc lus ive ly  f rom here on, cons i s t s  of the act ivat ion 
of addi t ional  sl ip sys tems  in the f i r s t  gra in ,  through 
the act ion of the in te rna l  s t r e s s ,  Eq. [19]. 

t t 

Fig. l l--The KrSner model of polycrystal 
deformation. 27 
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The mechan i sm by which the t r ans i t i on  f rom single  
s l ip  to mult iple slip occurs ,  may be shown in  a sketch 
of a typical  y ie ld  su r face ,  Fig.  12. For  s impl i c i ty ,  let  
us f i r s t  neglect  work harden ing  and t r ea t  the case 
where the plast ic  s t r a in  in the ma t r ix  ~ = 0, in the 
r ight  hand part  of the f igure.  When the appl ied s t r e s s  

f i r s t  r eaches  the y ie ld  su r face ,  the s t r a i n  e would 
be desc r ibed  by an a r r o w  pointing ve r t i ca l ly  upward.  
The in te rna l  s t r e s s  (o - o) inside the g ra in  would then 
be r ep r e sen t ed  by an a r r o w  pointing ve r t i ca l ly  down. 
If the gra in  is  to continue to deform,  the total  s t r e s s  
a in the gra in  mus t  be located on the yield sur face ;  
thus ~ has to be r a i s e d  to the f i r s t  level  shown by an 
a r row.  

It is seen that the s t r e s s  state in this g ra in  moves  
away f rom the n o r m a l  to the facet of the yie ld  su r face  
that co r re sponds  to the f i r s t  act ive slip sys t em.  After 
a l i t t le  further  s t r a in  and s t r e s s  i nc rea se ,  it has 
r e ached  an edge of the y ie ld  surface  and the second 
s l ip  sys t em is act ivated.  If the s t r e s s  state is  s t i l l  not 
conta ined in the fan of n o r m a l s  of this  edge, it will  
move along the edge, in the d i rec t ion  away f rom the 
or ig in ,  and will soon a r r i v e  at another  " e d g e "  where 
th ree  sy s t ems  meet.  By this  p rocedure ,  the s t r e s s  

-aGE 

- a G 
t 

Fig. 12---Series of applied and internal stress states during 
the elasto-plastic transition region, shown on a typical 
yield locus section. 

s tate  eventual ly  has to end up in the " c o r n e r "  of the 
yield sur face  whose cone of n o r m a l s  does contain the 
s t r e s s  vec tor .  

Fig.  13 shows two such paths for two different in i -  
t ia l  s t r e s s  s t a tes  in a view of the fcc yie ld  surface that 
could, for example ,  be in the Z d i rec t ion  of Fig. 3 
((111) tension) .  In this pa r t i cu l a r  case ,  the number  of 
act ivated s l ip  sys t ems  jumps from two to six. Fig.  13 
a lso  shows the equivalent  s i tua t ion ,  for the same two 
in i t ia l  s t r e s s  s ta tes ,  in bcc penci l  glide (e.g., the view 
in the Z d i rec t ion  of Fig.  8, again (111) tension).  
Since the d i rec t ion  of the fan of n o r m a l s  cont inuously 
changes along the curved edges of th is  y ie ld  sur face ,  
the s t r e s s  s ta te  may be conta ined in a 2 -d imens iona l  
fan of n o r m a l s  before it r eaches  the 3 -d imens iona l  fan 
that looks l ike a co rne r  in Fig.  13. In the case shown 
in the f igure ,  only those s t r e s s  s t a tes  that a re  contained 
within the dashed t r iangle  will eventua l ly  act ivate 
three  sl ip d i rec t ions .  

On the le f t -hand side of Fig.  12, the effect of a 
f inite ma t r ix  s t r a i n  ~ is  i nco rpo ra t ed  with the a s -  
sumption that it is pa ra l l e l  to 5. In this  case ,  the ap-  
proach to the f i r s t  edge is  even m o r e  rapid.  In ei ther  
case ,  the amount  of plast ic  s t r a i n  oc c u r r i ng  before 
the s t r e s s  s tate  reaches  the proper  co rne r  of the yie ld  
sur face  is  of the order  of magni tude of the e las t ic  
s t r a i n  at yield.  Only when ~ i s  very  c lose  to the pure 
shear  s t r e s s  n e c e s s a r y  to ac t ivate  one sl ip sys tem 
may the s t r a i n  be much l a r ge r .  Both Payne s2 et al. 
and Budiansky and Wu 33 have come to this conclusion 
from dif ferent  but equivalent  34 s tudies  on fcc g ra ins  of 
many or ien ta t ions .  They have found that ,  even in the 
average ,  the s t r a in  at which the f inal  co rne r  has been  
reached is no more  than a few t imes  the e las t ic  s t r a in  
at yield.  At about 1 pct s t r a i n ,  the d i s t r ibu t ion  of 
s t r a in s  should thus be quite un i fo rm.  

If the yie ld  sur face  expands through work hardening  
during these loading expe r imen t s ,  the approach of the 
s t r e s s  s tate  to a corner  of the yie ld  sur face  will be 
s lower .  *~4 However,  even heavi ly  work hardened  m a -  

*The stress state would stop changing "direction" when the tangent to the work 
hardening curve goes through the origin-an unrealistic case. 

t e r i a l s  r a r e l y  take e las t ic  s t r a i n s  of the o rder  of 1 pct,  
an amount  s t i l l  negl igible  with r e spec t  to the plas t ic  
s t r a in s .  

According to these r e su l t s ,  a g ra in  imbedded in a 
po lycrys ta l  thus behaves  as  if the s t r a i n  it has to pro-  
duce were p r e s c r i b e d  by i t s  s u r r o u n d i n g s  and were 
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Fig. 13--Stress paths under prescribed 
strain. In the example, view in the Z- 
direction of the yield surfaces shown in 
Figs. 3 and 8, respectively, x marks 
points at which normals to the yield sur-  
face from the origin emerge. 
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indeed very  s im i l a r  to the macroscopic  average  s t r a in  
(Eq. [19]). This is  the bas ic  hypothesis  for po lyc rys ta l  
deformat ion advanced by Taylor  13 in 1938. 

For  the case of the elastic deformation of po lyc rys -  
t a l s ,  the a s sumpt ion  of un i form s t r a in  had been used 
prev ious ly  by Voigt. 35 Reuss ,  36 on the other hand,  a s -  
sumed uniform stresses, and he averaged  over the 
s t r a i n s .  

Hill  37 has shown that any method in which the com-  
pat ibi l i ty  condit ions a re  fulf i l led although the equi-  
l i b r i um condit ions may be violated gives an upper 
bound for the e las t ic  modul i  of the po lyc rys ta l ,  whereas  
any method in which the equ i l ib r ium condit ions a re  
fulf i l led (although the compat ibi l i ty  condi t ions  may be 
violated) gives a lower bound. For r e a l i s t i c  degrees  
of an iso t ropy ,  the a r i t hme t i c  average between these 
two bounds is often a suff icient ly accura te  solut ion to 
the problem of an e las t ic  po lycrys ta l .  

S imi la r ly ,  the a s sumpt ion  of uniform s t r a i n  in a 
plas t ic  polycrys ta l  s t r i c t l y  gives an upper bound for 
the yield s t r e s s ,  38'39 and an assumpt ion  of un i form 
s t r e s s  would give a lower bound. In this s ense ,  Tay -  
l o r ' s  model of po lycrys ta l  deformat ion p resupposes  
that ,  in the case of p las t i c i ty ,  the upper bound is  much 
c loser  to the t rue solut ion than the lower bound. With 
the help of the e l a s to -p l a s t i c  solut ions d i s cus sed  above 
(Eq. [19]), one can eas i ly  see why this should be so. 

When the s t r a i n s  a re  l a rge ,  compat ibi l i ty  is  e spec i -  
a l ly  impor tant .  Sat isfying compat ib i l i ty  t r i v i a l l y  by 
a s s u m i n g  the s t r a i n s  to be uniform genera l ly  v io la tes  
equ i l i b r ium condit ions a c r o s s  the gra in  bounda r i e s .  
This  is  pa r t i cu l a r ly  obvious in our case of s ingle  c r y s -  
ta ls  with faceted yie ld  su r faces :  any a r b i t r a r y  s t r a in  
genera l ly  demands one of a smal l  number  of d i sc re te  
s t r e s s  s ta tes  that a re  very  unlikely to be in equ i l ib r ium 
a c r o s s  any gra in  boundary .  However,  this  s i tuat ion 
may be amended by super impos ing  an i n t e rna l  s t r e s s  
field designed to sa t is fy  equ i l ib r ium condit ions eve ry -  
where.  The e las t ic  s t r a i n s  assoc ia ted  with this  in te rna l  
s t r e s s  field may now, in genera l ,  des t roy  the p rev i -  
ously sat isf ied compat ib i l i ty  condit ions.  The crux of 
the a rgument  is that such e las t ic  s t r a in s  a re  a lways 
sma l l  compared  with any plas t ic  s t r a i n s  of i n t e r e s t  
and should thus not inf luence the compat ib i l i ty  condi-  

t ions apprec iab ly .  Budiansky and Wu 33 have shown that 
" l a rge  p las t ic  s t r a i n s "  in this  connect ion are  plast ic 
s t r a in s  l a r g e r  than about five t imes  the e las t ic  s t ra in ,  
or about 0.1 pct. 

The Taylor  Model 

In the or ig ina l  Taylor  13 proposal ,  e las t ic  s t r a in s  
were neglected  and the s t r a i n  in each grain  was set 
exactly equal to the macroscopic  average  s t r a in :  

dE = d r  [20] 

Inasmuch as volume s t r a in s  cannot be imposed onto 
such a p l a s t i c - r i g i d  m a t e r i a l ,  five independent  slip 
sy s t e ms  are  n e c e s s a r y  to sa t is fy  any a r b i t r a r y  p re -  
s c r ibed  s t r a in .  4~ All possible  combina t ions  of five sl ip 
sy s t e ms  in fcc c rys ta l s  (with the exception of some 
left out by mis take ,  as  has been  f requent ly  pointed 
out 41) were then cons idered  by Tay lo r ;  among them he 
se lec ted  any one of the combina t ions  giving the lowest 
a lgebra ic  sum of shea r s ,  us ing  a hypothesis  based  on 
an analogy with sl iding r igid  bodies.  

The neces s i t y  of fulf i l l ing the yield c r i t e r i on  was 
not recognized:  a s t r e s s  s tate  has to exis t  which ac-  
t iva tes  a l l  the slip sys tems  se lec ted  in the proper  
d i rec t ion  and which does not exceed the flow s t r e s s  on 
any other (positive or negat ive)  s l ip sys tem.  We shal l  
now show that T a y l o r ' s  m i n i m u m  shear  sum c r i t e r i on  
is  in fact equivalent  to fulf i l l ing the y ie ld  condition.* 

*Note added in proof: This equivalence has now also been shown, m a different 
way, by Chin and Mammel. 41a 

Let a given p r e sc r ibed  s t r a i n  i n c r e m e n t  dc be r e -  
solved,  Fig.  14(a), into two di f ferent  se ts  of five inde-  
pendent s l ip sy s t ems ,  a " w r o n g "  one (s) and a " r i g h t "  
one (s), r e su l t i ng  in the shea r s  d~ ~ and d7 s, r e spec -  
tive ly: 

dcv : m~d~ ~ = mSd7 s [21] 

Now cons ider  the s t r e s s  ~ that would act ivate every  
one of the sys tems  ~ in the co r r ec t  d i rec t ion de- 
manded by Eq. [21], so that (EQ. [ la ] )  

~ ~ = T ~ (v = 1, 6) [22a] •vmv ..., 

Fig. 14---Two methods of finding the 
proper slip system combination for a 
given strain de: (a) the combination with 
the larger sum of shears violates the 
yield condition; (b) the wrong corner of 
the yield surface does not contain de in 
its cone of normals. (a) is a minimum 
work criterion, (b) a maximum work cri-  
terion. 
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This  same s t r e s s  o may  exceed  the y ie ld  s t r e s s  in 
some  sy s t ems  not in the se t  (s). Let  us spec i f i ca l l y  
a s s u m e  that ~ exceeds  the y ie ld  s t r e s s  in at l eas t  
one of the s y s t e m s  s be longing to the " r i g h t "  se t ,  

so that 

~v ms  > r s [22b] 

Scalar  mul t ip l icat ion of o into Eq. [21] shows that 

~v dev = ~v my d~ ~ = ~v ms  dv s [23a] 

and, with Eqs.  [22a] and [22b], 

7 ~ d~ ~ > rs  d~ s [23b] 

Assuming  an i so t rop ic  flow s t r e s s  (Eq. [11]), we get  

E ~  > ~ s  [23c] 

As we set out to d e m o n s t r a t e ,  the a lgeb ra i c  sum of 
s h e a r s  is l a r g e r  for the combinat ion of s l ip  s y s t e m s  
that v io la tes  the y ie ld  condit ion.  If two combina t ions  
can be found both of which can provide the m a c r o -  
scopic  s t ra in  without v io la t ing  the y ie ld  condit ion,  the 
a lgeb ra i c  sum of shea r s  is  equal  in the two combina -  
t ions ,  as  one could a l r eady  have deduced f r o m  Eq. [15]. 

Eq. [23b] says  that  the c o r r e c t  combinat ion of s l ip  
s y s t e m s  r e q u i r e s  the l eas t  work.  It is impor tan t  to 
note,  however ,  that  this  " m i n i m u m  w o r k "  c r i t e r i o n  is 
a s t r i c t l y  geomet r i c  one and b e a r s  no re l a t ion  what-  
e v e r  to any t he rmodynamic  pr inc ip le .  This  point b e -  
c o m e s  even more  evident  when one cons ide r s  an a l -  
t e rna t i ve  method to s e l e c t  the proper  co rne r  of the 
y i e ld  su r face ,  de r ived  by Bishop and Hil l ,  4a which 
l eads  to a " m a x i m u m  work  p r i n c i p l e " .  

Since an a r b i t r a r y  p r e s c r i b e d  s t ra in  state r e q u i r e s  
a c o r n e r  s t r e s s  s ta te ,  one could t ry  out each c o r n e r  
of a given yie ld  sur face  (56 in the case  of fcc c r y s t a l s )  
ins tead  of the many m o r e  combinat ions  of f ive s l ip  
s y s t e m s  out of twelve even a f te r  dependencies  have 
been  e l iminated .  However ,  a c r i t e r i o n  would be 
needed  to specify which c o r n e r  is the proper  one. 
Such a c r i t e r i o n  was de r i ved  by Bishop and Hil l  42 and 
is  i l l u s t r a t ed  in Fig.  14(b). The s t r e s s  into the " r i g h t "  
c o r n e r  i s  ca l led  a, the s t r e s s  into a " w r o n g "  c o r n e r  
is  ca l l ed  a*. The " r i g h t "  c o r n e r  may be c h a r a c t e r -  
i zed  as  being the one which would be f i r s t  touched by 
a plane perpendicu la r  to dr that is brought  in f r o m  
infinity.  In a lgebra ic  f o r m ,  

cr* dE v < cT v d~ v (u = 1, . . . ,  6) [24] 

In o ther  words ,  the " r i g h t "  s t r e s s  s ta te  does  the 
l a rger  work. It al l  depends on what is va r i ed .  

By e i the r  method,  one may  thus de r ive  the p r o p e r  
Tay lo r  f ac to r s  M for each or ienta t ion .  Tay lo r  ~a a v e r -  
aged* these M fac to r s  over  a l l  o r ien ta t ions  and r e -  

*For a general discussion of the subtleties involved in averaging tensor quanti- 
ties, see Hdl. 43 

l a ted  the y ie ld  s t r e s s  Cro of po lyc rys t a l s  in tens ion  to 
the glide yield s t r e s s  ro by 

Oo = M ro [25] 

F.or fcc  c r y s t a l s ,  he found 

i14 = 3.06 [25a] 

Eq.  [25] fol lows f rom Eq. [17] if one a s s u m e s  that 
ro is the same in a l l  g ra ins  of an annealed p o l y c r y s -  

ta l ,  which i m p l i e s  that the work harden ing  expe r i enced  
by those g r a i n s  which were  f i r s t  to y ie ld  is negl igible .  

Work Hardening 

Tay lor  13 a s s u m e d  the flow s t r e s s  to be i so t rop ic  not 
only in annea led  c r y s t a l s ,  but a l so  a f t e r  work ha rden-  
ing has taken place.  In polys l ip ,  th is  is  not an un rea -  
sonable a s sum pt ion  as was d i s c u s s e d  in the preced ing  
sect ion.  A log ica l  extens ion,  a l so  p roposed  by Tay lo r ,  ~a 
is  to make this  flow s t r e s s  depend only on the a lge -  
b ra i c  sum of s h e a r s :  

z = r (F)  [26] 

Although r ( r )  is ce r ta in ly  not the same  for f ree  
single c r y s t a l s  of a l l  o r i en ta t ions ,  Eq. [26] may be 
c o r r e c t  under t rue  polysl ip  condi t ions .*  To conver t  

*In dislocation language, this can be expressed as follows: Isotropic flow stress 
means that the flow stress depends on the average dislocation density p only. Iso- 
tropm work hardenmg means that the dislocation mean free path L s m dp = 
d~S/bL s is the same for each slip system (s). Thus dT 2 cc dp c~ [1/bL(r)] �9 dF 

the s i n g l e - c r y s t a l  r ( r )  curve  into the po lyc rys t a l  ten-  
s i le  s t r e s s  s t r a i n  curve ,  Taylor then set  

= M z ( F )  [27a] 

and 

~- = ~t~  [27b] 

Eq. [27b] i s  exact ly  c o r r e c t  f rom Eq. [15] in Tay-  
l o r ' s  model  of uniform s t ra in  (Eq. [20]). The finite 
opening angle  of the cones of n o r m a l s  of the y ie ld  
locus c o r n e r s  shows,  however ,  that  such a s t r ingen t  
condition was not n e c e s s a r y .  If one a l lowed the s t ra in  
to va ry  a bit  f r o m  grain to gra in ,  to the extent  a l lowed 
by Eq. [19], one would genera l ly  s t i l l  ac t iva te  the same 
co rne r  and thus get  the same M. Only the d e m a r c a -  
tion l ines  be tween di f ferent  c o r n e r  s t a t e s  (Fig. 5) 
would be somewhat  washed out. T h e r e  should s t i l l  
be l i t t le  i f  any c o r r e l a t i o n  be tween M and de s ince 
de, in this  mode l ,  is p r e s c r i b e d  by the surroundings  
of each g ra in ,  whe reas  M is a function only of the 
or ien ta t ion  of the gra in  i tself .  In the absence  of such 
c o r r e l a t i o n s ,  Eq.  [27b] is c o r r e c t .  

Eq. [27a], on the other  hand, p r e s u p p o s e s  that the re  
is no c o r r e l a t i o n  between the o r i en ta t ion  of a gra in  
and i ts  flow s t r e s s .  This  is  in d i r e c t  cont radic t ion  to 
the assumpt ion  of an e s sen t i a l l y  un i form s t ra in  e, 
which im p l i e s  d i f ferent  shear  sums  for  di f ferent  o r i -  
entat ions and t h e r e f o r e  d i f ferent  flow s t r e s s e s  
(EQ. [26]). 

In gene ra l ,  one should e x p r e s s  the work -ha rden ing  
law in d i f f e ren t i a l  fo rm,  with a s t r e s s - d e p e n d e n t  work -  
hardening ra te  0: 

dr  = 0 dF [28a] 
Then it is  gene ra l l y  t rue that 

d~ = M dr = MO dF = M20 de [28b] 

where the ba r  denotes the ave r age  over  a l l  o r i en ta -  
t ions.  If one a s s u m e s  essen t ia l l y  un i form s train,  
l inear  work  hardening (0 = const . )  and negligible  y i e l d  
s t r e s s ,  one finds 

da /de  = M 2 0 [29a] 

On the other  hand, T a y l o r ' s  Eqs .  [27] would have given,  
under the same condi t ions,  
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dot/de = ~2~ < ~ [29b] 

In rea l i ty ,  T a y l o r ' s  fo rmula  is probably not bad.  
The work-harden ing  rate  0 genera l ly  d e c r e a s e s  with 
i n c r e a s i n g  F;  s ince g r a i n s  with a high M have a high 
F ,  under e s sen t i a l ly  un i form s t r a in  condi t ions ,  there  
should be an inve r se  co r r e l a t i on  between 0 and M. 
F u r t h e r m o r e ,  any co r r e l a t i on  that might exis t  between 
the s t r a in  i n c r e m e n t  de of a par t i cu la r  g ra in  and i ts  
o r ien ta t ion  should make ~ s m a l l e r  for h a r d e r  g ra ins ,  
i .e. ,  for high M. Both cons ide ra t ions  would tend to 
lower d~/de from the value given in Eq. [29a], poss ib ly  
approaching that given in Eq. [29b]. 

In any case ,  Eqs.  [25] and [29a] provide an upper 
bound for the flow s t r e s s  of po lycrys ta l s  accord ing  to 
the Tay lor  model - -which ,  as we have seen,  is  i tself  
an upper bound to the co r r ec t  solution of the poly- 
c ry s t a l  problem in genera l .  

Any deviation from the a s sumpt ions  leading to Eq. 
[29a], namely  l i nea r  work hardening  and negl igible  
yie ld  s t r e s s ,  has one fur ther  consequence:  any cu rva -  
tu re  in the T(F) d iagram will  r eappear  less strongly 
curved in the ~ )  d i ag ram.  This is due to the fact 
that ,  at any given s t r a in  r there will be a sp read  of 
F ' s  in the g ra ins  by roughly a factor  2. Thus ,  the 
po lycrys ta l  takes a moving average over a c e r t a i n  
range of the single c ry s t a l  curve.  In the e l a s to -p l a s t i c  
t r ans i t i on  region of a m a t e r i a l  with a finite yield  
s t r e s s  and l inear  work hardening ,  this effect has been  
t r ea ted  quant i ta t ively  by Hutchinson.  34 

The Yield Locus of P o l y c r y s t a l s  
The p re sumed  i so t ropy  of a " p o l y c r y s t a l "  l imi t s  

the range of possible  y ie ld  c r i t e r i a ,  but it does not 
uniquely de te rmine  any pa r t i cu l a r  one. Two hypothe- 
ses  a re  in common use for phenomenological  pur -  
poses :  the T r e s c a  45 c r i t e r i o n  according  to which the 
max imum shear  s t r e s s  in the body has to reach a 
c r i t i c a l  value for yield;  and the yon Mises  46 c r i t e r i o n  
accord ing  to which the second invar ian t  of the s t r e s s e s  
has  to reach a c r i t i ca l  value.  Application of the " a s -  
socia ted  flow r u l e "  (Eq. [6]) to the T r e s c a  c r i t e r i o n  
p red ic t s  a pure shear  s t r a i n  at yield,  i r r e s p e c t i v e  of 
the na ture  of the applied s t r e s s ;  combinat ion  of the 
" a s soc i a t ed  flow r u l e "  with the yon Mises  yie ld  c r i -  
t e r ion  makes  the s t r a i n  i n c r e m e n t s  pa ra l l e l  to the 
(deviatoric) applied s t r e s s . *  

*This proporhonality between each component of the strain rate and the re- 
spective nonhydrostatic stress component does not follow from isotropy, and it 
does not follow from (reversible or irreversible) thermodynamics. Claims to the 
contrary 47'~ disregard the essential nature of threshold phenomena, as opposed 
to small devaations from equilibrium (or a kinetic balance) in a parabohc potential. 

F r o m  a physical  point of view, the T r e s c a  c r i t e r i on  
should apply in the following two cases  :49 y ie ld  of the 
f i r s t  g ra in  in a po lyc rys ta l ,  if this were eve r  obse rv -  
able;  and macroscop ic  yie ld  in the L/iders mode,  when 
s t r e s s  concen t ra t ions  due to the f i r s t  operat ive  gra in  
t r igge r  the spread ing  of sl ip.  Indeed,  the T r e s c a  yie ld  
c r i t e r i on  has cons i s t en t ly  been  observed  to hold fa i r ly  
well  in m a t e r i a l s  that  show a y ie ld  drop.  5~ 

A min ima l  condit ion for the yon Mises  y ie ld  c r i -  
t e r ion  to apply is  that  s l ip  should occur in a l l  d i r e c -  
t ions  in which there  is  any shear  s t r e s s ,  i .e. ,  in all 
di rec t ions .  Even in polysl ip ,  however ,  the five or even 
eight  operat ive sl ip sy s t ems  will  c lus t e r  a round  the di-  

rec t ion  of max imum shear  s t r e s s  and will be absent  in 
planes  and d i rec t ions  near ly  pa ra l l e l  to the pr inc ipa l  
axes of s t r e s s .  One should thus expect  a deviation of 
the observed  yield surface f rom the yon Mises  hypothe- 
s is  toward the T r e s c a  hypothesis .  Observa t ions  on 
m a t e r i a l s  that  y ie ld  by homogeneous plas t ic  flow are  
indeed generally observed to obey the yon Mises cri- 
terion or to deviate slightly from it in the predicted 
direction .48, 5x- 53 

Bishop and Hill, 42 who derived the Taylor factor for 
polycrystal tension with the same result as Taylor x3, 
have also applied the polyslip model to other stress 
states. For pure shear,for example, they find 
= 1.65, as compared to M = 3.06 in tension. For the 
same value in tension, the von Mises criterion would 
have made the shear constant 1.77 (= 3.06/~/3, see e.g. 
Hill51), the Tresca criterion would have made it 1.53 
(=3.06/2).  

It should be r e m e m b e r e d  that the polysl ip  model ap- 
pl ies  to the fully plast ic  s tate.  The yie ld  s t r e s s  should 
thus be defined by the back ext rapola t ion  of the s t r e s s  
s t r a in  'curve to zero  plast ic  s t r a i n ,  not by any p re -  
s c r ibed  deviat ion from s t r a igh t - l i ne  e las t ic  behavior .  

Upon re loading  a p r e s t r a i n e d  po lycrys ta l  in the r e -  
ve r s e  d i rec t ion ,  one frequently obse rves  a Bausch inger  
effect that i s  d is t inc t  f rom that obse rved  in s ingle  
c r y s t a l s .  Hutchinson 34 has expl ic i t ly  obtained the theo- 
r e t i ca l  r e s u l t ,  based on the Kr6ner  2~ model ,  that the 
propor t iona l  l imi t  in r e v e r s e  s t r a i n i ng  should be se -  
ve re ly  reduced (or even become negat ive) ,  although 
the yield s t r e s s  defined by back ext rapola t ion  is  the 
flow s t r e s s  las t  observed  dur ing  fo rward  s t ra in ing .  

Application to bcc  C r y s t a l s  

We have seen that bcc c r y s t a l s  which sl ip on {110} 
planes  have a yie ld  surface ident ica l  to that of fcc 
c r y s t a l s .  Thus,  the average Taylor  factor mus t  be 
the same:  M = 3.06. 

For  penci l  glide, Taylor  s4 had out l ined a p rogram 
that could not be executed before  the advent  of com-  
pu te r s ,  but  has s ince been done in approximate  fashion 
by Hutchinson ss and by Chin and Mammel .  s8 They found 

-~ 2.75 [30] 

A lower l imi t  for this M in penci l  glide is ,  how- 
ever ,  ve ry  eas i ly  der ived  by the use of the yie ld  
sur face  and the Bishop and Hil l  va r i a t ion  method. In 
the foregoing,  we have seen that the bcc penci l  glide 
y ie ld  sur face  can be der ived  f rom the fcc yield s u r -  
face by rep lac ing  var ious  hexagonal  cy l inders  with 
c i r c u l a r  cy l inders .  Some of the edges vanish in this 
p rocedure ,  and the c o r ne r s  in the fcc yield surface  
become " e d g e s "  where three  or four slip d i rec t ions  
a re  s imul taneous ly  activated.  The " m a x i m u m  work 
p r i n c i p l e "  (Eq. [24]) in t roduced by Bishop and Hil l  42 
and i l l u s t r a t ed  for this  case in Fig.  15, enables  one to 
get the lower l imi t  for M in  each g ra in  by fa l se ly  
a s s u m i n g  that  al l  g ra ins  in bcc po lyc rys t a l s  deform 
with the s t r e s s  s ta tes  co r r e spond ing  to the c o rne r s  
in the fcc yie ld  surface.  The d is tance  of al l  these 
c o r n e r  s t r e s s  s ta tes  from the or ig in  is now equal to 

~ t i m e s  the respec t ive  d is tance  in the fcc yield 
surface .  Thus ,  s7 

> ,} x /3 .3 .06 -~ 2.65 [31] 
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Fig. 1 5--Applica- 
tion of Bishop and 
Hill's 42 maximum 
work principle to 
pencil glide. 

For  al l  physical  s i tua t ions  of approximate  penci l  
glide where the {110} plane may be somewhat  p r e -  
f e r r e d ,  the average  Tay lor  factor  has to l ie between 
2.65 and 3.06. If, for penci l  glide, one uses  the value 
2.75 der ived numer i ca l l y  by Hutchinson 5s and by Chin 
and Mammel ,  s6 one may wri te  

= 2.9 + 5 pct [31a] 

i r respec t i ve  of  slip mode.  ~7 
An in te res t ing  predic t ion  concern ing  sl ip l ine ob- 

s e rva t ions  may also be der ived  from the penci l  glide 
y ie ld  surface.  We have seen in Fig.  14 that mos t  g r a in s  
will  never  reach a state in which three  or four sl ip di- 
r e c t i ons  a re  act ivated s imu l t aneous ly - -ye t  more  g ra ins  
reach  these s t r e s s  s t a tes  than any other speci f ic  s t r e s s  
s tate.  These s y m m e t r i c  s t r e s s  s ta tes  have one cha r -  
a c t e r i s t i c  in common,  name ly  that the slip plane of 
m a x i m u m  reso lved  s t r e s s  is  a lways the c r y s t a l l o -  
graphic  {211} plane.* Thus one should expect to ob- 

*This is the equivalent of the observation that, in fcc corner stress states, two 
(110) slip directions are activated in every {111 } slip plane 

se rve  a marked  tendency for {211} slip l ines  on poly- 
c r y s t a l s  of m a t e r i a l s  which, as s ingle c r y s t a l s ,  show 
essentially pencil glide, s7 

The Development  of Deformat ion  Tex tu res  

We have seen that a l l  co rne r  s in the yie ld  sur face  
for c rys ta l lograph ic  s l ip  al low addit ional  a r b i t r a r y  ro-  
t a t ions .  These ro ta t ions  a re  r e s t r i c t e d  to a s ingle  axis  
in those cases  where six s l ip  sy s t ems  a re  act ivated.  In 
the pa r t i cu l a r  case of t ens ion  in fcc m a t e r i a l s ,  the a l -  
lowed a r b i t r a r y  ro ta t ion  is a twist  a round the t ens ion  
axis  and thus does not lead to any change in a f ibre  
t ex tu re .  F u r t h e r m o r e ,  it i s  due to s t rong d i f fe rences  
in  the amounts  of s l ip  obtained in two dif ferent  d i r e c -  
t ions  on the same sl ip  plane;  la tent  harden ing  expe r i -  
men t s  of s ingle c r y s t a l s  suggest  that this i s  not l ikely 
to occur.  In tension or c o m p r e s s i o n ,  those fcc g ra ins  
with o r ien ta t ions  in the upper par t  of the s t e reograph ic  
t r i ang le  shown in Fig.  5 should thus rotate in a well  
p r e s c r i b e d  d i rec t ion .  

In those polysl ip s t a tes  where eight s l ip  s y s t e m s  
a r e  act ivated (the three  reg ions  touching the (100>- 
(110> line in Fig.  5), addi t ional  ro ta t ions  a re  en t i r e ly  
a r b i t r a r y .  The d i rec t ion  in which these g r a i n s  rotate  
is  thus de te rmined  by which pa r t i cu l a r  combinat ion  of 
five or more  sl ip s y s t e m s  is  in fact opera t ive ,  a l -  
though they al l  give the same  a lgebra ic  sum of shea r s .  

Taylor  ~3 a s s u m e d  that exact ly five s y s t e m s  would 

operate and thus made an inheren t  a ssumpt ion  on 
latent hardening .  F u r t h e r m o r e ,  he was a r b i t r a r y  in 
the se lec t ion  of the pa r t i cu la r  combina t ion  of five 
sy s t e ms  p r e s u m e d  operat ive.  F ina l ly  it is  possible 
that those s ta tes  which Taylor  fa i led to cons ider ,  41 a l -  
though they did not influence the r e s u l t  on M, would 
have affected the deformat ion t ex tu re s  he predic ted in 
a more  sens i t ive  way. It is thus not s u r p r i s i n g  that 
the deformat ion  texture  der ived  by Tay lor  was not 
pa r t i cu la r ly  successfu l .  

To der ive  a be t te r  deformat ion  tex ture ,  which allows 
for va r i a t i ons  f rom one m a t e r i a l  to another  under  the 
same conf igura t ion  of potent ial  s l ip  s y s t e m s ,  one will 
have to incorpora te  a r ea l i s t i c  hypothesis  about latent  
hardening  into the theory.  In gene ra l ,  i so t ropic  ha rd-  
ening will tend to give a uniform d i s t r ibu t ion  of s l ips  
over a l l  ac t iva ted  slip s y s t e m s ,  whereas  high latent  
hardening  wil l  tend to give sl ip on as  few sys t ems  as 
possible .  An assumpt ion  in this gene ra l  d i rec t ion  was 
made in a qual i ta t ive  paper by Bishop. 58 Lin and Lieb 59 
used a hypothes is  that has s ince gained subs tant ia l  ex-  
pe r imen ta l  suppor t ,  9'23 Fig.  9, n a m e l y  that i n t e r s e c t -  
ing sl ip planes  harden more ,  whereas  sy s t e ms  in 
pa ra l l e l  p lanes  harden at the same  ra te .  

Expe r imen ta l ly  observed deformat ion  t ex tu res  in fcc 
m a t e r i a l s  fal l  into two c l a s se s  which have been c o r r e -  
la ted with the stacking fault ene rgy  of the ma te r i a l .  6~ 
It is indeed conceivable  that the s tacking  fault energy  
inf luences  la ten t  hardening d i rec t ly .  Al te rna t ive ly ,  
high s tacking  fault  energy could lead,  at high s t r a i n s ,  
to deformat ion  by essen t i a l ly  penci l  glide, thus a l t e r -  
ing the yie ld  surface .  F ina l ly ,  la tent  harden ing  may 
depend on whether the deformat ion  occur s  in stage II 
or stage III of work hardening  and this  depends,  at a 
given s t r a i n ,  on the s tacking faul t  energy.  Detai led ex-  
pe r i me n t s  a r e  n e c e s s a r y  to a s c e r t a i n  which of the 
physical  m e c h a n i s m s  is at the root of the observed 
spread  in deformat ion  tex tures .  

The appl ica t ion of the model to the deformat ion  of 
bcc m a t e r i a l s  al lows one to make one s ta tement  con- 
ce rn ing  deformat ion  t ex tu res  the t ru th  of which is  
se l f -ev iden t  and even conf i rmed by exper imen t :  when 
sl ip plane and sl ip di rect ion a re  in te rchanged ,  the 
macroscop ic  s t r a i n  s tays  the s ame  but the ro ta t ion  
changes s ign;  ~4 thus the c ompr e s s i on  texture  of bcc 
should be equal  to the tens ion texture  of fcc and vice 
versa .  

If bcc c r y s t a l s  deform by penci l  gl ide,  there  are  
no c o r n e r s  left in the yield sur face  in which there  is  
any ambigui ty  in the decomposi t ion  of the applied 
s t r a in  into the var ious  sl ip s y s t e m s .  18 Thus the de- 
fo rmat ion  texture  should be unique for bcc m a t e r i a l s .  
This  is  again  in good ag reemen t  with fact. 

The Sachs Model 

The oldest  model  of po lycrys ta l  deformat ion  is that 
proposed by Sachs 62 in 1928 and aga in ,  in sl ightly a l -  

41 64 t e red  f o r m s ,  by Cox and Sopwith, 63 Kochend6rfer  , 
and,  mos t  r ecen t ly ,  by Schwink and coworkers .  6s'66 
In the form given by KochendSrfer ,  it p red ic t s ,  ins tead  
of Eqs. [27], for a uniaxial  tes t  in the z -d i r ec t ion :  

az z = ao + 1 / m .  ~'(Tp) [32a] 

~p = 1--/-~. ~zz  [32b] 
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w h e r e  T(yp) is  a s t r e s s  s t r a i n  curve typical  of s ingle 
sl ip on the p r i m a r y  or mos t  favored sys tem in f ree  
s ingle  c rys t a l s ,  and n; i s  the Schmid factor defined 
in Eq. [2a], the average  for fcc c rys t a l s  being ~2'63 

I / m  = 2.238 [33] 

This  r e su l t  would be obtained 87 if one a s s u m e d  a 
s e r i e s  of pa ra l l e l  but f ree single c rys t a l s :  the tens i le  
s t r a in  in the z -d i r ec t i on  would be the same for every  
g ra in ,  although al l  other components  of s t r a in  would 
be different  f rom g ra in  to gra in .  The tens i le  s t r e s s  
would be different  f rom gra in  to gra in ,  but a l l  other 
s t r e s s  components  would be zero in each gra in .  Such 
an a r r a n g e m e n t  would fulf i l l  equ i l ib r ium and yie ld  
condi t ions  but would violate  compat ibi l i ty  condi t ions .  
By the a rgumen t s  given e a r l i e r ,  the model should 
thus provide a lower bound for the po lycrys ta l  s t r e s s  
s t r a in  curve ,  and should become a p rog re s s ive ly  worse 
approximat ion the l a rge r  the plast ic  s t r a in .  

The addit ional constant  contr ibut ion (~o to the flow 
s t r e s s  (Eq. [323]) was in t roduced by Kochend6rfer  4~ 
to account for i n t e rna l  s t r e s s e s  set up by the incom-  
pat ib i l i t ies .  We have seen in Eq. [19] that such in-  
t e rna l  s t r e s s e s  would become much too la rge  to be 
p r e sumed  to be of no consequence to the bas i c  defor-  
mat ion  mechan i sm.  F u r t h e r m o r e ,  as  Masing  B8 has 
pointed out, the model  would demand that al l  work done 
agains t  ~0 be s tored--which  is far beyond the range 
of poss ib i l i t ies  allowed by the exper imen t s .  

The chief a rgumen t  used in favor of the Sachs 
model  is  based on meta l lographic  obse rva t ions  of e s -  
sent ia l ly  single slip in any pa r t i cu la r  region on the 
surface  of a deformed po lycrys ta l ,  so long as  it is not 
in the immedia te  v ic in i ty  of a gra in  boundary .  ~ 
There  a re  a number  of expe r imen ta l  flaws in such ob- 
se rva t ions .  F i r s t l y ,  the surface  g ra ins  are  not under 
the full cons t ra in t  of the compat ib i l i ty  condi t ions  
caused  by the in te rac t ion  of g ra ins  a c r o s s  gra in  bound- 
a r i e s .  Secondly, one obse rved  sl ip l ine may ,  and often 
does,  ~~ cor respond  to two independent  s l ip sy s t ems .  
Thi rd ly ,  even under  the condit ions of polysl ip ,  one 
would r a r e l y  expect roughly equal amounts  of glide on 
al l  active sl ip sys t ems ;  the plane that p redomina tes  
may well show up even more  exc lus ive ly  in light m i -  
croscope p ic tures .  

These diff icul t ies  may be min imized  by the carefu l  
use of e lec t ron mic roscope  rep l ica  and t r a n s m i s s i o n  
techniques .  ~ In many c a s e s ,  the most  r e a l i s t i c  cha r -  
ac te r i za t ion  of the sl ip d i s t r ibu t ion  in po lyc rys ta l s  
may in fact be a segmenta t ion  of g ra ins  into domains  
in which a single sl ip sys tem or a s ingle  sl ip plane 
p redomina tes ,  but different  sy s t ems  in di f ferent  do- 
mains  of the same gra in .  Even in such a case ,  though, 
Eqs.  [32] would not desc r ibe  the polycrys ta l  s t r e s s  
s t r a in  curve.  

The condit ions of compat ib i l i ty  have to be sa t i s f ied  
for any volume e lement  in the body, for domains  as  
well as for g ra ins .  Single sl ip in domains  leading to 
the format ion  of s t r e s s - f r e e  sma l l - ang le  bounda r i e s  
is  thus not poss ib le .  

F u r t h e r m o r e ,  the averag ing  procedure  p r e s c r i b e d  
in Eqs.  [32] p r e s u m e s  that in each gra in  only one sl ip 
sys t em opera tes :  the one with the highest  r e so lved  
shear  s t res s .  The fundamenta l  r eason  why M in Eqs.  
[27] is  higher than 1 ~  in  Eqs.  [32] is  that some l e s s  
favored sl ip sys t ems  have to opera te ,  too. Even when 

the less  favored sys tems  operate  in concent ra ted  form 
in s m a l l e r  r eg ions ,  they s t i l l  have to have a high 
enough reso lved  s t r e s s .  

We are  thus forced to conclude 67 that the ba s i s  for 
the Sachs model  is theore t ica l ly  unsound. There  is no 
reason  why one should ever  use 71 an "ave rage  or ien ta -  
tion f a c t o r "  that is the mean  of the Sachs and Taylor  
values .  

By con t ras t ,  we may s u m m a r i z e  that the va r ious  ob- 
ject ions  r a i s ed  against  the Taylor  model  proved to be 
d i rec ted  agains t  specif ics  of the o r ig ina l  proposal  and 
not agains t  the substance of the model  i tself.  The 
s t r a in  is  indeed not uniform f rom g r a i n  to gra in;  yet 
the sharp  c o r n e r s  in the single c r y s t a l  yield surface 
allow subs tan t i a l  deviat ions without affecting the r e -  
sui ts .  The yield condition had not even been considered;  
yet  it was fulfi l led by an ad hoc hypothesis .  Nei ther  
the flow s t r e s s  nor  the work harden ing  rate a re  the 
same in al l  active sl ip sy s t ems ;  yet they are  in fact 
much more  closely the same than had long been 
thought. The predic ted  deformat ion  texture  did not fit 
the e xpe r i me n t s  well; yet the specif ic  a r b i t r a r y  a s -  
sumpt ions  made by Taylor  to der ive  this  resu l t  may 
be rep laced  by more  rea l i s t i c  ones without affecting 
the re s t  of the theory.  

One cannot help but marve l  at the fores ight  con-  
ta ined in T a y l o r ' s  work of the 1930's,  and one may 
wonder how the field would have p r o g r e s s e d  had his 
ra the r  crude de te rmina t ions  of s t r e s s  s t ra in  curves  
not happened to " s u b s t a n t i a t e "  the theory.  

EXPERIMENTS 

St ress  Strain Curves  

Figs.  16 and 17 show shear  s t r e s s  vs shear  curves  
for typical  s ingle c rys t a l s  of i ron and a luminum,  r e -  
spect ively .  Most single c r y s t a l s  of random o r i en t a -  
t ions  would show curves  roughly s i m i l a r  to the " s ing le  
s l i p "  cu rves  in Figs.  16 and 17, for which the Schmid 
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Fig. 16--Nominal stress strain curves (without correction 
for area changes and orientation changes) for 99.99 pct pure 
AI, at two tensile strain rates: three single crystals of dif- 
ferent orientations and one polycrystal of a grain size of 
0.2 mm (15 pct surface grains). After Kocks et alfi ~ 
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fac to r  m = 0.5. The two c o r n e r  or ien ta t ions  (100) and 
~111) a re  included in the f igu res  because  of the i r  p a r -  
t i cu la r  r e l evance  to p o l y c r y s t a l  deformat ion .  P o l y -  
c r y s t a l  cu rves  for these  two m a t e r i a l s  a r e  a l so  shown 
on the f igures ,  conve r t ed  to shear  s t r e s s  and shea r  
sum by T a y l o r ' s  Eqs .  [27] with M values  acco rd ing  to 
Eq. [25a] for c r y s t a l l o g r a p h i c  s l ip  in a luminum,  and 
acco rd ing  to Eq. [30] for  penc i l  glide in i ron .  

F igs .  16 and 17 d e m o n s t r a t e  that the d i f fe rence  in 
work -ha rden ing  behavior  be tween di f ferent  s ingle  
c r y s t a l  or ienta t ions  far  outweighs in impor tance  the 
sub t le t i es  of ave rag ing  d i s c u s s e d  in the las t  sec t ion .  
The mos t  s t r ik ing fea tu re  of s ingle  c ry s t a l  work  
hardening  is that i n t e r s e c t i n g  s l ip  s y s t e m s  i n t e r ac t  
s t rong ly ,  so that polys l ip  is  h a r d e r  than s ingle  s l ip .  
It m a k e s  no sense ,  t h e r e f o r e ,  to compare  the poly-  
c r y s t a l  with the average s ingle  c r y s t a l  in f r e e  tens ion;  
ins tead  one shouid ~~ c o m p a r e  the po lyc rys t a l  with 
s ing le  c r y s t a l s  de fo rming  in polysl ip .* 

*The orientation dependence of less pure smgle crystals, such as the aluminum 
used by Taylor, 13 is much weaker; the problem did thus not exist then. 

Indeed,  the po lyc rys t a l  cu rve  fal ls  between the (100) 
and (111) c u r v e s  in both m a t e r i a l s .  Spec i f i ca l ly ,  ea sy  
gl ide is  absent  in a l l ,  the y ie ld  s t rength  is  s i m i l a r ,  
and so is the rapid ha rden ing  in stage II. Dynamic  r e -  
c o v e r y  in stage IH is  quite  d i f ferent  for s ingle  c r y s -  
ta l s  of d i f ferent  polys l ip  orientations,~2 for r e a s o n s  
that a r e  not well  unders tood .  In some c a s e s ,  such as  
in s ingle  c rys t a l s  of (100) or ienta t ion  in a luminum,  
s y m m e t r i c  s t r e s s  s t a tes  do not in fact  produce  poly-  
s l ip  in f ree  s ingle c r y s t a l s ,  and the rap id  sa tu ra t ion  
of the (100) s t r e s s  s t r a i n  cu rve  may be connec ted  
with this  effect.~2 It is  then not su rp r i s ing  that the 
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Fig. 17--Shear stress vs shear curves for 99.95 pet Fe (Fer-  
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Fig. 18--Tensile s t ress-strain curve for a polycrystaI of 
99.98 pet Cu, grain size 0.15 mm (10 pet surface grains), at 
room temperature. Dashed lines represent theoretical poly- 
crystal curves, derived on the basis of the Sachs model from 
an average single-crystaI curve and on the basis of the 
Taylor model from a single crystal of an orientation near 
(111). After Kochend5rfer and Swanson. 64 

a luminum po lyc rys t a l  curve  m o r e  c lo se ly  r e s e m b l e s  
in c h a r a c t e r  that of the ( I l l )  s ingle  c r y s t a l  in which 
6 s y s t e m s  a r e  in fact obse rved  to ope ra t e .  Some ex -  
periments10 have ,  in fact ,  shown exac t  a g r e e m e n t  be -  
tween po lyc rys t a l  and ( I l l )  s ingle  c r y s t a l  in a lumi -  
num,* but m o r e  commonly  the p o l y c r y s t a l  curve  is 

*It  is possible that some < 111> texture remained in the drawn polycrystal 
wires after annealing although it was not visible in Laue back-reflection photo- 
graphs. 

obse rved  to be somewhat  lower  in l eve l .  An explana-  
tion of this  ef fec t  will  have to awai t  a m o r e  quant i ta-  
t ive unders tanding  of s tage III in gene ra l .  72 

The fact  that the po lyc rys t a l  cu rve  fa l l s  within the 
range of those  of single c r y s t a l s  i s  in i t se l f  noteworthy.  
As a counter  example ,  the t ens i l e  s t r e s s  s t ra in  curve  
for po lyc ry s t a l s  of m agnes ium ,  which does  not have 
enough independent  s l ip  modes  to make the Taylor  
theory  appl icab le ,  l ies  far  above a l l  f r ee  s ing le-  
c ry s t a l  t ens i l e  cu rves .  74 

T h e r e  is  c e r t a i n l y  room for some  modi f ica t ions  of 
the theory  (Eqs. [27]), for example  a long the l ines  sug-  
ges ted  in Eqs.  [28] and [29], without leading to any 
s e r i ous  d i s a g r e e m e n t  with the e x p e r i m e n t s  on fcc and 
bcc  m a t e r i a l s .  However ,  a ma jo r  change in the model ,  
for  example  to the one based  on s ingle  s l ip  on the mos t  
favored  sys t em (Eqs. [32]), in addit ion to being theo-  
r e t i c a l l y  unsa t i s f ac to ry ,  is p rec luded  by the expe r i -  
ments .  

This  is  i l l u s t r a t ed  in Fig.  18 where  the tens i le  
s t r e s s  s t r a in  curve  for a copper po lyc rys t a l  is c o m -  
pa red  ~4 to the tens i le  c u r v e s  p r e d i c t e d  f rom the s ingle 
c ry s t a l  shea r  cu rves*  accord ing  to the r iva l  mode ls .  

*Taken from Diehl's 75 work on the identical material. 

Fo r  the Tay lo r  model ,  the (111) cu rve  was used as a 
bas i s  for the pred ic t ion ,  for the Sachs model  an " a v e r -  
a g e "  s ingle  c r y s t a l  cu rve  was used,  64 which is  c h a r a c -  
t e r i s t i c  of s ing le  s l ip  and cons i s t en t  with the ba s i s  of 
the mode l .  

At f i r s t  s ight ,  ne i ther  one of the p red ic t ions  appea r s  
v e r y  s a t i s f ac to ry .  However ,  the "<111)  c u r v e "  used 
for the Tay lo r  model  was in fact  taken f rom an o r i e n -  
tation about 10 deg away f rom the (111) or ienta t ion .  
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The single c rys ta l  curves  a re  very  sens i t ive  to o r i en -  
tat ion in this range;  spec i f ica l ly ,  1~ there  would be no 
t r ace  of easy glide in a t rue  (111> curve,  and the yield 
s t r e s s  would be about equal to the s t r e s s  at the beg in-  
ning of stage II in s ingle  sl ip curves .  Thus,  the plotted 
" T a y l o r "  curve should be shifted to the left by a few 
percent .  1~ The a g r e e m e n t  with the po lycrys ta l  curve  
would then be sa t i s fac tory  nea r  the yield s t r e s s  and 
in the rapid hardening  reg ion ,  whereas  it would be 
mediocre  in stage I I I - -much like in the cases  of a l u m i -  
num and i ron.  The d i sc repancy  could be avoided by 
taking a proper  average  between the curves  of the dif-  
fe ren t  polyslip types.12 

The predic t ion accord ing  to Sachs could be modi-  
fied, according  to Kochend6rfer ,  4z by the addit ion of an 
adjus table  but constant  s t r e s s  (Eq. [32a]). Fig.  18 
shows that this procedure  could lead to ag reemen t  in 
stage III, but would then imply  very poor a g r e e m e n t  at 
the yield s t r e s s  and in stage II. This  is  a d i s a g r e e -  
ment  in kind, not just  in degree ,  and could not have 
been  avoided by using any other  "average  s ingle  s l ip  
c u r v e " .  

T e m p e r a t u r e  and St ra in  Rate Dependence 
More impor tant  than any quanti tat ive ag r eem e n t  be-  

tween a set of s t r e s s  s t r a i n  curves  under  spec ia l  con-  
d i t ions ,  from the point of view of showing a c lose  r e l a -  
t ion between s i n g l e - c r y s t a l  and po lycrys ta l  p las t i c i ty ,  
would be a s imi la r  va r i a t ion  of these curves  with other 
deformat ion p a r a m e t e r s .  Fig.  16 a l ready showed 
s i n g l e - c r y s t a l  and po lycrys ta l  curves  at two s t r a i n  
r a t e s  differing by a factor  100; the behavior  is  obvi-  
ously s i m i l a r .  

Fig.  19 shows po lyc rys ta l  curves  at the same  two 
s t r a i n  ra tes  but at a wide range of t e m p e r a t u r e s .  72 One 
r ecogn izes  the typical  behavior  known from s ing le -  
c ry s t a l  deformat ion:  the curve  may be decomposed 
into an in i t ia l  steep por t ion  that is  t e m p e r a t u r e  and 
ra te  insens i t ive  ("s tage  I I " ) ,  and a p r o g r e s s i v e l y  
f la t te r  port ion that is  more  s t r a in  rate  sens i t ive  and 

very  t e mpe r a t u r e  sens i t ive  ("s tage  I I I" ) .  The fact 
that " s t age  I I "  in po lycrys ta l s  is  not genera l ly  exactly 
l inear  does not inval idate this  compar i son ;  one r ea -  
son for a genera l  rounding off may be found in the 
spread  of shear  s t r a in s  in the var ious  gra ins  as dis-  
cussed  in the last  sect ion.  

Kn611 and Macherauch 76 publ ished a s i m i l a r  set  of 
curves  for copper po lycrys ta l s  between 90 ~ and 295r 
In this  t empera tu re  range,  stage III in copper is  r e la -  
t ively s teep but not very  t e m p e r a t u r e  sens i t ive .  This 
fact,  together  with the somewhat rounded appearance  
of stage II,  make a de te rmina t ion  of the average stage 
II slope and of the s t r e s s  at the beginning of stage III 
difficult .  The va lues  given by Kn611 and Macherauch 
show a l a r g e r  t empera tu re  dependence of the stage II 
slope and a s m a l l e r  t empera tu re  dependence of the 
s t r e s s  at the onset of stage III than the cor responding  
va lues  quoted for single c r y s t a l s ;  both deviat ions are  
in the r ight  d i rec t ion to be explained away by the 
above a rgumen t .  

In s ingle  c r y s t a l s ,  one carefu l ly  d i s t inguishes  be-  
tween the ra te  and t e mpe r a t u r e  sens i t iv i ty  of the c o n -  

t i n u o u s  s t r e s s  s t ra in  cu rves ,  as  in F igs .  16 and 19, 
and that of the flow s t r e s s  at a given h is tory  ( " s t r a in  
ra te  c y c l i n g " ,  " t e m p e r a t u r e  cyc l ing" ) .  Fig.  20 shows 
the ra te  sens i t iv i ty  of the flow s t r e s s  as  a function of 
the flow s t r e s s  obtained in prev ious  deformat ion ,  for 
s ingle c r y s t a l s  of var ious  o r i en ta t ions  and for poly- 
c ry s t a l s  of a luminum.  72 The po lyc rys ta l  behavior  is  
again s i m i l a r  to that of single c r y s t a l s  and espec ia l ly  
close to that of the (111} or ienta t ion .  

In fact,  the s t r a i n  ra te  sens i t iv i ty  of s ingle c r y s -  
ta ls  is much l e s s  or ienta t ion  dependent  than the s t r e s s  
s t r a in  cu rves  themse lves ,  but it c l ea r ly  d i f ferent ia tes  
between stage II and stage III. 7~ The ag reemen t  shown 
between the polycrys ta l  and the s ingle  c ry s t a l s  through- 
out s tages II and III is  thus a s igni f icant  indicat ion of 
the comparab i l i t y  of the deformat ion  m e c h a n i s m s  in 
both and makes  the lack of a quant i ta t ive  ag reemen t  
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on the stage III s t r e s s  s tra in  curves  t h e m s e l v e s  
s e e m  even l e s s  important.  

At high t empera tures ,  the d i screpancy  between the 
re su l t s  from strain rate cyc l ing  and from the continu-  
ous s t r e s s  strain curves  b e c o m e s  more  s tr ik ing .  72 
Fig .  21 shows the rate s ens i t i v i ty  of a luminum poly-  
c r y s t a l s  and {111) s ingle  c r y s t a l s  at 600~ they are  
very  s i m i l a r .  Fig.  22,  on the other hand, shows that 
the s t r e s s  s train  c u r v e s ,  again converted to shear by 
the Taylor  formula ,  are  quite different: the p o l y c r y s -  
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tal  curve appears  d isp laced  upward in the m a n n e r  
proposed by Kochend6rfer  41 (Eq. [32a]). Howe and 
Elbaum 77 suggest that this  might be due to an addi-  
t ional  contr ibut ion f rom dis locat ion p i l e -ups  at g ra in  
boundar i e s ,  s ince the d is locat ion  mean free path has ,  
at these t e m p e r a t u r e s ,  become l a r g e r  than the g r a i n  
d iamete r .  Never the le s s ,  stage III behavior  s e e m s  to 
govern the s t r a in  dependence and the s t r a i n  rate  de-  
pendence of the flow s t r e s s .  

Tempe ra tu r e  cycl ing expe r imen t s  were under taken  
on copper po lycrys ta l s  78 and single c r y s t a l s  T M  by 
Bul len and coworkers .  The i r  r e su l t s  show only minor  
d i f fe rences  between the two. 

In s u m m a r y ,  the Tay lor  theory of po lycrys ta l  de-  
format ion  gives quant i ta t ive  ag reemen t ,  to within the 
accuracy  of the e x p e r i m e n t s ,  with many obse rva t ions  
in fcc and bcc m a t e r i a l s .  Where quant i ta t ive  ag ree -  
ment  is lacking,  name ly  with respec t  to the flow s t r e s s  
at high s t r a i n s ,  it i s  lacking because  of an inadequate 
unders tand ing  of stage III in single c ry s t a l s ,  and ag ree -  
men t  is  by no means  excluded by p r e s e n t . e x p e r i m e n t s .  

The s tages II and III of work hardening  in single 
c ry s t a l s  are  found in the i r  major  c h a r a c t e r i s t i c s  a lso  
in  po lycrys ta l s .  79 Easy glide is  absent  in po lyc rys ta l s .  
The e las to -p las t i c  t r a n s i t i o n  region ,  which has some-  
t imes  been r e f e r r e d  to as  "s tage  0"  in single c r y s -  
t a l s ,  has unfor tunately  been labeled "s tage  1" in poly- 
c ry s t a l s  by Schwink; 8s not su rp r i s ing ly ,  it was found to 
have no re la t ion  to easy  glide, the stage I of s ing le -  
c ry s t a l  work hardening .  66 

GRAIN BOUNDARY E F F E C T S  

All the effects of i n t e r ac t ions  between gra ins  d i s -  
cussed  up to now would be p resen t  a lso if the de forma-  
tion within each g ra in  were homogeneous and uniform.  
The fact that,  for va r ious  r ea sons ,  it is not ,  may b r ing  
in effects depending on the gra in  size.  

Some nonuni formi t ies  in the deformat ion a re  due to 
the boundary condit ions in each gra in .  F i r s t l y ,  as  we 
have seen in the foregoing,  the necess i ty  to ma in t a in  
equ i l ib r ium a c r o s s  g ra in  bounda r i e s ,  when the s t r e s s  
state in each gra in  i s  d i sc re t e ,  r e q u i r e s  an i n t e rna l  
s t r e s s  field with a c h a r a c t e r i s t i c  wavelength of the 
g ra in  d iamete r .  Although the response  to this  s t r e s s  
f ield was a s sumed  to be e las t ic  in the E s h e l b y - K r 6 n e r  
model ,  there may well be some plast ic  re laxa t ion  nea r  
the grain  boundar ies .  

Secondly, the individual  g ra ins  adjacent  to any pa r -  
t i cu la r  gra in  do have c h a r a c t e r i s t i c s  of the i r  own, 
which make the boundary  condit ions vary  along the 
per iphery  of the pa r t i cu l a r  grain  cons idered .  This  
influence may f ragment  the gra in  into domains  of 
more  near ly  uni form deformat ion .  Note, however ,  that 
the Taylor  theory is  appl icable  to volume e l emen t s  of 
any s ize ,  not only to en t i re  g ra ins :  the compat ib i l i ty  
condit ions have to be obeyed everywhere .*  

*M. F. Ashby (private communication) has recently considered the possibdity 
that the dislocations stored to accommodate these incompatlbditms due to non- 
umformity contribute directly to the yield strength He finds that this would lead 
to a proportionality between the yield strength and the square root of a quantity 
that consists of a sum of a constant and the reverse grain size. 

F ina l ly ,  nonun i fo rmi t i e s  in deformat ion a re  due to 
the inherent  he te rogene i ty  of sl ip and dis locat ion 
movement .  

Disc re te  Slip P lanes .  B i c ry s t a l s  

The fact that sl ip is  r e s t r i c t e d  to planes about 1 #m 
apar t ,  which develop subs tan t ia l  s l ip steps on free 
su r faces ,  but cannot do so on gra in  boundar i e s ,  may 
in pr inc ip le  cause addit ional  s t reng then ing  in a poly- 
c rys t a l .  These  effects have been  named  " m i c r o s c o p i c  
compat ib i l i ty  condi t ions"  by the C h a l m e r s  group who 
did c r i t i ca l  expe r imen t s  to invest igate  their  im-  
por tance .  80- 83,6 

In b i c r y s t a l s  under any genera l  s tate  of s t r e s s ,  the 
macroscop ic  compat ibi l i ty  condi t ions  84 demand the 
opera t ion of a total of four sl ip s y s t e m s  in both c r y s -  
t a l s ,  ~ ' ' ~ ' ' e  whereas the individual  c r y s t a l s  would slip 
on only one sys tem each,  if they were free.  The forced 
operat ion of an addit ional  sl ip sy s t e m,  genera l ly  on an 
in t e r sec t ing  plane,  should force an i nc r ea se  in work 
harden ing  as  was indeed observed.  Fig.  23 gives some 
examples .  

The p r ime  effect of the in te rac t ion  between gra ins  
is  a tendency to e l imina te  easy glide. In the case of 
the <210) b i c r y s t a l ,  the effect p e r s i s t s  to l a rge r  
s t r a i n s .  (210> single c ry s t a l s  a lways deform on a 
single sl ip sys tem,  although this  sys t em may be one 
or the other of the two equal ly s t r e s s e d  sys t ems  in 
different  reg ions  of the spec imen ,  Fig .  24. 8 In the b i -  
c r y s t a l ,  the two sys tems  a re  forced  to in t e rpene t ra t e ,  
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caus ing  cons iderab ly  h igher  work hardening.*  

*For the same reason, the < 100> single crystal is not characterrstrc of polyshp 
since, of its eight equally stressed shp systems, two to at most four are observed 
to operate m any large regmn m free single crystals. 6 

By con t ras t ,  s ingle c r y s t a l s  of 4211) or ien ta t ion  
s l ip  on both the p r i m a r y  and the conjugate s l ip  s y s t e m  
e v e r y w h e r e .  Since the amounts  of sl ip in the two s y s -  
t e m s  provide two independent p a r a m e t e r s ,  < 211> b i -  
c r y s t a l s  show the s a m e  s t r e s s  s t ra in  curve  as  s ingle 
c r y s t a l s .  So do al l  b i c r y s t a l s  of s y m m e t r i c  o r i e n t a -  
t ions in which at leas t  two sl ip sy s t ems  a re  in fact  
o b s e r v e d  to opera te  in the s ingle crysta ls .S~ The p r e -  
dominant  influence of the m a c r o s c o p i c  compat ib i l i ty  
condi t ions  is thereby again  evident.  

T h e r e  is one other  kind of spec ia l  b i c r y s t a l  which 
behaves  exact ly  like s ing le  c r y s t a l s ;  namely  a b i c r y s -  
tal  in which the or ien ta t ion  re la t ionsh ip  be tween the 
two g ra ins  is s e l ec t ed  such that  s ingle sl ip in each 
g ra in  would fulfill  the m a c r o s c o p i c  compat ib i l i ty  con-  
di t ions at the boundary.  No s ignif icant  e f fec t s  of any 
m i c r o s c o p i c  compat ib i l i ty  condit ions were  obse rved .  81 

The s t r e s s  concen t ra t ions  ahead of a s l ip  band 
which mee t s  a gra in  boundary  can be pa r t i a l ly  r e l i e v e d  
by s l ip  on some sys t em in the other gra in .  81'83'29 The 
r e m a i n i n g  m i c r o s c o p i c  incompa t ib i l i t i e s  would be ex-  
pec ted  to affect a vo lume that  extends on e i the r  s ide 
of the gra in  boundary to a d is tance  compa rab l e  to the 
s l ip  plane spacing.  One might  thus expect  any such 
e f fec t s  to be negl igible  in b i c r y s t a l s  big enough to be 
tes ted .  In fact ,  d i f f e r ences  obse rved  upon a va r i a t i on  
of the spec imen  s ize  82 were  at the l imi t s  of de t ec t a -  
b i l i ty .  

In f i ne -g r a ined  p o l y c r y s t a l s ,  on the o ther  hand, one 
may expect  that the vo lume  in which in te rna l  s t r e s s e s  
cannot be r e l i eved  by polys l ip  may be an app rec i ab l e  
f r ac t ion  of the spec imen .  To e s t ima te  the o rde r  of 
magni tude of such e f fec t s ,  le t  us a s s u m e  that a poly-  
c r y s t a l  with ave rage  g ra in  s ize  p a r a m e t e r *  D may  

*We do not distinguish between the various parameters such as grain diameter, 
gram boundary area per umt volume, and so forth. If the truly relevant parameter 
for a particular case is expressed m terms of a length, the relations derived here 
hold to within a constant factor) s 

be r e g a r d e d  as a compos i t e  of the m a t e r i a l  ins ide  the 
g r a i n s ,  having a flow s t r e s s  ~ accord ing  to the Tay lo r  
mode l ,  and a " s p o n g e "  of which each " w e b "  is made 
up of the m a t e r i a l  nea r  g ra in  boundar ies ,  having a 
s t r eng th  a B and extending a d is tance  d (of the o r d e r  
of the sl ip plane spacing)  on e i the r  side of the g ra in  
boundary .  Averag ing  these  two s t rength  cont r ibu t ions  
ove r  the c r o s s  sect ion would give for the compos i t e  
s t reng th  

e - ~  1 + 4 ~  - 

Fig. 24--A single crystal and a bierystal of aluminum, de- 
formed by tension in a (210) direction. The interpenetration 
of the primary and the crit ical  slip system is more severe 
in the bicrystal. From Koeks. 6 

In an e x t r e m e  ca se ,  for d -~ 1 ~ m , D - ~  1 0 ~ m , a  50 
pct h igher  g r a in  boundary s t reng th  would give a 20 
pct r i s e  in flow s t r e s s .  Such an e f fec t  may well  show 
up in f i n e - g r a i n e d  m a t e r i a l .  It depends  on 1/D and 
should r a i s e  the s t r e s s  propor t iona te ly  at al l  s t r a ins .  

"Notch  s e n s i t i v e "  m a t e r i a l s ,  in which a local  
s t r e s s  concen t ra t ion  can cause the gene ra t ion  of d i s -  
locat ions  or  of c r a c k s  that sp read  at  lower  s t r e s s e s ,  
a re  in a d i f fe ren t  c l a s s  a l toge the r .  H e r e ,  m i c r o s c o p i c  
compat ib i l i ty  condit ions a re  of p r i m e  impor tance .  Any 
ef fec t  on the flow s t r e s s  e n t e r s  as  lflf-D, e i ther  be -  
cause of the s t r e s s  concent ra t ion  due to a pileup,  86 or 
because  of the p r o c e s s  of e m i s s i o n  of d i s loca t ions  
f rom a ledge in a gra in  boundary.  87 However ,  as  we 
have seen ,  the mode of y ie ld  i s  not quas ihomogeneous  
by the polys l ip  m e c h a n i s m ,  but he t e rogeneous  by the 
propagat ion of a L~iders band. We have excluded such 
ca se s  f rom cons ide ra t ion  in this paper ;  they have been  
ex tens ive ly  r ev i ewed  by Macherauch .  8B 

A r m s t r o n g  et al. 89 gave a quant i ta t ive  t r ea tmen t  of 
an i n t e rmed ia t e  case .  They conclude that the gra in  
s ize  dependence accord ing  to this  m e c h a n i s m  should 
be weaker  the s m a l l e r  the e x c e s s  of the d is locat ion 
genera t ion  s t r e s s  over  the propagat ion  s t r e s s .  

F in i te  Slip Dis tance .  E x p e r i m e n t s  

We have now cons ide red  the e f fec t  of s l ip  r e s t r i c t e d  
to d i s c r e t e  p lanes .  Additional e f fec t s  may be expected  
because  s l ip  in single c r y s t a l s  does  not usual ly  
p r o g r e s s  through even an en t i re  plane;  beyond easy  
gl ide,  d i s loca t ions  have a mean f r e e  path of typica l ly  
about 100 to 10 pm, i n v e r s e l y  p ropor t iona l  to the 
s t r e s s .  9~ One may postulate  that  the bas ic  mech -  
an ism of de fo rmat ion  is undis turbed when the gra in  
d i ame te r  is  l a r g e r  than the i n t r i n s i c  s l ip  d i s tance ,  but 
that g ra in  boundar i e s  do l imi t  the d i s loca t ion  mean 
f ree  path if they a r e  c l o s e r  to each o ther  than the s l ip  
d is tance  would be in a s ingle c r y s t a l  under  the same  
condi t ions.  When the gra in  s ize  is  s m a l l ,  one would 
then expect  to s t a r t  the s i n g l e - c r y s t a l  s t r e s s  s t r a in  
curve  at the s t r e s s  l eve l  co r r e spond ing  to a s l ip  d i s -  
tance equal  to this  gra in  s ize .  F r o m  he re  on the d is -  
locat ion dens i ty  should i n c r e a s e  as  in s ingle c r y s t a l s  
and should l imi t  the sl ip d is tance  in the work -ha rdened  
state.  The t h e o r e t i c a l  s t r e s s  s t r a in  curve  for poly-  
c r y s t a l s  de r i ved  by the Tay lo r  method  f rom s ingle-  
c r y s t a l  data should thus be shif ted to the left  to ob- 
tain the p o l y c r y s t a l  s t r e s s  s t r a in  cu rve  for s m a l l e r  
g ra in  s i ze s .  

The mos t  ex tens ive  inves t iga t ions  of fcc po lyc rys -  
ta ls  a f t e r  v a r i o u s  anneal ing t r e a t m e n t s  (and thus v a r i -  
ous gra in  s i ze s )  and, in addit ion,  at va r i ous  s t ra in  
r a t e s  and t e m p e r a t u r e s  were  under taken  by C a r r e k e r  
and Hibbard.  9~-93 Only in copper  91 did they find a 
meaningful  g ra in  s ize effect ;  in a luminum,  93 they de-  
tec ted  no e f fec t s  beyond the s c a t t e r  of the e x p e r i m e n t s ;  
s i l ve r  92 was,  at  bes t ,  a bo rde r l i ne  case  in which, un- 
for tuna te ly ,  the number  of g ra ins  in the c r o s s  sec t ion  
was a l so  too smal l .  In Fig.  19, we have c r o s s - p l o t t e d  
the i r  r e s u l t s  for  copper  at a t e s t  t e m p e r a t u r e  of 77~ 
The gra in  s ize  v a r i e s  by a fac tor  of 8 (and so does ,  
unfor tunate ly ,  the f rac t ion  of su r face  g ra ins :  f rom 5 
to 40 pct). The cu rves  for  the s m a l l e r  gra in  s i zes  
were  shi f ted  to the r ight  until the in i t ia l  pa r t s  of the i r  
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s t r e s s  s t r a i n  c u r v e s  c o i n c i d e d .  The a g r e e m e n t  at  high 
s t r a i n s  is  s t i l l  r e a s o n a b l e .  

C o n r a d  and F e u e r s t e i n  94 a l s o  d e r i v e d  a g r a i n  s i z e  
d e p e n d e n c e  on the b a s i s  of a l i m i t e d  s l ip  d i s t a n c e - - b u t  
t hey  a s s u m e d  that  g r a i n  b o u n d a r i e s  f o r m  the only ob-  
s t a c l e s  to s l ip .  In such  a c a s e ,  one ob ta ins  a f low 
s t r e s s  that  i s  p r o p o r t i o n a l  to 1/J-D--but  i t  i s  a l s o  9~ 
bound  to be  p r o p o r t i o n a l  to the s q u a r e  r o o t  of the 
s t r a i n . *  T h i s  m e c h a n i s m  m a y  apply  to the t r a n s i t i o n  

*As discussed, the work hardening ]n stages II and I11 together may be mistaken 
for a square-root relation unless the temperature ]s very low or the range of strains 
mvesttgated very large. 

f r o m  the s i n g l e - c r y s t a l  y i e l d  s t r e n g t h  to the  r a i s e d  
f low s t r e s s  c o r r e s p o n d i n g  to a m e a n  s l ip  d i s t a n c e  
e q u a l  to the g r a i n  d i a m e t e r ,  F ig .  25. 

F r o m  a p h e n o m e n o l o ~ i c a l  point  of v i ew ,  it  m a y  be  
h a r d  to s e p a r a t e  a 1/'J/~D d e p e n d e n c e  f r o m  a lID d e -  
p e n d e n c e ,  e s p e c i a l l y  if  the  l a t t e r  has  an uppe r  c u t - o f f  
s i z e .  T h i s  i s  s c h e m a t i c a l l y  i l l u s t r a t e d  in F i g .  26. 
P u b l i s h e d  p lo t s  of e x p e r i m e n t a l  po in t s  in a ~ v s  1 /~D 
d i a g r a m  in fac t  of ten show a m a r k e d  c u r v a t u r e  94 such  
a s  it  would  be  e x p e c t e d  i f  the  r e a l  r e l a t i o n  w e r e  

~ lID. Addi t i ona l  p r o b l e m s  a r i s e  f r o m  the t e n d e n c y  
of m a n y  w o r k e r s  to e x t r a p o l a t e  t h e i r  g r a i n  s i z e  p lo t s  
to the  y i e l d  s t r e s s  of f r e e  s ing le  c r y s t a l s  .76 As we 
h a v e  s e e n ,  th is  y i e ld  s t r e s s  i s  of ten a p r o p e r t y  of 
e a s y  g l i d e ,  w h e r e a s  the  y i e l d  s t r e s s  of p o l y c r y s t a l s  
ought  to r e l a t e  to the  o n s e t  of s t age  II w o r k  h a r d e n i n g  
in s ing l e  c r y s t a l s .  

Grain Boundary Sliding and Grain Boundary 
Migration 

It is often wrongly stated that the Taylor analysis 
of polycrystal deformation is based on an assumption 
that grain boundaries do not slide. 

The compatibility conditions were stated in the fore- 
going in terms of the fit between a deformed grain 
and the deformed "hole" made by its surroundings. It 
is easy to see that, in the example of an ellipsoidal 
"hole", rotation of the grain (involving grain boundary 
sliding) around the rotation axis of the ellipsoid would 
not change any of the "fit" conditions. 

At a small plane element of a grain boundary (as- 
sumed perpendicular to the y-direction), the compati- 

bility conditions require that Exx , Czz, and ~xz be 
the same on either side. 84'8' Grain boundary sliding, 
on the other hand, would contribute a local strain in 
the Ey x or Ey z component; it can thus not relieve any 
of the compatibility conditions. 

Grain boundary sliding may nevertheless occur as a 
process incidental to slip, as it has in fact been ob- 
served. 9~ It can p r o v i d e  an independent c o m p o n e n t  of 
the m a c r o s c o p i c  s t r a i n  only if whole  s h e e t s  of g r a i n s  
e x t e n d i n g  o v e r  the e n t i r e  c r o s s  s e c t i o n  s l ide  o v e r  e a c h  
o the r .  M i x e d  g r a i n  b o u n d a r y  s l i d ing  and  c o n c e n t r a t e d  
s l ip  o r  k ink ing  a r e  a v a r i a t i o n  of t h i s  l oca l  m o d e  of 
y ie ld .  3. 

*Grain boundary shdmg may affect shp md2rectly by providing d]slocahon 
sources at ledges m the boundary. This process may be rate controlling at gram 
sizes so small that dislocation sources are scarce. This process can lead to "super- 
plastmlty" (T H Alden, pnv comm.). 

A s i t u a t i o n  s i m i l a r  to tha t  of g r a i n  b o u n d a r y  s l i d ing  
e x i s t s  wi th  r e s p e c t  to g r a i n  b o u n d a r y  m i g r a t i o n .  S m a l l  
ang l e  g r a i n  b o u n d a r i e s  have  b e e n  o b s e r v e d  to m i g r a t e  
(i.e., m o v e  in the d i r e c t i o n  of t h e i r  n o r m a l )  unde r  
s t r e s s ;  9v w h e t h e r  l a r g e  ang l e  b o u n d a r i e s  do i s  an open 
q u e s t i o n .  In any c a s e ,  the s t r a i n  c o n t r i b u t e d  l o c a l l y  
by g r a i n  b o u n d a r y  m i g r a t i o n  would  o c c u r  in p r e c i s e l y  
the  s a m e  c o m p o n e n t s  as  g r a i n  b o u n d a r y  s l i d i n g ,  i.e., 
ey x o r  Eyz; i t  cannot  r e l i e v e  any  of the  s t r a i n s  r e -  
q u i r e d  by the c o m p a t i b i l i t y  c o n d i t i o n s .  

The  p o s s i b i l i t y  of m a s s  t r a n s p o r t  th rough  d i f fus ive  
p r o c e s s e s  ( " N a b a r r o - H e r r i n g  c r e e p " )  m a y  of c o u r s e  
r e l i e v e  the  c o m p a t i b i l i t y  c o n d i t i o n s .  The  s i n k s  and 
s o u r c e s  for  the m o v i n g  a t o m s  would  have  to be  at  
g r a i n  b o u n d a r i e s .  I n a s m u c h  a s  i t  would  not  m a t t e r  
which side of a p a r t i c u l a r  g r a i n  b o u n d a r y  e l e m e n t  an  
a r r i v i n g  a t o m  a t t a c h e d  i t s e l f  to ,  g r a i n  b o u n d a r y  m i -  
g r a t i o n  m a y  be  an e f f ec t  i n c i d e n t a l  to  th is  p r o c e s s .  

SUMMARY 

The following results, reported by the author at 
various times, are published here for the first time. 

Yield Surfaces 
1) D e s c r i p t i o n  of a l l  s t r a i n s  and r o t a t i o n s  due to 

a l l  s l i p  s y s t e m s  in f cc  c r y s t a l s  in t e r m s  of c r y s t a l l o -  
g r a p h i c  cub ic  a x e s .  
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Fig. 25--Tensile s t r e s s - s t r a i n  curves  for 
99.999 pct Cu polyerysta ls  of various 
grain sizes. 91 The original curves  have 
been shifted along the horizontal axis to 
bring their  initial portions into coinci-  
dence: in the sma l l e r  grains,  the dislo-  
cation mean free path is l imited from the 
s tar t  to a value charac ter i s t ic  of some 
degree of work hardening. 
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Fig. 26--Comparison of an inverse square root grain size de- 
pendence to a dependence on the inverse first power below a 
certain critical size. 

2) Sections through the fcc yield sur face  ( ra ther  
than p ro jec t ions  as Bishop 7) and enumera t ion  of the 
s l ip  sys tem combina t ions  in a l l  c o r n e r  s t a tes .  

3) Der iva t ion  of the poss ib le  axes  of a r b i t r a r y  ro -  
ta t ions  in polysl ip  for fcc  c r y s t a l s .  

4) Der iva t ion  of the ident i ty  of the y ie ld  s u r f a c e s  
for {111}(1i0)  s l ip  in fcc c r y s t a l s  and {1 i0}(111)  
s l ip  in bcc c r y s t a l s .  

5) Explanat ion of the s i m i l a r i t y  of the d e f o r m a -  
t ion t ex tu res  in bcc m a t e r i a l s  in tension and fcc m a -  
t e r i a l s  in c o m p r e s s i o n ,  and v ice  v e r s a .  

6) P r e s c r i p t i o n  for obtaining ca rd  glide and pen- 
c i l  glide yield s u r f a c e s  f rom the r e s p e c t i v e  y ie ld  
locus  for c ry s t a l l og raph i c  s l ip .  

7) Der iva t ion  of lower  and upper l imi t s  for the 
a v e r a g e  Taylor  fac tor  in bcc  c r y s t a l s ,  independent  of 
s l ip  mode:  2.65 and 3.06. 

8) Sta tement  of the m o s t  genera l  condit ion under  
which penci l  glide p rov ides  five independent s l ip  modes :  
the ex i s t ence  of th ree  noncoplanar ,  n o n o r t h o g o n a l  sl ip 
d i r ec t ions .  

P o l y  c r y s t a l s  

9) Desc r ip t ion  of the s t r e s s  path on the s i n g l e - c r y s -  
tal  y ie ld  sur face  of a g ra in  in an e l a s t o - p l a s t i c  poly-  
c r y s t a l .  

10) P red ic t ion  of a p reponderance  of {211} s l ip  in 
po lyc ry s t a l s  of bcc m e t a l s  in which there  is  no c r y s -  
t a l log raph ic  p r e f e r e n c e  for  a s l ip  plane in the s ingle  
c r y s t a l s .  

11) Der iva t ion  of the equ iva lence  of T a y l o r ' s  m i n i -  
mum shea r  sum hypothes i s  and the y ie ld  condit ion.  

12) Discuss ion  of the a s sumpt ions  inheren t  in con-  
v e r t i n g  po lyc rys t a l  s t r e s s  s t r a in  cu rves  into shea r  
s t r e s s  shear  sum c u r v e s  by the Tay lor  method.  

13) Repor t  of some b i c r y s t a l  e x p e r i m e n t s  showing 
the impor tance  of la tent  hardening .  

14) Repor t  of some obse rva t ions  of latent  hardening 
in polysl ip .  

15) D i s c u s s i o n  of e f fec ts  depending on the i nve r se  
of the gra in  s ize  and on the mean sl ip d is tance  in s ingle  
c r y s t a l s ;  r eeva lua t ion  of some r e l e v a n t  expe r imen t s  in 
the l i t e r a t u r e .  

16) D e r iva t i on  of the i r r e l e v a n c e  of g ra in  boundary 
s l iding and g ra in  boundary mig ra t ion .  

R e v i e w i n g  the field of homogeneous  p las t ic i ty  (as 
opposed to de fo rmat ion  by the sp read ing  of a L(iders 
band) in po lyc ry s t a l s  at sub-d i f fus ive  t e m p e r a t u r e s ,  
we come to the following conc lus ions .  

The r e l a t ion  between po lyc rys t a l  and s i n g l e - c r y s -  
tal flow s t r e s s  and work hardening ,  including the i r  
dependence on t e m p e r a t u r e  and s t r a i n  r a t e ,  is well  
e s t ab l i shed  for fcc and bcc m a t e r i a l s .  The conver s ion  
of p o l y c r y s t a l  s t r e s s  s t r a in  c u r v e s  into shea r  s t r e s s  
shea r  sum c u r v e s  by the Tay lo r  method ,  and its c o m -  
pa r i son  to s i n g l e - c r y s t a l  data in polys l ip ,  is quant i -  
t a t ive ly  c o r r e c t  to the degree  of a c c u r a c y  to be ex-  
pected.  In s tage  III, a be t t e r  unders tanding  of single 
c ry s t a l  behav io r  is n e c e s s a r y .  

The de r iva t i on  of the deformat ion  t ex tu res  in bcc 
m a t e r i a l s  should now be s t r a i g h t - f o r w a r d ;  in fcc m a -  
t e r i a l s  it has ye t  to be d e t e r m i n e d  which of va r ious  ef -  
fec ts  d e t e r m i n e s  the o therwise  a r b i t r a r y  components  
of ro ta t ion  in many grains .  

Genuine g ra in  s ize  e f fec t s ,  in the absence  of a y ie ld  
drop and of diffusive m e c h a n i s m s ,  a r e  negl igible  ex-  
cept at v e r y  sma l l  grain s i zes  where  they should be 
p ropor t iona l  to 1 /D  r a t h e r  than 1/~/D-, in many cases .  
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