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Abstract The pulse sequences of the logic operations used in quantum discrete Fourier transform 
are designed for the experiment of nuclear magnetic resonance(NMR), and 2-qubit discrete Fourier 
transforms are implemented experimentally with NMR. The experimental errors are examined and 
methods for reducing the errors are proposed. 
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Quantum discrete Fourier transform (QDFT) algorithm"721 originally stemmed from the classical 
fast Fourier transform. It played a key role in many quantum algorithms (such as Shor's factoring 
algorithm'." and discrete logarithm1") and in the preparation of pseudo- ure statesr4'. The application of P quantum computation to mimic quantum chaos proposed by schackI5 and  run'^' was also based on 
QDFT. Therefore, it is significant to find out how to realize QDFT. Recently, Pravia et al." reported 
their experiment in QDFT with the spectroscopy of NMR, but they did not present the results 
quantitatively. In this contribution, we will report the quantitative results of the experimental 
implementation of 2-qubit QDFT and discuss the errors in the experiments. Then we will propose some 
methods for reducing errors. 

For an arbitrary positive integer a, there exist positive integers c ,  q and 1, where 0 < (a, c) < q, and 
q=2'. The QDFT of the state a > is defined as: 

QDFTa 1 )=- '91 c )exp{i2n a c t q ) .  
c=o 

According to Ekert et al.'", the basic QDFT is composed both of the Hadamard transform Ri of a 
single qubit i and of the controlled phase shift transformation S,,k of the two qubits, whose matrices are 

n: where = -, k labels the control qubit, j the target qubit and k > j. R; makes the single qubit i 
9 k-.i 
L 

from IO>; and I1 >i the superpositions ( I O>i + I I > i ) /  ,h and ( I O>i - I l>i)/ f i  , respectively. Sj,k will 

add a rotating phase ~"I"o the state I 1 I>,,k, and the other three states of the two qubits remain 
unchanged under Si,,! . 

The last operation in QDFT is the exchange of the positions of the higher and lower qubits, denoted 
by SW;,-. If the results of QDFT are the final outputs of the whole quantum computing, the operation of 
SW,,, can be simply replaced by inversely reading results of the output qubits. Otherwise, SWi,. must be 
executed. The matrix of SW,,, is 

I )  Pravia, M. et al.. Obhel vation\ of cluanluln dyni~rnics by solution-slate NMR spectroscopy, e-print, quant-phl990.5061. 
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Obviously, SW;, will result in a swapping of the two qubits i and j ,  that is, I ci+ ,  )+I E . E .  ) , in which 
I '  

E ;  , E E {0,1) . 
The three operations above can be carried out in NMR with following pulse sequences: 

and 

. . ,  ~. . . , 

where X ,  Y and Z represent the rotation axes and jijj the two-nucleus rotation around Z, and the rotating 
. IC .Bk-, 

-1- 

angles are written in the parentheses. It must be pointed out that phase differences el?, e 4 and 
. -1 

-1- 

e 4 exist between the pulse sequences PRi, PSj,k and PSWi,  and the corresponding logic operations 
(2)-(4) respectively. However, as the state space of whole system expands with the tensor product of 
the qubits subsystems, the phases caused by the operations to any qubit at any time are the common 
phases of the whole system. Therefore, there are no actual differences between pulse sequences 
mentioned above and the logic operations (2)-(4), respectively. 

Two experiments of 2-qubit QDFT were implemented. We chose 'H and 13c in the molecule of 
carbon-13 labeled chloroform I 3 c ~ c l 3  (Cambridge Isotope Laboratories, Inc.) as the two-spin systems 
in the experiments and d6-acetone as the solvent, with the solute/solvent ratio being 1:l (vlv). Spectra 
were recorded on a Bruker ARX 500 spectrometer with a probe tuned at 500.13 MHz for 'H and at 
125.77 MHz for I". 

The Hamiltonian of the system can be written as 

where zHZ and lCZ represent operators of Z components 
of nuclear spins of 'H and "c, wH and w C  are the 2 
level splittings of nuclei 'H and I3c in the static 

: (a) 
magnetic field and RF field, and J denotes the 
spin-spin coupling strength of the above two nuclei. 
Therefore, the first and the second terms of eq. (5) 
represent the interaction of the two spins with the static X 
magnetic and RF field respectively. The third term 
shows spin-spin interaction. The last term is the 
coupling between the system and environment, which 
can be omitted because it is so small that it can be - 7 -  (b) 

ignored. Fig. 1. The logic circuit of two-qubit quantum discrete 
~h~ logic circuit of. 2-qubit QDFT is shown in fig. Fourier transform (a) and the NMR pulse sequences 

corresponding to operations RISI ,ZRI  (b). X and Y denote 
l(a). As the actual pulses are imperfect, errors can the direction of the pulses, the bars over the alphabet 
always be made in the experiments. Therefore, we denote the opposite direction of the axis. The numbers in 
have to reduce the number of pulse sequences to the boxes denote the angle of the pulses. T =  1\45 is the 

decrease the experimental errors, which can also help eVO'UtiO" time. 
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to minimize the effect of decoherence. The reduced pulse sequences of the operations RIS1,2RI used in 
the experiments are shown in fig. l(b). From the operations (fig. l(a)) or the combination of the 
reduced operations RIS1,2RI with SW (fig. l(b)), we can derive the matrix of QDFT as follows: 

(1 1 1 \ 

The experiments were carried out as follows. First, the effective pure states 101 > and I1 1) were 
prepared by temporal averaging, followed by the implementation of the pulse sequences of RIS1,2RI and 
SW. At last, the density matrix was reconstructed by the technique of state tomography for obtaining the 
measured elements. We show in fig. 2 the experimental and theoretical results of the QDFT of the state 
1101 >, where the real and imaginary parts of the density matrices F 1 01><01 IF are demonstrated in fig. 
2(a), (b), (c) and (d), respectively. The corresponding results for the state I 11) after QDFT is shown in 

Fig. 2. The distribution of the density matrix 1 01><011 after QDFT. The axes in the horizontal plane denote the 
elements in the matrix, 0, 1 ,  2 and 3 correspond to states loo>, 1 01). 1 10) and I 11>, respectively. The vertical axis 
denotes the magnitude of the elements. (a) and (b) represent the real parts of the theoretically expected and 
experimentally measured density matrix, (c) and (d) the imaginary ones, respectively. 
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fig. 3. It can be found in these figures that the experimental and the theoretical results are in good 
agreement, which shows the applicability of the NMR implementation of the QDFT. Meanwhile, it can 
be also found that the errors of the non-diagonal elements are larger than those of the diagonal, in which 
the largest error is about 20%. In our opinion, the errors in the experiments were caused by the 

following sources. Firstly, the off-diagonal elements are very sensitive to the imperfection of 
2 

pulses, which made the errors of the off-diagonal elements larger than the diagonal. In our experiments 
we tried to reduce the effect of the imperfection of 7c pulses without using the technique of phase 

cycling reducing the effects of the imperfection of !! pulses. The second sources of errors are the 
2 

inhomogeneity of the static magnetic field and RF field, and the inhomogeneity of the decay signal 
during the experiments. In addition, the inaccurate calibration of the initial time in treating the spectra 
may also cause errors. As the initial time in our experiments was set by the standard phase technique, 
the calibration errors of the initial time were large, which would lead to much larger errors of the final 
results due to the oscillation of off-diagonal elements. Therefore, it would be an important task for the 
future quantum computing experiment with NMR to make the pulses accurately, and the RF field and 
the statistic magnetic field homogeneously. It is very important to find methods for calibrating the 
initial time accurately or for developing softwares to reduce the errors of the initial time. 

Fig. 3. The distribution of the density matrix I 1 l > < l  1 I after QDFT. The meaning of the symbols in this 
figure is the same as in fig. 2 .  
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