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Summary. - -  The motion is analysed, in general, in the Kerr metric 
with the use of first integrals. Some of the high-energy particles and 
photons are found to move in a giant vortex around the axis of sym- 
metry above and below the equatorial plane, dragged by the gravita- 
tional field. 

1 .  - I n t r o d u c t i o n .  

Because of the increasing impor tance  of ro ta t ion  in relativist ic configura- 
t ions (spinors, gravi ta t ional  collapse, etc.) several authors  have looked for the 
effects of g rav i ty  on light rays emi t ted  by  ro ta t ing  bodies (1.~). 

The aim of the present  paper  is to inves t igate  in detail  the laws of mot ion  
in the Ker r  metric ,  outside the  equator ia l  plane as well as off the axis of sym- 
metry .  These last two cases have been inves t iga ted  respect ively by  {1-4) and (5), 
while the general  mot ion has been outl ined b y  CAXTEI~ (e). 

(1) R. H. BOYER and R. W. LINI)QUIST: J o u r n .  Math .  Phys . ,  8, 265 (1967). 
(s) R. H. BOYER and T. G. Precis: Proc.  Cambridge Phi l .  Soc., 61, 531 (1965). 
(a) F. DE F~.HCE: s Cimento,  57B, 351 (1968). 
(a) F. DE FELICE: Mere.  Soc. As t r .  I ta l .  (to appear). 
(5) B. CARTER: Phys .  Rev. ,  141, 1242 (1966). 
(e) B. CARTER: Phys .  Rev. ,  174, 1559 (1968). 
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2.  - T h e  g e n e r a l  v~-motion.  

The K e r r  me t r i c  descr ibes  s t a t i o n a r y  a x i s y m m e t r i c  g r av i t a t i ona l  fields in 
v a c u u m  (~). I t  is charac te r ized  by  two p a r a m e t e r s  a and  m, which are  asso- 
c iated wi th  the  specific angula r  m o m e n t u m  and  ac t ive  g rav i t a t iona l  mass  of 
t he  source in geomet r ica l  un i t s  (1,2,s). 

We shall confine ourselves to the  case a ~ m because  of the i m p o r t a n t  
role i t  has had  in recen t  inves t iga t ions  (~.~0). 

The K e r r  me t r i c  reads  in this  case 

(~) ds* : dr 2 + 2a s i n ~  d r d ~  + (r 2 + a*)sin* 8 d~* + 

2at 
+ (r* + a ~ cos  ~ v ~) dv~ ~ -  dt  ~ -b r~ + a~ cos~ ~ (dr § a s i n  2 v ~ dq~ + dr) 2 , 

where  use is made  of the  (r, v ~, q, t) co-ordinates  in the  Boye r -L indqu i s t  f o rm (~). 
The equat ions  of mot ion  are  g iven b y  a su i tab le  analys is  of the  H a m i l t o n -  

gacobi  equat ion  associa ted wi th  (1) (5), leading to the  fol lowing first  in tegra ls :  

(2) - -1+  t + - ~  (a sin~8~b + ~) = - - 7 ,  

2a'r s i n ' ,  . ( 2 ~ r )  [ 2a'r ] 
(3) ~ t + a s i n ~ v  ~ 1 + - -  ~ +  ( r 2 + a * ) s i n : ~ + - ~ s i n 4 O  r 

~2 

(4) 27~ * -~ L * - -  a 2 cos 2 v~(e - -  7 ' )  sin,  v~, 

( 5 )  

with  

X2~ 2 : (al -~ 2arT) 2 + ~ [ - - eX  + (X + 2ar )p2_  X 2 ~ 2 _ _ _  

~--- r2 -~- a~ cOS 2 v~ 

= (r-- a )  ~ . 

sin * ~ ' 

I n  (2)-(5), 7 is the  to ta l  ene rgy  of the  par t ic les ;  L and  1 a re  cons tan t s  of  
mot ion  which are  easi ly  i n t e r p r e t e d  as the  to ta l  angu la r  m o m e n t u m  and  its  
q -component ,  in the  l imi t  a = 0. e is a sign ind ica to r  which is -~ 1 or zero 
according to whe th e r  the  geodesic is t ime l ike  or null. 

(~) R . P .  KER~: Phys. ]gev. Lett., 11, 522 (1963). 
(8) J.  LENSE and H. THIRRI)CG: Phys. Zeit., 19, 156 (1918). 
(9) J. BARDEEN: Nature, 226, 64 (1970). 
(lo) j .  1~. B~RD~EN and R. V. WAOO~E~: Astrophys. Journ., 167, 359 (1971). 
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On a n y  curve ,  t h e  d o m a i n  of  t he  a l lowed va lues  of  t he  co -o rd ina t e s  is g iven ,  
as is well  k n o w n ,  b y  the  e q u a t i o n s  of  m o t i o n  a n d  b y  t he  in i t i a l  cond i t i ons .  
I n  ref.  (a) one  of  us has  l ooked  for  t he  d o m a i n  of  t he  a l lowed va lues  of t he  
rad ia l  co -o rd ina t e  r on  t he  e q u a t o r i a l  geodes ic  in  t he  K e r r  me t r i c .  

H e r e  we shal l  e x t e n d  t h a t  m e t h o d  of ana lys i s  to  i nves t i ga t e ,  in  genera l ,  
t h e  b e h a v i o u r  of t he  a ngu l a r  c o -o rd i na t e  8 in  the  geodes ic  mo t ion .  P u t t i n g  

e = + 1 in (4), we  can  lea rn  h o w  m a s s i v e  pa r t i c l e s  move .  W e  h a v e  

~2 

(6) Z 2 + a2F cos 2 8 sin2 ~ - -  0 ,  

whe re  

F =  y = - - I .  

W e  solve eq. (6) w i t h  r e spe c t  to  12 a n d  d r a w  t h e  su r face  l ~ =  l~(Z 2, 8 , /~) .  

Cons ider  F >  0; t he  su r face  1 ~ is zero  a t  8 = 0 a n d  8 = z .  I t s  f i rs t  8 -der i -  
v a t i v e  

(7) P = s in  2 8 [ L  ~ + a S / '  cos 28]  

is zero a t  8 = 0, 8 = ~/2, 8 - - - -g  a n d  a long  t h e  cu rve  

(8) L 2 = --/~a 2 cos 2 ~ .  

The  shape  of (8) is t he  cu rve  a) in  F ig .  1. T h e  shapes  of l ~ a re  g iven  in  Fig .  2 

L ~ 

a ~ l r l  

l(b) 

~ -  2 4 

b) 

Fig. 1. - The analytic behaviour of eq. (8) (curve a)) and that  of eq. (10) (curve b)) 
are given on the (Z2-v~)-plane. 
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fo r  Z ~ <  a 2 p  a n d  fo r  L ~ >  a~F.  I n  F i g .  2, w h e n  L2< a"l ~, t h e  m a x i m u m  for  1 ~ 

occur s  a t  

1 l~,~ - -  ( L ,  + a 2/ ,)2 
4a" F 

a n d  t h e  m i n i m u m  a t  t 2 =  Z2; w h e n  L 2 >  a2 / ' ,  12 h a s  a m a x i m u m  a t  12=  Z ~ on ly .  

121 

a2T 
4. 

l~ L 2 

/ ~ L 2 ~ a  2s 

.4 B i 

/ / / i  i \ \  
 ,iV, ",,i \ 

o ~ '0', ~ ' 0 " ~  st 
~, 2 4 

r > o  
(r  : y~) 

Fig.  2. - Sections with L ~ = const of the surface l~_= 12+(I3, ~, P) given by  eq. (6) with 
/ ~ > 0  or F----yL 

W h e n / ' = 0  we  n o t i c e  f r o m  (6) t h a t ,  w i t h  ou r  cho i ce  of  t h e  c o - o r d i n a t e  

s y s t e m ,  t h e  r o t a t i o n  does  n o t  a f f ec t  t h e  v%motion on  t h e  ge ode s i c s .  T h e  p a r -  

t i c l e s  w i t h  / ' ~  0, h o w e v e r ,  do  n o t  m o v e  as  in  t h e  S c h w a r z s c h i l d  f ie ld  (a = 0) 

b e c a u s e  t h e i r  C - m o t i o n  is n o w  d i f f e r e n t ,  as  is  e a s y  to  d e d u c e  f r o m  (2)-(5). 

C o n s i d e r  n o w  t h e  case  F ~  0. E q u a t i o n  (6) m a y  b e  w r i t t e n  a g a i n  as  

(9) 1 ~ = s in  S ~ [ L * - -  ~"lrl cos ,  ~ ] .  

T h e  ze ros  for  l 2 a r e  a t  v~ = 0, v~ = z  a n d  a l o n g  

( lo)  L~ = a~[F I eos~ ~ .  

T h e  locus  w h e r e  l 2 is  ze ro  in  (9) is  t h e  c u r v e  b) in  F i g .  1. I t  is  e a s y  to  see  t h a t  

in  t h e  r e g i o n  of d e f i n i t i o n  for  12 t h e r e  a r e  no  o t h e r  ze ros  of  i t s  f i r s t  d e r i v a t i v e  

e x c e p t  v~ = ~/2, w h e r e  12 h a s  a m a x i m u m  e q u a l  t o  Z 2. T h e  g e n e r a l  s h a p e  of 
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the surface l* = / ~ ( L  ~, lr  I, is given in Fig. 3. The  m a x i m u m  occurs at  
l 2 = Z2. 

Let  us now pu t  in (4) e ---- 0, to describe the behaviour  of photons.  Equa-  
t ion {4)is  the same as for e - ~ + l ,  provided  we pu t  F ~ - y  2. The relat ive 

t~ 'L 2 ~ t 2 

r <  0 

a 2 

d 

2 2 2 Fig. 3. - A three-dimensional picture of the surface l_ = l_(L, 8, F) given by eq. (9) 
with F <  0. 

loci of zeros for v~ are again given by  F i g .  2. The rea l i ty  requi rement  for l ~ 

confines the mot ion inside the surfaces (6) and (9). We are now in a posi t ion 
to draw a t t en t ion  to a peculiar relat ivist ic  effect. I n  Fig. 2 i t  is evident  t ha t  

for (*) 

(11) 1. . . . . (Z 2A-a2F)2>~12>L 2, 
4a- 1 

the mot ion  is confined to the  space be tween  two coaxial hyperboloids with 
angles ~ and v~ (Fig. 2), and never  reaches the equator ia l  plane (s). There is 

(*) The same inequalities holding for photons with F ~  ~2. In the following we 
shall speak about particles without specifying their nature. 
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no stable mot ion  a t  v~ = const  = z/2,  while we can have two stable modes a t  
z$ = const  when 

12 - -  ( L 2  ~ -  a 2 F )  2 

4a2F 

In  this case the mot ion  occurs on the surfaces of the hyperboloids wi th  semi- 
angles 

1 L 2 
(12) va~: = ~ ~ ~ cos-1 a2 ~ . 

The angles v~ range f rom ~/4 at  L 2 =  0 to ~/2 at  .~2 ~ a2/~ (Fig. 1, curve a)). 

Part icles and photons  wi th  parameters  1 and L in the range (11) are con- 
fined by  the gravi ta t ional  field to the  nor thern  or the southern hemisphere  
of the ro ta t ing  body.  

We can summarize  the previous results,  recalling the following facts. The 
mot ion in the equatorial  plane (v~=z/2) occurs when Z = l .  I t  is stable for 
all (/ '~<0)-particles and for the ( / ' >  0)-particles (or photons  wi th  L:~>a2T'; 

i t  is unstable  for the la t ter  when L 2 <  a2F. I n  this case, stable mot ion  wi th  
v~ = const  is allowed with 

1 2  - -  (L2 -{- a2F)~ (P = ~ for photons)  . 4a2F 

Along the axis (v~ = const  = 0), i t  seems tha t  no stable mot ion  is allowed, 

owing to the dragging along by  the  gravi ta t ional  field. The particles are then  
forced to spiral a round it  in a sort  of a giant  vor tex.  The optical  d is tor t ion 

produced by  the vort ical  mot ion of photons  m a y  be re levant  to as t ronomical  
observations,  bu t  more  informat ion m a y  be achieved once the behaviour  of 
is unders tood  as it is for the equator ia l  plane (4). Work  in this sense is now 
in progress (*). 

3. - The radiation emission. The r-motion for photons. 

Let  us now invest igate  the pho ton  emission. In t roduce  for s implici ty the  
following nondimensional  quant i t ies :  

1 L r 
(13) ~ = ~ a a '  ~ 2 a '  Q 2 a '  

and pu t  ~,----1. 

(*) When F =  0, stable motion with v~ = const occurs when 1 = /5  = 0. In this case, 
however, the equations of motion (2)-(5) indicate that the particles also move on the 
surface of hyperboloids with semi-angles ranging from ~/2 to zero. 
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F i g .  4. - T h e  loci  o f  e x t r e m e  p o i n t s  in  t h e  (~, ~ ) -p lane  fo r  t h e  s u r f a c e  (14) ~ 2 = ~ f ~ ( 2 ,  q) 
o n  t h e  sol id  c u r v e s  X+ a n d  X_; t h e  loc i  o f  t h e  p o i n t s  w h e r e  ~f~ = ~t 2 l ie  on  t h e  d a s h e d  

c u r v e s  g+, g_.  
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U s i n g  s = 0 in  eq.  (5) a n d  p u t t i n g  ~----O, w e  h a v e  f r o m  (4) a n d  (13) t h e  

locus  of t u r n i n g  p o i n t s  a t  

(14) ~ - -  (~ + 2 ~ ) ~  ~ 
(2 e _ l ) ~ +  + e .  

We sh~ll look for the surface ~a ~ ~(A, r The first r of (14) 
is zero ~long the curves 

(15) ~+ = 2 ~ - - 2  O- ' 2 

(16) ~_------2q*--�89 

o 

2. 

Fig.  5. - The domain for ~ and 4 of pe rmi t t ed  emission. I t  is bounded from below 
by  the composite curve ~a~ =42, 14 ] ~ ~, ~ ~ :t: 4 ~  ~, 0 <  [4] ~ �89 and above from the  

2 2 curvet  ~q~2(~) when ~a2(~)< ~Omi~, and otherwise. In  the  picture are drawn, as 
0 0 

2 an exan~ple, the  curves ~ ( ~  (to scale) and ~C~a~Q>t ~ (not to scale). The other  curves are 
to  scale, o o 
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The shapes of ~+ and 2_ are given by  the  solid lines in Fig. 4. T h e y  in tersec t  
a t  ~ = -  1; 2_ is the  locus of the m i n i m u m  for &v~, 2+ is t ha t  of the maxi-  
mum at ~ < �89 and the  m i n i m u m  again at  Q > �89 

At ~ ---- �89 ~ 2  diverges pos i t ive ly  excep t  for  F = - - I .  F r o m  the considera- 
t ions made  in the  previous Section,  the  general  mot ion  cannot  occur for arbi- 
t r a ry  values of ~ and ~. In  fac t  we know t h a t  for ~ 2 >  �88 the  mot ion  is 
allowed only wi th  LZ2>~2. When  ~.~2<}, the  vo r t ex  effect arises for  values 
of 2 in the range 

(17) - � 8 9 1 8 9  

The admissible values of 2z and 2 for the  mot ion  are defined b y  the  shaded 
regions in Fig. 5. The composi te  curve  which l imits  form below the  allowed 
domain of ~ and X in Fig. 5 will be called Ae~. We shall now examine  whe- 
ther  turn ing  points  occur wi th in  the vo r t ex  condi t ion (17). The locus of points  
where 

(18) 5~ </ .  ~ 

lies be tween  the  two curves 

(19) ~+=--(~+�89 

(20) ~_ - l - e + 2 e 3  
~(e--1) 

Their  shapes are given by  the  dashed lines in Fig. 4. We can draw the sur- 
face (15) wi th  the  help of Fig. 4 and 5, keep ing  in mind  the  following prop- 
ert ies:  

(21) 

lira ~ 2  = 2 2 ,  l i m  ~ 2  = ~ , 
Q--~ Q--->�89 

l im ~qo2 = oo,  l im ~ Q  = (22 -}- 1) 3 , 

e < l : a ' l k < ~ :  , 

f~>i_/ 
~ 2  < 13 

~ < 1  : a { ~ _ <  ~<  ~+} . 

Sections of the  surface (15) are t hen  given in Fig. 6 a)-]). F r o m  th em  we 
easily recognize tha t  part ic les  moving  in vo r t ex  wi th  2 as in (17) do not  find 
tu rn ing  points .  
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4 .  - C o n c l u s i o n .  

The in fo rma t ion  we h a v e  f rom Fig.  5-6 m a y  be s u m m a r i z e d  as follows" 
Ingo ing  pho tons  wi th  2 < - - 1  and  2 > ~ can neve r  s t r ike  the  pseudos ingu la r i ty  
0 = �89 Pho tons  wi th  2 ~ - - � 8 9  can neve r  cross the  r ing  s ingula r i ty  a t  0 = 0. 
Pho tons  wi th  1 1 - - ~ < 2 < ~  can cross the  r ing  s ingula r i ty  only wi th  .~e2< k~ and  
in t h a t  ease the  mo t i on  is of spiral  t y p e  and  confined up  or down the  equa tor ia l  
plane.  F o r  the  outgoing  pho tons  we can d is t inguish  th ree  cases: 

a) Pho tons  e m i t t e d  a t  0~>2. All r ad ia t ion  can escape to inf in i ty  and  
0 

the  allowed values  of 2 lie in the  i n t e r v a l  (Fig. 4) 

(22) ~+(o) < k < Z_(o), 
0 0 

and the  cor responding  values  of Gf ~ are  in the  range  

(23) ~e~< ~f~< ~ ( o )  �9 
0 

The area  defined b y  the  l imits  (22) and  (23) (Fig. 4) is p ropor t iona l  to the  
a m o u n t  of the  e m i t t e d  radia t ion.  

b) Pho tons  e m i t t e d  a t  1 <  0 <  2. N o t  all  the  rad ia t ion  e m i t t e d  can es- 
0 

cape  to inf in i ty ;  the  range  p e r m i t t e d  for  k is now 

(24) X+(o) < k < ~ ,  
0 

and the  corresponding in t e rva l  of ~f2 for the  emiss ion is again  (23). I n  this 
case however ,  as we can see f rom Fig.  4-6, the  u p p e r  l imi t  for Gf ~ is g iven  
b y  ~f2(0) when  the  m i n i m u m  of ~f2(0) falls to the  lef t  of 0, and  is g iven  b y  Gf~_,n 

0 0 

otherwise.  ~ f ~  is the  pro jec t ion  on the  p lane  (~f2, ~) of the  m i n i m u m  values  
of ~ 2  g iven  b y  the  curve  ~+ in eq. (15) .  F r o m  (15) and  {14), we h a v e  

(25) 7 
- ~ f ~ n = ~ - I - ( k + l ) + 2  2"~+1). 

I t s  shape  is g iven  in Fig.  5. 

c) Pho tons  e m i t t e d  a t  0 ~<0< �89 Iqo rad ia t ion  wha t soever  can escape 
0 

to inf ini ty  owing to the  pseudos ingula r  cha rac te r  of the  surface 0 = �89 The  
rad ia t ion  which is t r a p p e d  inside for  the  black-hole  effect m a y  be re leased 
if a slide change in the  angula r  m o m e n t u m  br ings  a >~ m. The  pho tons  e m i t t e d  

3 0  - I I  Nuovo  Cimento ]3. 
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i n  th i s  case  a r e  c h a r a c t e r i z e d  b y  t h e  f o l l o w i n g  p a r a m e t e r s :  

(26) ~_(~) <~<~ 
o 

a n d  

(27) 
z2(o )) 

( u p p e r  c u r v e  in  F i g .  5). 

W e  n o t i c e  h o w e v e r  t h a t  as  ~ goes  t o  ze ro  t h e  c u r v e  ~ ( ~ )  b e c o m e s  ~ 2 ( e )  = 
0 o 0 

__ A2, a n d  in  t h a t  case  t h e  d o m i n a n t  e m i s s i o n  is con f ined  to  t h e  e q u a t o r i a l  p l a n e  

( ~ 2 ~  22) a n d  to  t h e  v o r t e x  r e g i o n  (12). 

* * *  

T h a n k s  a r e  d u e  to  Dr .  OCOHIO~ERO for  d i s c u s s i o n s .  T h e  f i n a n c i a l  s u p p o r t  

of  C .N .R .  ( C o m i t a t o  N a z i o n a l e  R i c e r c h e )  of  I t a l y  is  g r a t e f u l l y  a c k n o w l e d g e d .  

�9 RIASSUNTO 

Si analizza il moto geodetieo neUa metr ica  di Kerr  in eondizioni generali  con l 'ausil io 
degli integrali  primi.  Si t rova  ehe aleune delle part icel le di a l ta  energia e fotoni, t rasc ina t i  
dal  eampo gravitazionale,  si muovono secondo grandi  vor t ie i  intorno all 'asse di rota-  
zione al di sopra ed al di sotto del piano equatoriale.  

Op6KTasmnoe u BHXpeBOe ,ntnmKeHrle n MeTpHKe KePlm. 

Pe3toMe (*). - -  B O6t~eM cay~tae auana3HpyeTcn ~Sh~Ke~He a MeTpnre Keppa c Hcnonb30- 
BaHHeM ncpnbIX ~HTerpanoB.  1-IoJIyqaeTc~i, ~ITO HeKOTOpI~Ir ~IaCTHI~I~I BbICOKOH 3HcprnH 

H (~OTOHbI ~BH~TCH B rHraHTCKOM 3aBHXpOHHH BOKpyr OCH CHMMCTpHH BI~IIH0 H HH~Kr 

3KBaTOpHaJIbHO~ nnocKocTH, yBYIC~IOHHbI0 rpaBHTaII~IOHHbIM n o n c M .  

(*) Ilepesec)eno pec)aKtlue~. 


