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THE BAROCLINIC RESIDUAL CIRCULATION
IN SHALLOW SEAS

I. THE HYDRODYNAMIC MODELS

Feng Shizuo, Xi Pangen and Zhang Shuzhen
(Shandong College of Oceanology, Qingdao)

Abstract

There are two different modeling approaches which have been proposed and utilized to derive
residual currents: the first approach is equivalent to deducing residual currents from current-meter
records using filtering techniques or time averages of time-series records to remove tidal variations; in
the second approach, filters or time averages over several tidal cycles are applied to the hydrodynamic
equations to generate the governing equations for residual circulation. Based on the latter, both
the baroclinic dynamic models of residual circulation are proposed, of which one is a two—dimensional
transport model and the other is a three-dimensional model with variable eddy viscosity. The two-
dimensional transport model is a direct generalization from the barotropic model of residual circula-
tion presented by Nihoul and Randy (1975) and Heaps (1978) to the baroclinic model. In the three—
dimensional mode! with variable eddy viscosity, using a Sturm-Liouville system adopted in the
reference [S], the nondimensional problem for residual circulation reduces to the nondimensional
problem of the elevation and the expression of residual currents.

It should be pointed out that both the baroclinic models developed in the present paper are con-
fined to describe the Eulerian residual circulation only.

Circulation in continental shelf seas, semi-enclosed shallow seas, gulfs or bays and tidal
estuaries is to be driven by tides, storm or wind, density and open boundary forces, with dif-
ferent spatial and temporal scales. Tides, sometimes storm surges, also dominate the circu-
lation in shallow seas, such as the Bohai Sea and the Yellow Sea. However, the smaller longer-
term residual currents, of which the order of magnitude is typically smaller than those of tides
and storm surges, play a key role in the understanding of the transport phenomena of long-
term processes, for example in an ecological system. Therefore, the studies on the dynamics
of residual circulation are of considerable interest in both practice and theory. Inrecent years,
many investigations on residual currents have been made e.g. [1-3:7-16:17:19]  Nevertheless,
studies in this field are, for the most part, to treat the barotropic two~dimensional vertically—
integrated or transport hydrodynamic models. It should be pointed out that the baroclinic
effect on residual circulation, or the density-driven component of residual currents, might
be necessary, at least not trivial, in such water areas as the northern reach of San Francisco
Bay(2], the Bay of Fundy and Gulf of Mainel?! or the Bohai Sea and the Yellow Sea, or general-
ly, the East China Seal4-1¢-181 On the other hand, there is a need to estimate the three-dimen-
sional residual current in some physical processes. For example, the estimation of sediment
fluxes requires that the vertical velocity profile at each location be known because the concen-
tration of the sediment in the water column varies with depth. In this paper, both the
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baroclinic dynamic models of residual circulation are proposed, one of which is a two-dimen-
sional transport model and the other is a three—dimensional model with variable eddy viscosity.

As pointed out by Cheng et alV), there are two different modeling approaches that have
been proposed and utilized to derive residual currents. The first approach is equivalent to:
deducing residual currents from current-meter records using filtering techniques or time ave-
rages of time-series records to remove tidal variations{®*151. In the second approach, filters or
time averages over several tidal cycles are applied to the hydrodynamic equations to generate
the governing equations for residual circulation(8:1°], Both the baroclinic models for re-
sidual circulation proposed in the present paper are derived just based on the second approach..
In this paper, we put emphasis on Eulerian residual currents.

FORMULATION

Based upon the nondimensional dynamic problem for barotropic shallow seas presented
in the reference [5], a nondimensional dynamic problem for baroclinic shallow seas is proposed
as follows:
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along the shore boundary C,:

1) Cheng, R.T. and V. Casulli, 1982. On Lagrangian residual currents with application, in south Sam
Francisco Bay, California. (personal communication)
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along the open boundary C,:
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(el,_e_;,_e:) denote three unit vectors of coordinates; ¢ denotes time; T’\=—au+—e:v, u and
v are the components of the current in x and y direction respectively and w denotes the
vertical component of current; [ is the elevation measured from the undisturbed sea surface;
the density p= 1+4-¢p’, p’ is the variation of density, p, the reference constant density; f is the
Coriolis parameter; g is the gravitational acceleration; {, and {r represent the effects of

—_—
atmosphere pressure and tide-generating force, respectively; t,=e,7,,+ €T,y Taz, Tay denote
the components of wind stress at the sea surface in the x, y directions respectively; I, denotes

the density flux through the sea surface, # denotes the depth; z,=e;7,.4¢€,7,y denotes the

bottom friction; ;::ZCOS(I: +Zcosay,cosa, and cosay are the direction—cosines of the bound-
ary normal; Q and & denote the normal volume transport and the water elevation along
the opon boundary, respectively; » and 4 denote the eddy viscosity and diffusion coefficient
respectively; D and L denote the vertical and horizontal scale respectively; T denotes the time
scale; ¥, denotes the characteristic horizontal current velocity, {, denotes the characteristic
amplitude of the elevation, p; is the characteristic quantity of p’; », and y, denote the
characteristic eddy viscosity and diffusion coefficient, respectively; 7o, 719y Lop» {10 and gy

denote the characteristic quantities of ;:,?,, {a» {r and ', respectively,

A scale analysis is made and we take the typical scales in Bohai Sea dynamics as the char-
acteristic quantities: D~2X103, L~4 X 107, g~103, f~ 1074, X~10"1,7,,~10 (for storm
surges) or O(tq) <! (for longer-term residual currents), g~5x10-2 (in summer) (c.g.s.).
op'/ot= 0 will be explained later.
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In view of the fact that the effect of the eddy viscosity on the motion in shallow seas are
essential, we set k,= 1; and as mentioned above, tides dominate the motion, so k, =1 and
k; = 1. Thus, we have k;k, = k, = S7' =X and E,R;'=E,=S,=X"1, and then the non-
dimensional problem (1) is reduced to the following
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along the shore boundary C,:
along the open boundary C,:
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where T=7?D=, Vo=2X4/¢D , Vo="F (or ”o/Dz=7>; k.=fT.

The scale analysis is continued as follows: The significant influence of Coriolis force on

the dynamics in such shallow seas as the Bohai Sea is derived from k,=fT=f- J—LD'=
g
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as the seasonal mean winds, O(7,)<1 are taken, the tides are severely affected by storm
surges but almost not by the seasonal mean winds. However, since the wind—driven
T Y S
po (¥o/D*)D
Tag~1 is taken, it is expected that the residual circulation is influenced by the seasonal

2<1

current V= ~10 as the seasonal mean wind of order of magnitude of

mean wind. It is derived from 0(k,)==0(%>=5>< 10~ that the baroclinic force has the

trivial effect on tides and storm surges, namely, there is the barotropic dynamics for tides
and storm surges. Therefore the solutions of tides and/or storm surges can be obtained
by using the dynamic problem (2) with p’ = 0. It should be emphasized to point out that
the density effect on the residual circulation might be really essential in view of the density—
driven current O(V,) = O(Xy/ gD ) = O(sk;*4/ gD ) = O(e4/ gD )=10. Thus it can be
seen that the temporal scale of baroclinity, or p’, is the same as that of residual curreats
and, of course, much larger than that of tides and storm surges. Since the very slowly
time-varying residual current field can be treated as a steady-state onel®], we suppose
reasonably p’ to be independent of time and 2p'/d¢ dropped. The terms with (Xs)
have been neglected for OX)<{1 and O(g)<<l.

As pointed out by N. Heaps(®8), studies in this field have, for the most part, employed the
two—dimensional vertically-integrated, or transport, hydrodynamic equations. An attempt
will be made in the next section to generalize simply the two-dimensional problem residual
currents from the barotropic to the baroclinic. Here, the nondimensional volume-transport
problem is derived from (2) as follows:
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x(
; U+ e_; 14 =J7\dz, the volume-transport,
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+g(202/'+?;y/"), the mass-transport,
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The scales of (U, V) and (g7, ") are (VD) and (p,V,D) respectively; the scale of
@', %) is (0,Vy D).
The bottom stress is generally assumed to be a quadratic law or a linear law; here we
choose the former only;

N vVt N
T, = (T:_LXO—Q (CeU+e V), (4)
where
or = Py,

% is a frictional coefficient of order 1073,

In the equations of motion, the horizontal dispersive stresses derived due to the velocity
shear have been neglected because these terms are small compared with the bottom friction
for shallow seas.

A TWO-DIMENSIONAL TRANSPORT MODEL

Noting that the residual motion is a nonlinear phenomenon and X is a small nonlinear
parameter, it is expected that the Jonger—term residual currents have the order of magnitude
of X [®].  We suppose that the total motion (U, V, () is separated into a mainly tidal part
(U, 7, 0) and a residual part (U, ¥, [), where

U, v, =W, 7, H2@. 7, ), (5)

U, ¥, D) to be independent of .
An operator “/\” may take the form of a time average:

A A A T Tq /2T
@7V D=7 J_MT U, v, O, (6)

which filters out the tidal motion and storm surges to a greater or lesser extent according to
the length of the averaging period, T,, and its commensurability with tidal periods(8-10],

Noting (U, V, )= (U, V.0 +x (U, 7, 0=« (U, ¥, I). the nondimensional problem
(3) will be translated into the problem for the residual currents.
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(z,.7,) have been called “tidal stresses”il"].
In shallow seas, the effect of bottom stress on the motion is essential, or O ()= O0(¥)
Ok, o¢)=1; thus, k~0.5 x 10-3, which is a correct order of magnitude of k.
Introducing the stream function ¥ (8)
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and eliminating { , the problem (7) reduces to the equation satisfied by ¥ as follows

€ € keor .5 _ = 6=
v (71- VW>—71—2 Vho VW——}TVI: e X V¥ = e3-v><(1: +kr7 .,a>
1 — — 61:
+—_' Vh' eax<T +k1_Ta\—9~I'a+-@, (9)
h X e
where ?=21;+_e;1;, y=<_kic’ﬁ>%’

o (B (] )3T 5 )

The lateral boundary conditions of the problem (2) reduces to (10) and (11):

C: (U +e7)=0; (10)
C,: noo(elﬁ—}—;;l_’):Q (11)
or [=<;

here, we have assumed (Q, &)= (0, &)+XU@, &)

The equation (9) shows that (i) the “tidal stress” is an essential force of order of magni-
tude of 1, (ii) the wind stress has the order of magnitude of §,/« in view of O(k;)=1, and
(iii) both the thermohalinic forces are the same in order of magnitude, O(s/«?), since P, =1
and Ok,)=1 Ok)y=1.

The problem thus reduces to a single elliptic equation for the stream function of residual
currents (9) and the boundary conditions (10) and (i1).

A THREE-DIMENSIONAL MODEL

To study the three-dimensional residual circulation over seasonal time scales, the
dynamic problem (2) must be directly time-averaged to remove variations of tidal period
or shorter such as storm surges. As mentioned above, we may express each dependent
variable in terms of a slowly-varying or steady-state residual part and a tidal part

&, w D=, w, O+, %, D, (12)

(V: 7) assumed to be independent of ¢ in this paper.
An operator “/\” may take the form of a time average:
ANoa o T (Tol2T
Pow, ) =nr j 7. w, )dt 13

To -T4f 2T

A
A

with (—I_;, $v {) =0 and (TZ %} 0= (f’_? w, {). Thus, setting p =1 and dropping the
diffusion equation, the time-averaged nondimensional problem (2) become
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The nondimensional problem (14) is in the same form as the nondimensional problem

(2) derived in the reference [5). Thus, a Sturm~Liouville system proposed in the reference [5]
can be used here and is written as follows

2 2) om0

(5.~

(F),.-»=0.

Suppose F = F (x, y, z) and A being independent of z, and for each (x, y), let the as-
cending eigenvalues and corresponding eigenfunctions derived from (15) be denoted by

(15)

14y
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Thus, we have
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here, s, denotes the tangent at the boundary which forms a right-hand Cartesion coordinate
system with the normal ng;

9* o?

2 __
Vi = 9x2+9y2'

The nondimensional problem (14) now reduces to the problem of 2;_ (18) and the expres-

sion for ?(16), where the eigenfunction F, is derived from the Sturm-Liouville system (15)
on the finite closed interval [—#h ,0], as well as the expression for w (17).

POSTSCRIPT

Based on a scale analysis for the currents in shallow seas, a nondimensional hydrody-
namic problem for baroclinic shalfow seas is proposed. A two—dimensional transport model
and a three-dimensional model for baroclinic residual currents are developed respectively.
The former is a direct generalization from the barotropic model of residual circulation
presented by Nihoul and Randy (1975)(1°] and Heaps (1978)(8] to the baroclinic one while
in the latter the same Sturm-~Liouville system as that proposed in the reference [3] is used,
which can play a key role in the mathematical treatment for this model. Thus, no the ma-
thematical difficuity will be added to the models proposed for computation.
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