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Summary. — It is shown that the divergent parts of the second-order
radiative corrections to the axial vector coupling constant (in neutron
B-decay) do not satisfy universality.

Several authors have recently studied the lowest-order radiative correc-
tions to pion B-decay. In particular BJoRkEN (1) showed that at zero momentum
transfer to the leptons the (logarithmically) divergent part of the correction
to the isovector weak-coupling constant is determined by the equal-time com-
mutation relations of the vector current. Subsequently ABERs, NORTON and
Dicus (2) claimed that the total radiative correction to G, is an infinite con-
stant independent of the strong interactions. However JOHNsON, Low and
Suura (*), and independently ('ABIBBO, MATANI and PREPARATA (%), pointed
out that these authors had neglected the contribution of the axial current and
that when this contribution is included the radiative correction turns out to
be model-dependent.

In this note we consider the radiative corrections to &, and G, in neutron
B-decay, assuming & world in which the axial current is conserved and the pion

(1) J. D. BJorkrx: Phys. Rev., 148, 1467 (1966); Current algebra at small distances,
S.JLA.C. preprint (1967).

(*) E. 8. ABurs. R. E. Norron and D. A. Dicvs: Phys. Rev. Lett., 18, 676 (1967).

3 K. Jonwson, F. K. Low and H. Suura: Phys. Rev. Lett., 18, 1224 (1967).

(") N. CaBBBO, L. Ma1ant and G. PruPARATA: Phys. Lett., 25 B, 31, 30, 132 (1967).



396 8. P. DE ALWIS

mass is zero (°). The correction to G, is of course the infinite constant given by
ARBERS et al. plus a model-dependent term which is finite in certain models
like the algebra of fields (¢). (This of course is well known.) However for the
corrections to ¢, we find in addition to the infinite constant of ABERS et al.,
a model-dependent term which does not seem to be finite in any known model.
Now although we work in a world with zero-mass pions this structure-dependent
divergence must also be present in the real world (m, = 0) since it would be
very surprising indeed if there were a singularity at zero pion mass (*). Thus
we conclude that the radiative corrections to the axial vector coupling constant
are nonuniversal. Finally we note that our conclusion is independent of the
assumption of a local interaction by following SIRLIN (®) and working with an
intermediate vector boson.

The three diagrams which give the radiative corrections to B-decay are
given in Fig. 1. The contribution of Fig. la) may be written as

—ieG_ 1 ak g»
(1) MO =20 g | oo kzg_‘i_ilTW(p,p—}—a, k, &),
e e
N p N p N
a) b) c)

Fig. 1.

() A congerved axial current of course cannot exist in a theory in which there is
neither chiral symmetry nor a massless pseudoscalar particle. Since we do not use
chiral SU,x SU, symmetry (which is badly broken in nature) we must assume the
existence of zero-mass pions which play the role of Goldstone bosons. In our case thus
the axial current takes the form

__ 2M
<p1A;(0)l'/V‘> = U(p) l:y,u— -82— FAm(ez) + O'lw S‘YG('Sz)] Vs U(N) ’

where F,(0)=g, and ¢=p,—py. (See S. ManDpELsTAM: Berkeley preprint 12/67,
The relations between POAC, awial charge-communication relations and conspiracy theory).
Note that this matrix element does not have an infinity at ¢=0, for between states
at rest

<plA:‘(0)l_/V‘> = U:’ {Uz’— (O‘e':) Ei} Uk 9.

and <p[A:§(0)|,/V »=0. However the matrix element does have a discontinuity ate= 0.
(8) T am indebted to Prof. 8. B. TrEiMAN for emphasizing this point to me.
() T. D. LEg, 8. WEINBERG and B. ZuMiNo: Phys. Rev. Leit., 18, 1029 (1967).
(8) A. SIRLIN: Phys. Rev. Lett., 19, 877 (1967).
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where
(2)  Tuupyp Fe kg = ifd%d“?/ exp [ik + ¢ —e)r —iky]-
PUT(™ (@)™ @) (Va(0) + AL(0)|N(p + &)> — M ,0(p, p + &, , @)

and is illustrated in Fig. 2. (¢ is the momentum transfer to the
leptons.) When substituted in (1) the term M, gives a
term analogous to the usual mass counter terms in ordinary
quantum electrodynamics (°). Thus it cancels the nucleon-
pole term at ¢ = ¢ which occurs in the first term on the
right-hand side of eq. (2). Now we have, using the usual cur-

rent-commutation relations (),

(3) Q“T,‘m(p’ Ptek q)= Tﬂg(p,p +ek+qg—e) + T#(ILP + & —k) -+
+ Tq:,w(p’p + &, k’ Q)_an;wa ’

where

4 Tpp e k) = f [0 P(p) | (i) (V0) + 40N (p + )

(5) T,.(p, 0+ ek q - dedM/ exp ik + ¢ —¢&)w— iky]-

PP L5 (@) i) (P V H0) + 32A4,(0)) | N(p + &) .

a) c)

Fig. 3.

(?) See for example A. SIRLIN: Lectures given at Inlernationale Universititswochen
fiir Kernphysik, Schladming.

(1% We assume that the Schwinger terms are C-numbers. (This is of course true
in the model of the algebra of fields.)
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As observed before T,,, does not contain any singularities at ¢ =¢ and
the same is true of 7',,,—q*M . Also since we assume a world with zero-
mass pions and an axial current which is conserved (to zeroth order in «)
the latter term is of O(«}). Hence we have, neglecting these terms, differentiating

with respect to ¢, and putting q = ¢,

0 )
(6) Tyva(py p+eke)= k. T#l’(pi Y k)_elT T;w).(p7 D+ & kyq)

0 x q=8

For convenience let ugs now define

a4k
Fa(p7 P+eq) =J m me(py P +e&kq),
so that we have from (6)
dr 2 B
(6a) I'y(p,p +ee) =f W T A oF, Twip, p +e k)—filé&; I'y(p, p + & Q)q_s .

a v s Now because of the presence of the pion-
v d«‘j g pole terms in /', the second term on the
’ p right-hand side has terms which are of

zeroth order in ¢. Now the pion-pole term
in T,, coming from diagram’ 4a) may

wo

/C)\ be written as
qa

) b) fﬂ:q_zM/w(p’ p+eqk),
Fig. 4.

|
14
I
1

where
Moo+ o k)= f ar exp [i(k + ¢ — &) e} <N (p) 2@ T (5, (@)7,(0)) ¥ (p + )

and thus its contribution to I', may be written

s [ dk _ _
(M) fr 3 e Muu(p’ P+ & q, k) = F u(p)vsu(p + ) + Fou(p)vsu(p +¢) ,

where F; and F, are functions of the invariants formed from p, ¢ and ¢. The
contribution to T,(q) of the pole term in diagram 4b) is

Uyst

A dtk ) . . .
o[ [ty explich + g = e)o— IO (lo), o), 4:400)10> =

Uy
= Zz Gi(e% g% e Q)en + Gale?, q% £ 9) ¢, (say) .

C)
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Hence we have from (7) and (8)

9) &t 823(4) - f,,—zu(p yeu(p + &)[Fy + 2MF,) + 208 “”5 eally +

L f (D) Ysyat(p 1 £) Fy + Ofe) = %82,, fa(Fy+ 2MF,) + G5 +
+ fr0:0, Fy 1 O(e) (in the rest frame of the micleons).

Now, taking the limit ¢ — 0 is an ambiguous procedure as we observed in
footnote () for the case of the zeroth-order (in e¢) matrix
element of the axial current. However, since in this matrix g At
element if we take the limit ¢ — 0 by first fixing ¢, = 0 ’
we get rid of the indueed pseudoscalar term just as in the

real case (m; 7 0) at zero momentum transfer this term :
vanishes. Thus it is reasonable to expect that we are f

T

closest to the real situation at zero momentum transfer if
we define the limit ¢ — 0 for the «-th component of any
matrix element between nucleons by first fixing &, = 0. N P
Thus with this definition of are limit we have from Fig. 5.
(7) and (9)
s . d*k o —
(10) lim I',(p, p + &, &) = lim T Ak Tuulpy p + & k) — frtysy,uF, .
>0 g0 “®

Hence we have from eqs. (1) and (10) in limit of zero momentum transfer to
the leptons

o — 163G dk 1 o
(11) M= 5 Uy (1 + ps)%s N [f(??t)"‘ k2L id a—k“Tﬁ#(pi Dy k) +

—ierG [ [ d*k U, y-k(1 + y5)u; _ ‘
'\/Z [f(2”)4 Mjmmy:)_ Tu,u(p,p7k)-I_gAlaF(O)u}'ﬁyau]!

+ frUysys qu(O)]

where we have put f /g, F,=F and I, = U1 + v5)Va Us.

We note that although in a world with zero-mass pions T(p, p +¢, k) has
a pole at ¢ =0 due to the diagram illustrated in Fig. 5, the residue at this
pole is an even function of k (') and hence the integral in eq. (11) is well defined.

(*1) If my = 0 the pole term in Fig. 4 is of the form (in the rest frame of the nucleon)
(a-s)/a‘z-fd“we"’“”<n(g) T(j5 @), A,(0))]0>. As e-0 fd%e"“(n(e) T(je"(@), A(0))]0> does
not tend to zero unless we assume chiral symmetry. Hence this dlagram blows up at
g=0. However since as ¢->0 the integral in the residue is of the form F(k2)g#,+
-+ (‘(kg)k k, it is an oven function of & and hence that part of T,, which is odd in &
does not blow up at e=~0.
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For diagram 1b) we have in the limit ¢ >0

(12) dy = \/z' - T ‘__——v Tmt(py Dy k) ’

M‘”’—_szf d+k 1wy yky’ (1 — ys)u
(27)* k? - 02 k24 il

using the relation
YuVaVe = g;u‘lkg - qu‘}}/l + glg k/l - éeuqla?a Vs
we may rewrite this

162(1 d*k 1 _
Mi = \/2 f( 7yt (k2 +—z} Ue[kuTuove — VuTuoko — v kT —

- ieuo EpplaYx qu kl](] T ‘}}5)“;

Now from current algebra we have the results

(12a) (k + ), TP, D + & k) = <p|(V3(0) + 4;(0)|p + &>
and
(120) ko Tu(Dy P - £, %) = (PU(VL(0) + 450)(1p + &,

(]

so that we finally have for M,

(13) ME =
. dsk N d*k w,y-k(1 —
= — 1522M<°)f m h (271)‘ T M) T,.(pyp, &)+
d k 748,,101’ T“qk,l

@m)* (k2 + A2’

=G Uy, (1 + 5)%;
where the zeroth-order (in e) matrix element
¢, _ -
(14) Mo — Vium‘(l +ys)us Uy, (1 + g ).

Note that the remarks made earlier about the pole term in T, apply here as
well and that the limit ¢ — 0 was also taken in the direction specified earlier.
For diagram l¢) we have

(15) Mo =" f(Zn T ST
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so that we finally have for the total divergent corrections, adding (11), (13)

and (15),

d*k Le,d@,l,mk,wkz

(27)*  (k*H4 2A)?
+ 162Gl uysy,ul’(0),

+

(16) M@ 4 MO M@ =2ZM, + ie*Gl f

diy

where

Z = 3 jes ah and I, =% (14 v,)y. 4
J_fﬁgw (.)ﬂ) (k2+/m‘) 'w T U, Vs Va U5

is the lepton current.
Now let us separate the corrections to the vector (G,) and axial (G,) parts.
Now from crossing and isospin symmetry the tensor part of T, (i.e. the
part containing isovector current) which is odd in %, is symmetric in x4 and »
and hence does not contribute to the second term on the right-hand side of (16).
Hence the factor multiplying I, in this term is a vector and thus gives a cor-
rection only to @,.
Thus the corrections to G, are
84k euz00 Tk
. ZM," — Gyl o Ll S
(17) 0 Tyt f()n)xl k2+@l)
and the corrections to G, are
(18) ie* My(Z + F(0)),

where
My = Gl uy,u  and My =G0 wyy,u

Now the convergence or divergence of the second term in (17) depends on the
space-space commutators. In the algebra of fields for instance this term is
convergent and the total divergent correction to @, is given by Z. Models (?)
have also been proposed in which the space-space commutators are such that
the divergence in the second term cancels the divergence in the first (i.e. Z)
80 48 to make the corrections to G, finite.

In the corrections to ¢, (18) the convergence or divergence of F(0) is deter-
mined by the behaviour of M, (see eq. (7)) for large k. Following BJORKEN
we have for k, —ico with k=0

M= 13 deN(p (@)I[TH, ju(, 0], uO]IN (p + &)

(where H is the total Hamiltonian of the system) and since the coefficient
of 1/k; does not vanish in any model we conclude that F(0) is a logarithmically
divergent structure-dependent constant. Hence the radiative corrections to
the axial-vector coupling constant do not satisfy universality.
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Now following SirLIN (°) let us look at the radiative corrections under the
assumption that the weak interaction is mediated by a vector boson (W).
We consider the three diagrams of Fig. 3. For the first diagram we have es-
sentially the same expression as (11) with iG/v/2 — g; cos6/M?, where g, is the
coupling constant of the W-boson to the leptons and M is its mass.

Thus we have

—égieosd [ Atk wu,y k(1 —y5)u;
M (2m)t  (k® +iA)?

(19) M@= * T (py ps k) + galaUysy, uF(0)

{correct of course to zeroth order in momentum transfer to leptons).
The expression for diagram b) is

dtk T o(p, p, ) Kk
» _ M (S 1.3 .
. e“""’"””( m)* (b D2k — D+ 5) (g N M)

-k
Y2yl

.uey” kg + ,l;ya 1 —'}’5)%\7

{correct again to zeroth order in the momentum transfer to the leptons).

Since from arguments given in ref. () T,,(p, p, ¥) ~ O(1/k,) for large %, the
only divergent contribution to M® comes from the k, k; term in the boson
propagator. Hence we have using the relation

KT, (p, p, k) = <p(p)|(V}(0) + A}(0)) N(p)> ,

obtained from current algebra (with of course 04 = 0 and m_ = 0)

d*k 1 1
G ®) __ 252 (U]
(20) div — e M f(2n)4 kz—’—’il k’—Ma-{—’iﬂ,’

where M‘® is the zeroth-order matrix element.
Again to zeroth order in momentum transfer the contribution from dia-
gram 4¢) is

o o cosh LAk 1 Ty, k) (. KR
B (@m)* &2+ iA k*— M* + iA e

“(ktgh—gakMuya(1 — )
Using eq. (7) this reduces to

21) M=

goe cosﬂ a*k Uyl (1 — ) u u
f k2+@1)(k2 +’L}.)T (p7 p’ )

— te? M‘“’f a'k !
(27m)* (k2 + 4A) (k*— M2+ i)~
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Hence we have from (12), (13) and (14)

e 1
(@ ®) e g 0y _ S
M Mo 4 M w M J 2a)t (b LAy (ke — M® 1 i2)

. Ak u k(L — ) us T
— o€ cos 0 (27'6)4 (k2 “F 72)2(1{2 . M2V -+ /Ll)

MO F0).

Now the second term of course is convergent. Hence the divergent part is the
same as that obtained by SIRLIN (') except for the last term which is the
structure-dependent infinity which we discussed before. This means that
although the divergent parts of the corrections to G, and &, (the u-decay con-
stant) are the same, the corrections to G, differ by a structure-dependent
divergence so that these corrections are nonuniversal.

I am indebted to Dr. P. V. LANDSHOFF for several helpful discussions and
for reading the manuseript and to Prof. S. B. TREIMAN for several valuable
discussions. I am also grateful to the Commonwealth Universities Commission
for the award of a scholarship.

() There are of course other diagrams giving corrections to this decay (see ref. (7))
but these are independent of the strong interactions and in the limit of zero momentum
transfer are the same in B-decay and p-decay.

RIASSUNTO (%

Si dimostra che le parti divergenti delle correzioni per irraggiamento del secondo
ordine alla costante di accoppiamento vettoriale assiale (nel decadimento B del nentrone)
non soddisfano 1’universalita.

(*) Traduzione a cura della Redazione.

Paauaudounsie nonpask K HeiiTponHomy [3-pacnany.

Pestome (*). — Tloka3biBaeTcs, 4TO PACXOAALIMECH YACTH pAAUALIMOHHBIX TOMNPABOK
BTOPOrO MOPAAKA K aKCHAJIBHO-BEKTOPHOH KOHCTAaHTE CBA3M (B HEHTPOHHOM [-pachame)
HE YAOBIETBOPAIOT YHHBEPCAJILHOCTH.

(*) Iepesedeno pedaryueil.



