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S u m m a r y .  - -  On the basis of the new approach to the  cascade theory  
accurate numerical  results on the  mean numbers  of electrons produced 
in small thicknesses in a shower in i t ia ted  b y  a single electron or photon 
are presented.  Agreement  with the exper imenta l  results  is sa t is factory  
if due allowance is made ~or t r idents .  

1 .  - I n t r o d u c t i o n .  

Since thc  r e p o r t  of an  a n o m a l o u s  e l e c t r o n  s h o w e r  b y  SCHE1N ct al. in 1954,  

.a n u m b e r  of a n o m a l o u s  h igh  e n e r g y  showe r s  h a v e  b e e n  o b s e r v e d  in e m u l -  

s ions  ( ').  More  r e c e n t l y  FAY (2) a t  G o t t i n g e n  has  o b s e r v e d  s i m i l a r  showers  in  

w h i c h  t h e  m e a n  n u m b e r  is g r e a t e r  t i t a n  t h a t  p r e d i c t e d  b y  c a s c a d e  t h e o r y .  

T h o u g h  m o s t  of t i l e  showers  can  be  f u l l y  a c c o u n t e d  for  b y  t i l e  t h e o r y  of 

b r e m s s t r a h l u n g  a n d  p a i r  p r o d u c t i o n ,  t h e  p r e s e n t  e x p e r i m e n t a l  e v i d e n c e  c a n n o t  

w h o l l y  e x c l u d e  m u l t i p l e  p rocesses  in  w h i c h  t h e r e  m a y  be  emis s ion  of two  or  

m o r e  h igh  e n e r g y  q u a n t a  or  p a i r  p r o d u c t i o n  b y  c h a r g e d  p a r t i c l e s .  W h i l e  on  

t i le  one  h a n d  a c c u r a t e  c ros s - sec t ions  for  t h e s e  h i g h e r  o r d e r  p roces ses  h a v e  

to  be  d e r i v e d ,  on t h e  o t h e r  t i le  c a s c a d e  t h e o r y  b y  i t s e l f  has  to  b e  m o d i f i e d  so 

a s  to  e n a b l e  ea sy  i n t e r p r e t a t i o n  of cosmic  r a y  e v e n t s  in  n u c l e a r  emu l s ions .  

A b e g i n n i n g  in  th is  d i r e c t i o n  has  b e e n  m a d e  b y  I~AMAKRISI4NAN a n d  SR*NI- 

VASAN (3) who  h a v e  d e a l t  w i t h  t h e  p a r t i c l e s  w i t h  r e f e r e n c e  to  t h e i r  (~ p r i m i t i v e  ~) 

(*) Also suppor ted  by the Nuclear Research Founda t ion  within the Universi ty of 
,Sydney. 

(~) M. KosmuA and M. F. KAPLO.~: Phys.  Rev., 97, 193 (1955); 100, 327 (1955). 
(2) H. FA~:  Nnr)vo Cimcnto, 5, 293 (1957). 
(a) A. RA~AKRISHNAM and S. K. SRINIVASAN:Proc. Ittd. Acad. Sci., 44, 263 (1956). 
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energies, i.e. the energy of the particles at  the t ime of production.  Such a~ 
modification, apar t  f rom relieving the experimenter  from the difficulties tha t  

are involved in keeping t rack  of the  particles, helps him to interpret  even t s  

which form only pa r t  of a shower. 
The numerical  results relat ing to the mean number  of particles produced 

be tween 0 and $ ra ther  than  the mean  number  a t  t (t denotes the th ickness  

in cascade units) have been presented b y  SRI~IYASA~ and I~A~aA~A~HA~ (4) 
for various values of energy and depth.  Since the numbers  presented in tha t  

paper  per ta ined to large thicknesses, they  cannot  be checked against exper- 

iments.  I t  would be very  difficult to make  accurate energy measurements  
for the ve ry  large number  of particles t ha t  are produced in such large thick- 

nesses. Thus from the exper imenta l  point  of view only calculations relating 
to small thicknesses of emulsions are of interest. ~n a t t empt  was made t o  
calculate the mean  number  for small thicknesses (5) by  the saddle point  

method.  However  the results were found to be in large deviat ion from the 

numbers  observed by  FAY. The numbers  were computed  as the difference 
of two integrals (evalaated by  the saddle point  method)  each of which is so  

large tha t  the difference itself is within the percentage of error to be expected. 
The only a l ternat ive  is to compute  the integral accurately wi thout  recourse 

to the saddle point  method.  
I t  has long been realized tha t  if the Mellin inverse t ransform is integlated 

along a line ( through a, 0) parallel to the imaginary  axis, the sequence of ~ 

contr ibut ions  to the integral  converges slowly. However,  BUTCHER, CHARTRES 
and  MESSEL (a) have overcome the difficulty b y  deforming the pa th  of integ- 

ra t ion  into the parabola  y = ~  4 a ( a - - x ) .  By choosing suitable values of a 
and a, t hey  have ensured fairly rapid convergence of the cumulat ive contri- 

but ions  to the integrand.  B y  the same method,  we have now calculated the 

mean  numbers  for small thicknesses, using the electronic computer ,  S I L L I A C .  

2 .  - T e o r e t i c a l  m e a n  n u m b e r s .  

The mean  number  of electrons with energies greater  than E tha t  are pro- 

duced  between 0 and t is given by  (3) 

(1) 

~+io~ t 

e { N '  ( y ;  t)} = ~ . - 1 ' 

G - - i  O~ 0 

(4) S. K. SRINIVASAN and N. R. RANGANATHAN : Proc. Ind. Acad. Sci., 45, 69 (1957). 
(~) S. K. SRINIVASAN and N. R. RANGANATHAN : Proc. Ind. Acad. Sci., A 45, 268 

(1957). 
(e) j .  C. B~TCaER, B. A. CHARTRES and H. MESSEL: Journ. Nuel. Phys., 6, 271 

(1958). 
(*) Throughout this paper we shall use the symbol ~" to denote the mean value.. 
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where y = log~ (Eo/E) and Eo is the energy of the p r imary ;  i = 1 denotes an 
electron ini t iated shower and i = 2, a photon ini t ia ted shower. ~,~(sIE0; t) 
( i =  1, 2), are the Mellin transforms of the product  densities of degree one 
(the differential mean number) of photons and are given by  (7.s) 

C~ {exp [--2,t] exp [--#. , t]},  (2) v~(slEo;t)  ,a~--A. 

1 
(3) v~(s]Eo; t) - - t t ._2"  {(--D + t t , )  exp [-- ~t,t] + (D --2.,) exp [ - - t t , t ]} .  

1.053 
(1.530) 

1.400 
(1.751) 

4 

0.5 .524 
(1.139) 

0.6 .729 
(1.252) 

0.7 .961 
(1.381) 

0.8 1.216 
(1.524) 

0.9 1.492 
(1.677) 

1.0 [ 1 788 
_ _  (11837) 

1.1 2.103 
(2.003) 

1.2 / 2.433 
(2.172) 

I- 1.3 2.779 
(2.343) 

TABLE I.  -- ~'. {N~(y; t)} . 

~{ul(y; t )}  is given in brackets. 

.150 6 
.994 

(1.338) I (1.553) 

1.407 
(1.836) 

1.888 
(2.162) 

1.790 I 2.437 
(1.995) (2.530) 

2.220 
(2.261) 

 570- ! 3 .740  
(2.546) 

3.199 
(2.846) 

3.054 
(2.936) 

(3.378) 

4.497 
(3.856) 

9.356 11.851 4.735 5.326 7.189 
(3.159) (4.366) (5.806) (7.498) (9.466) 

4.327 6.226 8.502 11.189 / 14.329 
/ 

(3.485) (4.908) (6.638) (8.705) 1 (11.147) 

14.703 17.940 
( 1 1 _ 7 )  (14.326) 

17.965 22.145 
(14.002) (17.310) 

(7) L. J~NOSSY and H. MESSEL: Proc. Roy. Irish Acad., A 54, 217 (1950). 
(s) B. Ross1 and K. GREISEN: Rev. Mod. Phys. ,  13, 240 (1941). 



: 8 0  S . K .  S R I N I V A S A N ,  J .  C .  B U T C H E R ,  B .  A .  C H A R T R E S  a n d  H .  M E S S ~ L  

' Thus  ~'{N~(y; t)} a n d  ~-{N2(y; t)} a r e  g i v e n  b y  

~(4) C { N ' ( y ; t ) }  = 

a + i a ~  

1--exp E--. tl t 
/t~ t 

exp [(s - -  1)]y ds, 
S - - 1  

,,(5) 

a ~ i o a  

~ - { ~ ( y ;  t)} = ~ (t~, 4+) (s - 1) ,~ 

D - -  ~t~ (1 - -  e x p  [ - - / ~ t ] ) }  e x p  [ y ( s  - -  1)] d s .  

Y 

0.5 

0.6 

0.7 

0.8 

0.9 

,710 
(.682) 

.063 
(.817) 

1.025 
(.955) 

TABLE I I .  -- C{N2(y;  t)}. 

~" {~d(y; t)} is given in brackets.  
i 

5 

-i 
.766 

(.746) 

.951 
(.917) 

1.157 
(1.102) 

1.198 1.384 
( 1 . 0 9 7 )  (1.300) 

i . . . .  

1.382 1.636 
(1.243) (1,513) 

6 I 7 8 

i 
.822 .879 .938 

(.806) (.865) (.925) 

1 . 0 4 4  

(1.015) 

1,298 
(1,249) 

1.590 
(1.511) 

1.922 
(1.803) 

1.0 1.579 1.914 2.298 
(1.391) (1.741) (2.125) 

1.1 

1.2 

1.3 

2.219 
(1.982) 

2.Oll - 2 . 5 ~ 3  
(1.694) (21237) 3.196 (2,864) 

1 . 1 4 1  

(1.114) 
1.243 

(1,216) 

1,450 i 1.611 
(1.403) (1.564) 

1.788 
(1,541) 

] 2,246 2.916 
i (1.847) (2.505) 
I 

I i -  

2.722 
(2,479) 

3.723 
(3.280) 

1.813 2.054 
(1.7, '36)!(1.975) 

2.237 L 2.582 
(2.117) (2,457) 

2,729 3,206 
(2.550) (3.016) 

3.295 3.9:35 
(3.037) (3,659) 

3,939 4.782 
(3,580) (4,392) 

4,668 5,756 
(4.182) (5,220) 

9 10 

1.000 1.063 
(.987) (1.050) 

1,349 1.459 
(1.32,'3) (1.432) 

I V 7 ; - 1 . 9 5 9  
(1.733) (1.910) 

2.311 2.584 
(2 .229) ! (2 .499)  

2.954 
( 2 . 8 2 3 )  (31216) 

3.727 
(3.526) (4.oso) 

4.645 5.426 
(4.349) (5,109) 

5.728 6.781 
(5,304) (6.322) 

6.992 8.385 
(6.403) (7,741) 

l l  

1.128 
(1,115) 

1.573 
(1.546) 

2.146 

(2o95) i 

2.872 
(2,784) 

- -  --[ 
3 . 7 8 1 1  

(3.637) 1 
-I 

4.906 
(4.680) 

6.281 
(5.492) 

7.947 
(7.452) 

9.947 
(9.243) 
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~-(N~(y; t)} and C(N2(y; t ) }  are given in tnbles T and IT. For  comparison,  

we have also tabula ted  the corresponding mean  numbers  ~ ( n i ( y ;  t)} and 
g(n2(y;  t)} tha t  exist at  t. For  a given y,  C(N~(y; t)} is less than  ~-{n~(y; t)} 

for very  small t, as is to be expected, since the p r imary  is not  counted  in the 

former.  Of course C(N2(y; t)} is always greater  than  ~-(n2(y; t)} for any  given 

y and t. 

105 

3 . -  Comparison with experimental  data. 

The experimental  results obtained by  FAY (2) can now be compared  with 

the mean  numbers  given above. We first note tha t  the energy referred to 
by  FAY is the total  energy of the pair and the shower is ini t iated by  a pair 

of  electrons obtained from photon  materialization. F r o m  a physical  point  

of  view, it is clear tha t  the mean  number  of pairs e~ch with ~ tota l  energy 
greater than E produced by a pair of tota l  energy E0 is exact ly  the same as 

i i / , ~  
/ I  

I I ' - -  I 
I 

I / "  
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l " I / 
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0.'75 110 1.'25 1.5 

Fig. 1. - Mean number of pairs plotted 
against thickness measured in radiation 
units; y = 4 .  Broken curves denote the 
total number of observed pairs while 
broken curves with dots denote the total 

number of pairs excluding tridents. 
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Fig.  2. - Mean number  of pairs p l o t t ed  
against thickness measure in radiation 
units; y =  5. Broken curves de~ote t t  
total number of observed pairs, ~," 
broken curves with dots denote t t '  

number of pairs excluding tr" 

(i - l l  N~OVO ( ' ime~do .  
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the mean  number  of single electrons with energies greater than  E produced: 

by  a single electron of energy E0 (*). Hence the numbers presented in Tnble I 
can be direct ly compared with F a y ' s  results. Since Fay ' s  data  are based on six 
showers, the statistics can be expected to be reasonably good. Fur the r  as the 

energies involved are fairly high we have used the datn based on scat ter ing 
measurements ,  ra ther  than  on opening angle (+). 

I n  Fig. 1 and 2, we have plot ted the theoretical me,~n numbers  of pairs~ 
and the experimental  limits against t for y = 4 and 5. For  comparison we 
have  also indicated the extent  to which the experimental  curves will be de- 

pressed if the reported tr idents are subtrac ted  (×). I t  will be found that  there 

is good agreement  between the theoretienl curve and the depressed curves 
(obtained by  subtrac t ing the tridents). Calculations relating to higher moments  

of the distribution can be expected to give a decisive answer to the role played 
by  tr idents und other multiple processes. 

In conclusion, we would like to thank  l)r. FAY of the Max Planck Institute.  

for supt)lying us the details of his experimented results. 

A P P E N D I X  

The mean  number  of electron pairs (the total  energy of each pair  beintz 
g rea te r  than  E) produced in a shower ini t iated by  an electron of energy Eo is. 
given by  (9) 

(AA) 

0"+ ico 

o- leO 

(*) In view of the fact that such a result does not ho~d good for higher order mo- 
ments, a for/nul proof is presented in Appendix. 

(+) we  are thankful to Dr. SOLNTSEFF for clarifying this point. 
. ,~)  We are aware that real tridents cannot be distinguished from pseudo tridents. 

exI4~iP~0,t~]ly. 
(~) S. K. SRINIVASAN: Ph. D. Thesis, University of Madras (1957). 
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where 

_ DC~ [1 - -  exp [-- 2~t] 2 - -  exp__[--#,,t]~ (a.2) /~(s; t) 
( # ~ - - ~ )  ( s  - -  1 )  ~ 2~ - -  / ~  ~ " 

We then  observe t ha t  the prob~bil i ty  t ha t  un electron is p roduced  in the 
energy range (Eo, Eo+dEo)  ~t t = 0 given tha t  ~ pho ton  of energy Eo mate-  
rializes at  t = 0 is 

1 
D ~o(E0, Eo) dEo,  

where e is tile differential cross-section for pair  product ion  and D, the totM 
cross-section. Hence  ~-{M'(y'; t)} the  mean number  corresponding to a shower 
produced by  an electron pair  of totM energy E'o is given by  

(A.3) 

E~ 

C {M'(EIE~;  t)} = C{M(y;  t)}[~o(E0; E'o) + (~(E'o- Eo, E,,)] dEo 
tl 

z; 1 °÷~  
D 

o ~ ~ c o  

exp [y(s - -  1)] ~o(Eo, E,',) dEo d s .  

The dependence of ~-{M(y; t)} on Eo is th rough  exp [y(s --  1)] or (Eo/EF -1. 
In te r (hang ing  the order of in tegrat ion over  E0 and s and observing tha t  

(A.4) 

E; 

o 

we obtain 

(A.5) 1 fK(s;  t) 
( {M(EIE 'o  t)} = 2 ~ i j - - D ~  B~ exp [y'(.s - -  2 ) ]ds ,  

where y ' =  logE'olE. Subst i tu t ing  the expression for K(s;  t) in (A.5), we find 

(A.6) ~-{M'(y'; t)} = 

2f exp [y'(s - -  1)] / ~1 ~ e x p  [ -  Lt] 
2~ \ 

d s .  
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C o m p a r i n g  (A.6) w i th  (4), we n o t e  

(A.7) ~ ( M ' ( y ' ; t ) }  : d-(N(y; t)} 

p r o v i d e d  y ' =  y. 

R I A S S U N T O  (*) 

Sulla base del nuovo i ra t t amento  della t,eoria della caseata si presemai~o accurati 
r isul tat i  numeriei  sul numero medio di elettroni generati in piccoli spessori in uno 
s<fiame iniziatosi eo~ un singolo elettrone o fotone. L'aceordo col risultati sperimenta!i 

soddisfacente se si tien conto dei tr identi .  


