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Abstract A new idea, output-back fuzzy logic systems, is proposed. It is proved that output-back 
fuzzy logic systems must b e  equivalent to feedback neural networks. After the notion of 
generalized fuzzy logic systems is defined, which contains a t  least a typical fuzzy logic system and 
a n  output-back fuzzy logic system, o n e  important conclusion is drawn that generalized fuzzy logic 
systems a re  almost equivalent to neural networks. 
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Recently there was an increasing interest in combining fuzzy logic systems with neural networks 
in both application and research. This has led to the publication of several books on fuzzy-neural or 
neural-fuzzy systems in the past three or four years''-31. However, the relationships between fuzzy logic 
systems and neural networks are not well-studied. We have proved the equivalence of fuzzy logic 
systems and feedforward neural networks before14', in this note, we propose an interesting fuzzy logic 
system, which is named an output-back fuzzy logic system. Then we will prove that the output-back 
fuzzy logic system must be equivalent to the feedback neural network. 

1 Output-back fuzzy logic systems 

( i ) Notations and basic concepts on fuzzy logic systems. We described the fuzzy logic system 
in a more formal way14', here we will introduce the fuzzy logic system in a general way. Let 

x , ,  x,,.. ., X ,  be the universes of the input variables x ( ' ) , x ( ~ )  ,..., x ( " ) ,  respectively, and 

y, , y,, . . . , Y,,, be the universes of the output variables y ( ' ) ,  y ( 2 ) ,  . . . , y ( m ) ,  and let 

, d;  = {A (0 } ,,; ( I  GI), =' k ,  ) 
(i = 1,2, . . . , n)  and ;%i = { ~ ( j )  ?... P,z ) ( l ~ P l ~ k l ,  l ~ p 2 ~ k 2 . . . . , l ~ p , , ~ k I I )  ( j  = 1,2;-.,m), 

where A(" E .F(X ;)(i = 1,2 ,... ,E) and ~ ( j )  E * g ( Y / , ) ( j  = 1,2 ,..., m). 4 and aj can be 
P, PI Pz"'~',, 

regarded as linguistic variables so that a group of fuzzy inference rules is formed as follows: 
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If x( ' )  is A ( ] )  and X ( 2 )  is ~ ( 2 )  and ..- and x(") is  then y ( j )  is B ( J )  
P I  P2  P,, P I  P2"'P,,  

( 1 )  

wherepi=1,2;..,k1 ( i  = 1,2;.., n )  and j = 1,2;.., rn; x( ; )  G xi  and y (1)  E y are called base variables. 

the @,, p2. --., p,{)-th inference rule is a fuzzy relation from n:=, X i  0 Y,. R ' ~ )  - A 
P I  P2."P,, - 

A(') x  g ( j )  , where ( ) , ~ 1 ~ 2 . P ,  

Since p ,  x p 2  x...xp, inference rules should be joined by "or" (corresponding to set-theoretical 

operator " U " ), the whole inference relation, with respect to the jth component index, is 

R ( J )  = U! ukr ~ ( j )  , i.e. 
'=I p,=l PlP*...P,, 

R ( J )  ( ( x ( l )  , , ... x ( n )  1, y ( j ) )  

- " 
[(A;: )) A A ~ :  ( X  

(2),A, ...A ~ ( i )  ( x ( n )  
( 2 )  

- V:ll V P,, 

Given A(')' E .g(xi )(i = 1,2,. . . , n), by the CRI m e t h ~ d [ ~ - ~ ' ,  we can determine the inference 
P, 

conclusion ~ ( j ) '  E g ( y j  ) with respect to the ith component as ~ ( j ) '  (n:=l A:)'). ~ ( j ) ,  where 

In a fuzzy logic systern, the inputs must first be fuzzified before using eq. (3), because the inputs 

are crisp quantities. For a given input (x( ' ) ' ,  x(2)', . . . , x(") ' )  E nn x i ,  the fuzzification is defined as 
r=l 

Thus, for every j, we can get an inference conclusion about the input (x ( ' ) ' ,  x ( ~ ) ' ,  . . . , x(")') ,  ~ ( j ) '  , as 

follows: 
B ( j ) ' ( y ( j ) )  = ~ ( j )  ((x(l)' x(2)' , ... , x(n)'), y ( ~ )  

= V!I r=l vkt p,=l [A:; ( x ( l ) , ) " i  ~ z ( ~ ( 2 ) ' ) ~  ...A A ( n ) ( x ( n ) ' ) ) b ( ~ )  ( y ( ~ ) ) ] .  
(4) 

P,r P I P ~ " ' P I I  

Since ~ ( j ) '  is a fuzzy set, it is necessary that ~ ( j ) '  be converted to a crisp value. The process is 
referred as defuzzification. A common method used for this purpose is the method of centroid: 

This completes a simple description of fuzzy logic systems with n inputs and rn outputs. Fuzzy 
logic controllers employ the same structure as fuzzy logic systems. A fuzzy logic system with n inputs 
and rn outputs can be simply illustrated with fig. 1 .  
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Fig. I. Fuzzy logic systems with n inputs and rn outputs. 

The remainder of this section is to state some concepts or conditions to be used later. Let X be a 
given universe and .dl = { A ; ) ( ~  G i d k )  be a family of normal fuzzy sets on X, i.e. 

( V i ) ( j x i  E X ) ( A i  ( x ,  ) = 1 ) .  The xi of the normal fuzzy set Ai is called the peak point of A;. In this note, 

we assume that .pi! has Kronecker's property, i.e. A ; ( x ~ )  = 6 . .  = 1 or 0 depends on i  = j  or i f j .  
'J 

Normally ,&is a fuzzy partition of X, which means that for every i and j, ( i  # j  a xi + x j )  , and we get 

Eq. (6) clearly implies that ,d possesses Kronecker's property. 
A fuzzy logic system is called a normal fuzzy logic system if every input linguistic variable of the 

fuzzy logic system forms a fuzzy 
Moreover, we call A, a base element or the base function of .&. Thus we also call a group of 

base elements of X. In this note, when x = [ a , b ]  c It., (the field of real numbers), we assume that 

a<xI<x2<xk < <b. 
( i i )  Interpolation representation of fuzzy logic systems with n inputs and m outputs. Let 

x i  = [ a i , b i ]  and Y .  = [ c . , d . ]  be all real number intervals ( i=1 ,2 , . . . ,n , j=1 ,2 , . . . ,m) ,  4 be 
I J J  

fuzzy partitions and G"']  and b(j) } be the peak points of 
1'1 (I<p,<k,) P I P ~ " ' P , z  ( I S p ,  < k , , l  <p2Sk ,,..., l<p , ,<k , , )  

A ( ; )  and B ( f )  respectively, with < < x(')  < "' < ( ; )  < bi ( i  = 1,2,. . . , n). 
Pt P I  P2'"14, 2 ki 

Based on the conclusions in ref. [ 5 ] ,  it is easy to get the following resultt4': 
Lemma. Under the above conditions, a fuzzy logic system with n inputs and m outputs is 

approximately an n-ary piecewise interpolation vector value function just taking A(') for its base 
P,  

functions (i.e. a piecewise interpolation mapping from R n  + R m  ): 

where 

This is the interpolation representation of a fuzzy logic system with n inputs and m outputs. SO a 
fuzzy logic system can be simply reillustrated with fig. 2. 
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Fig. 2. Fuzzy logic systems with n inputs and m outputs. 

x"' , I 
22' 

-, ~(x"', ..., x'"' i 
I 

(iii) Definition of output-back fuzzy logic systems. 
Definition. A fuzzy logic system with n inputs and m outputs shown as fig. 2 is called an 

output-back fuzzy logic system with n channels, if n = m and the outputs of the fuzzy logic system go 

back to its inputs shown as fig. 3, where ~ ( 0 )  = (o), d2) (o), . . . , x ( " )  (0)) is an initial value of the 

system. 

d Y(;)' 
Y + 

- 
~ " ' ( 0 )  - - 

~ ( ~ l l ) ,  X(z), ... , x(Jf)) 

Fig. 3. Fuzzy logic systems with n inputs and m outputs. 

2 The equivalence between output-bsck fuzzy logic systems and feedback neural networks 

Theorem. Output-back fuzzy logic systems are equivalent to feedback neural networks. 
Proof. Necessity: An arbitrarily given output-back fuzzy logic system with n channels (see fig. 

3), if we cut off the links between its inputs and outputs, it will become a typical fuzzy logic system 
with n inputs and n outputs shown as fig. 4 based on the lemma. 

-> Y"' 
$2) 

),(") 

Fig. 4. A typical fuzzy logic sysem with n inputs and n outputs. 

According to the conclu~ionl~~,  the typical fuzzy logic system with n inputs and n outputs must be 
equivalent to the feedforward neural network with n inputs and n outputs, which can be illustrated with 
fig. 5. 

I 5 A fcc~lforward neul.nl network with n inputs and n outputs. 

Now we can rewrite the feedforward neural network into a feedback neural network shown as 
fig. 6 only by linking its inputs with its outputs. 
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~ ( ' ' ( 0 )  - - 
~ ' ~ ' ( 0 )  - - - - - +. Feedback neural network 

$"I 
p"(0) - - - - - - +. 

Fig. 6. A feedback neural network reformed from fig. 5. 

Clearly, the feedback neural network is equivalent to the given output-back fuzzy logic system. 
This finishes the proof of Necessity. 

Sufficiency: An arbitrarily given feedback neural network with n channels can be illustrated by fig. 
6. If we cut off the links between its outputs and its inputs, the feedback neural network will become a 
feedforward neural network with n inputs and n outputs which was shown as fig. 5. Based on the 
result'41, the feedforward neural network must be equivalent to the fuzzy logic system with n inputs and 
n outputs illustrated as fig. 4. Then we reform the fuzzy logic system into an output-back fuzzy logic 
system with n channels. 

Clearly, the output-back fuzzy logic system is equivalent to the given feedback neural network. 
Q.E.D. 

3 Conclusion 

We first proposed an interesting concept, i.e. the output-back fuzzy logic system. This system is 
based on such an important concept that we are able to discuss and analyze the stability of the fuzzy 
logic system as well as to research the capacity and memory of the system. 

According to the result14', we proved that the output-back fuzzy logic system must be equivalent to 
the feedback neural network, which is the main result of this note. It is worth noticing that the word 
"equivalent" here means that, for an arbitrarily given output-back fuzzy logic system, it can be 
approximately represented as a feedback neural network, where the approximation can be reached 
within an arbitrarily given accuracy. 

The generalized fuzzy logic system, which we have just defined, must contain a typical fuzzy 
logic system and an output-back fuzzy logic system at least. 

It is well known that feedforward neural networks and feedback neural networks are two main 
parts of the neural networks. From the result'41 and the conclusion of the Theorem in this note, we can 
draw the following conclusion: generalized fuzzy logic systems are almost equivalent to neural 
networks, where "almost" means that we have not considered other kinds of neural networks such as 
random neural networks (for example, Boltzmann machines). 
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