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1 A problem of scrambled set 

CHAOTIC' behavior is a manifestation of complexity of nonlinear dynamical systems. Since the 
objects, methods, aims, or emphases of study are distinct, there are some variant definitions 
of chaos given by different authors, or given by the same author in his different works. The 
following definition mainly stems from IJi and ~ o r k e ' l ] .  

Definition 1 .  Let ( X ,  d )  be a metric space, and f : X -+ X be a continuous map. A 
subset S of X containing at least two points is called a scrambled set of f if 

lim inf d (  fk(s), f h ( y ) )  = 0,  
b l.x 

lim b-== sup d ( f k ( x ) ,  f k ( y ) )  > 0, 

for any two different points x ,  y in X .  f' is said to be chaotic in the sense of Li and Yorke if 
it has an uncountable scrambled set. 

Many mathematicians and other scientists joined in the discussion on chaos, in which a 
question is, from the point of view of cardinal number, or topology, or measure: how large 
can the scrambled set S in Definition 1 be? When X is a compact interval or a circle, it is well 
known (see refs. [2-41) that f has an uncountable scrambled set if and only iff has a scram- 
bled set containing only two points. It  is proved in ref. [5]  that on the one-sided symbolic 
space ZN , the shift o : X N  XN has a scrambled set C of which the Hausdorff dimension is 1 
everywhere (this C has even stronger chaotic behavior stated in ref. [ 5 ] ) .  On the other hand, 
it is pointed out in Theorem 2 of ref. [ 5 ]  that any scrambled set C of a can contain only a few 
points: under the metric given by ref. [ 5 ] ,  the 1-dimensional Housdorff measure of ZN is 1, 
but that of C can only be 0 .  

We now raise a more general problem. 
Problem. Are there (I metric. space X and a continuous map  f: X + X  such that ( i ) the 

Hausdorj'j' dimension of' X is s with O <  s < 00, and the s-dimensional Hausdorff measure of 
X is jl with O <  jl < 00 ; ( ii ) f'has a scrambled set W of which the s-dimensional Hausdorff 
measure H'( W )  >O? 

We will discuss this problem. Our main result is the following theorem. 
Theorem 1 .  1,et X be a metric space uniformly homeomorphic to the n-dimensional open 

cube I" , n >, 2 . Then there ~..rists a homeomorphism f : X + Xsuch that the whole space X 
is a .scrambled .set o f f .  

-- - 

* The author is 21 cumcurrent professor of Guangxi University. 
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2 An expansive self-homeomorphism of the open cube In 

In order to  prove Theorem 1 ,  we first introduce some conclusions concerned in reference 

[ 6 I 
Define an analytic function h :lR2+IR by,  for any ( r ,  s )  EIR2, 

h ( r ,  s )  = .v[l + x r 2  + x ( 1  + r126)1 '64]  

+ r 2 ( 1  + r 2 ) 1 ' 4 [ ~ i n 2 x ( 1  + r2)1 '4 - sin2x(l  + r 2 ) " 8 ] .  ( 1 )  
Let -+ denote the set o f  all nonnegative integers. W e  obtained the following key  lemma in ref- 
erence [ 6 ] .  

Lemma 1 .  For any N E Z+ and any  two dijyerent points ( A 1 ,  , u l ) ,  ( A 2 ,  ,u2) € R ~ ,  
there exists un intrg-er 771 N such that 

h ( A 1  + r n ,  ,u,) < - 1 < 1 < h ( A 2  + m ,  p 2 ) ,  

or 

h ( A 2  + m , , u 2 )  <-  1 < 1 < h ( A l  + m , , u l ) .  

Let the open interval I = ( - x / 2 ,  x / 2 )  , and n 3 2 be a given integer. Define maps 
p : R n + R n ,  T I  : R " + R 7 1 a n d + :  1 " - R n  b y  

p( r ,  s 2 ,  '", s , ~  = ( r ,  h ( r ,  s 2 ) ,  .-- ,  h ( r ,  s , )  1, for any ( r ,  s2 ,  "., s , )  E R n ,  ( 2 )  
T 1 r 2 , , = r + 1 , s 2 , , s , ) ,  f o r a n y ( r , s 2 , - . . , s n ) € R n ,  ( 3 )  

+ ( x ,  Y Z ,  .'., Y , , )  = ( t g x ,  tgy2, ..., t g y , ) ,  for any ( x ,  Y 2 ,  y n )  € I n .  ( 4 )  
Put p : R" -+ R" and f : In + In by 

p = pTlp- ' ,  j' = +-19+. (5) 
T h e n  it is easy to see that p, T 1 ,  +, y, and f a r e  all analytic homeomorphisms. In re f .  [ 6 ]  
we obtained the following theorem. 

Theorem A .  Both p : R" + R n  and f '  : In -+ I" defined above are doubly-expansive home- 
omorphisms. They cun be imbedded in unulytic flows on Rnand  In respectively. A n  expansive 
constant of p is 2 ,  and thut o f f  i s  x / 2  . 

( T h e  definitions o f  expansive map and expansive constant can be found in reference [ 6 ]  
or [ 7 1 ) .  

2 Homeomorphisms with the whole space being a scrambled set 

Obviously, we have 
Lemma 2 .  1,rt ( X ,  d )  be u metric space, E > 0 , and E : X -+ X be an expansive contin- 

uous nzup of which E is un expansive constunt. I f  is un  injection, then 

lim sup d ( E  k ( x ) ,  E k ( y ) )  ), E 
k -m 

for any  two different points x ,  y in  X . 
Let f : I" + I" be as that in sec. 2 .  By Lemma 2 and Theorem A we know that for any 

two different points u and v in I" , 

lim sup d ( j f i (  u ) ,  j f i ( v ) )  > x / 2 ,  
k -m 

( 6 )  

where d is the Euclidean metric on R" and on In C R" . 
Lemma3. 1,rth : R ~ +  R b e d e f i n e d u s i n  ( 1 ) .  Forunyk  E + ,  w ~ r i t e m h = n r ( k )  

= 16k4 + 2 k 2  . Then 
lim h ( r  + m k r  s) = 00, 
h - m  

f o runy  ( r , s )  E R ~ .  

Pmo-f'. Let g l  be a function defined on some subset D o f  R' , i 3 1 , and g2 be a function 
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on R  . If there exists a positive number M such that 1 g l  ( x ,  yz ,  yi ) 1 < M R2( x for 
any ( x ,  y2, --* , y i )  E D  , and if we need only to estimate the value of g l ( x ,  y2, "', yi) but 
do not need to know its precise expression, then we simply write O ( R ~ ( X ) )  for ~ ~ ( x ,  y2, 
..., y i )  . 

Then, for any given point ( r ,  s )  E R' and any integer k  > I r  I , we have 
[ l  + ( r +  m k ) 2 ] 1 / 4  = [256k8  + 64k6  + 0 ( k 4 ) ] 1 / 4  

= 2 k  [ l  + ~ ( k - ~ ) ]  = 2 k  + O ( k - I ) ,  (8) 
( r  + n 1 ~ > ~ [ 1  + ( r  + m k ) 2 ] ' / 4  = [ 2 5 6 h 8  + O ( k 6 ) l  [ 4 k 2  + O ( 1 ) I  

= 1024k10 + 0 ( k 8 ) ,  
(9) 

S I I  + x ( r  + m k ) 2  + X [ I  + ( r  + mk)126]1 /64 t  

= .s[2567ck8 + O ( h 9  + ( ~ ( k " ~ ) ]  = O ( k 8 ) .  ( 1 0 )  
It follows from ( 7 )  and (8) that 

2 x  
lirn sin2x[l + ( r  + 7 7 1 k ) 2 ] 1 / 4  = sin - = 1, 
A-- 4 ( 1 1 )  

lim sin2x[l  + ( r  + m k ) 2 ] 1 / 8  = sin4x = 0. 
I - m  

( 1 2 )  

By ( 1 )  and ( 9 ) - ( 1 2 )  we obtain 
lim h ( r  + rnk,  s )  = lim[l 024k" + O ( k 8 ) ]  = m .  
k-.m b - m  

Lemma 3 is proven. 

Suppose that the homeomorphisms p ,  T 1 ,  cjl and rp are also as in sec. 2 .  For any given 

point u E I" , let w = + ( u )  and let ( r ,  s2 ,  ---, s,)  = p - l ( w )  . Then b y  ( 5 ) ,  ( 3 )  and (2)  
we have 

9 
~ ( k ) ( ~ , )  = p ~ ; ' ( k )  

,C-l(w) = p ( r  + m k ,  S ~ , . . . ' S , )  

- - ( r  + n l k , h ( r  + r ~ t k , s ~ ) , " ' , h ( r  + w t k , s , ) ) .  ( 1 3 )  
For i = l;.., n , definetheprojectionpi : Rn+R b y p i ( t l , t 2 , - * . , t , )  = t i ,  ( fo rany( t l ,  

t 2 ,  -.., t , ? )  E R" 1 .  By ( 1 3 )  and Lemma 3 we get 
l i m p i 9 m ( k ) ( w ) = m ,  i = l , . . -  , n. 
b- -  

( 1 4 )  

X 7r 
Put za = ( T , Z , . . - , ~ ) ~  R" , andJ  = [ -  - . Then ro is a vertex of the n-dimen- z . 1  
sional closed cube J" . From ( 5 ) ,  ( 4 )  and ( 1 4 )  it follows that 

lim y d k )  ( u )  = 1im + - I  , I ~ ( ~ ) ( w )  = 20. 
k - -  k-=- 

(15  

From ( 1 5 )  we see that for any u and v E In , 
lirn inf d ( j " ( u ) , f k ( v ) )  = 0. 

b *m 

By ( 6 )  and ( 1 6 )  we obtain at once the following theorem. 
Theorem 2.  Let j' : In  -+ I" be defined us i n  sec . 2 .  Then the whole space I n  is a scrum- 

bled set o f f '  . 
Definition 2 .  Let ( X ,  J  ) and ( X' , d' ) be metric spaces, and let 7 : X -+ X' be a home- 
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omorphism. X and X' are said to be uniformly homeomorphic (under 1 ) if both 7 and I-' are 
uniformly continuous. X and X' are said to be Iipschitz homeomorphic (under 1 ) if both 1 
and I-' satisfy the 1,ipschitz condition. 

Example .  ( i ) Two 1,ipschitz homeomorphic metric spaces must be uniformly homeo- 
morphic. 

( i i  ) If X and X' are subspaces of compact metric spaces Y and Y' respectively, and there 
exists a homeomorphism 1' : Y + Y' such that l ' (X) = F , thcn X and X' must be uni- 
formly homeomorphic. Particularly, the interior Bn of every n dimen~ional ball Bn must be u- 
niformly homeomorphic to the n -dimensional open cube I n  . 

Proposition 1 .  Let 7 : X + X' be a uniformly homeomorphism, V C X , and V' = 

I (  V )  . Suppose that g : X + X is a continuous m a p ,  and g' = lgl-' . Then V' is a scram- 
bled set of g' i f  and only i f  V i s  a scrambled set of g . 

Proposition 1 is evident. From Proposition 1 and Theorem 2 we obtain Theorem 1 imme- 
diately. 

Finally, we have the following conjecture, which yet remains to be proved. 
Conjecture. If X is a compact metric space, then the whole space X cannot be a scram- 

bled set o f  any  continuous m a p  fi-om X to X .  

( Krceiwd Murch 16, 1997) 
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