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Explicit bounds of the first eigenvalue
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Abstract It is proved that the general formulas, obtained recently for the lower bound of the first
eigenvalue, can be further bounded by one or two constants depending on the coefficients of the corre-
sponding operators only. Moreover, the ratio of the upper and lower bounds is no more than four.
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Some general formulas of the first eigenvalue are presented in refs. [ 1—4] for elliptic oper-
ators, Laplacian on Riemannian manifolds and Markov chains. The formulas are expressed in
terms of some class of functions, that is making variation with respect to test functions. Several
explicit bounds are further presented here, avoiding the use of test functions. It is surprising that
the bounds not only control all the essential estimates produced by the formulas but also deduce a
simple criterion for the positiveness of the eigenvalue in one-dimensional situation. Further im-
provement of bounds will be presented in a subsequent paper.

1 Special case: Illustration of the results and the proofs

The main results and their proofs are illustrated in this section in a particular situation.

Consider differential operator L = a(x)d*/dx> + b(x)d/dx on (0, D), where a(x) is
positive everywhere, with Dirichlet and Neumann boundary at 0 and D (if D < %) respectively.
Assume that

D
J dxe®®/a(x) < =, (1.1)
0

where C(x) = Jo b/a. Consider the (generalized) eigenvalue of L: Aq = inf{ D(f): fE

¢'(0,D), £(0) =0, | £1l =1}, where D(f) = j:a(x)f(x)zn(dx), 2(dx) =
. |l

denotes the L?-norm with respect to 7. The following variational formula was presented by Theo-
rem 2.2 in ref. [4]:

(a(x)Z) 'e®“dx, here and in what follows, Z denotes the normalizing constant, and

o= &= sup inf I()(x)"", (1.2)
where 7= {f€ C'(0,D): f(0) =0, f l.p)>0} and

~C{x) D c(u)

NG = S| s Ta, £ € (0,D). (1.3)

Moreover, it was proved in ref. [4] that the equality in (1.2) holds under mild assumption.
The test function f used in (1.2) is a mimic of the eigenfunction of 1. Note that there is

no explicit solution of the eigenfunction. More seriously, the eigenvalues and eigenfunctions are

x
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very sensitive. For instance, let D= @, a(x)=1and b(x) = - (x + ¢). Then, for the spe-

cific value of constant ¢: 0, 1, 3, /3 ++6, both the eigenvalue A, and the order of its eigen-
function (polynomial) change from 1 to 4 successively. And for the other values of ¢ between the
above ones, the eigenfunctions are even not polynomial. Thus, it is hardly imaginable to get a
good estimate without using test functions. However, we do have the following result.

x D
Theorem 1.1, Let (1.1) hold and Q(x) = j e-C‘”dyJ a(y)'e®dy, where v'*
0 x
is a probability measure on (0,x) with density e~ ¢?/Z (and Z‘*) is the normalizing con-
_ ro_ * (%)
stant), § = zggg})o(x), o = ersgpmjo()du . Then

'z do= &= (48)7, (1.4)

and moreover 6 <8’ <28. In particular, when D= o, ;>0 iff § < .
When D = ®, in order to justify Ay > 0, it suffices to consider the limiting behavior of
Q(x) as x—> o . For this, there are some simpler sufficient conditions. Let the corresponding
process be non-explosive on [ 0, o ) ( with reflecting boundary at 0 );:

e Dds| a(u)'e®@dy = ». B using the 1’ Hospital’ s rule, from (1.4), it follows
0 0 y P

that whenever the limit « : = lim[ec/«/_a](x)J~ e “(g ®) exists, then Ao >0 iff £ < %,
0

x—

Especially, if a(x) € C', lim[J_ae_c](x) = © and the limit &' := lim[Va/(a’/2 - b)]

Ll

(%) exists, then Ao >0 iff ¥’ < % . Furthermore, recall the Mean Value Theorem: if f(0) =
g(0)=0or f(D) = g(D) =0 but g'l¢o,p)#0, then sup f(x)/g(x)< sup f'(x)/

g (x). Thus, if a € C', then 1> 0 once sug[«/_a/(a'/Z— b)1(x) < oo,

We point out that the result is meaningful for the three situations mentioned at the beginning
of this paper. This is due to the coupling method, which reduces the higher-dimensional case to
dimension one. To avoid the use of too much notations at the same time, the results are not listed
here but discussed case by case in the subsequent sections.

When b(x) =0, the estimate 8~ = 1o= (48) ! was obtained in ref. [5] and is also true
for A (see ref. [1]). But the result is not true for A, in the case of b{(x) =0 (see Example
3.9).

Proof of Theorem 1.1. The original motivation comes from ref. [6], in which the
weighted Hardy’ s inequality

j:f(x)zuux) < Aj:fuﬂa(dx), FE €, £(0) = 0

was studied, where the optimal constant A obeys ihe following estimates:
B < A < 4B, (1.5)

here v and A are non-negative Borel measures on [0,o), B = sugw[x, % )J p,\(u)"du,
£> 4]

and p, is the derivative of the absolutely continuous part of A with respect to the Lebesgue mea-
sure. However, (1.4) is more precise than (1.5) and so a different proof is needed. The meth-
ods of the proofs adopted here mainly come from refs. [1—4].

(a) The second inequality in (1.4) is just (1.2), proved in ref. [4].
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(b) To prove the last inequality in (1.4), we need the following result which is an analog
of Lemma 6.1 (2) in ref. [1].

D
Lemma 1.2, Let m, n be non-negative functions satisfying Jo m(x)dx < o and let
c = e(upf n(y)dyj m(y)dy < . Then for every ¥ € (0, 1), we have
D x
J e(y)m(y)dy < ¢(1 - ¥)'o(x)? ' for all € (0,D), where p(x) = J'On(y)dy.

D
Proof. Let M(x) = J m(y)dy and ¥ € (0,1). Then, by assumption, M(x) < c

¢(x)~'. By using the integration by parts formula, we get

D D D
j e(y)m(y)dy = —f e(y)7dM(y) < ["™M](x) + }’J Lo 'o'MI(y)dy

D
<cp(x)’' + c)’J 929 = cp(x)” ! +

x € (0,D).

The first and the last inequalities cannot be replaced by equalities because one may ignore a nega-
tive term in the case of D = o . QED

Now, take m(x) = e¢®/a(x) and n(x) = e~ €*), Because of (1.1) and & < %, the
D
assumptions of Lemma 1.2 are satisfied. Thenj late’eJ(u)du < (1 = ¥) To(x)" !,

Next, take f(x) = go(x)y Then
~C(x)

fe€ y-l _ 0
1N = S5 <u>du\y¢,. —(2) 7o) = s

Optimizing the right-hand side with respect to 7, we obtam 7 = 1/2 and then the required asser-
tion follows.

(¢) We now prove the first inequality in (1.4). Fix x € (0, D). Take f(y) = f,(y) =
xNy
Jo e “ds, y € (0,D). Then f (y)=e P if y<xand f(y)=0if yE(x,D).

Furthermore, || £l ? = Jf(y)zn'(dy) + f(x)x[x,D), D(f) = J 200 NGy /7 =

f(x)/Z, where x[p,q] = J drz. Hence
p

At = 1 F12/D() = 280 [ f()Pr(dy) + Z(x)xLx, D)

- 27| fyYdCa(y, D)) + Q)

- O S (D] + 00 + 2() 79 @y
=2J00dy 9. (1.6)

Making supremum with respect to x, it follows that A¢< 8¢
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(d) By (1.6), we haveZJ:de(") = Zf(x)“ﬁf(y)zn'(dy) + Q(x) > Q(x). Hence

0’ = 6. On the other hand, from the definitions, it follows immediately that 6’ <2§. Usually,
we have § < &8’ unless 6 = «, QED

2 Higher dimensional case: Euclidean space and compact manifolds

This section applies Theorem 1.1 to the higher-dimensional Euclidean space and compact
d

d
Riemannian manifolds. First, consider elliptic operator L = Z a;(x)3;9; + E b;(x)3,, 9,
i=1

ihj=1

4
= 3/3x,in RY, where a(x):= (a‘](x)) is positive definite, a,;€ C*(R?), b; = Z (a,:,.ajv

i=1
+da;), VE C*R?). Assume additionally that the corresponding diffusion process is non-ex-
plosive, having stationary distribution 7 (dx) = Z 'exp [V (x)] dx, where Z

:=Jexp[ V(x)]dx < o, and its Dirichlet form (D, %(D)) is regular: D(f) = J(an,

Vs Ydr, AD) 5 CF (R?). Since L has trivial maximum eigenvalue 0 in the present situa-
tim, we are interesied only in the first non-trivial one (i.e., the spectral gap): A, =

infilD(f): f € KD), n(f) = 0, n(*) = 1}, where n(f) = den'.

The main steps of the study on A, by couplings are as follows. Take and fix a distance
d(x,y) in R*, it belongs to C?, out of the diagonal. Set D = supd(x ,¥). For each coupling

operator L and fe C%(0,D), there always exist two functions A and B in R? x R? such that
Lfed(x,y)=A(x,y)f' (d(x,y)) + B(x,y)f (d{x,y)), % y. The key step of the
method is finding a coupling operator L and a function f€ C*[0, D) satisfying £(0) =0,
S 1,p) >0 and /' <0 so that for some constant 6 >0,

Zf°d(x,9’)$—5f°d(x,y), X #Fy. (21)
We now choose a,3€ C(0, D) such that a(r)sd(zirg"_rA(x,y) and B(r);d(flﬁ)ﬂB(x,y).

Then, (2.1) holds provided a(r) /" (r) + B(r)f (r)< - 8f(r) for r€ (0,D). Thus, the
higher-dimensional case is reduced to dimension one.

Replacing a(x) and b(x) used in the last section by a(r) and B(r) respectively, define
the correspondent function C(r), operator 1(f) and the class .#of test functions. Then, the
variational formula given by Theorem 4.1 in ref. [1] is as follows:

. . -1
s s g 1) 2.2)
Now, define & and 8’ as in Theorem 1.1, from which, one deduces immediately the following
result.

Theorem 2.1. &' "'=¢&,=(48)"".

Comparing this theorem with Theorem 1.1, the difference is that here we have upper bound
only for &, rather than A,.

We now turn to manifolds. Let M be a compact, connected Riemannian manifold, without
or with convex boundary aM. Let L=A+VV, VE C*(M). When dM ¢ ¢, we adopt Neu-
mann boundary condition. Next, let Ricy = — K for some K€ R. Denote by d, D and p re-
spectively the dimension, diameter and the Riemannian distance. Let K( V) = inf{r: Hess, -
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Ricy < r! and denote by cut( x) the cut locus of x. Define
a;(r) =sup{{(Vp(x, *)(y), VV(y)) + (Vp(+,y)(x),VV(x)):
elx,y) = r, y gcut(x)}, re (0,D].
By convention, a,(0) =0. Choose ¥ € C[0,D] sothat ¥(r)=min{K(V)r, a (r) +

2 /TKI(d=1)a,(r)}, where ay(r) = tanh[-g-«/K/(d— D] if K=0 and a,(r) =
~ten[ £ V= K/(d = D] if K<0. Redefine C(r) = —H;y(s)ds, r € [0,D]. Then, the

variational formula obtained by ref. [2] can be stated as follows.

, = 46, :=4igg inf f(r ){J C(’)dsf [ef](u)du} , (2.3)

re (o, )

where #= {f€ C[0,D]: fl.py>0}. Note that C(r) was used in ref. [2] instead of ("
used here. We now have the following result.

Theorem 2.2. Define & and 8’ as in Theorem 1.1 but set a(x) =1 and b(x) =
y(x)/4. Then 8§ '=¢8" "'=¢6,=(48) .

Proof. The proof is similar to the one of Theorem 1.1, but there are two places needed to

be modified. The first one is the proof (b). Let ¢(r) = J e ¢*ds. By Lemma 1.2 (with
0

D
n(s)=e Y, m(s)=e““and c=45), we havej P < d(1-7) ()™, yE€ (0,
1). Hence

r D r r

Joe'c(“)dsjJ ¢e’ < I _8 yfoe_c¢y" = 7_—‘(1(3 y)jodgoy 701 - 0 )go( ), r€ (0,D).

In particular, setting ¥ =1/2 and f(r) = ¢(r)”, we obtain & = (48)'. To complete the

proof, one needs to show that &, is a lower bound of the eigenvalue of operator L = d®/dr? +

[7(r)/4]d/dr. Then the upper bound & < &' ~' follows from Theorem 1.1. The proof for the

required assertion is similar to the one of (1.2), but is left to a subsequent paper') . QED
Example 2.3. Consider the case of zero curvature. Let V =0. Then & = D%/4, §' =

3D?/8. The precise solution is 4D?/7?, which can be deduced by using the test function
sin(rr/2D).

Of course, the above idea is also meaningful for Dirichlet eigenvalue in higher-dimensional
situation .

3 The general relation between A, and A, and one-dimensional case

The main purpose of this section is 1o deal with A, by comparing it with 1,. We now study
a general relation between A and A,.

Let (D,9X D)) be a Dirichlet form on a general probabilistic space (E, &, x), it deter-
mines a Markov transition probability p(¢,x,dy). Assume that p(¢,x,E) =1 for all =0 and
xE€E. Define A, =inf{ D(f):fEAD), n(f) =0, (/%) = |l fII?=1}. For each AE &
with #(A) € (0,1), let Ag(A) =inf{ D(f):fEAD), flue=0, || £ =1}. Then, we

have the following result.

1) Chen, M. F., Variational formulas and approximation theorems for the first eigenvalue in dimension one, Secience in China,

Ser. A, 2000, in press.
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Theorem 3.1. inf Ag(A)<sA; < (A)igfo l)min{/lo(A)/n(Ac), Ao(A®)/n(A)l <

r(A)€(0,1/2]

2 inf A¢(A). In particular, A; >0 iff  inf ]/\O(A) >0.

r{AY€E(0,i/2] r(A)€ (0,172
The theorem also holds for general symmetric forms studied in ref. [7], and improves Theo-
rem 1.4 there.

Proof of Theorem 3.1. First, by speciral representation theorem,

() = tim [ (an)[pe,x. a0 () - AT, € 1),

(cf. ref. [8], §6.7). Replacing J(dx, dy) by %ﬂ(dx)p(t,x,dy), in proof (b) of The-

orem 1.2 in ref. [7], or in the last paragraph of part 3 in ref. [9], then setting ¢t ¥ 0, it follows
that A]? inf /\o(A).

x(A) € (0,1/2]

Next, by Theorem 3.1 in ref.[7], we know that A, <Ao(A)/7w(A°) for all A:x(A)E
(0,1). Hence A; < Jé‘fo nmin{/lo(A)/n'(A”), Ao(A)/m(A)} = ( inf mmin{/\o(A)/

AY€ (0,1

w(A%), Ag(A°)/n(A)t < (A)ieli(flm/\o(z‘l)/zr(A”)sZ inf 24(4). QED

(A€ (0,1/2]
The simplest case is that A consists of a single point, say A = {0} c E for instance. Then

the proof becomes rather easy. For simplicity, let Ag = Aq({0}°) (but not {0} ). Then, we have
the following result.
Proposition 3.2. A,=A,.

Proof. Simply noting that Var(f) = I f==(f) | 2= (“el{ | f-c || 2, we have A, =
Jinf D(f)/Var(f)z inf D(f)/ Il £=£C0) 11 = 2. QED

In one-dimensional situation, because of the linear order, Theorem 3.1 takes a much sim-
pler form. For instance, the proof of Theorem 3.1 and the property of linear order give us imme-
diately that A, s,-ei{,lfq)% [Ao(p,e)m(e,q) ' TATA(e,q)m(p,c) ']}, However, we have
a much stronger result as follows.

Theorem 3.3. Let L=a(x)d*/dx*+ b(x)d/dx be an elliptic operator on the interval

(p,q), where a(x) is positive everywhere. When p (resp., q) is finite, we adopt Neumann
boundary condition. Assume that the process in non-explosive and (1.1) holds. Then,
L.SP,,‘,L){AO(”’C) A Aole,g)l< A < (.eiﬂ,fw“"(p’c) V Ag(e,q)t.

Note that when ¢ } , we have Ao(psc) v and Ao(c, q) A . Thus, once the two curves
Ao(p,+) and Ao(*,q) intersect, the two inequalities become equalities. The conclusion holds
once both a(x) and b(x) are continuous. Actually, denoting by x, the unique point at which
the eigenfunction of A vanishes, we have A, = Ao(p, xg) = Ao( %, q) (the proof needs Theo-
rem 1.1 in the subsequent paper')) .

Theorem 3.4. Consider birth-death processes. Let b, >0(i=0), and a; >0(i=1) be
the birth and death rates respectively. Define n; = p;/p, po = 1, p; = bo***b;_1/a, " a;, p

- Z,uiandD(f) = E’Tx‘ﬁi[fin - £}, AD) = {f€ L*(n): D(f) < = }. Assume that

® ¥
# < ® and the process is non-explosive ( equivalently, ZJ (byeey)™ E i = %). Reset
k=0 i=0

1)See footnote 1) on page 1055.
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A0([0,k]1) = 25(k), Aq([k, ©)) = A%(k) and adopt the convention Ap( — 1) = ® , here
Ao(A) and A, are defined at the beginning of this section. Then
sku%)H’o(k D AXME+D} <A < inlf{/\’o(k - 1)V Ak + 1)1,

Proof. Here, we prove Theorem 3.4 only, the proof of Theorem 3.3 is similar and even

simpler. Given f€ 9X D) and k=0, let f=f - f;. Then

D(f) =D(f) = Eﬂibi[]nl —jijz + Eﬂibi[jin - A

igk-1 izk
Aok - D) D wfr+ Xa(k + 1) D) nf2 = [Ap(k = 1) A XNo(k + D] D nf?
k-1 izk+1 i

=[26(k = 1) A 2k + D IVar(f) = [2p(k - 1) A 25(k + 1)]Var(f).
Making supremum with respect to k& and infimum with respect to f, the required lower bound fol-
lows.

We now prove the upper estimate. Given € > 0, take fi, f, =0 such that f; 1[4, ») =0,
folr0.=0, Al =1/ =1ad D(fi)<ao(k-1)+e, D(f)<Ap(k+1)+e. Set
f= —fi+ af2, where a is the constant so that 7 (f) = 0. Then D(f) = 2 bl fio- 12 =

im»0
D(fi) + &®D(fy) s Ap(k-1D) + e+ (W(k+1)+e)a’> < (Ap(k-1)V Ah(k+1) +
e) | f I 2, Letting e—>0 and then making infimum with respect to k=1, we obtain the required
assertion . QED

For birth-death processes, the following variational formulas were presented in refs. [3,
4].

Ag = sug_inf]i(W)_l, Ay = stelgli‘ngli(w)"l,
A w iz

wE i=0
where I,(w) = [ ub;(w;,y — w;)]™" Z,ufwj, W5 = {wiwg = 0, w; is increasing in i}, %
jz i+l

= {w:w; is strictly increasing in i and 7(w) > 0} . Our new result is as follows.

Theorem 3.5. Let 4 < ®, Q; = >, (ub)"' Du; and Q) = [ D0 (b))

jsi-1 =i isi-1
+ (Z;zib,-)’l] E 14 s where v¥) is a probability measure on {0,1,**, % — 1} with density vj(-k)
Jj=i+l

= (,ujbj) “1,7® (where Z'® is the normalizing constant) . Next, let & = seg(?,, and let 8’ =

-1
2 sugz Qj v}"). Then &' ~' = 2= (48)~'. Assume additionally that the process is non-
n> ]=0

explosive, then Ag/mo=A;=A \ - 0. In particular, Ag(resp., A,) >0 iff § < .

Proof. The lower bound of A, comes from Proposition 3.2 (or Theorem 3.4 with k=0).
The proof of Theorem 3.1 shows that /\1$infk>o{ (A=) alk,o) 'TA[A(E+1)x[0,
k17'1}. Then the upper bound follows by setting k = 0. The proof for Ag is similar to the one of

Theorem 1.1. First, prove the following result, which is the discrete version of Lemma 1.2 and
improves Lemma 2.2 (2) in ref. [3].

Lemma3.6. Let (m;) and (n;) be non-negative sequences satisfying E m;, < ®,
i=0

n-1| L
sup,,>02 nixmi =: ¢ < ®. Then for every ¥ € (0,1), we have zgo}'mj < c(1 -
i=0 i=n

iz
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n-1
1
) @™, where ¢, = E;ni.
i=0

Proof. Let M, = ij. Fix N> i. Then by summation by parts formula and M, <
jzn
cp, ', we get

N N N
20im < oiMi + 23 Lela - ¢ 1M < { e 2l - 901-’]/%-“}-
Jjei j=i i=i
By using the elementary inequality ¥ (1 - 7) " '(4” "' = 1) + x”=1(x >0), it is easy to
check that go”l -l /pia<y(1-7) _‘[goy - gojf;" ]. Combining this with the last esti-
mate gives us the required assertion. QED
We now take ¥ = 1/2, m; = y;, n; = (p;b;) "' and ¢ = §. Then

1 28 1
L(Ve) = Ve < . < 48
bs‘/li(\/ Piv1 — N @i)iziﬂ e bi}lg(v Pivi — Soi) N Pisi
Therefore Ao=(48) '

(-1 A Ck-1)
It remains to show that Ag< 6’ ~'. Fix k=1 and take f; = fi¥ = Z (njbj)"l. Then
i=0

”f”2 = me%ﬁzm, D(f) = E’tibi[ﬁn —fi]2 = Z(”ibi-)_l = fi. By using

isk-1 izk ighk-1 igk-1
the summation by parts formula again we get

2
Al = D(f) = Zz :ﬂ*‘ka" = lz(f%n f’)Zﬂ

J= i+l
2 -] #Qz (k)
= =2 y .
=520 ZQ

Making supremum with respect to k=1 gives the requlred assertion. QED
Because A, coincides with exponential convergence rate (cf. Theorem 9.21 in ref. [8]),

Theorem 3.5 gives us at the same time (and is indeed for the first time) an explicit criterion for
exponential ergodicity. By using comparison method (cf. Theorem 4.58 in ref. [8]), this result
can be further applied to a class of multidimensional Markov chains. Finally, we return to the
case of half-line discussed at the beginning of the paper.

Theorem 3.7. Consider the operator L = a(x)d*/dx* + b(x)d/dx on [0, ® ), where
a (x) is positive everywhere. Let the process be non-explosive ( equivalently,

J e'C(’)dsta(u)"leC(“)du = o) and let (1.1) hold. Then (48" (¢)) '< A <
0 0
(8"(co)) ™", where

x 0 % L
8" (c) = supj CJ e/a, 8(e) = supJe‘CJ e‘/a,

2€ (0, ¢), xE (e, ™)
and c¢g is the unique solution to the equation 8" (¢) = 8" (¢). In particular, A; >0 iff § < .
Proof. First, when ¢ » , we have 8’ (¢) # and 8"(¢) ¥ . Obviously, 1i_r.1013'(c) =0,

liirolé‘"(c) = § and moreover lim 8"(c¢) < 8. On the other hand, since the process is non-explo-

x c 1
sive, when x 4  , we have ¢(x) =J e “ A o . Tt follows that 6’ (¢) ;J e’cj e“/a—>
0 1 0

as ¢—>® . Next, when ¢| < c¢,, we have
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0 < J'Ze-cj e/a - J Ie‘CJ e/a < [f;ec/a]J ze'c—>0, if ¢g - ¢;—>0;
x 0 % (i}

0 < j e’cf e/a - Jxe_cj e/a < [L ec/a]f e C —+0, ifey-c¢—0.
Hence both 6’ (¢) and 6" (c¢) are continuous in c¢. Therefore, the equation 8’ (¢) = 6" (¢) has
a unique solution. Then the first assertion follows from Theorem 3.3. Clearly & < % if and only
if 8" (¢) < o . Hence we obtain the last assertion. QED

In a similar way, one can deduce a criterion for the existence of spectral gap of diffusion on
the full-line (cf. sec. 3 inref. [1]). One may also study the bounds for the processes on finite
intervals .

Example 3.8, Take 5(x)=0. Define & as in Theorem 1.1, Then, by Theorem 1.1
and Corollary 2.5 (5) inref. [1], we know that § "' = A; = A¢=(48) ~!'. In particular, when
a(x)=(1+x)%, wehave =1 (but 8’ =2) and A, = Ao=1/4. Hence, our lower bound is
exact.

Example 3.9. Take a(x)=1and b(x) = - x. Then Example 2.10 in ref. [1] gives
us A; =2. It is easy to check that 1o = 1 (having eigenfunction g(x) = x) and & ~0.4788
(but 8" =0.9285). Hence 8§~ '> A, > 20> (48) .

Example 3.10. An extreme example is the space with two points {0,1} only. Then A, =
Ag/ mo. Therefore the upper bound of A in Theorem 3.5 is exact but ¢ “'=2Ap<A;. Thus, 6"
is not an upper bound of A, in general.

Added in proof. In the recent paper''®, the estimate 6 ~'= A= (46) "' for birth-death
processes is also obtained by using the discrete Hardy’ s inequality. Refer also to refs. [11—13]
for related study and further references.
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