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Abstract Let k222 be an integer.and let G be a graph of order n with minimum degree at least &, n=>8k ~ 16 for
even n and n=26k ~ 13 for odd n. If the degree sum of each pair of nonadjacent vertices of G is at least n, then for
any given Hamiltonian cycle C, G has a [k, & + 1]-factor containing C.
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All graphs under consideration are undirected, finite and simple. A graph, denoted by
G=(V,E), consists of a non-empty set V(G) of vertices and a set E{(G) of edges. Let xy de-
note the edge joining vertices = and y. If X is a subset of V(G), we write G[ X] for the sub-
graph of G induced by X, E5;[X]1=E(G[X]) and X = V(G) — X. Sometimes z is used for a
singleton {x}. Given a graph G=(V,E) and x € V(G), write dg(x) for the degree of x in
G, which is the number of edges of G incident to z. For integers a and b, b=2a =20, an [a, b]-
factor of G is defined as a spanning subgraph F of G such that

a <dp(v)<<bforal v € V(G),
and an [a, a ]-factor is abbreviated to an a-factor. A subset M of E(G) is called a matching if
no two edges in M are adjacent in G. Other notations and definitions not defined here can be
found in ref. [1].

We first mention some known results on k-factors or connected [a, & )-factors.

Theorem A1), Letk bea positive integer, and let G be a graph of order n with n==4k —
S, kn even, and minimum degree at least k. Then G has a k-factor if the degree sum of each
pair of nonadjacent vertices is at least n .

Theorem B>}, Let >3 be an integer and let G=(V,E) be a connected graph of order
n with n=24k — 3, kn even, minimum degree at least k. If for each pair of nonadjacent ver-
tices u and v of V(G)

max{d;(u), dg(v)t = %,

G has a k- factor .
Theorem C).  Let k be a positive integer and let G be a graph of order n such that n=24k — 5,
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kn even, and minimum degree at least k. If the degree sum of each pair of nonadjacent vertices
of G is at least n, then G has both a Hamiltonian cycle C and a k-factor F. Hence G has a con-
nected [k, k+2]-factor C+ F.

Theorem D'*).  Let £>>2 bean integer and G be a connected graph of order n. 1f G has a
k-factor F and, moreover, among any three independent vertices of G there are (at least) two
with degree sum at least n — k, then G has a matching M such that M and F are edge-disjoint
and M + F is a connected [k, k +1]-factor of G.

Theorem E!°),  Let k=23 be an odd integer, and G be a connected graph of odd order n
with n=24k — 3, and minimum degree at least k. If for each pair of nonadjacent vertices u and

vof G,
maxidg(u),ds(v)i = %,

G has an almost k* - factor F* and a matching M such that F~ and M are edge-disjoint and
F~ + M is a connected [k, k + 1]-factor of G (an almost k* - factor is a factor whese every ver-
tex has degree k except at most one with degree k £ 1).

Theorem F'1.  Let £ =22 be an integer and let G be a graph of order n such that
n=8k — 4, kn is even and minimum degree at least n/2. Then G has a k-factor containing a
Hamiltonian cycle.

The purpose of this paper is to extend “connected [k, & + 1 ]-factor” in some of the above
theorems to “[ k£, k + 1]-factor containing a given Hamiltonian cycle”, which is obviously a 2-
connected [k, k& + 1]-factor under somewhat stronger conditions. Our main result is the follow-
ing.

Theorem 1. Let k=2 be an integer and let G be a graph of order n =3 with minimum
degree at least kb, n==8k — 16 for even n and n==6k — 13 for odd n. If for each pair of nonad-
jacent vertices u and v of G,

de(u) + dg(v) = n, (1)
then for any given Hamiltonian cycle C, G has alk, k +1]-factor containing C.

Remark 1. The conditions n=>8% — 16 for even n and n=>6% — 13 for odd n are best pos-
sible. To see this, for even n such that 2k<Xn <8% - 16, write m =(n/2) +2; for odd n such
that 2k — 1<<\n <6k — 13, write m = (n +3)/2. Let C' = v, v, v,, be a cycle and let P =
Upe1'Umi2 U, be a path. Set G = C"V P, where V denotes join union. Then it is easy to
check that G has no [ &, &£ + 1 ]-factor containing Hamiltonian cycle C = vy vy - v, even if the
minimum degree is at least n/2.

Remark 2. For a graph G of order n, the condition that the minimum degree =>n/2 can-
not guarantee the existence of a k-factor containing a given Hamiltonian cycle in G. For instance,
suppose n==5 and k==3. Write

n

) +2 for even n,
2—;—3 for odd n.

Let C' = vyv;" v, be a cycle and let P = v,, .+, v, +2°" v, be a path. Set G= C’'V P. Then the
minimum degree =>n/2 and G has no k-factor containing Hamiltonian cycle C = vyvy- v, .
Proof of Theorem 1. We may suppose k=23 as G contains C for £ =2. Write
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H:=G-C, Ui={v€ V(G) I de(v) =5, L=V(G)/U, pi=k ~2.

Then V(H)=V(G), p=1, dy(v)=ds(v)—2=Zpforall v€ V(G), n==8p for even n and
n=6p—1 for odd n.
Obviously, G has a required factor if and only if H has a [p, p+ 1]-factor. Suppose, to the

[7}

contrary, that H has no such factor. Then, by Lovéasz’s [ g, f]-factor theorem!”), there exists

an ordered pair B= (S, T) of disjoint subsets S and T of V(H) such that
8(B) = —(p+1)s+pt — >dy_s(v) =1, (2)

o€ T

where s=1S] and t = | T|.

We may assume

dy-s(v)<<p-1 forallv e T. (3)

Otherwise, say dy-s(u)=2p for some u€ T, and put B'=(S, T\ «). Then 6(B")=48(B),
(2) still holds for B’.

Assertion 1. G[L] is a complete graph .

Indeed, for any two vertices u, vE L, dg{u) + d;(v)<n by the definition of L. Thus
uv€ E(G) by (1).

Assertion 2. s>1.

Otherwise §(B) = pt - ZdH(v) < 0, a contradiction.

v€T

Assertion 3. 1=>p+2.
Indeed, assume t<<p+1, then using dy(v)=p for all v€ V(H), we have

8(B)<-(p+1)s + pt — 2 (dy(v) - 5)

vET
<-(p+Ds+pt—t(p—5)
=s(t-p-1)<0,
which contradicts (2).

Assertion 4. s<[%] -3.

Write X={v€ S|dg(v)=n/2l, Y=8\ X. We consider two cases according to whether
n is even or odd.

For even n, assume s=(n/2) -2, andput ¢ i=s—(n/2)+2(=0), r i=n—-s—t(=
0). Then

8(B) == (p+Ds+pln—s-r)— Ddus(v)

v€T
==-5Qp+1)+pln~r) - Zd;[_s('v)
v€T
=- (% -2+ q)(2p +1)+p(n—-7r) - EdH-S(v)
veT
=4p+2-2 - (p+1)g~p(r+q) = 2du-s(v)
ve T
< 0,
unless ¢ =0, <1 and D ,dy_s(v) = 0.
v€T

Indeed, suppose ZdH—S('U) = 1. If r=1, obviously § (B)<<0. And if » =0, then

veT
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ZdH..s(v) = 21| Eg[S]I\C i= 0 (mod 2), yielding 6§ (B)<<0. So it suffices to show
veT

EdH s{v)=1. ¢ = Oyields s=(n/2) —2. Assuming ZdH_s(v) = 0, as r<<1, it follows

vET vET
that

E;[S]lccC.
Hence for each v€ S, dg(v)<dj-s(v)+s+2=n/2, implying

do(v) = 5 forall v € X.
Therefore, all the edges of C incident to vertices in X are contained in EG[S]. We have
X1+l YI~-1=181-1=1Eg[SINCI

LY (1 YI(-1)
2 ’

ZIX1+1+1 EglY)i=1 X1+1+

implying
LY (Qvyi-1)
2 ’

' Y{iZ=Z2+

a contradiction.
For odd n, assume s=(n —3)/2, and put ¢ :=s—(n—-3)/2(=0),r =n -5 - t(=0).
Then

8(B) == (p+1)s+ pt = >,dy_s(v)

veT
=3p + 2. (p+1)g—p(r+q) - Ddu-s(v)
2 2 veT
< 0,
unless ¢ =0 and Zdﬂ_s(v) = 0. Similarly we have E;[S]CC, and

ve€T

de(v) = n ; 1for all v € X.

All the edges of C incident to vertices in X are contained in Eg[S]. We derive a contradiction
lYiZz2+1Yl(lYl-1)/2.

Assertion 5. T} U#8.

Indeed, if TS L, then |Eg[T]l =¢(t—1)/2 by Assertion 1. As C is a Hamiltonian cy-
cle, |[EGITINCI<t-1. Hence

Sdy-s(v) =2 1 EGITINC 1= (- 1) —2(2 - 1) = (¢ - 1)(z - 2),

v€T
S(BY<-(p+ s+ pt - (¢t -1)(-2),
<-(p+Ds+p—(t-1Dp (by Assertion 3),
=—(p+l)s+p<0 (by Assertion 2),
a contradiction.
Assertion 6. T L+#8
Indeed, suppose T U. Then
[%.tg de(v)<dy_s(v) +s+2<p+s+1lforalv€ T,
yielding dy- s(v)=[n/2]-s5s~2and p+s+2-[n/2]1>1. Hence

5(B) <~ (p+1)s + ot — z([—;—]— s —2)
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=z(p+s+2—[—;—])—(p+l)s

<(n - s)(p+ s+2- [%1)— (p+1)s.
Put f(s)=(n-s)(p+s+2-[n/2])~(p+1)s. Then
f(s)==-2p-3+n+

[51-2
=-2p-3+n+ {%1 [ ] +6 (by Assertion 4)

(asn=6p-1)
implying

10 <s([5]-3)
“([31+3)e-0 - -n[3-3])
=o([3]-[5]+6)-n <o

The last inequality follows from the condition that n=>8p for even n and n=>6p — 1 for odd n
Therefore §( B)<X0, a contradiction. Hence Assertion 6 is true

Now put
T15=Tﬂ U, ’1‘2:=TnL, t, ' = i T1|, t, = | T2|
Clearly, ¢,221, 321 and dy . s(v)=ds(v) —s—2 for all v& T. Hence for all v€ T,
(%—5—2 if n is even,
dy-s(v) = 3 (4)
-;——s—? if n is odd.
It follows from (3) that
p+s+2—7 ifnisevenandp+s+%—% 1if n is odd.
Assertion 4 yields
p=2. (5)
We claim
<pt+2. (6)

Indeed, by Assertion 1, dy_s(v)=t, -3 for all v& T,. (6) derives from (3).

To complete the proof it suffices to consider two cases according to whether 7 is even or odd
For even n, using (4)—(6) we have

3(3)<—(p+1)5+pt—tl(%—s—Z)
=t1(p+s+2—%)—(p+l)s+pt2
g(n—s—tz)(p+s+2—~;i)—(p+1)s+pt2

2
=—(s—%+3) +(s—-%+3)(';—+3—2p—t2)+6p+t2—n
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<_ 2‘0 + t2<0.
For odd n, write » ==n — s~ t(=20). It is easy to see

M dy_s(v) =21 EglT,I\C 1= (8, - 1)(2, - 2). (7

v€ T2

Using (4), (5) and (6) we have

S(B)<~(p+1)s+pt - tl(% -5 - %)— (3 = 1)(2, - 2)

=t1(p+s+%——~g~)—(p+1)s+pt2—(t2—1)(t2~2)

3 _n

:(n—s—tz—r)(p+s+2 2)—(p+1)s+pt2—(t2—1)(t2—2)

__{._mn 5\ _n_S5\(n_5 _
= (s 2+2)+(5 2+2)(2+2—2p tz)

+5p—n+t2—(tz—l)(t2—2)—r(p+s+%—%)

unless s = -;L - %, ty=2, r=0, p=2 and (7) holds throughout with equality. If (7) holds

throughout with equality, |Eg[ T,]NCl=1. Ass= -;i -3 and p =2, it follows from (3) and

2
(4) that for all v&€ Ty,
n+1
2

implying all the edges of C incident to vertices in T are contained in Eg[ T]\ E[ T,] and thus
the number of such edges is at least #; + 1. Therefore, |Eq[T]INC|=¢t,+1+1=¢, contra-
dicting the assumption that C is a Hamiltonian cycle. Consequently the theorem is proved.

Slightly modifying the proof of Theorem 1, one can prove the following.

Theorem 2. In Theorem 1 with n==28k — 12 in place of n==8k — 16 and n=6k —9 in
place of n=26k — 13, the other conditions being the same, for any given 2-factor F, G has a
(&, k+1]-factor containing F.

dy-s(v) = 1and dg(v) =
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