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Abstract The distribution of O and 1 is studied in the highest level (1.- I of primitive sequences over Z/(2'). It is proved that the 
proportion of 0 ( o r  I )  in onc period of u, is between 40% and 60% for r 2 8 .  
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I E T  f  ( x  ) = x" + c,, - , x" - ' + ... + co be a monic polynomial over Z/  ( 2 ' )  . The sequence a  = ( ao, a  I ,  

) satisfying the linear recursion 
u,+,, = - ( cou ,  + ~ ~ a , , ~  + - - '  + ~ , - ~ a , + , - ~ ) ,  i = 0 ,  1, 2 ,  ..- ( 1  

is called a linear recurring sequence over Z /  ( 2 ' )  generated by f  ( x ) . G  ( f  ( r ) ) , denotes the set of all se- 
quences over Z / ( 2 " )  generated by f ( x )  and G'( f ( r ) ) , =  { a €  G (  f ( x ) ) , I  a f O  mod 21. Recursion 
( 1  ) is equivalent to f ( x  ) a  = 0 = ( 0 ,  0 ,  - a * ) ,  where x  is the shift operator, that is, ra  = ( a 1 ,  a z r  a3, 
.-. ) . Sequence a  over 2/ ( 2 ' )  has a unique binary decomposition a  = a. + a  12 + ... + a, - 12'- ' , where 
a, = ( a,", u, ,  , - 0 . )  is a binary sequence with a,, = 0  or 1,  and a, is called the i th level sequence of a, - I 

the highest level of a .  
For a monic polynomial f  ( x )  over Z / ( 2 ' )  with degree n, if f  (0)  (i .  e. co)  is invertible, then the 

period  off(^ ) per ( j ( a . ) ) c<2r - ' ( 2n  - 1 )  by ref. [ I ] .  If per( f ( x ) )  =2'- '(2" - I ) ,  f ( r )  iscalleda 

primitive polynomial over 2 / ( 2 ' )  with degree n and sequences in G'( f  ( x )  ), are called primitive se- 
quences generated by f ( x ) .  Ref. [ 2 ]  provides a coefficient criterion for primitiveness of polynomial. 
Ref. [ 3 ]  has shown the following entropy-preservation theorem with significance of cryptography: let 
f ( x )  be a primitive polynomial over Z / ( Z C ) ,  a ,  b E  G( f ( r ) ) , .  If a, - l=  then a =  b .  

Ixt  f  ( x )  be a primitive polynomial over Z / ( 2 ' )  with degree n, a  € G' ( f  ( I )  ),. Then the period 
d - I  

per(ah) of the kth levelof a  i s 2 9  by ref. [ 4 ] ,  where T = 2 " - 1 .  By ref. [ I ]  or [ 4 ] ,  x 2  ' - I =  

2"hd( x )  mod f  ( x )  over .Z/ ( 2 ' )  for l< d<e - 1,  where hd ( x )  is a polynomial over 2 / ( 2 ' )  with its 

degree less than n and hd ( r ) # O  mod 2 .  Ref. [ 5 ]  provided the following result. 

Proposition A. Let f ( x )  be a primitive polynomial over 2 / ( 2 ' )  with degree n ,  T  = 2" - 1,  a  E  
G'( f ( r ) ) , ,  d =  [ e / 2 ] ,  s =  h ( x ) a m o d  2 d .  Then the proportion A of 0  (or 1) in a,-l satisfies 

h d ( x ) ,  if e = 2 d ,  
where N ( s. 0 )  denotes the number of 0  in one period of s, h  ( r  ) = 

h d + , ( r ) ,  otherwise e=2d + 1. 
By applying the result, ref. [ 5 ] has proved that when e  is sufficiently large, most of a, - are of 

good distribution of 0  and 1. For example, let e  = 32 and f  ( x )  be primitive over Z / ( 2 ' ) .  Then the pro- 
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portion of sequences in G'( f ( x )  ), with 0.498 046 875<A<0.501 953 125 is 99.6 % at least. 

In the above results, we cannot estimate the distribution of a little of a.- because it is difficult to 
compute the number of 0  in one period of s = h ( x )  a  mod 2 d .  In this note, we give an upper bound of 
the number of 0  in one period of primitive sequences over ~ / ( 2 ~ )  and the proportion of 0  in one period of 
a, - is between 40 % and 60 % for e>8. 

First we give the generalization of Proposition A. 
Theorem 1. Let f ( x  ) be a primitive polynomial over Z /  ( 2 ' )  with degree n  . T = 2" - 1, a  E 

G (  f ( x ) ) , ,  l<d<r/2. s =  h ,  d ( x ) a  mod 2 d .  Then the proportion A of 0  (or 1 )  in a,-, satisfies 

where N (  s. 0) denotes the number of 0  in one period of s .  
Lemma 1 .  Ix t  f  ( x  ) be a primitive polynomial over F2 with degree n  . a  = ( uo,  a ..- ) and b  = 

( ho,  h , ,  . - -  ) are two distinct primitive sequences generated by f  ( x )  . Sa,  b (  u .  V )  = 1 i 1 ai = u ,  bi = 
v ,  O<i<2"-21, Mas  b ( ~ ,  v ) =  ISa,  b ( ~ ,  v ) I .  Then Ma, b(O, O ) = 2 n - 2 - 1 ,  M a S b ( O ,  I ) =  
M,, b ( l *  0 )  = M a ,  *(l. 1 )  = 2 R - 2 .  

Lemma 2. Ix t  f ( s ) be a primitive polynomial over Fz with degree n  , n  2 3 .  a ,  b  and c are pair- 
wise relatively distinct sequences generated by f ( r ) and a + b + c # 0 .  For u ,  v ,  w € F2, set 
Sa,  b, c ( u .  V .  w ) = I i I u i =  U .  h , = v ,  c i = w ,  O G i G 2 " - 2 1 ,  Ma, b , c ( ~ .  V ,  w ) =  ISa, b V c ( u ,  
v ,  w ) ( .  Then 

I 2"--'- 1,  if u = v = w  = 0 ,  
Ma, b,,(ur V .  W )  = 2n-3 , otherwise. 

By applying Lemma 1, Ixmma 2  and the relation of leva1 sequences, we get the following result. 
Lemma 3 .  Ixt  f ( .r ) be a primitive polynomial over Z/ ( 2 4 )  with degree n  , n  2 3 .  a is a primitive 

sequence generated by f  ( r ) over Z/ ( 2 4 ) .  If h z  ( r ) # 1  mod 2 ,  then the number of 0  in one period of a 
satisfies 

N ( a ,  0 )  < 15 2"-3 - 8 .  
By Theorem 1 and Lemma 3 ,  we have the following theorem. 
Theorem 2. Let f  ( x )  be a primitive polynomial over 2/(2') with degree n ,  n>3. e>8. a is a 

primitive sequence generated by f  ( r ) . h  ( x ) satisfies the conditions of Lemma 3 .  Then the proportion 
of 0  (or 1) in a, - , satisfies 

Corollary 1 . The conditions are as those in Theorem 2 .  Then the proportion of 0  in a, - satisfies 
38.281 25%<A<61.718 7 5 % .  

To estimate A more accurately, we shall improve I~rnrna  3. First we give the following Lemma 4  
and Lemma 5. 

Lemma 4. Let f  ( r ) be a primitive polynomial over F2 with degree n , n  2 4 ,  a ,  b ,  c  and d are 
primitive sequences generated by f  ( x  ) . The symbol Ma, b, c( u , V ,  W ,  I )  is defined as in Lemma 2. 
If a ,  b ,  c, d are pairwise relatively distinct sequences and any of a  + b  + c ,  a  + b + d ,  a  + c + d ,  b  + 
c +  d and a + b  + c + d is not 0, then 

I 2n-4 - 1 ,  if u = ZI = w  = 0 ,  
Ma, b ,  ., , ( u ,  v .  w .  x )  = 2n-4 , otherwise. 

Lemma 516'. l z t  a be a primitive sequence of degree n  over Z / ( 2 ' ) .  Then the number of 0  in one 
periodof a  satisfies N ( a ,  0 ) < 2 " + 2 " ' ~ - 2 .  

Apllying Ixmma 4 ,  lzmma 5 and the relation among level sequences, we get the following lemma. 
Lemma6. Underthe condition of Lemma 3 ,  let 7 1 2 4 ,  h l ( x ) h 2 ( x ) # 1  mod(2 ,  f(x)), 

( 1 +  h , ( ~ ) ) h ~ ( . ~ ) #  1 mod(2, f ( x ) ) .  Then the numberof 0  inone periodof a satisfies 

N ( a .  0 )  < minll3 . 2"-) - 8 ,  12 . 2"-3 + 2"" - 21. 
By Theorem 1  and Ixmma 6 ,  we have the following theorem. 
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Theorem 3 .  Let f'( x ) be a primitive polynomial of degree n over 2/(2') ,  n 2 4 ,  e 2 8 .  a is a 

primitive sequence over 2/(2') generated by f ( 1). If h ( x )  and h2(  r ) satisfy the conditions of Lem- 
ma 6, then the proportion of 0 (or 1 )  in a,- ,  satisfies 

Corollary 2 .  The condition is as that in Ixmma 3.  Then the proportion A of 0 (or 1) in a,-, satis- 
fies 

( i ) 40.157 9% <A<59.842 1 %  if n G 7 ;  
( ii ) 40.250 5% <A<59.749 5% if ~ 2 8 ;  
(il i) 40.624 9% <A<59.375 1% if n 2 3 0 .  
Reference [ S ]  proved that mast of a,- have good ditributions. If e is sufficiently large, most of 

a, I have good ditributions. Cmrollary 2 insures other a, - I against bad distributions. 
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