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Abstract In this paper we show that there exists a unique local smooth solution for the Cauchy
problem of the Schrédinger flow for maps from a compact Riemannian manifold into a complete K&hler
manifold, or from a Euclidean space A" into a compact Kéhier manifold. As a consequence, we prove
that Heisenberg spin system is locally well-posed in the appropriate Sobolev spaces.
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1 Main results

In this paper, we discuss the short time existence of solutions to the Schrédinger flow!! for
maps from a Riemannian manifold ( M, g) into a complete Kihler manifold (N, J, k) with com-
plex structure J and Kahler metric h. The Schrodinger flow is defined by the initial value prob-
lem

{azu(x9t) = ](u(x,t))z‘(u(x,t)),

u(+,0) = up: M— N;
where 7 (u) denotes the tension field of u which, in local coordinates, can be written as

(u) = Au® + g'T%,(u) a_u_ﬁgi{

¢ AT a8 ax

where A, is the Laplace-Beltrami operator on M with respect to the metric g and I, is the
Christoffel symbol on the target manifold (N, k). It is well known that u is a harmonic map if
and only if (u)=0.

An important example of the Schrédinger flow is the Heisenberg spin chain system (also
called ferromagnetic spin chain system->) which is given by

d
a—l:= ux Au, (1.2)

(1.1)

where u takes values in S2C R® and x denotes the cross product in R*(3-4) | This can be written
in the form of (1.1) because u x : T,S>— T,S? is just the standard complex structure on S? and
t(u) is the tangential part of Au in R,

In 1991, Zhou, Guo and Tan® proved that for any smooth initial data ug: S'—>S2, there
exists a unique smooth global solution to the Cauchy problem of the ferromagnetic spin chain sys-
tem (1.2), i.e. the Schrodinger flow of maps from S' into S*. Ding and Wangm generalized
the result of Zhou-Guo-Tan to the case of Schrodinger flow from S' into a general compact Kihler
manifold (N, J, k). They proved that the Cauchy problem admits a unique local smooth solution
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provided ug is smooth. When the target (N, J, h) is a Kahler manifold with constant holomor-
phic curvature, it is proved in refs. [1,6] that the problem has a unique global smooth solution
(see also refs. [7,8] for a generalization to the so-called inhomogeneous Schrédinger flow) .
Terng and Uhlenbeck™’ considered the Schrisdinger flow from R' into a Grassmannian manifold.
They were able to establish the gauge equivalence of the Schrodinger flow with a nonlinear matrix
Schrodinger equation. In the case where M = R' and N is a compact Riemann surface, Chang,
Shatah and Uhlenbeck! ' proved the global existence and uniqueness in the space W2 2(R', N),
using a generalized Hasimoto transformation. For M = R* and N a compact Riemann surface with
S' symmetry, they obtained similar result under the additional conditions that the initial mapping
ug is radially symmetric or S' equivariant with small energy.

In ref. [6], Pang et al. proved the local existence of smooth solutions to the Cauchy prob-
lem (1.1) when M is a closed Riemann surface and N is a compact Kéhler manifold with non-
positive Riemannian curvature. It is our aim in this paper to generalize their result to the cases
where M is an arbitrary closed Riemannian manifold or M = R™, while N is a complete Kihler
manifold. As inrefs. [1,6], we use parabolic approximation and energy method to obtain a pri-
ori W**? estimates for the approximating solutions. It turns out that the geometric structures of the
Schrisdinger flow are crucial for obtaining such estimates. Instead of directly estimating the W**-
norm of the solutions, one needs to first estimate the L>-integrals of the covariant differentials
V *u of the solution u, where Vu is considered as a section on the pull-back tangent bundle u*
TN. When N is Kahler, the time derivative of such an L>-integral can be controlled by a poly-
nomial of similar L2-integrals of covariant differentials of order < k. In other words, the higher

order covariant differentials disappear as a result of good geometric structures in our equations.
Our main resulis are as follows.

Theorem 1.1. ILet (M, g) be a closed Riemannian manifold and (N, J, k) be a com-
plete Kihler manifold. Let mg = [-’;—] + 1, where [q] denotes the integral part of a positive

number q. Then, if N is compact (or noncompact) , the Cauchy problem (1.1) with initial map
uo€ W*2(M, N), for any integer k= mo + 1 (or k= mo + 2), admits a local solution
w€ L=([0,T], W*2(M,N)), where T= T( |l ug |l jno1a) (or T=T(N, || ugll jne22));
when k = mg + 3, the local solution is unique. Moreover, if uy € C*, the local solution
w€ C*([0,TIx M,N).

Theorem 1.2. Let R™ be a Euclidean space and (N, J,h) be a compact Kihler mani-

fold. Let my = [%] + 1. Then the Cauchy problem (1.1) with uo€ W*2(R™, N), for any in-

teger k = mo + 1, admits a local solution u € L™ ([0, T], W**(R™,N)), where T =
TV ull Wm,.z). If k= mgy + 3, then the local solution is unique. Moreover, if ug € # =
Ng. We2(R™, N), then u€ C>([0,T],%).

In refs. [11,12], it has been shown that the Cauchy problem to the Heisenberg spin chain
system defined on a closed Riemannian manifold admits a global, weak solution. Alse, it is easy
to check that an L* ([0, T], C*(M, §8%)) solution to the Cauchy problem of the Heisenberg

spin chain system is unique. As a direct consequence of Theorems 1.1 and 1.2 we have
Corollary 1.1. Let (M, g) be a closed Riemannian manifold or a Euclidean space and
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5% be a sphere with standard metric. Let mg = [Lg-] + 1 where m = dim(M), and let # =

Ny.1W-2(M,N). Then, the Cauchy problem to the Heisenberg spin chain system (1.2) with
initial data uo€ W*2( M, S?), for any integer k= mq + 1, admits a local solution u € L* ([0,
T1, W*2(M,S?)), where T=T( ||V ug I W’”°")' The local solution is unique when k = mq
+2. In particular, if ug€ #, then u€ C*([0,T], #).

Sulem et al.!'* also discussed the existence of solutions to Heisenberg spin chain system
defined on a Euclidean space R™ by employing the difference method.

The rest of the paper is organized as follows. In sec. 2 we prove the interpolation inequality
of bundle valued Sobolev spaces defined on a compact Riemannian manifold or a Euclidean space

R™, and establish the relations between W*'? norm and H*'? norm. Sec. 3 is devoted to the proof
of the above theorems.

2 Some inequalities for Sobolev sections on vector bundles

Let m: E—~ M be a Riemannian vector bundle over a Riemannian manifold M. Then we
have the bundle A?T* M & E—>M over M which is the tenser product of the bundle E and the
induced p-form bundle over M, where p =1,2,*,dim( M) . We define I'(A’T* M ®E) as
the set of all smooth sections of A?T* M @ E— M . There exists an induced metric on A’T* M
® E—M from the metric on T* M and E such that for any s,, s,€ I'(A’T" M ®E)

Gsiosa) = 25 (silessmye ) saes s ve ),

where {e;} is an orthonormal local frame of TM . We define the inner product on I'(A’T* M ®
E) as follows:

(s1,82) = jM<s,,sz>(x)dM = jM<sl,s2>(x)* 1.

The Sobolev space L2(M , A’T* M ®E) is the completion of I'( A’T* M @ E) with respect to
the above inner product (-, ), we may also define analogously the Sobolev spaces H*'" (M,

AT M @E) or H*"(M,E). Let V be the covariant differential induced by the metric on E,

then we can take the completion of the smooth sections of E in the norm,
1

% T
Fo i = 1ol oy = (2, 195 am)
i=0
where

1
|Vis| = (V- Vs, Veur V)2,
We call the above Sobolev spaces the bundle-valued Sobolev spaces.

We first prove the following interpolation inequality for sections on vector bundles, which
was proved for functions on R™ by Gagliardo and Nirenberg, and for functions on Riemannian
manifolds by Aubin('*: .

Theorem 2.1. Let s€ C*(E), where E is a finite-dimensional C® vector bundle over
a closed m-dimensional Riemannian manifold M. Then we have

I ¥sl < Cllslplsll e, (2.1)
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where

k
sl e = 2510 W5l e,
in0

where lp,qg,rs®, and j/hksas<sl (j7k<a<lif g= m/(k-j);él) are numbers
such that

1 1 1 k) (2.2)

1
— = +—+a(——‘—-—_—
p m r q r m

The constant C in (2.1) depends only on M and the numbers j,k,q,r,a.
Proof. We will follow the proof in ref. [14] closely and be sketchy. We first note that,

for functions f€ C* (M) (without the assumption thatf f = 0), one can modify slightly Theo-
1%

rem 3.70 in ref. [14] to get
IVl < ClAl o llfl ", (2.3)

where the constants in (2.3) satisfies the conditions of Theorem 2.1.

Case (i). j=0and k =1. In this case, letting f= |s| in (2.3) and noticing that
Kato’s inequality |V Is||< |V sl implies || Is1 || o |l s |l gy we get inequality (2.1)
for j=0, k=1.

In general, one can let f = | s | and use Kato’ s inequality |V | Vs | | < |V*s| forj=
1 to derive from (2.3)

I Fsllp Cllsll Gl @l 7" (2.4)

Case (ii). j=1and k =2. In this case we have 1/2< a <1. It is clear that the case a
=1 has been treated in (2.4) . For the remaining cases, similar to ref. [14], the crucial step
is to prove (2.1) for a =1/2, or

I19s% < Clm,p) I 9250 2 ls ., (2.5)
where 1/¢ +1/r=2/p.

Proof of (2.5). We assume p =2, which is what we need for our applications. By di-
rect computation we have

Div{l Vs 122V s,s) =1 Vs i?+1VsIPHYV,s,s)
+(p-2)1Vs |”"4<Vﬂs,VaVﬂs><Vas, ).
Integrating the equality over M and noting that
l Z Va Vaslz = m'v?.s'z’

we get

[ 195l < (Vmtp-20f [V2[[9s[2151.
Applying the Hélder’s inequality (noting 1/q + 1/r+ (p-2)/p=1), we have

I Vslih< Clm,p) ! V2l sl o0l Vsl

which is just (2.5).

For 1/2< a <1, we need to consider two cases.

(a) g < m. Using the convexity of log( || £l f,) as a function of p=1, we have

1-
I Vsllpe I Vslol vslllo,
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where I<st<psrand a=(p '-r ")/(: ' =r~1). Choose ¢, r so that
1 1 1 2 1 1 2 1
Lol L2t o2 2
r q ¢ q r g m

Then by (2.5),
172 172
I Vsllp<Cll V2l sl
and by (2.4) with j=1, a=1,
195l < Clsl g
Combining the above three inequalities we get (2.1).

(b) g= m. Under this condition one can choose ¢ such that
2 1 1
C N S
t q r
and choose b€ [0,1] such that
LoL,iiiy)
P t g t m
Then by (2.4) with j=1,
b 1-b
Ivslpsclslpdi Vsl
Then by (2.5),
2 172
Vsl ,<cl o2sl 2l

Combining the above two inequalities we get (2.1) with a = (1 + 4)/2.
This completes the proof of Case (ii). All the remaining cases then can be derived by in-
duction.

Now let u€ C*(M,N), where M is a closed Riemannian manifold. Considering Vu as a
section on the bundle u* (TN)® T* M, then with s = Vu, we have by Theorem 2.1,
IV ull ps €l Val ol Vull %, (2.6)
where the constants in (2.6) satisfy the conditions of Theorem 2.1.
We need to consider the case M = T = R®/(R*Z)™, where R=1 and the Riemannian
metric of Tz is just the Euclidean metric.

Proposition 2.1. If M = T}, then the constant C in (2.6) does not depend on the di-
ameter R>=1.

Proof. For each u € C* (T}, N) let ug€ C*(T,™,N) be defined by
up(x) = u(Rx), VY« € TT.

Then it is easy to find that for any integer [ =1,

“ Vl Upr H L”(Tl"‘) = Rl—m/p ” Vlu ” L’(T:)' (2-7)
Since R=1, one deduces from (2.7)
IV ugl pparmy < (b + DREEMI Vou ]l oy (2.8)

Note uy satisfies (2.6) with the constant C = C(TT,j,k,p,q,r). Combining (2.6) for u =
ug with (2.7) and (2.8) we get

. 1-
I V'l p CR* I Vaull ool Vull 75,

for some constant h . However, using (2.2) one checks that h = 0. This proves the proposition.
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In the following we consider the problem of comparing the W*'2 norm with H**? norm of
maps u€ C*(M,N). We assume that M is a closed Riemannian manifold and N is a compact
Riemannian manifold with or without boundary . It will be convenient to imbed N isometrically in-
to some Euclidean space R¥, and consider N as a compact submanifold of R¥. Then the map u
can be represented as u = (u',**, u*) with u’ being globally defined functions on M . Then we

have
k ) 2
DDl s,

i=0

20 I Dl %,

lal =i
and D denotes the covariant derivative for functions on M. The H*'2 norm of u is defined simi-
larly, we only need to replace D by V , where V is the covariant derivative for sections of the
bundle u* (TN) over M (for simplicity we also write Vu = Du.).

In general, V is a section of u* (TN) if and only if VE C® (M ,R¥) such that V(x)€
T.sy N for all x € M. For each y€ N CR¥, let P(y) be the orthogonal projection from R*
onto TN, then we have

V(ix) = P(u(x))V(x), Vx€E M.
Applying the operator D, to the identity we get
D,V = P(u)D,V + A(u)(Du,V),

2
[RR7R

where

I Du 32

or equivalently,
DV =V, V 4+ A(uw)(Vu,V),

where A is the second fundamental form of N in R*. Using this, it is easy to derive by induction
the following identity (with u, = V)

Dau = Vau + EBa(a)(u)(Valu,"', V,,‘u), (2.9)
where |al =2 and the sum is over all multi-indices a,,***, a, such that la;1 =1 for all i and
(ay,,a,) = o(a)

is a permutation of @ . The B,(,) in (2.9) is the multi-linear form on TN, whose norm as an op-
erator depends only on the geometry of N.
It follows that

| Dl < |Vau|+ C(N) D] \Va‘u\...\valu

and

IDull pg || Pull pe €CN)Y D3 I 1%l | V| | 5. (2.10)

L
Lrvii=k jal

Inversely, by the definition of covariant differential we can also deduce that there are B;
which are multi-linear vector valued functions on R such that

Vau = Dau + 2 Bo(ay(u)(Dgu,, Dau), (2.11)

where @1 =2 and the sum is over all multi-indices @;,***, @, such that | @;| =1 for all i and
(ay,",a,) = a(a)
is a permutation of a. There also holds

I Vull p 1Dl 2+ € 23 I UDhuwt 1Dl |l (2.12)
Jora=k, 2l
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Proposition 2.2. Assume that k > m/2. Then there exists a constant C = C(N,k)
such that for all u€ C* (M, N),

I Dull e < €23 Vol yposas (2.13)

and

k
| Vaull pras €250 Dull ). (2.14)

t=1

Proof. Consider the terms in the sum in (2.10). Let2< p;< ® (i=1,",1) be such
that
1,11
P1 p 2
Then by Holder’ s inequality,
iVt 1Vt s | Voall e | Vil

We assume j; + *** + j; = j< k. We claim that under the condition & > m/2 one can check that
there exist p; and (j; - 1)/(k -1) < a;<1 with

1 -1 1 a,(k-1)
— - .

Di m 2 m
By Theorem 2.1, with s = Vu, we have
I Vil pos €1 Vull ol Vull J%< €Il Vall s (2.15)

Using this in (2.10) we get

“ Dju “ = CE “ Vu “ Il{l;»l.z
I=1

for l<j< k. It follows easily that (2.13) holds.
Now we turn to proving the above claim. From Theorem 2.1 we see that the condition a; =

o1
Jk 1 is equivalent to p; =2, and the condition a; <1 is equivalent to
L L L (2.16)
Pi 2 m m

Also, we see

Y: > 0 if and only if j > R

2
We may assume that
. . . m . .
hhzjaz > k-5 z2jmz"" 20
That is, for i <<t we have 7; >0, while for i > ¢t we have 7;<0.
When t=1, let p,(i=1,""*,t) be a set of positive numbers such that
SRS S 0 (2.17)
P1 P 2
We need each p;(1<i<t) to satisfy (2.16), i.e.
l2)’,‘El+£—£>o.
Di 2 "' m m

We can choose p; to satisfy both (2.16) and (2.17) if only
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' 1
i=2175$?-

This can be verified by the following computation
e (Lo k) IS g (Lo k)
;}7"‘ (2 Sy EE=D IR e I
=L (L i) 1
= 2+(t—1) >~ <7
For i > t, to apply (2.15) we need only to select p; = @ .
When ¢ =0, it is obvious that to apply (2.15) we need only to choose p; =2 and p; = @
fori=2,-,1.

By the same spirit as above, we can use (2.11) and (2.12) to derive (2.14) . Thus, we
complete the proof of the proposition.

3 Loecal existence of Schridinger flow

In this section we prove the local existence of smooth solutions for the initial value problem
of the Schridinger flow
{uz= J(u)z(u), _ (3.1)
u(-,0) = uo € C*(M,N).
We need to employ an approximate procedure and solve first the following perturbed problem
{u, = er(u)+](uzr(u), (3.2)
u(+,0) = uo € C*(M,N),
where € >0 is a small number.

The advantage of (3.2) is that the equation with € > 0 is uniformly parabolic. Hence the
initial value problem has a unique smooth solution u, € C* (M x [0,T.),N) for some T, >0.
The problem is then to obtain a uniform positive lower bound T of T,, and uniform bounds for
various norms of u.(¢) in suitable spaces for ¢ in the time interval [0, T) (Since we shall use
L? estimates, the norms are W*'2( M, N) - norms for all positive integer k.). Once we get these
bounds it is clear that the u, subconverge to a smooth solution of (3.1) as e—>0.

Now let u = u, be a solution of (3.2). Then it is easy to see that the energy E(u(t)) =

%—” Vaule)ll ;» is uniformly bounded for ¢ € [0,T.). Actually,
Eu) =~ [ (e,
= - EJ | z(u)|? —j (r(u),J(w)z(u)).
M M

The last integral vanishes since the complex structure J is anti-symmetric. It follows that the time
derivative for the energy is non-positive, and

E(u(t)) < E(uo). (3.3)
In the following we will make estimations on L2-norms of all covariant derivatives V¥u (k =2,3,
+), We will assume M is flat, i.e. the Riemannian curvature of M vanishes identically, to
simplify the computations. For the general case, the additional terms involving the curvatures of
M actually do not provide additional difficulties, since the derivatives of u appearing in these
terms are of lower orders. We formulate our estimates into a lemma.
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Lemma3.1. Let mo=[m/2] + 1, where [ ¢ denotes the integral part of a positive
number ¢, and let ug€ C* (M, N). There exists a constant T = T( || ug |l got2) >0, inde-
pendent of ¢ € [0,1], such that if u€ C* (M x [0, T.]) is a solution of (3.1) with ¢ € (0,
1] then

Tz TCH uo |l o)
and
uCe) Il oz < CChy lug ll ppore) ¢ € [0, T]
for all k= my.

Proof. As N may not be compact we let 2 = {pE N: disty(p,uo(M)) <1}, which is

an open subset of N with compact closure 2 . Let
T = supit > 0: u(M,t) c Q1.

Fix a k= mgy, and let [ be any integer with 1 << /< k. Suppose that @ be a multi-index of

length I, i.e. a=(a;,*"*,a;). Then we have for t< T"

1 d 2
DT I v, V;ull 2= fM<VaV,~u, V.V, Vu). (3.4)

Exchanging the order of covariant differentiation we have (cf. ref. [15])
V.V .V = V,V.% + > VR(w)(Va, VoY) V.V,
where the sum is over all multi-indexes b, ¢, d, e with possible zero lengths, except that
| ¢| >0 always holds, such that
(b, c,d,e) = o(a)
is a permutation of @ . Noting that we may replace V,u in the terms of the summation by the right
hand side of eq. (3.2), the above identity can be rewritten as
V.V.Vau = V,V.Vu + Q (3.5)
with
1Q 1< C(L,0) D5 |Viu| [Vl (3.6)
where the summation is over all ( Jiss j,) satisfying
hizhz2j, l+lzjizl, j++j=1+3, s=3. (3.7)
For the first term in the right hand side of (3.5), we may use eq. (3.2) to get
VoViVa = V, V(e (u) + J(u)z(u))
= eV, VV.Vu + J(u) V,V.V.Viu, (3.8)
where we have used the integrability of the complex structure J of the Kéhler manifold N . By ex-
changing the orders of covariant differentiation as the above, we get from (3.5) and (3.8)
VV.Vau = eV,\V,V.Vau + J(u) V,V;V,Vau + Q
where Q satisfies (3.6) and (3.7) . Substituting this into (3.4) and integrating by part we then
have

1 d 2
S IRA
= JM( - € l \ Vaviu '2 - <vkvaviu ’ J( u) Vkvaviu> + <Vaviu ’ Q>) .
Note that the first integrand is non-positive and the second vanishes, so we have by (3.6)

d . :
dz | V.V ll sz < C(l,ﬂ)ZjM|vl+lu‘ | Vg || Vi ],
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and consequently
ARAI FERIUIDY LS N (3.9)

where the summation is over all (j;,*,j,) satisfying (3.7).
To treat the integrals in the summation of (3.9), i.e.

zzj |V | | Vi | e |V | (3.10)
M

we need the following lemmas.
Lemma 3.2. Let / be the integral (3.10), where (j;,**,j,) satisfy (3.7). If 1< i<
mg, then there exists a constant C = C(M,1) such that
A B
I<Cl Vul el Val I vl
where A=[1+3+(m/2-1)s—m/2]/moand B=s—-A.
Proof. let2<p;<® (i=1,"",s) be real numbers (to be chosen later) such that

S 1 1
F .

i1 Pi

Al

Then by Holder’s inequality

T IVl ol Phul e | Vil . (3.11)
Now by Theorem 2.1, we have
I Paull oo €Il Vall rall Vul 2%, (3.12)
where (j;-1)/mg<a; <1, and

1 .
L _s-_, 1 oM (3.13)

Pi m 2 m
Note that when (3.13) holds, p; =2 implies a; = (j; — 1)/mg, while the condition a; < 1 is

equivalent to

_
Lzl L Mmoo (3.14)
Pi m 2 m

Also note that

Y; = 0 if and only if j,-—l;mo—ﬂ if and only if j; = 2.

2
Assume that j; =2 for i t, and j;=1for t=¢+ 1. We choose p; = @ for i=1¢ + 1 so that
N1 1
- = =, (3.15)
.2:; pPi 2

Then we may choose p; for i =1,**,¢ to satisfy both (3.14) and (3.15) if and only if

1 : 1.
o Rme p(Bi- e g

But Zj,- = Il + 3 and s=3, we have

i=l

Mji-t=1+3-(s-1)-1t << mo,
i=1

hence

mo p_met 1 (1 m) 1
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The last equality can hold only if ¢ =1, which implies py =2 and j; =1+ 1. If I < mg we have

7:1 < % and (3.14) holds true. If I = m,, we see inequality (3.12) is trivially true for j, = my
+1and a,=1.

We have shown that in any case we can choose p; and a; such that (3.12) holds for all ;.
It follows from (3.11) and (3.12) that

I<ClVaul el Vullall v*'ul

L
withd = Dya;=A=[1+3+(m/2-1)s - m/2)/mpand B = >,(1 - a;) = s - A.
i=1 i=1

This finishes the proof of Lemma 3.2.

Lemma 3.3. Assume [ > mg. Then there exists a constant C = C(M, 1) such that
(l) ifj1=l+1,
m/m 2-m/m
T Cl vVl lull Vaul 201 vull ™™,
(i) if ji< 1,
T<C+ I Vull’)(e I Vull )

where A = A(m,1).

Proof. (i) Ifj;=1+1, we see from (3.7) that s=3 and j,=j3=1, i.e.

I = J A AL
M
Then it is clear that
I< I 9%l Valll-.
The claimed inequality follows immediately
a 1-a
| Vull;» < €l Vull ozl Vull 27

where a = m/(2myg) .

(ii) Assume j,<!. We need to use a special case of Theorem 2.1, where s = Viy ( ji=
1), r=q=2 and k is replaced by k — j >0. We have

I Vullp s €l Vil poall uli5°, (3.16)
where
1 1 (k-jla

Pl R (3.17)

withO<ax<l, unlessj=k—%inwhich case O0cac<l.

From (3.17) we see that the condition a =0 is equivalent to p =2, and the condition a <
1 is equivalent to

1 1 k-j_
p > 2 - m = }’k,j. (3.18)
Also, we see
Yi,; = 0 if and only if j > k—%.

Now, we turn to the integral /. We may assume that for some integer ¢t =0,
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m . R
L= >jmz "2zl

while if £ >0,

lejizz2jz=l-7.

2
That means, for i < ¢ we have 7; ; =0, while for i =t + 1 we have 7, < 0. Then from (3.16)

we have for i=t+1 (with k=1, p;= »)
j i a ; l-a,
| Viull - < €Il Vi || s I Vi |l 2,
m
where a,-—2(l_ .)<1.

Ji
First, consider the case t = 0. For this case we have

I<Cll Vull ZLM( E | Vi || ;z—a')J.Mlvl"lu’ |Viul,
i=2

where A, = a, + *** + a,. Then we have
A +1 A +1

T< € I Tul D0 vl ol Pl g €Oa I Vull 5350 Yl de.

Assume now that t =1 then we have

IT<Cll Val B 20 I Vi n;;“»)j |V y | [ V| o | P |

i=t+l M
where Ay =a,.; + " + a,. So we can also write

I<CUl+ 1l Vul ’;ﬂi)leV‘*‘u! | Vi | | Vi | . (3.19)
Let p,(i=1,",t) be a set of positive numbers such that
1,..,1_1
P1 P: 2
Then by Holder inequality, the integral on the right hand side of (3.19) is no greater than
vl gl Pl pee | Vil (3.20)

If t =1, we have p; =2 and obviously
I Vg |l rF < Cll Vull N

In view of (3.19) and (3.20), the lemma is proved. So in the following we assume ¢=2.
For the second term in (3.20) we need to treat two cases differently.

Case 1. j1;l+l—%. In this case we may apply (3.16) with k=1+1, a=1-¢,
where e =0 if j, > 1+ 1~ m/2, and & >0 arbitrarily small when j; =1+1- m/2, to get
. . 1-¢ : €
“ Vi “ s C “ Vi ” gt ” Vi “ 2 = C “ Vau “ g

where
1 1 U+1-j)0-¢)
— = 5 - > 0.
P 2 m
Note that we now have
I+1-757)0 -
1,1 1 1 _U+t-jd-¢) (3.21)
P2 A m
To apply inequality (3.16) with k = [ and j = j; for 2< i < t, we need each p; to satisfy
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(3.18), i.e.

We can choose p; to satisfy both (3.18) and (3.23) if only
‘ (I+1-j)0-¢)
Z 71,_,'1 < .

m

i=2

This can be verified by the following computation .

Z)’z,—(t—l)( )+—ZJ,

i=2 Yoi=2

s(t_l)(%—%g)_(t—l)l_mmo_i_(l+3_j1")1—(3_t)
<(z_1ﬂl- mﬂ_‘-1+(l+3—jﬂ—(s—t)<(l+1_ﬁ)

m m m m

b4

since s=3, t=2and Il > mg> —gl Choosing ¢ sufficiently small we get what we need. Now,

applying (3.16) to the terms in (3.20) with { =2 we get
I Wl p< € Vul sl Pl 5% < €Yl
where a; is determined by (3.17) with p = p;, k=1, j=j;. In view of (3.19) and (3.20),

the lemma is proved.

Case 2. j1<l+l—%. We may apply (3.16) with k=1+1 and p = ® to get

| Pl - < €l Pl o |l Pl 5% < el Vil o,

where

a = 72— < 1.
2(l+1—]1)

Similar to the proof in Case 1, what we need to show now is

I’ = Eyl'j.- < ‘;_,
i=2

since p; = © . We still have

enlyede i

But by (3.7)
2j,-= l+3-j,- Z;]J,< l+3—(l %) s+ts-rén*+t.
Since the left hand side is an integer, we must have
2],\[ ]+t= mg-1+1¢,
with equality holds if and only ';fzs =3, yyi="=j,=1and jy=1+1- my. So we have
Ps(t-l)(%—;l)+%+£;—l=%+(t-l)(%—l;ml).
Noting that [ > mg implies [ = mq+ 1, hence 1/2< (I ~1)/m, we see (by t=2)
Ps%——l”;(l—mo—l)s%.
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Note that equality can hold if and only f I=mg+ 1, ji=l+1-mg, ji,y=""=j,=1, s=3
and ¢t =2. The first two equalities imply that j, = 2. It follows that we must have j, = j, =2, j3
=1, hence by (3.7) =2, and by [ = mg + 1 it holds mo = 1. This then shows that m = 1.
Except for this special case, our proof for Case 2 can go through just as we did for Case 1. Final-
ly, we remark that the remaining special case can also be treated, and the proof is omitted. This
finishes our proof of Lemma 3.3.

Now, return to the proof of Lemma 3.1. We first consider the case 1 < l< mqyin (3.9).
Then Lemma 3.2 together with (3.3) leads to

Mo 1+3

d (s,0)
1 Vullpe s €200 Valigas”,

I=1 5=3
where

A(s,1) = [1+3+ (m/2-1)s - m/2])/my.
Ifwelet f(¢)= | Vul(s)l 41+ 1, then we have
[l G, f0) = |l Vgl e + 1, (3.22)
where Ag=max{A(s,l): 3<s<!+3, l<l<mgy}. The constant C in (3.22) depends only
on mg, M and N. It follows from (3.22) that there exists Ty >0 and Ky > O such that
I Vu(e) |l o2 < Koy ¢ € [0,min(T,, T')]. (3.23)

For any k > mg, we need to consider the case mo< I <k in (3.9). Lemma 3.3, (3.3) and
(3.23) then imply

d
S Vallfe s €O+ I Vulllpd0+ |Vl o). (3.24)
For k= mo + 1, we see from (3.23) that the summation in (3.24) is bounded since k - 1 =

mo. Then, since (3.24) is a linear differential inequality for || V u || ZHk,z , there exists a con-
stant K| > 0 such that
| Vule)ll < Ky 1 € [0,min( Ty, T')]. (3.25)
It is now clear that inductively using (3.24) one can show the existence of K; >0 for any i>1
such that
|V ule) | s < Kio £ € [0,min(To, )1 (3.26)
Since we assume (2 is compact, consequently || u(¢) || ;* is uniformly bounded for ¢ € [0,
min( Ty, T')].
Note that a positive lower bound of 7" can be derived from (3.26). In deed, it is easy to
see that
28, e < Ko
However, by Theorem 2.1, for some 0 < a < 1 there holds
lull o €M)y ] e |l w Il 70
This implies
| wll o < A
for some .# >0, assuming that ¢ < min{ Ty, 7" { . Thus we have
fggd,v(u(x,t),uo(x)) < Ht for t < min{T,, T}.

If T" > Ty we get the lower bound, so we may assume that " < Ty. Then letting :—T" in the
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above inequality we get .# T’ =1. Therefore, if we set T = min{ig, To} , then the desired es-
timates hold for t € [0, 7]. It is worthwhile pointing out that, if N is compact (noncompact),
T=T(N, | Vul g2) (T=T(N, | Vug [l jn12)) depends only on N, ug, not on
O0<ex<l.

It is easy to find that the solution to (3.2) with € € (0,1) must exist on the time interval
[0, T]. Otherwise, we always extend the time interval of existence to cover [0, T], i.e. we al-
ways have T, = T. Thus, Lemma 3.1 has been proved.

Remark 3.1. In the proofs of Lemmas 3.1—3.3, we only use the interpolation inequali-
ties in Theorem 2.1 and the Holder inequality. All estimates do not depend on the volume of M,
but on the Sobolev constant of M .

Proof of Theorem 1.1. First, we would like to mention that N is always regarded as an
embedded submanifold of RX. If ug: M—>N is C*, then, Lemma 3.1 claims that the Cauchy
problem (3.2) admits a unique smooth solution u, which satisfies the estimates in Lemma 3.1.
It follows from Proposition 2.2 that, for any ¥ >0 and ¢ € (0, 1], there holds

e . | vian < G(Q,u0),

where C,({2,uq) does not depend on . Hence, by sending e—>0 and applying the embedding
theorem of Sobolev spaces to u, we have u,.~u€ C*(M x [0, T],N) for any k. It is very
easy to check that u is a solution to the Cauchy problem (3.1). The uniqueness was addressed
in Proposition 2.1 in ref. [1].
Finally, if ug: M—>N is not C*, but ug € W*>(M, N), we may always select a se-
quence of C® maps from M into N, denoted by u;y, such that
up—>up in W2, asi—> o,
This together with (2.11) leads to
Vo ll e = I Vg ll iz, as i > .

Thus, there exists a unique, smooth solution u;, defined on time interval {0, T;], of the Cauchy
problem (3.1) with ug replaced by u,o. Furthermore, it is not difficult to see from the arguments
in Lemma 3.1 that if i is large enough, then there exists a uniform positive lower bound of T;,
denoted by T, such that the following holds uniformly with respect to large enough i:

Sup I V() Il pos < €T, I Vg Il i)
Here, we would like to point out that T= T( || V ug || pn2) (T=T( | Vug |l yne12)) when
N is compact ( noncompact) . It follows from Proposition 2.2 and the last inequality that

sup I Du(e) |l g < €' (T, Nl Dug il yora),
where D denotes the covariant derivative for functions on M. Therefore, there exists a u € L*
([o,T], W**(M,N)) such that

u; > u [weakly” ] in L= ([0,T], W**(M,N))
upon extracting a subsequence and re-indexing if necessary. It remains to verify that u is a strong

solution to (3.1), i.e. we need to check that for any v € C* ([0, T] x M,R*) there holds
T T
JJ (Qu,v) = JJ (J(uw)r(u),v).
0J M 0dm

However, for each u;, the following is always true
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ol Gy = [ ] Crtwreud ..

As u€ L=([0,T], W*2(M,N)) where k=mg+ 1 (or k= mg+2 when N is noncompact ) ,
we can see easily (see also (2.14))
Agu,A(u)(Du,Du) € L*((0,T],L*(M,R")).
Therefore, in the sense of distribution 7(u) can be written as
t(u) = Du + A(u)(Du,Du) = P(u)Au.
Indeed, for any € Co'(M,RX), we have

| (PCwsu )= [ au, Py

_ J'M<Du,P(u)D17> - JM<Du,D(P(u))17>

_jM<<Du, D7) = (A(u)(Du,Du), 7))

J (Agu + A(u)(Du,Du),;y).
M
Now, we consider

[ ) Pu)Au - 1) P(u)Bu,0) |

Mx[0,T]

< [T PCuy) = T(u) P(u))Bgusr 0|
Mx[0,T]

+J |<J(u)P(u)(Agui—Agu),v>|.
Mx[0,T]

When N is compact, obviously

I DCICHPC) I =y < .
When N is noncompact, by the Sobolev embedding theorem, we can infer that there is a compact
subset of N, denoted by % such that u;(M x [0, T]) c Zfor i large enough and u( M x [o,
T]) c.” Hence, we also have

“ D(J(')P(')) “ L (%) < ®.
Therefore, it is not difficult to see that every term on the right hand side of the last inequality

converges to zero as i goes to infinity, no matter whether N is compact or not. Hence,
T T
tim| | (Ju)Pu)goo) = [ | (1) Pw)aw, 0.

On the other hand, we also have

tim| [ @aiod == ] (u,9m) + [ (u(T),0(T)) = Cur0(0)).

ad d

The last two equalities lead to

[] capag,s) == 7] (w00 + [ (ulD),0(1)) = (a0, (0.

(3.27)
Noting J(u)z(u)€ L*(M x [0, T], R*), (3.27) also implies that d,u € L*(M x [0, T],

R¥). So, for any smooth function v we always have

LTIMU(u)r(u) ) = J:jM@,u,v),
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this means that u is a strong solution.

The uniqueness of u follows Proposition 2.1 in ref. [1], when k= mg+ 3. Obviously, u
is smooth as k is large enough. Thus, the proof of Theorem 1.1 is complete.

Let N be a closed submanifold of the Euclidean space RX. We say u € W*?(R™, N) if
and only if there is a point O € N such that if we take the origin of R* at O then u € W*#(R™,
RX) and u(x)E N for a.e. x €ER™. In order to prove Theorem 1.2, we need to use the fol-
lowing:

Lemma 3.4. Let k> 221- and u € W*2(R™, N). Then there exists a sequence of maps

u, € W2(R™,N)N €3 (R™,RY) such that u,—~u inW*2(R™, N).

Proof. By the density theorem of Sobolev spaces, there exists a sequence | v b, 0, €
Ce (R™,R¥) such that v;—>u in W*2(R™, R¥).

It is well-known that there exists a tubular neighbourhood F(N) of N such that the projec-
tion map 7: F(N)—>N, defined by

dist(p,n(p)) = dist(p,N) = inf{| p - ¢ |: ¢ € N}
for p&€ . 7(N), is a smooth map. Define
u, = 7(v;).
We need to show
| Dau; = Dgu |l > =0

for la|<k.

It is well known that we have

Du; = dn(v;)Dv;,
D*u; = drn(v;)D*v; + d*n(v;)(Dv;, Dv;).
In general, we have
Dau; = Daﬂ'(vi) = 2 Ba(a)(vi)(Dalvi TR Dalvi) ’
where the sum is over all multi-indices @,,**, a, such that | g;1 =1 for all j=1,*,5 and
(al st 9a;) = o(a)

is a permutation of @, and B,(,) is a multi-linear form with uniformly bounded norm.

Since we have

n{u) = u, Dau = Dg(u),
S0
Dau; -~ Dgu = Do (v;) - Dr(u)

= Z[Ba(a)(vi)(Dal”i""1Da'vi) - Ba(a)(u)(Dalu"“’Dalu)]-
Set vi=u+t(v;—u) for t€[0,1]. Then, we get
1
,Daui - D,u, = , EJ %B,(,)(vﬁ)(D, vi, -, Dyvi)de
0 1 £l

CEJ | Diot| -+ | DIwi| | Di(o; - u)|de,

where the sum is over all j;,***,j;, such that j; + = +j,, 1< lal, ji, =1, ji120.
It follows that

| Dgu; = Dau |l * < E max | | Dhovl| - | DS | DIi(oy = w)| |l 2.
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The proof that the right hand side of the above goes to 0 follows essentially from the proof of
Proposition 2.2. The detailed estimates are hence omitted.

Proof of Theorem 1.2, Since ug: R™—> N belongs to Wt 2(R™, N), by Lemma 3.4
we may always choose a sequence of Cg -maps in W**2(R™, N), denoted by {u;o}, such that
the supports of {u;y! are compact, and

up—> u, in W2, as {— o,

m

Moreover, since k > 5 Wwe can apply (2.11) to prove easily

“ v U;o “ e — ” v Ug ” Py as [ — ®,

If the support of u;, is denoted by £2;, we may pick a large enough R; such that 2,C C

A

f),»st -R,RIx-x[- R,-,R,-j. Thus, u; can be regarded as a function defined on a flat
torus 77 = R™/(2R;"Z)™.
We consider the following Cauchy problem
du(x,t) = J(u(x,t))c(ulx,t)) on T" x (0, T],
{u(x,O) = up ug: IT"— N.

Since the constant in Proposition 2.1 does not depend on the diameter of a flat torus, by checking
the proof of Lemma 3.1, we can see easily that there exists T >0, which does not depend on i,
such that the above Cauchy problem admits a unique, smooth solution u; on T, x [0, T]. Fur-
thermore, the following holds uniformly with respect to i:

| V) [ o < ECT, | Vgl o).
It follows from Proposition 2.2 and the last inequality that

gup | Dui() || s < C'(T, |l Dug | yp2).

We regard each u; as a map from 0, % [0,T] into N. Therefore, there exists a u € L= ([0,
T1, W*2(R™, N)) such that for any compact domain ¥ R™
u; > u [weakly” ] in L= ([0,T], W*2(Z,N))
upon extracting a subsequence and re-indexing if necessary. It is easy to see that u is a strong
solution to the following Cauchy problem:
du(x,t) = J(u(x,t))r(ul(x,t)) on R™ x (0, T],
{u(x,O) = ug ug: R™— N.
From the process of the proof of Proposition 2.1 in ref. [1], we can see easily that u is unique

when k= mo+ 3. When k is large enough, u is smooth. Thus, the proof of Theorem 1.2 is
complete .
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