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1 A problem of scrambled set

CHAOTIC behavior is a manifestation of complexity of nonlinear dynamical systems. Since the
objects, methods, aims, or emphases of study are distinct, there are some variant definitions
of chaos given by different authors, or given by the same author in his different works. The
following definition mainly stems from Li and Yorke!!).

Definition 1. Let (X, d) be a metric space, and f : X = X  be a continuous map. A
subset S of X containing at least two points is called a scrambled set of f if

lirpiinfd(fk(x_), fry)) =0, lim sup d(f*(x), f¥(¥)) >0,

for any two different points x, y in X. f is said to be chaotic in the sense of Li and Yorke if
it has an uncountable scrambled set.

Many mathematicians and other scientists joined in the discussion on chaos, in which a
question is, from the point of view of cardinal number, or topology, or measure: how large
can the scrambled set S in Definition 1 be? When X is a compact interval or a circle, it is well
known (see refs.[2—41]) that f has an uncountable scrambled set if and only if f has a scram-
bled set containing only two points. It is proved in ref. [5] that on the one-sided symbolic
space 2 » the shift 6 : 2y = Zy has a scrambled set C of which the Hausdorff dimension is 1
everywhere (this C has even stronger chaotic behavior stated in ref. [5]). On the other hand,
it is pointed out in Theorem 2 of ref.[5] that any scrambled set C of ¢ can contain only a few
points: under the metric given by ref. [5], the 1-dimensional Housdorff measure of Sy is 1,
but that of C can only be 0.

We now raise a more general problem.

Problem. Are there a metric space X and a continuous map £+ X—>X such that (| ) the
Hausdorff dimension of X is s with 0< s< 00, and the s-dimensional Hausdorff measure of
Xis pwith 0< p<ooy (i ) fhas a scrambled set W of which the s-dimensional Hausdorff
measure H'( W) >07

We will discuss this problem. Qur main result is the following theorem.

Theorem 1. Let X be a metric space uniformly homeomorphic to the n-dimensional open
cube I" , n == 2 . Then there exists a homeomorphism f @ X — X such that the whole space X
is a scrambled set of f.

* The author is a concurrent professor of Guangxi University.
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2 An expansive self-homeomorphism of the open cube I"

In order to prove Theorem 1, we first introduce some conclusions concerned in reference
(6]
Define an analytic function A :R*—=>R by, for any (r, s) €R?,
R(r,s) =s[1+ mr? + m(1 + F126)1/64]
+ 72(1+ P)Ysin2n(1 + £2)V* — sin2x(1 + F2)V8], (1)
L.et Z, denote the set of all nonnegative integers. We obtained the following key lemma in ref-
erence [6].
Lemma 1. For any N€ Z, and any two different points (Ay, p1), (A3, p3) € RZ,
there exists an integer m == N such that
RAp+my ) <=1 <1< h(Ay+ m, py),
or
h(Ag+ mypy) <1< 1< h(A; + m, py).
Let the open interval I = (— n/2,%/2), and n =2 Dbe a given integer. Define maps
p:R"—>R", T): R">R"and ¢ : I" > R" by
p(r,syys,) = (ryh(r,s), ", h(r,s,)), forany (r,s,,,s,) € R", (2)

T (rysy,ys,) = (r+1,55,,8,), for any (r, s, ", 5,) € R, (3)
P, yas oy y,) = (tgx, tgyy, o tay, ),  for any (&, yp, ", y,) € I". (4)

Put ¢ : R"— R"and f : I" = I" by
¢ = pTip™", f=9¢"e¢. (5)

Then it is easy to see that p, T|, ¢, ¢ and f are all analytic homeomorphisms. In ref.[6]
we obtained the following theorem.

Theorem A. Both ¢ : R" — R"and f : I" — I" defined above are doubly-expansive home-
omorphisms. They can be imbedded in analytic flows on R" and I" respectively. An expansive
constant of ¢ is 2, and that of fis n/2 .

(The definitions of expansive map and expansive constant can be found in reference [ 6]

or [71).
2 Homeomorphisms with the whole space being a scrambled set

Obviously, we have
Lemma 2. Let (X, d) be a metric space, € >0, and &€ : X = X be an expansive contin-
uous map of which € is an expansive constant. 1f &is an injection, then
linkl’iup d(e*(x), e*(y)) = ¢
for any two different pointsx, yin X .
let f: I" — I" be as that in sec. 2. By l.emma 2 and Theorem A we know that for any
two different points « and v in I"

lir?»iupd(fk(u), Flv)) = /2, (6)

where d is the Euclidean metric on R” and on I" C R" .
Lemma 3. Leth : R? — R be defined as in (1). Foranyk €7, , write my=m (k)
= 16k* + 2k> . Then
lirgh(r+nzk,s):00, for any (r,s) € R2.

Proof . Let g, be a function defined on some subset D of R, i =1, and g, be a function

1604 Chinese Science Bulletin Vol.42 No.19 October 1997



BULLETIN

on R. If there exists a positive number M such that ’8'1(1”, Vas s i) ‘ < M- gy(x) for
any (x, y3, """, ¥;) € D, and if we need only to estimate the value of g;{x, y,, "', ;) but
do not need to know its precise expression, then we simply write O(g,(x)) for g,(x, ¥,
)
Then, for any given point (r, s) € R? and any integer £ > 1| r | , we have
[1+ (rt m)?]Y4 = [2568° + 64£° + O(R*)]V4

({482 + l)4 + ()(k“)}l/4 = (ar2+ 5 ) L+ O]V

4
- <4k2+711—)- [1+ Ok ™)] :4k2+%+()(k‘2), 7
211/8 2, 1 212 —2\11/2
[1+ (r + my)?] =[4k t Ok )] =2k - [1+ 0]
=2k [14+ O3] =2k + O(k™), (8)
(r+ m,)*[1+ (r+ mk)z]l/4 =[256%% + O(£%)] - [4k% + O(1)] (9)
=1024%" + O(k®),
sil+n(r + m)? + n[1+ (r + my,)'20]V64
= s[2567k® + O(R®) + OR8] = O(k®). (10)
[t follows from (7) and (8) that
lim sin2n[1 + (r + m,)?]V* = sinZTTt =1, (1)
}ij{_} sin2n[1 + (r + m,)?]Y® = sindn = 0. (12)

By (1) and (9)—(12) we obtain
lim & (r + myg, s) = lim[1 0248 + O(&%)] = oo,
Lemma 3 is proven.

Suppose that the homeomorphisms p, T, ¢ and ¢ are also as in sec. 2. For any given
point u € I", letw = ¢(u) and let (r, 55,y 5,) = p '(w) . Then by (5), (3) and (2)
we have

" (w) = pTI®p  (w) = p(r + my, 52,,'5,)
=(r+ my, h(r+ my,s5), " h(r+ my,s,)). (13)
For i =1, -, n , define the projection p; : R" — R by p;(t, t3, ", t,) = t; , (for any (z,,
ty, ' t,) € R" ). By (13) and Lemma 3 we get
lim pie"F(w) = oo, i=1,,n. (14)

T

Put 2y = (g’?’ "',%)E R", andJ = [- %,%] . Then z; is a vertex of the n-dimen-
sional closed cube J* . From (5), (4) and (14) it follows that

lim () = lim g7 9" (w) = 2. (15)
From (15) we see that for any 4 and v € I",
lim inf d (f*(u), f*(0)) = 0. (16)

By (6) and (16) we obtain at once the following theorem.

Theorem 2. Lez f @ I" — I" be defined as in sec. 2. Then the whole space I" is a scram-
bled set of f .

Definition 2. Let (X, d) and (X', d”) be metric spaces, and let 7: X — X" be a home-
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omorphism. X and X are said to be uniformly homeomorphic (under 5 ) if both 7 and 77_1 are
uniformly continuous. X and X' are said to be Lipschitz homeomorphic (under 7 ) if both 7
and 7! satisfy the Lipschitz condition.

Example.( | ) Two Lipschitz homeomorphic metric spaces must be uniformly homeo-
morphic.

(i ) If X and X~ are subspaces of compact metric spaces Y and Y’ respectively, and there
exists a homeomorphism 7" : Y — Y’ such that '(X) = X', then X and X" must be uni-
formly homeomorphic. Particularly, the interior B” of every n dimensional ball B” must be u-
niformly homeomorphic to the n -dimensional open cube I" .

Proposition 1. Let 9 : X — X' be a uniformly homeomorphism, VC X, and V' =
(V). Suppose that g : X — X is a continuous map, andg’ = ngy~' . Then V'is a scram-
bled set of g" if and only if V is a scrambled set of g .

Proposition 1 is evident. From Proposition 1 and Theorem 2 we obtain Theorem 1 imme-
diately.

Finally, we have the following conjecture, which yet remains to be proved.

Conjecture. If X is a compact metric space, then the whole space X cannot be a scram-
bled set of any continuous map from X to X.

( Received March 16, 1997)
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