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1 .  - I n t r o d u c t i o n .  

Tile p re sen t  def in i te  knowledge  of the  Ea,r th 's  in te r io r  is suppor t ed  b y  mea.s- 

u r e m e n t s  of se ismic-wave veloci ty ,  f ree-osci l la t ion periods,  the i r  decay,  m o m e n t s  

of i n e r t i a  and  average  dens i ty .  

The ma jo r  d iv is ions  of the  i n t e r n a l  s t ruc tu re  are m a n t l e  a nd  core, whose 
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The present definite knowledge of the Earth's interior is supported by mea,s
mements of seismic-wave velocity, free-oscillation periods, their decay, moments
of inertia and average density.

The major divisions of the internal structure are mantle and core, whose
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dimens ions  and  p rope r t i e s  a re  k n o w n  wi th  r e m a r k a b l e  precis ion (Fig. 1, 2). 

The  core cons t i t u t e s  a b o u t  one th i rd ,  the  m a n t l e  two  thi rds ,  of the  whole mass .  
B o t h  are  f u r t h e r  d iv ided  b y  se isnmlogis ts :  as a n y  p rope r  geological  uni t ,  the  

m a n t l e  is subd iv ided  in to  lower,  mid-  

Fig. 1. - Major divisions of the 
Earth 's  interior, true scale; the crust 
corresponds to a 40 km continentM 

crust. 

dle and  u p p e r  man t l e .  S imi la r ly  we 

d is t inguish  an inner  and  ou te r  core,  

w i th  a s o m e w h a t  comp lex  t r a n s i t i o n  

region in be tween .  The  chemica l  differ- 

ence b e t w e e n  m a n t l e  and  core has  been  
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Fig. 2. - The seismic evidence for the in- 
ternal structure of the Earth:  velocities as a 
function of depth, after Jm,'F~EYS [1] (solid 
curves) and GUTENBERG [2] (dashed curves). 

conf i rmed in r ecen t  yea rs  b y  e x p e r i m e n t s  w i th  shock pressures  equa l  to  those  
of t he  core.  H o w e v e r  t h e  ques t i on  is b y  no m e a n s  c o m p l e t e l y  closed. 

The  h y p o t h e s i s  of an i ron core 
12 % / vs. a s i l icate  m a n t l e  depended  orig- 

mantle ~cone i' ." ,, ina l ly  upon  the  r ecogn i t ion  t h a t  
10 Z " " : '  / , , ~ / ; ,  ," ," m e t e o r i t e s - - i r o n  and  s t o n y - - f u r -  

~, ,,; n i shed  samples  of an  ea r ly  s t age  m I/+ 
~8_~ [ B /,,,,,.j, , ~ A  / / ~ i  'cu Of the chemical origin of inner 

I plane t s .  N o w  Fig.  3 is [3, 4] t he  
~ , , / "  / / /  F e ' / / /  - y  

, , , c o / / / / / /  
I ] A [  /_  / 27~ /~ 
. i I zz V CP / // / / L, ,,2Mg T, / / / /  / /  Fig. 3. - Hydrodynamieal  velocity, 

/ 3e // /~'~'7 (6p/60)½, v s .  density. The solid curves 
N~ .oc~/ -,u are shock data for metals; the dashed 

2 z~ 6 8 I0 12 I<~ lines are from static compressions. 
density The dashed curves for mantle and 

core are obtained from seismic velocities combined with representative density distri- 
butions. The circle labeled A is for dunite at 2.4 megabar. (For references, see [5]). 
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dimensions and properties are known with remarkable preelslOn (Fig. ], 2).
The core constitutes about one third, the mantle two thirds, of the whole mass.
Both are further divided by seismologists: as any proper geological unit, the

mantle is subdivided into lower, mid
dle and upper mantle. Similarly we
distinguish an inner and outer core,
with a somewhat complex transition
region in between. The chemiea,l differ
ence between mantle and core has been

Fig. 1. - Major divisions of the
Earth's interior, true scale; the crust
corresponds to a 40 km continental

crust.

Fig. 2. - The seismic evidence for the in
ternal structure of the Earth: velocities as a
function of depth, after JEFFREYS [1] (solid
curves) and GUTENBERG [2] (dashed curves).
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confirmed in recent years by experiments with shock pressures equal to those
of the core. However the question is by no means eompletely closed.

The hypothesis of an iron eore
1)8. a silicate mantle depended orig
inally upon the reeognition that
meteorites-iron and stony-fur
nished samples of an early stage
of the chemical origin of inner
planets. Now Fig. 3 is [3, 4] the

cOr'e

! ,p " /I, I J

f 8 !4Bej )/ i/:' 29
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Sn1}6 I I " Fe

~ 4 LI 1'2
Mg

Ti Fig. 3. - Hydrodynamical velocity,
I 30 (op/ce)t, V8. density. The solid curves111 Zn 47

A9Ne 48 d . are shock data for metals; the dashed
2 0L ------:,-----'-4---:-6--8"""---..Jl0=-----'-12,--~14 lines are from static compressions.

density The dashed curves for mantle and
core are obtained from seismic velocities combined with representative density distri
butions. The circle labeled A is for dunite at 2.4 megabar. (For references, see [5]).
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best evidence. Here a number related to the seismic velocities (0) is plotted
against density for the metals through the transition group; the solid curves
are from laboratory experiments and the broken curves show the same quantities
for mantle and core. From these data it is not possible to make a core of light
metals or their oxygen compounds, and a mantle of heavy metals. Transforma
tion of light compounds to a metallic state may take place in the Earth, but
the density of the core demands a metal of the transition group, and only iron
is sufficiently abundant. The properties of iron are close to those required
and can be adjusted with small amounts of alloying elements. Figure 3 is the
best demonstration that core and mantle are chemically distinct.

From another point of view, direct comparisons of pressure-density relation
ships of known materials with the known pressure-density variation of the
Earth would allow various assumed compositions to be rejected or accepted
as reasonable possibilities. Until about ten years ago, comparisons of pressure-

TABLE 1. - Some comparisons of properties of the Earth's core with measured values
for iron. (These averages are founded on data now out of date, but sufficient for our

indicative purposes.)
o.

I
I

Sound velocity I I
(km/s) ,Pressure· 1012 I Density

Depth i I
I (0) I (')

I

(km) I I

JEF- I GUTEN- Model B ! Model B
FREYS [lJ BERG [2J I

I

I I i

I

I

Earth: outer I 2900 I 8.10 I 8.00 I 1.33 9.7
I 1

core I 4980 I 10.44 1 10.04

I

3.22 12.0
inner

I

5120
I 9.40 I

10.1 3.33 15.0
I

core 6370 11.31 3.94 I 17.9
!

I

,

Iron (after [9J) I

I
7.85 1.22

I
11.03

I
i

I

8.49
I

1.68 11.56
9.53

I
2.85

I

12.56

I 9.98 3.48 12.95

~ I~ I__(I_rO_n_-_G_U_T_.)./_G_LJ_'T_·._1 (Iron - B )/B I (Iron - B )/B

I

i I - 2% I - 9% I +13%
-15% I -50% II - 4%

I I - 5% i -16% - 20%

1--------1---1 : -15% I -25%

(') BLiLLEN [81.

(.) The number related to the seismic velocities is (X/e)! = (V;- t V:)!, where X
is the incompressibility.
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density relations could be made only at the moderate pressure obtainable
with static apparatus (';;;1011 ) n. The recent development of the shock-wave
methods for the determination of equations of state has allowed such compar
isons. In fact the measurements of ALTSHULER and others [6] on iron and other
metals at pressure up to 5 .1012 give comparisons at pressures as high as those
at the centre of Earth (R::i 3.5 '1012 ). These experimental data have been
used by KNOPOFF and MACDoNALD [7] to study the core composition. Their
results are that the density of iron is somewhat larger (R::i 10 to 20 %) than the
densities of the core and that a mean atomic number of about 23 is consistent
with the core conditions.

TABLE II. - Density, pressure, and incompressibility of iron.

I
i

I
I!

I
P·I012

I K .1012 K/I! ((km/s)2)

I
I

I

I

7.87 0 I 1.68 21.4 !

I

I

8.35 0.111 I 2.12 25.5I

8.83 0.245 i 2.61 29.7
I9.32 I 0.402

I

3.17 34.2
9.83 I 0.586 3.81 38.9

10.35 I 0.798 4.52 43.8
I

I
10.87

,
1.039 5.31 49.0

11.39 I 1.312 6.18 54.4
11.93

I
1.617 I 7.14 60.0I

12.48 1.962

I

8.21
I

65.9
13.03 i 2.342 9.37 72.1
13.61

i
2.765 I 10.64 78.5
3.232

I
12.03 85.114.18 I I

14.78 I 3.742 : 13.53 92.0I
15.34

I
4.298

I
15.16 98.8

I
I

15.93 4.916 I 16.91 106.1i I

The data of ALTSHULER and others for iron are reproduced in Table I together
with some of the reported values for the core [1, 2, 8]. The correspondence be
tween sound velocity and pressure is seen to be fairly close for the outer core
although the correspondence in densities is less close. Tabl€ II r€ports the main
characteristics of iron determined by means of the BirCh-Murnaghan equation
of state.

2. - The Earth's core.

The existence of a core within the Earth was suggested by WIECHERT
in 1897. In 1906 OLDHAM gave a seismologic proof of the validity of Wiechert's

(0) Throughout this work, we use e.g.s. units.



EQUATIONS OF STATE AT HIGH PRESSURE AND THE EARTII'S INTERIOR 445 

hypothesis .  In  1913 GUTENBERG es t imated  t ha t  the distance of core boundary  

f rom the E a r t h ' s  surface should be about  2900 kin. A recent  value of such t~ 

distance, 2883 kin, is that, of BUI,I_EN [10]. This value has emero'ed f rom an 

analysis of free-oscillati(m da ta ;  bu t  fur ther  aJ~alysis of these oscillations 

m a y  possibly focc.~ a. modificat ion of this result [11]. 

JE.NSEN [12] Stlggested the  possibility of using the  Thomas-Pernf i  model  

to speculate about  Om s ta te  of mat  t er at  the pressures which are in the E a r t h ' s  

core. He  made  an interpolat ion 
eurve for iron, eonnectina" the ex- 

per imental  pressure-densi ty  rela- 

t ion with  lhe Thonms-Fernfi  curve 

by  means of the seislnic, velocities 

in the E a r t h ' s  core (see Find. 4). 

KUHN and RIT'r.~LLX [13] have 

s h o w I l  l, ht!~, o v e n  1Hider  t i l e  m o s t  

favourable  conditioi~s, the  t ime  re- 
quired to separate  liquid_ iron from 

silicates is much larR'er than  the aKe 
of the Ear th .  Tha t  should conflict 

with one of the arKunlei~_ts support-  

ing the hypothesis  thai the core is 

made  of iron separa ted  f rom sili- 

cates: the immiscibi l i ty  of iron and 

silicates. Then they  suFg'ested a 
core made up of undifferentiated 

solar m a t t e r  rich in hydrogei~. 

However  it was shown by  Vt'IGNER 

20r / 
"151 / /  

/ ,,5' 

51d° IO I' I0 '2 1o '3 IO 

pF'essur, e 

Fig. 4. - Jensen's interpolation curve for iron, 
eOnlloe{illg the experilnentM pressure-density 
reli~tion w i t h  t h e  Thonlt~s-l~ 'ernli  e r a ' r e :  a) M m ' -  

l laghsn eurw ~, fin' iron ; b) Jensen's interpolation ; 
c) Earth's core, aft:er BULLEN; d) TholllSs- 

Fermi curve for iron. after JENSEX. 

a.nd IIuNTINC~TON [14] and by Ktu).Nm, D~ BOER and ]KORRINGA [15] tha.t a sig- 

nificant amoun t  of hydroR'en a.t the core pressure woifid yield a materia.1 whose 
densi ty  is not sufieienlly t~'rea.t comps.red with t tmt  in the core of the Eart, h. 
In  fact  the  caleifla~ions lead to a densi ty  foY metall ic hydrogen of about  one 
at  the  pressure of i, he core, and it is clear t h a t  the hydrogen content  mus t  be  

l imited to a sinaller fraction,  p robably  even less than the  10% by  mass pro- 
posed by  KROXIN(;~ DE BOER and KORR1NOA (see also [16, 17]). I t  is ev ident ly  

more reasonable to reserve hydrogen for the giant  planets ,  which have  mean  

densities in the  neiR'hborhood of one, titan to a t t e m p t  the construct ion,  wi th  

so ]iR'ht e lements  of small p lanets  havintz mean  densities be tween 4 and 5.5. 

BRIDGMAN [18- ')0] obtained in the labora tory  s ta t ic  pressures of about  10~; 

these pressures correspond to a depth  of only 250 k m  in the  Ear th .  Therefore 

lnrge ext rapola t ions  are necessary to reproduce the conditions of the E a r t h ' s  

core. In  m a n y  eases such ext rapola t ions  do not  seem acceptable,  as shall be 

seen in a following SeclAon. 
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Vig. 4. - Jensen's interpolation curve for iron.
connecting the experimental pressure-density
relation with the Thonms-li'enni CUl've: a) Mur
naghan curve for iron; Ii) Jensen's interpolation;
c) Earth's core, after BULLE",,; il) Thomas-

Fermi curve for iron. after JE'l~EX.
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hypothesis. In 1913 GrTEl\RERG estimated that the distance of core boundary

from the Earth's surface should be about 2900 km. A recent value of such a

distance, 2883 lim, is that of BVLLEK [10]. This value has emerged from an
~1nalysis of free-mwillaLion data; hut further analysis of these oscillations
may possibly fm'cn a modification of t his result [11].

,JENSEN [12] sU:Q:g<~Kted the possibility of using the 'l'homas-Fermi model
to speculate about the state of mat! ('I' at the pressures which are in the Earth's
eore. He made an interpolat iO!l

eurve for iron, conneeting' the ex
perimental presslll'e-density rela
tion with the Thomas-Fermi eurve

by means of the seismie velocities
in the Earth's core (see Fig. J).

KCH~ and HITT}L\::\ [13] have

shown that, even l:ndel' the most
favourable eonditions, the time re
quired to separate liquid iron from
silicates is muC'lllarger than the age
of the Earth. That should eonflic"c
with one of the arguments support
ing the hypothesis that the eore is
made of iron separated from sili

cates: the immiscibility of iron and
silicates. Then they sug'gesteel a
core made up of undifferentiated
solar matter rieh in hydrogen.

However it wa" "hawn by 'Yl(i:,\ER

and HUSTEGTOX [14] and by KUOSlG, DB Bmw and KORRIl'IGA [15] that a sig
nifieant amount of hydrogen at the c'ore pre"SUl'e would yield a material whose
density i" not snfieiently gJ'c;\t eompa.red with that in the core of the Earth.
In fad the ea.lenla1 ions lead to a density fm' metaUie hydrogen of about one
at the pressure of the eore, and it i" deal' that the hydrogen content must be
limited to a smaller fraetion, probably even le"s than the 10 by Illass pro
posed by KROXI:'iG, DE BOER and KOnmXGA (see also [16,17]). It is evidently
more reasonable to reserve hydrogen for the g'iant planets, which have mean

densities in the neighborhood of one, than to attempt the construction, with

so light elements of small planets having mean densities between J and 5.5.
BRlDmlAK [18-20] obtained in the laboratory static pressures of about 1011;

these pressures correspond to a depth of only 250 km in the Earth. Therefore
large extrapolations are neeessary to reproduce the conditions of the Earth's
eore. In many cases sueh extrapolations do not seem aeceptable, as shall be

seen in a following Section.
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RAMSEY [16, 21, 22] suggested t h a t  the  large increase of densi ty  a t  the  

core boundary  is due to a pressure t rans i t ion  f rom the molecular  to a metal l ic  

phase,  r a the r  t han  to the  appearance  of a new mater ia l  such as an alloy of 
i ron and nickel. Thus he assumes, in first approximat ion ,  t h a t  the  E a r t h  is 

of uni form chemical  composi t ion (below the  crustal  layer) which he identifies 

wi th  olivine: a mix tu re  of 90~o magnes ium ortho-sil ieate and 10% iron ortho- 
silicate. Originally RA~rSE¥ pu t  forward his hypothesis  to account  for the  

densit ies of the  terrestr ia l  planests.  On his hypothesis  the  pressure at  the bound- 

a ry  of the  core will be  character is t ic  of the  ehenlical composi t ion of the  materi~fl 

which he assumes is the sanle for all the  terres t r ia l  planets .  
A very  impor t an t  result  is t h a t  of BULLEN [23], who found strong evidence 

for the  inner-core solidity. 
KuIPEr~ [24] has pointed  out t ha t  the  dimensions and masses of the  

terres t r ia l  p lanets  show t h a t  l~amsey 's  hypothes is  is untenable ,  l~a.be's 

work [25] on the  orbit  of Eros and the  more  accurate  values of the  masses of 

Mercury and Venus rule it  out on as t ronomical  grounds. 
Recent  revisions [10, 16] of the  es t imated  5Iars radius make  this conclusion 

open to question. 
KuIPEn [27] also observed tha t  K u h n  and R i t t m a n ' s  objections used b y  

RA~[SEY to criticize the  iron core, cannot ,  on empirical  grounds, app ly  to planets .  

Ill  fact  the  separa t ion of iron and silicate phases  is clearly shown in large me- 

teori tes  which ahnost  cer ta inly  derived f rom asteroidal  bodies of roughly 500 km 

in d iameter .  Therefore a t  lea, st exper imenta l  evidence of tile separa t ion of 

iron and silicates exists, while the  opposite thesis has never  been verified. 
ELSASSEn [28] compares the  es t imates  of the  densities and conlpressibilities 

of a larger number  of e lements  and compounds found exper imenta l ly  b y  BRI])G- 
)iA5 ~, for pressures up to 10 ~', wi th  the  l imit ing computed  values a t  pressures 
of ~he order of 10 ~3 and above  obt, a ined f rom the Thomas -Fe rmi  model.  E1_sAs- 

SER interpolates  in the  gap between 10 ~ and 10 ~3 and s tates  t ha t  the  densit ies 
of all e lements  can be de termined a s  functions of the  pressure in this range,  

wi th  a m a x i m u m  error of a t  most  15 to 20 %.  In  compar ing the densi ty  var ia t ion  

wi th in  the  E a r t h  wi th  his in te rpola ted  curves, ErSASSER finds strong suppor t  

to tile theory  t ha t  the  man t l e  consists ma in ly  of silicates and the  core of iron, 

thus excluding the possibil i ty of R a m s e y ' s  hypothesis .  He  is also able to give 

an a tomic  numb er  to the  E a r t h ' s  core. This a tomic  number ,  29, is to be 

compared  with  the  a tomic  num ber  of iron (26) and nickel (28). At the  same t ime  

ELSASSER finds some discrepancies be tween  his ex t rapo la ted  curves and geo- 

physical  data .  We shall examine more cri t ically Elsasser 's  results in a fol- 

lowing Section. 
BULLEN [29] has analysed f rom a different point  of v iew the  p rob lem and 

disagrees wi th  Elsasser 's  findings. F r o m  his E a r t h  model  A, BULLEN found 

t h a t  there  was no noticeable difference in the  incompressibi l i ty  gradient  dK/dp 
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RAMSEY [16, 21, 22] suggested that the large increase of density at the
core boundary is due to a pressure transition from the molecular to a metallic
phase, rather than to the appearance of a new material such as an alloy of
iron and nickel. Thus he assumes, in first approximation, that the Earth is
of uuiform chemical composition (below the crustal layer) 'which he identifies
with olivine: a mixture of 90 % magnesium ortho-silicate and 10 % iron ortho
silicate. Originally RAMSEY put forward his hypothesis to acc'ount for the
densities of the terrestrial planests. On his hypothesis the pressure at the bound
ary of the core will be characteristic of the chemical composition of the materia I
which he assumes is the same for all the terrestrial planet,s.

A very important result is that of BULLE1\" [23], who found strong evidence
for the inner-core solidity.

KUIPER [24] has pointed out that the dimensions and masses of the
terrestrial planets show that Ramsey's hypothesis is untenable. Rahe's
work [25] on the orbit of Eros and the more accurate values of the masses of
.Mercury and Venus rule it out on astronomical grounds.

Recent revisions [10, 16] of the estimated Mars radius make this conclusion
open to question.

KUIPER [27] also observed that Kuhn and Rittman's objections used by
RAMSEY to criticize the iron core, cannot, on empirical grounds, apply to planets.
In fact the separation of iron and silicate phases is clearly shown in large me
teorites which almost certainly derived from asteroidal bodies of roughly 500 km
in diameter. Therefore at least experimental evidence of the separation of
iron and silicates exists, while the opposite thesis has never been verified.

ELSASSER [28] compares the estimates of the densities and compressibilities
of a larger number of elements and compounds found experimentally by BRIDG
MA1\", for pressures up to 1011, with the limiting computed values at pressures
of the order of 1013 and above obtained from the Thomas-Fermi model. ELSAS
SER interpolates in the gap between 1011 and 1013 and states that the densities
of all elements can be determined. as functions of the pressure in this range,
with a maximum error of at most 15 to 20 %. In comparing the density variation
within the Earth with his interpolated curves, Er.SMSER finds strong support
to the theory that the mantle consists mainly of silicates and the core of iron,
thus excluding the possibility of Ramsey's hypothesis. He is also able to give
an atomic number to the Earth's core. This atomic number, 29, is to be
compared with the atomic number of iron (26) and nickel (28). At the same time
ELSASSER finds some discrepancies between his extrapolated curves and geo
physical data. We shall examine more critically Elsasser's results in a fol
lowing Section.

BULLE.:'> [29] has analysed from a different point of view the problem and
disagrees with Elsasser's findings. From his Earth model A, BULLEN found
that there was no noticeable difference in the incompressibility gradient dK/dp
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between the base of the mantle  and the top of the core. Moreover there  was 
only a 5 % difference in the value of K across the core-mantle boundary.  These 
features are in marked contrast  to the large changes in the densi ty and rigidity 
at  the boundary.  The change in K is a diminution from the mant le  to the core. 
However,  interpolat ing between exper imental  data  at  101I and theoretical  
results at  10 la of pressure, a slight increase of K is found in the transit ion from 
the mant le  to the core. Then BtT~,I~E~ ~ [29, 30] assumed tha t  K and dK/dp are 
smoothly varying functions below a depth  of 1000 km (model B). This implies 
tha t  at high pressure the compressibility of a substance is independent  of its 
chemical composition. More recent theoret ical  works indicate tha t  there  is some 

small variat ion of K with atomic number  at  high pressure, showing, however, 
tha t  Bullen's hypothesis  is ~ good approximation.  BUI~,EN can So est imate the 

density at the core-mantle boundary  obtaining 9.7. B~LLARD [31] has investi- 
gated, by  an independent  method,  the permissible density distributions within 
the Ea r th  and has concluded tha t  Bullen's est imate of 9.7 at the core-mantle 
boundary  should not  be in error by  more than  0.5. Recent  a.nMyses of free- 
Earth-oscil lat ion data  have confirmed Bullen's results. MoTeover on the grounds 
of his results, BULLEN [32] gave an impor tan t  contr ibut ion analysing Elsasser's 
work and showing tha t  it  has some internal  inconsistencies. In  fact  his cal- 
culations lead to the s ta tement  tha t  tile atomic number  of the outer core (re- 

gion E) should be Mmost 6 units  less than  tha t  found by  EI~sAssE~. However,  if 
such a reduct ion does not  overcome the six units,  Elsasser% mMn result shall 
be supported, i.e. the  region E would still be iron and nickel. But  some aspects 
of Bullen's calculations suggest tha t  the reduct ion could be greater  than  six 
units and therefore the  region E may  consist of a modification of ultra-basic 
rocks. 

UREY [33] has pu t  forward a theory  for the evolution of the planets,  which 
mainly rests on physical chemistry,  concluding, on several grounds, t ha t  the 
Ear th ' s  core has an iron composition. BULLEN questions a number  of his argu- 
ments,  al though agreeing tha t  the inner core is chemicMly distinct from the 
rest  of the  Ea r th  and of the outer  par t  of the core. 

BIlCCH [3J.] reviewed the hypothesis  of R ~ r s E v  and of K~o~'m, DE BOEI¢ 

and KORRI~GA, and concluded tha t  the core is mMnly iron-nickel, al though he 
noted tha t  tile densi ty  of the core is perhaps ] 0 to 20 ?'o less than  tha t  of iron 
or iron-nickel at core conditions. Some years later, BIRCH [35] s ta ted an upper  
bound, near 13, to the Ear th ' s  central  density. If  this result  is accepted, it  
entails a negative r igidi ty gradient in the lower core [10] and hence leads to 
confirmation of the inner-core solidity. 

K~oPOFV and UFFE~ [36] have extended the quantum-stat is t ieM calculations 

of the densities of the pure elements to solid compounds. Then they  have inter- 

polated between the Bridgman experimental  da ta  and their  theoretical  results 

to obtain pressure-density curves for all probable consti tuents.  The interpo- 

EQUATIONS OF STATE AT HIGH PRESSURE A~D TIlE EARTU'S INTERIOR 447

between the base of the mantle and the top of the core. Moreover there was
only a 5 % difference in the value of K across the core-mantle boundary. These
features are in marked contrast to the large changes in the density and rigidity
at the boundary. The change in K is a diminution from the mantle to the core.
However, interpolating between experimental data at 1011 and theoretical
results at 1013 of pressure, a slight increase of K is found in the transition from
the mantle to the core. Then BULLEX [29,30] assumed that K and dKjdp are
smoothly varying functions below a depth of 1000 km (model B). This implies
that at high pressure the compressibility of a substance is independent of its
chemical composition. More recent theoretical works indicate that there is some
small variation of K with atomic number at high pressure, showing, however,
that Bullen's hypothesis is a good approximation. BUU,EN can so estimate the
density at the core-mantle boundary obtaining 9.7. BULLARD [31] has investi
gated, by an independent method, the permissible density distributions within
the Earth and has concluded that Bullen's estimate of 9.7 at the core-mantle
boundary should not be in error by more than 0.5. Recent analyses of free
Earth-oscillation data have confirmed Bullen's results. Moreover on the grounds
of his results, BULLE:N [32] gave an important contribution analysing Elsasser's
work and showing that it has some internal inconsistencies. In fact his cal
culations lead to the statement that the atomic number of the outer core (re
gion E) should be almost 6 units less than that found by ELSASSER. However, if
such a reduction does not overcome the six units, Elsasser's main result shall
be supported,i.e. the region E would still be iron and nickel. But some aspects
of Bullen's calculations suggest that the reduction could be greater than six
units and therefore the region E may consist of a modification of ultra-basic
rocks.

UREY [33] has put forward a theory for the evolution of the planets, which
mainly rests on physical chemistry, concluding, on several grounds, that the
Earth's core has an iron composition. BULLEN questions a number of his argu
ments, although agreeing that the inner core is chemically distinct from the
rest of the Earth and of the outer part of the core.

BIRCH [34] reviewed the hypothesis of RAMSEY and of KRONIG, DE BOER
and KORRI:XGA, and concluded that the core is mainly iron-nickel, although he
noted that the density of the core is perhaps] 0 to 20 % less than that of iron
or iron-nickel at core conditions. Some years later, BIRCH [35] stated an upper
bound, near 13, to the Earth's central density. If this result is accepted, it
entails a negative rigidity gradient in the lower core [10] and hence leads to
confirmation of the inner-core solidity.

KNOPOFF and UFFEN [36] have extended the quantum-statistical calculations
of the densities of the pure elements to solid compounds. Then they have inter
polated between the Bridgman experimental data and their theoretical results
to obtain pressure-density curves for all probable constituents. The interpo-
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lat ion is improved by  means of Bireh-Murnaghan's  semi-empirical theory  of 
finite strain. As we shall see in a following Section the quan tum method  is 
s t r ic t ly  valid at absolute zero of tempera ture .  KNOPOFF and UFFEX estimate,  
however, tha t  providing the t empera tu re  at the core boundary  does not  exceed 
10 000 °, the  errors should be less t han  8 %. For  the  t empera tu re  range (0 --5300) ° 
the representat ive  atomic number  (defined as the atomic number  of a hypo- 

thet ical  pure element which has the same pressure-density relationship as 
the  considered substance) ties between 12.5 and 13.5 with the corresponding 

range of composition for an olivine mant le  of from 47 % to 63 ~/o Mg~SiO4. 
The representa t ive  atomic number  of the  outer  par t  of the core was found to 
be 22, in termediate  between iron and silicates. Provided tha t  there  are no phase 
transit ions,  a core with an atomic number  22, composed of iron, fayal i te  
(Fe2SiO4) and forster i te  (Mg~SiO~), would have an iron content  of near ly  90 %. 
However,  concluding this necessarily incomplete  review of the work about  
the Ear th ' s  core, we can say tha t  the  core composition is not  ye t  defined. 

Perhaps the  core consists of a mater ia l  whose representa t ive  atomic 
number  is close to tha t  of iron with the addit ion of some substance of higher 

a tomic number.  
Meteorites and the fact t ha t  iron is probably liquid at  the tempera tures  

and pressures at which the silicates are probably solid give a fur ther  evidence 
for t ha t  composition. Moreover a ferromagnet ic  core should explain the origin 
of the Ear th ' s  magnetic field. The assumption tha t  the relat ive abundances 
of the chemical elements in the E a r t h  m a y  be found from the analysis of the 
const i tu t ion of meteori tes  is somewhat  supported by  the probable origin of 
meteori tes in masses of p lane ta ry  dimensions and by  the good agreement  between 
the  meteori t ic  and solar abundances for the heavy elements. The meteori tes  
have two phases: 

a) silicates, mainly olivines and pyroxenes,  

b) free metals,  approximate ly  90 ~o of iron. 

These phases occur in near ly  every  proport ion,  from stones with no free metals, 

to iron with no silicates. 
WIECHERT suggested tha t  the Ea r th  possesses an iron core surrounded by  

a silicate mant le  to explain the high mean densi ty  and central  condensation. 
This concept is ve ry  fascinating bu t  it is ve ry  difficult to es t imate  correctly 

the  rat io  between silicates and iron. The range of values of the  ratio of mas- 
ses of s tony to iron meteori tes  [16, 37, 38] is very  large and it seems evident  

t ha t  no serious quant i ta t ive  argument  e i ther  for or against an iron core can 
be drawn from such data.  ~o reove r  the var ie ty  of particles coming from space 
indicates tha t  it  is possible tha t  the interior of the Ea r th  contains a var ie ty  
of components  much different from those contained in meteorites.  
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lation is improved by means of Birch-Murnaghan's semi-empirical theory of
finite strain. As we shall see in a following Section the quantum method is
strictly valid at absolute zero of temperature. KNOPOFF and UFFEl\ estimate,
however, that providing the temperature at the core boundary does not exceed
10000°, the errors should be less than 8 %. For the temperature range (0 -;-5300t

the representative atomic number (defined as the atomic number of a hypo
thetical pure element which has the same pressure-density relationship as
the considered substance) lies between 12.5 and 13.5 with the corresponding
range of composition for an olivine mantle of from 47 % to 63 % MgzSi04 •

The representative atomic number of the outer part of the core was found to
be 22, intermediate between iron and silicates. Provided that there are no phase
transitions, a core with an atomic number 22, composed of iron, fayalite
(FezSi04 ) and forsterite (MgzSi04 ), would have an iron content of nearly 90 %.
However, concluding this necessarily incomplete review of the work about
the Earth's core, we can say that the core composition is not yet defined.

Perhaps the core consists of a material whose representative atomic
number is close to that of iron with the addition of some substance of higher
atomic number.

Meteorites and the fact that iron is probably liquid at the temperatures
and pressures at which the silicates are probably solid give a further evidence
for that composition. Moreover a ferromagnetic core should explain the origin
of the Earth's magnetic field. The assumption that the relative abundances
of the chemical elements in the Earth may be found from the analysis of the
constitution of meteorites is somewhat supported by the probable origin of
meteorites in masses of planetary dimensions and by the good agreement between
the meteoritic and solar abundances for the heavy elements. The meteorites
have two phases:

a) silicates, mainly olivines and pyroxenes,

b) free metals, approximately 90 % of iron.

These phases occur in nearly every proportion, from stones with no free metals,
to iron with no silicates.

WIECHERT suggested that the Earth possesses an iron core surrounded by
a silicate mantle to explain the high mean density and central condensation.
This concept is very fascinating but it is very difficult to estimate correctly
the ratio between silicates and iron. The range of values of the ratio of mas
ses of stony to iron meteorites [16,37,38] is very large and it seems evident
that no serious quantitative argument either for or against an iron core can
be drawn from such data. Moreover the variety of particles coming from space
indicates that it is possible that the interior of the Earth contains a variety
of components much different from those contained in meteorites.
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Fig.  5. - The  e x p e r i m e n t a l  da ta ,  t i le  B i r c h - M u r n a g h a n  c o m p u t a t i o n  and  t he  
T h o m a s - F e r m i  c o m p u t a t i o n s  for  four  ma te r i a l s  ( a f t e r [ 3 6 ] ) :  o e x p e r i m e n t a l  d a t a ;  

. . . .  T h o m a s - F e r n f i  mode l ;  - - - - - -  M u r n a g h a n - B i r c h  model.  
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Fig. 6. - The pressure·density relation for the Earth in relation to the interpolated
curves for fayalite (Fe2Si04 ), iron and nickel at T = 0 oK (after [36]).
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However  an inner core largely eonq)osed of niekel-iron is main ly  supported 
by  the fact tha t ,  for e lements  for which Z > 2S, the abundances are very  small 
until  Z in considerably greater  lhan  2S, whih, curves derived through seismo- 

logy do nol,  ol) r(,a.,~mna.blc a.ss||mt)t.io||s , permi t  the  representa t ive  Z for the 

inner core to be much ~'reater t han  28. 

3. - Equations of state from the Thomas-Fermi model. 

3"1, T h e  T h o m a s - F e r m i  equa t ion .  - When tile t empera tu re  or densi ty  is 

su3iciently ]li~'l~ to introduce a large mix ture  of electronic quan tum state,  a 
simple s tat is t ical  approximat ion  to the equat ion of s ta te  can be based on inde- 
pendent  free elecl, 'ons and nuclei. In the Thomas-Fermi  theory  each a tom of 

the  mater ia l  occupies an independent  spherical cell, and the electron distribu- 

tioJ~ is determined to a first approxinmt ion  about  a nucleus fixed in the  centre 

of the cell. The electrons are assumed to be free Fermi- l ) i rac  particles,  and 

all other  asl)ects of tile q u a n t u m  mechanics of a toms axe ignored. Thus, the 

distr ibution of the cloud of p~u'tially de~'enerate nonrelat ivis t ic  electrons is 

related to the ele(.trosl:alic po teu t ia l  by  Poisson's  equation,  h ,  this manner  

the  main  effects of Couh)mb inlerael ions are in(,luded self-consistently to all 

orders in lhe elect tic charge. 
Tile Thomas-Fermi  equat ion is obtained dire(,tly f rom Poisson's  equat ion 

by  a suital)le choice of wa'iables: 

d -~ ¢ ¢~ 
d,r" x+ ' 

0)  

where 

('2) 

Z e  ~ = V ( r )  - -  Vo,  
r 

where Z in the a tomic  number ,  ao the  Bohr radius for hydrogen,  m the electron 

mass,  e the electron charge, h P lanck ' s  constant ,  r the distance f rom the nu- 

cleus, V the poten t ia l  ,~nd Vo the  chemical potentia.1. 

The applicable bound:~ry conditions are tha t  tile electrostat ic  potent ia l  and 

its gradient  arc zero at  the cell bouudary  to, and the poten t ia l  has a Coulomb 

singulari ty at  tim origin. In  dimensionless form they  are 

d ~  
(3) ~ ( 0 ) = 1 ,  - - - -  at  x = x o .  

~' - -  d ~  
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However an inner ('ore largely composed of uickel-iron is mainly supported
by the fact that, for elements for whi('h Z:> ~R, the abundances are very small
until Z is cOllsiderably greater 1han ~R, whik ('·U!'ves derived through seismo
logy do nol, on rea80nablc assumptions, permit the representative Z for the
inner rore to be nlllch gTcater t han ~ R.

3. - Equations of state from the Thomas-Fermi model.

3'\. The Thomas-Penni equation. - \Vlwn the temperature or demity is
snl1ieiently hig'h to introduce a large mixt,nre of electronic' quantum state, a
simple statistical approximation to tl)(> equation of state can be based on inde
pendent fn'!' ele('trons and nu(']pi. In the Thomas-Fermi theory earh atom of
the IWLterial occupies an independent spheri('al eell, and the electron distribu
timl is detenniIH'd to a fin,! approximation ahout a nucleus fixed in the ('entre
of the eell. '1'he electrons are assumed to be free Permi-Dirae partieles, and
all other aspeets of the quantum me<'lmnics of atoms are ignored. Thus, the
distribution of the cloud of JMrtially degenerate nonrelativisti(: electrons is
related to the eledrostatic pot<'lltial by Poisson's equation. In this manner
the main effects of Coulomb int eraf'lions are ineluded self-consistently to all
orders in the ele('1 ric eharge.

The Thomas-Permi equation is obtained dire(,tly from Poisson's equation
by a suitahIe choi('e of variables:

(1 )

where

(2)

--

d,t~ ,1'~'

Ze r T- (/) = 1 (1') - 10 ,
l'

1" = flx ,

where Z is the atomic number, a,) the Bohr radius for hydrogen, m the electron
mass, e the electrOll charge, h Planck's constant, l' the distance from the nu
cleus, V the potential and Vo the chemical potential.

The applicable boundary conditions are that the electrostatic potential and
its gradient are zero at the ('ell boundary 1'o, and the potential has a Coulomb
singularity at the origin. In dimensionless form they are

(3 ) (/)(0) = 1 ,
J'

d(/)
at x = X o '

dx
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I~EYS"MAN, )/[ETROPOLIS and TELLER [39] point  out tha t ,  in crystals,  solu- 

t ions of spherical s y m m e t r y  are not  s t r ic t ly  valid. Hence  in this ease (]) is not  

r igorously correct.. More correctly, the  a tom should be  surrounded b y  a poly- 

hedron;  for m a n y  cases the  polyhedron m a y  be app rox ima ted  b y  a sphere. 

No str ict  solution of (1) is known. However  ¢(x) can be developed il~ a semi- 

convergent  power series: 

(4) q S :  ] + a2x + a~x ~-~ a4x  2 ~- . . . .  

Once fixed a2, tile remaining  eoeY~cients can be evaluated;  Table I I [  gives the  

v,~lues of the  first few in t e rms  of a.,. 

TABLE III .  - Coefficients o/ the series solutio*~ o/ the Thonms-Fermi  equatiott. 
a 2 is t.hc initiM slope. 

4 2 
a 3 ~ ~ a 8 ~ _ _  0 2 

' 3 ,  1 5  

2 1 
a 4 ~ 0 a 9 - -  a ~  

27 252 

2 1 a~ 
a s = 5 a 2  a1°~275 2 

1 3 I  _ 1 a4 

For  a special value of a2, ~b tends asympto t ica l ly  to tile x-axis. This solu- 
t ion corresponds to the free a tom or, in other  words, to an a tom of infinite 

radius. The solutions obtained for values smaller than  this ini t ial  slope refer 
to isolated a toms while larger slopes give solutions for ions [40]. 

Taking into account  the exchange effects it  is also possible to write down 

the  Thomas-Fermi-Dirac  equat ion (in dimensionless form): 

(5) 

whore 

(6) 

dx 2 - - x  ~ +  

V - - V  o + a 2 = Ze"- q ) / r ,  

?" z ~ t tX  , 

6~ 
= - ~  (TcZ)-~ ~ 0.211 87Z- t .  
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FEYKl\IAN, METROPOLIS and TELLER [39] point out that, ill ery~tal~, solu
tions of spherical symmetry are not strictly valid. Hence in this case (1) is not
rigorou~ly correct. More correctly, the atom should be surrounded by a poly
hedron; for many eases the polyhedron may be ~1pproximated by a sphere.
No strict solution of (1) is known. However rp(x) can be developed ill a semi
eonvergent power series:

(4)

Once fixed a2 , the remaining coe:rldents ean be evaluated; Table III gives the
values of the first few in terms of a2 •

TABLE III. - Coefficients of the serie.s .solution of the Thoma.s-Fenni equation.
a2 is t.he initial slope.

3a, = - a;
70

POl' a speeial value of a2 , rp tends asymptotieally to the x-axis. 'I'his solu
tion eOITesponds to the free atom or, in other words, to an atom of infinite
radius. The solutions obtained for values smaller than this initial slope refer
to isolated atoms while larger slopes give solutions for ions [40].

Taking into account the exehange effects it is also possible to write down
the Thomas-Fermi-Dirac equation (in dimensionless form):

(5)

where

(6 )

d
2 rp [ (rp)!J 3--=x 0:+ -

dx2 x'

r = ftx,
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The exehan~'e te rm a.ppears as a simple correction to |he  nonhomoR'eneous te rm 

of the diit'erem ial eqm~t ion. When the exehan-'e t e rm  vanishes~ eq. (5) approaches 

the Thomas-Fermi  eqm~timl. This correction vanishes Wi~h inereasin R' atomic 

number.  

This simple pic ture  of an a tom has provided a most  useful approximai ion  

to the equat ion of st~tte of nu~tter be~wee~ t:he complete ly  deo'enerate reR'i(m 
at hio'h densi ty  a:M low l empera tu re  and the elassieal ideal-g'as re,'ion at  high 
t.empera! u r e a  :zd modest densily.  ,Surlwising'ly , the theory is al~o useful in ma, ny 

typ,,s of low-lemper,~!ure, nornml-densi ly  apldiu;ttions. 
Fcom its stal islieal basis, the Thonms-Fermi  theory would not be expected 

to apply  to a.tomi(, probh,ms a.t m~rma.1 densities and h)w l~emper~tm'es. For  

instance, an inleresting t]worem of TE~.IA,:R [11] SHOWS t ha(~ in normal  conditions 

molecular 1)indin~' e~mnoi oe(,ur in lhe Thomas-Fermi  api)roxim:~tion even 

when exehauR'e ('orreeI:iolls are made. A relate(l pr<)l)lenl for the theory  is its 

well-l;Iu)Wn inabili ty io dislino'aish between the ~'round sta, tes of the a tom :rod 

the solid, t [owever,  llRnA.Ot'l.~ [12] sh()we(l ionR" ago thtt( lhe, Thomas-Fevnfi  

equat ion (,orresl)()ndin;t" 1,) zero iem[)er:ttu)'e is iu i)~u't a ~VKB al)proxim:t(~ion 
to Har~vee lheory for |.be a.tomie ~'round stltte. Ael;lla,] ('ah~.ulatiolls show lhe 

a, vera~'e ele(,1 ton densi ty  dist ributi(m 110] and energy eiR'envMues in the a lore 

~ts calculated front the eleetrostati( '  po teni ia l  in Thomas-Fernf i  theory [13] to 

be in (,lose :t~'re(,me~lt wit,h IiarI.ree vahws. Anol, her remarkable  su('eess of 
l he theory is it s u l ) i l i ly to  predict tile value of the a, lomie number  Z at which 

new a ngllla, r-nlolllenlltm ('oml)onenls appear  in |he  : | tom [10]. 

An interesting' developmeul in this e(mne(¢io,'l lms been Ihe demonstn~tion 

of the Thomas-Fermi  equation as a. first step in an asympt~otie expa.nsion of 

the HarD.'ee-Fo(q¢ eqmttions in powers of Plan(,k's eonstanl h. The nexL hiiz'her- 

order tel'illS ill this expansioli were shown to im,lude quantllnl  (.orreet, iolls as 
well as ex(,/mng'e. They have bean investiR'ated 1)y KIRZttNITS [4.tl and others 
in the Nov|el Union. In 1 heir reel hod 1 he ele(,iron densi ty  al a point ;d)out, the 
~ttoID_ iS expanded ill h i~ ' he r  e o l l l l l l l l l a t o r s  of the iudividual eleetron I l lo lne l l t l l I l l  

operalors  try a s tamiard  but  ['(WII¿;II n l e i h o ( t  whi(,h hits ill 1;he pa.s/, been used, 
m:finly in hiKh-leml)eralure apI)roxinmtions.  ()nly the let|clinK te rm of the 

densi ty  expansion is used to derive the Thomas-Fermi  equation,  ftlt(1 Lhe re- 

n l l / i l l i n  K t e r n l s  r e t ) r e s e n l  q l l l l n i l l n t  ( 'olTe('liOllS whi ( 'h  ("onl,ahl v a r i ( n l s  local 

der iva t ives  of |.he electrostat ic  t)otenlial  at  Ihe point. It was pointed out 

t h a t  the firs| qu :mtmn (,orre(,tion term in lhe densi ty  correction are both  of 

order h* and (,an be t rea ted  more consis tent ly as ])erturb~tion eorreetions in 

the Th(mms-Fermi e(lm~Non ra ther  th:m in the self-(.onsistent ma.nner used in 
Dirae 's  modili(,alion of ThonutsIFernd them'y [15]. 

f l owere t ,  (h~OVER [4(;] has shown Iha t  |here  is a more impor tan t  (qass of 

qu:~ntum ('orreetions whi(,h were overlooked t)y lhe Kirzhni ts  method,  ~md which 

e~m be similar ly expanded in a.n a.syml)|~oi.i(, series in h. These eorreel.ions were 
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The exehangp teJ'm appears as a simplp ('OITe('t,i011 to the nonhomogeneous tel'lll

of the differenl ial pqnation, Whpll tht' exl'lutl1g'P tpl'm vanishes, eq. (5) apPl'oaehl's
the 'rhomas-}'Pl'llli PqWttiOll. rl'hi~ ('OlTl'ttiol! vanislH's with inl'l'pa~inl2: atomi('

llUmbel'.
'l'his simple pidurp of an atom IU1s provided a mORt usefnl approximal iOl1

to the pqnation of state or matter between the ('omple/ely degenerate region
at high den~it y and low l('mppJ'allll'p and t hI' ebssieal ideal-gas region at high
tenlperaJ IIl'p :l:ld'llOl!pSt l!(~llsit.Y' :-;ul'lll'ising'ly, tlw thpory is also useful ill mallY
typL'S of low-lempcr'l! urI', Ilorlllal·dl'n~ity appli('atiolls.

!"i'OlIl ib; stal isti('al basis, the 'l'homas·J:;'nmi theoJ'y would not be I'xpel'tpd
to :tpply to atomj(, ]lJ'obl(,lllR at· normal densitips and low tplIlpel'atu]'p,s. VOl'

imtan('p, all intpl'psting th('(j]'pln of 'I'ELLlm Ill] shows that ill normal eOlldit,iol1s

moleeular hinding' ('an110! o('('m in thp Thomas-Fermi approximatioll I'vpn
when ex('llan.~·e ('otT(,(,tions al'(' made. A 1'ela ted p]'oblem for the theory is its

well-kllown inability i 0 disting'lliRh hetween the .1.;Tound states of the atom alld
the soli(L Howpvpl', BRILLOT'I:\ lJ~] showl'd lOllg ag'o tlmt tlw Thomas,!,'pJ'mi
equatioll (,OlTi's]lol\diug io zero tempemtUl'p is ill p,trL a \VKB approximation
to lIartTee t heofy for t.hp atomi(' gToulHI slatt'. A(,t.ual eakulations show the
average ell,(,t ron den~ity (listl'ibnt ion flO] and pnergy eigenvalues in the atom
as ('ah'ulah'(l from t hp P)petrost,\'f if' poLent ia I iu Tl}()rnas-Ferllli theory [4;) J to
be in do~e a.~Te('nH'lIt ,vith Harf.ree vaillps. '\l\oUwr n'mal'kable Sl{('cess of
the them'y i~ its ahilil.,· to p]'p(li('!" til(' \',tllIp of the a10mie numhp)' Z at whieh

new angular-moillent nm ('omlHJllellts appear ill 1he atom IcleO].
An iut.m'estillg developmeut in this ('(Hlnedioll has bl~en the demonstration

of til€' 'rhonws· Fermi eq uation as a. fil'st sU']J in all asymptotje expansion of
tlIP Hart!'ei:'-Frwk equations in )l0WPI'S of Plall('k's eOllstallt h. 'rIw next hig'he1'
order terms in tjhis pxpansioll WPI'(' sltown to il!l'lude quantnm ('orre(,tiollS as
well as ('xI'ltang('. 'rltey Itavl' been investigated by KIRZHXI'I'H [4·IJ and others
in the :-;oviet l'lIiOll, In t heir method 1he pler'tl'OIl density at a point about, the
atom is expand('ll in ltig'lIN commntators o!' thp individual electron momentum
opemtors by a standard hut I'ormal nw/hod Wltil'!l haR ill th(' rmst; beml used,
mainly in high-teIlllleratlll'e approximalious. Only tlw lea(ling term of the
density exp,ll1sion is used to dpl'ive til(' 'l'holllas-Fermi equation, and the re
maining tenns l'epr('sent quantllm ('(j]Te('1 ions whil'll ('ontain various loeal

derivatives of the eleetl'ostatir' potential at t he point, Jt was pointed out

that the til'st (jlmntllm ('OITel'lioll term in t 11(' dellsity cOlTeetlon are both of
order he allli ('an lw treated moJ'(' consisiPntly as perturbation ('or1'el'tions in

the Thomas-Fermi pquation l'iltlWI' than ill t hp self-('onsistellt manner uRPd in
Dirae's modifil'al iOIl of 'I'homas-FpJ'llli tbpoJ'Y [I;")].

Howl,y"r, GI(()Y!m IWI has shown that j.l1pl'P is a more important plass of
quantum ('oITedio!1S wbi('11 WPI'P overlooked hy j,he Kil'zhnits method, and whi('b
can he similarly expandpd in an a.syrnpj.otir~ series ill h. Thesp eOlTecJ,iOllR werp
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derived for the part icle densi ty of a bound system of particles in a one-dimen- 
sional potent ia l  by  extending the Brillouin method of summing direct ly over 
individual part icle states represented by  W K B  eigenfunctions. A more compli- 
cated asymptot ic  expansion in powers of h results which includes the Kirzhni ts  
corrections but  in which the leading correction te rm is of order h. This te rm 
has an oscillating magnitude arising from individual part icle levels. In  addit ion 

it  is nonlocM in nature,  since it  depends on the spacing of the eigenvMues of 
tile well-known W K B  integral  condit ion for bound-s ta te  eigenvalues. This 
is no more than  a complication, since the level spacing may be consistent ly 
evaluated h'om the zero-order Thomas-Fermi  potential .  The improved densi ty  

can then  be used in the Poisson equat ion etc. 
Such an i tera t ive  expansion in powers of h appears to provide,  for the first 

t ime, a formM justification of the common usage of the Thomas-Fermi  potent ia l  
in atomic problems as a zeroth-order approximation.  The success of the cM- 
culation of atomic energy levels and angular -momentum thresholds in atoms, 
which were ment ioned previously, and the apparent  accuracy of the new first- 
order densi ty corrections indicate tha t  this interact ion scheme converges 
rapidly.  Higher-order  corrections will introduce great  complications into the 
scheme, but  it  should at  least be possible to es t imate  t runca t ion  errors from 

them. 
A problem of par t icular  interest  to which this method  appears well suited 

is the s tudy of the manner  in which the high-pressure equat ion of s tate  of solids 
blends into the Thomas-Fermi limit at high compression. The extension of 
this densi ty expansion to the spherical I-Iartree a tom presents some analyt ical  
problems which have as ye t  not  been completely worked out. I t  is clear however, 
t ha t  in the spherical a tom the addit ional  correction terms are of the order h 2, 
the  same as the Kirzhnits  corrections, and tha t  there  are bo th  oscillating and 
slowly varying corrections of this order. 

In  view of the as ye t  incomplete theoret ical  picture,  it is interest ing to note  
tha t  high-pressure exper imental  da ta  already i l lustrate some of the expected 
propert ies of this expansion. The very  regular and large periodic influence of 

shell s t ructure  is evident  in plots of the  atomic volume of the solid elements at  
fixed pressure [47]. All the Thomas-Fermi  predictions, with and without  the 

Kirzhnits  correction as well as with the Dirac modification, parallel the average 

increase of atomic volumes wi th  Z throughout  the  periodic table. The Kirzh- 
nits correction is somewhat less than  the ampli tude of the periodic variat ions 
in all shells. I t  is expected tha t  the  inclusion of the oscillating correction terms 

ment ioned above will bring the  modified Thomas-Fermi  theory  into even be t t e r  
agreement  with observations.  

3"2. Equations of state from the Thomas-Fermi model. - At ex t remely  high 
pressure two different procedures can be followed to determine an equat ion of 
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derived for the particle density of a bound system of particles in a one-dimen
sional potential by extending the Brillouin method of summing directly over
individual particle states represented by vVKB eigenfunctions. A more compli
cated asymptotic expansion in powers of h results which ineludes the Kirzhnits
corrections but in which the leading correction term is of order h. This term
has an oscillating magnitude arising from individual partiele levels. In addition
it is nonlocal in nature, since it depends on the spacing of the eigenvalues of
the well-known WKB integral condition for bound-state eigenvalues. This
is no more than a complication, since the level spacing may be eonsistently
evaluated from the zero-order Thomas-Fermi potential. The improved density
can then be used in the Poisson equation etc.

Such an iterative expansion in powers of h appears to provide, for the first
time, a formal justification of the common usage of the Thomas-Fermi potential
in atomic problems as a zeroth-order approximation. The suecess of the cal
culation of atomic energy levels and angular-momentum thresholds in atoms,
which were mentioned previously, and the apparent accuraey of the new first
order density corrections indicate that this interaction seheme converges
rapidly. Higher-order corrections will introduee great complieations into the
scheme, but it should at least be possible to estimate truneation errors from
them.

A problem of particular interest to which this method appears well suited
is the study of the manner in which the high-pressure equation of state of solids
blends into the Thomas-Fermi limit at high compression. The extension of
this density expansion to the spherical Hartree atom presents some analytical
problems which have as yet not been completely worked out. It is elear however,
that in the spherical atom the additional correction terms are of the order h2 ,

the same as the Kirzhnits corrections, and that there are both oseillating and
slowly varying corrections of this order.

In view of the as yet incomplete theoretical picture, it is interesting to note
that high-pressure experimental data already illustrate some of the expected
properties of this expansion. The very regular and large periodic influence of
shell structure is evident in plots of the atomic volume of the solid elements at
fixed pressure [47]. All the Thomas-Fermi predictions, with and without the
Kirzhnits correction as well as with the Dirac modification, parallel the average
increase of atomic volumes with Z throughout the periodic table. The Kirzh
nits correction is somewhat less than the amplitude of the periodic variations
in all shells. It is expected that the inclusion of the oscillating correction terms
mentioned above will bring the modified Thomas-Fermi theory into even better
agreement with observations.

3'2. Equations of state from the Thomas-Fermi model. - At extremely high
pressure two different procedures can be followed to determine an equation of
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state  (isothermal). One is to apply the classical virial theorem 
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(7) 3 p v  - -  Epo t t 2Eki~ , 

where p is the pressure, v is the volume per a tom, E o t and Ek~ = ~re the potent ia l  
and kinetic energies, respectively.  F E Y N S I A N ,  I~ETI~OPOLIS and TELLER [39] 
have shown tha t  the virial theorem holds in the background of the assumptions 
of the Thomas-Fermi model, despite the nonlinear nature  of eq. (1). The 
la t ter  procedure is to apply the kinetic theory of a free-electron ~'as. The pres- 

sure due to the bombardment  of the electron gas on the  boundary  of the atomic 

sphere appears to be tha t  due to a free-electron gas equal in densi ty to the actual 
electron gas at the boundary.  Such an assumption is possible since the Thomas- 

Fermi  theory  may  be derived by  applying free-electron relations locally. If  ~o(ro) 
is the boundary  density, obtained by  solution of the Thomas-Fermi equation,  
the pressure is then  

2 A 
(8) p : ~ck{@o(r0)} ~ , 

as follows from the theory  of perfect  gases. 

We see from (8) t ha t  pressure is never  zero, except  when @~(r,)- 0, which 
is only true for the isolated-atom solution corresponding to an infinite value 
of ro. In t roducing exchange, t reat ing the free-electron gas by  the t tar t ree-  
Foek approximat ion,  the pressure p is now given b y  

(9) 2 ( / O ~ 1  / \ ]  f _4 
p = ~ c ~ t e o [ r o ) ] o - - ~ c o t e o [ r o ) $ ,  , 

where @~(ro) is the boundary  densi ty calculated 
from the Thomas-Fermi-Dirac equation.  

In  bo th  procedures we see tha t  the Thomas- 
Fermi  equat ion of s tate  may  be wri t ten  as 

2 Z 2 e  2 
(~o) pv - j~ ,  ~ x~0(¢(*o))-:, 

4 3 where v =  sn(ttx0) is the  volume per atom. Nu- 
merical values over a wide range of pressures 
and atomic volumes are provided in Table IV  and 
graphically represented in Fig. 7. This model 
gives sat isfactory results for very  high pressures; 

the lower limit of these pressm'es could be low- 

ered by  modifying the basic assumptions of the 
model on the pressure distr ibution within the 
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state (isothermal). One is to apply the classieal virial theorem

(7) 3pv = E pot + 2Ekin ,

where p is the pressure, v is the volume per atom, E pot and E kin are the potential
and kinetic energies, respectively. FEY]\;}IAN, METROPOLIS and TELLER [39]
have shown that the virial theorem holds in the background of the assumptions
of the Thomas-Fermi model, despite the nonlinear nature of eq. (1). The
latter procedure is to apply the kinetic theory of a free-electron gas. The pres
sure due to the bombardment of the electron gas on the boundary of the atomic
sphere appears to be that due to a free-electron gas equal in density to the actual
electron gas at the boundary. Such an assumption is possible since the Thomas
Fermi theory may be derived by applying free-eleetron relations locally. If ee(ro)

is the boundary density, obtained by solution of the Thomas-Fermi equation,
the pressure is then

(8) 2 { }E-P = aClc eeh) 3 ,

as follows from the theory of perfeet gases.
\Ve see from (8) that pressure is never zero, except when e.(ro) = 0, which

is only true for the isolated-atom solution corresponding to an infinite value
of ro. Introducing exchange, treating the free-electron gas by the Hartree
Fock approximation, the pressure p is now given by

(9) 25r------------,

where ee(ro) is the boundary density calculated
from the Thomas-Fermi-Dime equation.

In both procedures we see that the Thomas
Fermi equation of state may be written as

20

15

(10)

I

'"Q. 10
01
o

5

where v = !n(,uxo)3 is the volume per atom. Nu
merical values over a wide range of pressures
and atomic volumes are provided in Table IV and
graphically represented in Fig. 7. This model
gives satisfactory results for very high pressures;
the low81' limit of these pressures could be low
ered by modifying the basic assumptions of the
model on the pressure distribution within the

o
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Fig. 7. - Pressure-volume
relationship for the TF mod

el (from [48J).
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TABLE IV. - Numer ica l  solutions o/ the Thomas -~ermi  equation over a wide range o/ 
9ressures and atomic volumes (]rom [48]). 

Zv 

(-- 29) 
(--28) 

0.701 94 
0.13888 
0.27965 
0.541 72 
0.10969 ( - -27 )  [ 
0.21075 
0.42911 
0.832 18 
0.16481 ( - -26)  
0.32926 
0.62803 
0.12225 ( - -25 )  
0.24388 
0.50482 
0.10167 ( 2 4 )  
0.21131 
0.41646 
0.59275 
0.83511 
0.12099 ( - -23 )  
0.16981 
0.23970 
0.33954 
0.47549 
0.66784 
0.96257 
0.13112 ( - -  22) 
0 .18736 
0.26009 
0.35922 
0.50818 
0.71593 

The numbers in parentheses are 

pZ 10[3 

0.89937 (22) 
0.28876 
0 .89344 (21) 
0.29573 
0.90806 (20) 
0.30408 
0.92242 (19) 
0.30306 
0.95881 (18) 
0.29796 
0.99752 (17) 
0.321 13 
0.985 12 (16) 
0.281 14 
0.83177 (15) 
0.22945 
0.68301 (14) 
0.36072 
0.19288 
0.972 70 (13) 
0.51634 
0.26897 
0.13793 
0.716 34 (12) 
0.36616 
0.17571 
0.93451 (11) 
0.445 16 
0.22238 
0.11092 
0.51810 (10) 
0.24065 

the powers 

Zv 

0.10149 ( - -21 )  
0 .14860 
0.20698 
0.28683 
0.41234 
0.61568 
0.81508 
0.11247 ( - - 2 0 )  
0 .15947 
0.22916 
0.31525 
0.42546 
0.604 62 
0.86907 
0.11511 ( - -19 )  
0.16982 
0.23018 
0.283 84 
0.39324 
0.622 99 
0.89994 
0.13308 ( - -18 )  
0.17540 
0.23445 
0.31848 
0.90396 
0.16743 ( - -17 )  
0.441 82 
0.15196 ( - -16 )  
0.143 31 ( - -15 )  
0.12911 ( - -13 )  

pZ-10]3 

0.10855 
0.44673 
0.20336 
0.923 98 
0.37791 
0.13803 
0.67383 
0.29235 
0.11649 
0.441 32 
0.18557 
0.81337 
0.30554 
0.10972 
0.491 88 
0.16012 
0.65947 
0.35622 
0.13567 
0.34264 
0.11280 
0.342 56 
0 .14690 
0.60034 
0.23227 
0.88358 
0.12526 
0.56269 
0.10415 
0.68469 
0.23937 

of ten associated with the entries. 

9) 

S) 

7) 

6) 

5) 

4) 

3) 

2) 

1) 

O) 

(-- 2) 

(-- 4) 
(-- 5) 
( - -  9) 
(-- 15) 

atom. Some prelinfin~ry c~leul~tions show tha t  for atomic numbers of the 
order of 30 the lower linfiC of v~lidity of the new model could be of some 1012. 

The first work in this field was carried out  by  JENSEN [12] ,  following a sug- 

gestion of SLATE• ~nd KaUTT~R [49], and, some years later,  by  F ~ Y ~ A ~ ,  

METROPOLIS and TEI.LER [39]. In  more recent works, GILVARlCY [50] and 
MARCH [51] have pu t  the results into a. form which sbould represent  accurately 
the predictions of the Thomas-Fermi  theory  over the entire r~nge of pressures. 
Gilvarry 's  procedure consists in examining the limiting forms of the equat ion 
of s tate  at very  high ~nd very  low pressures. 
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TABLE IV. - Num-erical solutions of the Thomas·Fermi equation over a wide range of
pressures and atomic volumes (from [48J).

Zv pZ-10/3 Zv pZ-10/3

0.70194 (-29) 0.89937 (22) 0.10149 (-21) 0.10855
0.13888 (-28) 0.28876 0.14860 0.44673 ( 9)
0.27965 0.89344 (21) 0.20698 0.20336
0.54172 0.29573 0.28683 0.92398 ( 8)
0.10969 (-27) 0.90806 (20) 0.41234 0.37791
0.21075 0.30408 0.61568 0.13803
0.42911 0.92242 (19) 0.81508 0.67383 ( 7)
0.83218 0.30306 0.11247 (-20) 0.29235
0.16481 (-26) 0.95881 (18) 0.15947 0.11649
0.32926 0.29796 0.22916 0.44132 ( 6)
0.62803 0.99752 (17) 0.31525 0.18557
0.12225 (-25) 0.32113 0.42546 0.81337 ( 5)
0.24388 0.98512 (16) 0.60462 0.30554
0.50482 0.28114 0.86907 0.10972
0.10167 (-24) 0.83177 (15) 0.11511 (-19) 0.49188 ( 4)
0.211 :31 0.22945 0.16982 0.16012
0.41646 0.68301 (14) 0.23018 0.65947 ( 3)
0.59275 0.36072 0.28384 0.35622
0.83511 0.19288 0.39324 0.13567
0.12099 (-2:3) 0.97270 (13) 0.62299 0.34264 ( 2)
0.16981 0.51634 0.89994 0.11280
0.23970 0.26897 0.13308 (-18) 0.34256 ( 1)
0.33954 0.13793 0.17540 0.14690
0.47549 0.71634 (12) 0.23445 0.60034 ( 0)
0.66784 0.36616 0.31848 0.23227
0.96257 0.17571 0.90396 0.88358 (- 2)
0.13112 (-22) 0.93451 (11) 0.16743 (-17) 0.12526
0.18736 0.44516 0.44182 0.56269 (- 4)
0.26009 0.22238 0.15196 (-16) 0.10415 (- 5)
0.35922 0.11092 0.14331 (-15) 0.68469 (- 9)
0.50818 0.51810 (10) 0.12911 (-13) 0.23937 (-15)
0.71593 0.24065

The numbers in parentheses are the powers of ten associated with the entries.

atom. Some preliminary ealculations show that for atomic numbefs of the
order of 30 the lower limit of validity of the new model could be of some 1012 •

The first work in this field was carried out by JE:\TSEN [12], following a sug
gestion of SLATER and KRCTTEH [49J, and, some years later, by FEYNM:AN,
METROPOLIS and TEU,ER [39]. In more recent works, GILVARRY [50J and
MARCH [51J have put the results into a form which should represent accurately
the predictions of the Thomas-Fermi theory over the entire range of pressures.
Gilvarry's procedure consists in examining the limiting forms of the equation
of state at very high and very low pressures.
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An approximate  form is then  found which is correct in these limits and which 
fits the available numerical  da ta  with fair uecuracy in the  in termedia te  region. 
The high-pressure ease is very  interest ing for our purposes and we shM1 briefly 
consider i t  here. On a purely intui t ive  basis, with remarkable intuit ion,  GIL- 
VARRY argues tha t ,  at  sufficiently high pressures, the results, for an element  
with atomic number  Z, must  coincide with the appropria te  ones for a free- 

electron gas, with densi ty corresponding to Z electrons in the atomic vol- 
ume v. Then the equat ion of s tate  may  be immedia te ly  wr i t ten  as 

j 2(3),zo 
(H)  pv = 5-~ ~ v-~ 

and this corresponds to a value of q~, at the  boundary  of the atomic sphere of 

radius /~x0, given by  

3t 
(12) ~(x0) = - .  

Xo 

MARCH [52] has also studied how this result  follows from tile propert ies of the 

dimensionless Thomas-Fermi  equation,  obtaining a fur ther  te rm in a series 

development  of the boundary  value q~(xo) 

(J3) ¢(Xo) = 3+[1 3+ ] 
X o L - - ] ~ X o + . . .  , 

leading to the equat ion of s ta te  

h~ ( 3 ) ' Z ~ [ I  (~4) p v = ~  ~ ~ [  h ~ (4Zv)~ ÷ . . . .  

The first t e rm is, of course, independent  from the electronic charge; the  second, 
involving e °-, shows the way in which the equat ion of s tate  is modified ut the  
highest pressures including the  electron-nucleus and the electron-electron 
interact ions by  means of the Thomas-Fermi  theory.  Such an equat ion of 
s ta te  was assumed, on purely intui t ive  grounds, b y  KOTItARI [53], in his 
works on tile muss-radius relat ion for the planets.  At low pressures, using 
an asymptot ic  solution of the Thomas-Fermi  equation,  the  boundary  value 
for q~(x) is 

(15) q~(xo) : 296.70/x~. 

A fitting funct ion for q~(xo), yielding the correct asympto t ic  forms, can be 

wr i t ten  as 

(16) ¢(x0) = A~x~ j~ 

29 - Riv i s l a  del Nuovo Cimento.  
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An approximate form is then found which is correct in these limits and which
fits the available numerical data with fair accuracy in the intermediate region.
The high-pressure case is very interesting for our purposes and we shall briefly
consider it here. On a purely intuitive basis, with remarkable intuition, GIL

VARRY argues that, at sufficiently high pressures, the results, for an element
with atomic number Z, must coincide with the appropriate ones for a free
electron gas, with density corresponding to Z electrons in the atomic vol
ume v. Then the equation of state may be immediately written as

(11)

and this corresponds to a value of fP, at the boundary of the atomic sphere of
radius flxo, given by

(12)

MARCH [52] has also studied how this result follows from the properties of the
dimensionless Thomas-Fermi equation, obtaining a further term in a series
development of the boundary value fP(xo)

(13) 3
i

[ 3
1

]fP(xo) = - 1-- X o+... ,
X o 10

leading to the equation of state

(14) h
2 (3 )i Zf[ 2nrne

2
]pv=- - - 1---(4Zv)1+ ...

5rn 8n vi h 2

The first term is, of course, independent from the electronic charge; the second,
involving e2

, shows the way in which the equation of state is modified at the
highest pressures including the electron-nucleus and the electron-electron
interactions by means of the Thomas-Fermi theory. Such an equation of
state was assumed, on purely intuitive grounds, by KOTHARI [53], in his
works on the mass-radius relation for the planets. At low pressures, using
an asymptotic solution of the Thomas-Fermi eqm1tion, the boundary value
for fP(x) is

(15) fP(xo) = 296.70Ix~ .

A fitting function for fP(xo), yielding the correct asymptotic forms, can be
written as

(16)

29 - Rivista del Nuovo Cimento.
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if the  coefficients A2, A6 are chosen to agree with the corresponding coefficients 
in the  asympto t ic  forms (12) and (15) respectively.  Gilvarry 's  values for the  
remaining coefficients, chosen to obtain a good fit wi th  the available numerical  

data,  were slightly modified by  MARCH in order t ha t  (16) should reproduce (13) 

for small Xo. The values of An thus obtained are recorded in Table V. The 

TABLE V. - Coe//icients in /itted /unctions /or @(Xo) (/rom [52]). 

I 
A s = 4.8075.10 -I 
A3= 0 
A a~6.934 .10 -s 
A 5~ 9.700 -10 -a 
A e ~ 3.3704.10 -a 

result ing expression for qS(Xo) then  fits the  existing numerical  da ta  to be t t e r  
t han  1 % .  Thus a convenient  Thomas-Fermi  equat ion of state,  sufficiently 

accurate  for most  purposes, is 

\ 4 - - ~ V  j = \ 1 o ~ ¢ ]  " 

3"3. .Equat ions  o/ state / tom the Thomas- .Fermi-Dirac model. - Equa t ion  (9) 
determines the equat ion of s ta te  in the Thomas-Fermi-Dirac approximat ion.  

In  terms of the  boundary  value qS(ro), found b y  solving the Thomas-Fermi-Dirae  
equat ion,  we may  write 

2 Z2e~x~ ~ 1 - -  
(~s)  p v  - 15  /~ {~(xo) /Xo}~ + ~ 

Figure 8 shows the graphic representa t ion  of (18) for various values of Z;  
no means of expressing this equat ion of s ta te  in a form applicable to all e lements  
has been found. 

The general form for the  equat ion of s ta te  at  the  highest pressures, to the  

same order of accuracy as tha t  given in eq. (14), is 

The t e rm 

(20) 

2~me s lO~me s ] 
h s (4Zv)t 3th2 (4Zv)~a + . . . .  

l O z m e  2 
(4Zv)~  

3J h 2 

which appears in (19) is simply the  free-electron exchange t e rm for Z electrons 
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if the coefficients A 2 , A 6 are chosen to agree with the corresponding coefficients
in the asymptotic forms (12) and (15) respectively. Gilvarry's values for the
remaining coefficients, chosen to obtain a good fit with the available numerical
data, were slightly modified by MARCH in order that (16) should reproduce (13)
for small X o' The values of An thus obtained are recorded in Table V. The

TABLE V. - Coefficients in fitted functions for (/)(xol (from [52]).

A 2 = 4.8075.10-1

A 3 = 0
A 4 = 6.934 .10-2

As = 9.700 .10-3

A 6 = 3.3704.10-3

resulting expression for c[>(xo) then fits the existing numerical data to better
than 1 %. Thus a convenient Thomas-Fermi equation of state, sufficiently
accurate for most purposes, is

(17)

3'3. Equations of state from the Thomas-Fermi-Dirac model. - Equation (9)
determines the equation of state in the Thomas-Fermi-Dirac approximation.
In terms of the boundary value c[>(ro), found by solving the Thomas-Fermi-Dirac
equation, we may write

(18)

Figure 8 shows the graphic representation of (18) for various values of Z;
no means of expressing this equation of state in a form applicable to all elements
has been found.

The general form for the equation of state at the highest pressures, to the
same order of accuracy as that given in eq. (14), is

(19) h2 (3)t Zi[ 2nme2 10nme2
]pv=- - - 1--- (4Zv)!--- (4Zv)!a+ ...

5m 8n vi h2 3i h2

The term

(20) _ 10nme2 (4Z )!
3i h 2 v a

which appears in (19) is simply the free-electron exchange term for Z electrons
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I Z  ~ "  " "  -~. TF(Z=¢o)  
Z 92 "~" ~ . ~  

I Z = 2 9  ~ 

10 -:1 

10 2° 

10 -2~ 

, t O  2 3 1  . . . .  a ~ ~ L~ 

10 ~" 10 ~ 10 ~ I0 10 10 9 

DZ ~o/3 

Fig. 8. - Pressure-volume relationship for the TFD model. 

in a volume v. Equatio~l (19) or the corresponding equat ion for the boundary  
value 

(21) ~b(Xo) ~ [ 1  - 3 ~  2~ ] 
= XoL ~ X o - - ~ X o  + . . .  

lO ~2o 

1 0  -22  

lO 

S n ( 5 0 ) ~ ' ~ "  ~ " -  ~ --c~ 

Zn (30) ~ ~ . ?  < - - ~ - . ~  . . . .  

l- e k z b /  ~ .~ .  - -  :- '  

I I I [ I I I J l  I ! I I I I I I I  • I I t [ [ 1 [  [ I I r ~ J _ l  I [  I , ~ 1  ~ 

10 ~ 10 G 10 7 10 s 10 9 

pZ ~o/3 

Fig. 9. - Comparison of experimental pressure-volume data reduced from ALTSHULER 
et al. with TF and TFD theoretical values for comparable atomic numbers. 
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Fig. 8. - Pressure-volume relationship for the TFD model.

in a volume v. Equation (19) or the corresponding equation for the boundary
value

(21 )

:::::.. -21
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-20
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8i(33)
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Fig. 9. - Comparison of experimental pressure-volume data reduced from ALTSHULER

et al. with TF and TFD theoretical values for comparable atomic numbers.
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should be  useful in any  a t t e m p t  to set up analy t ica l  funct ions to fit the  nu- 

merical  da t a  for the  Thomas-Fermi -Di rac  equat ion.  

A comparison of the  Thomas-Fermi-Di rac  results wi th  the  exper imenta l  

da ta  of Altshuler  et al. [6] shows t h a t  the  Thonms-Fermi-Dirae  equa t ion  of 

s ta te  is reasonably  close to the  exper imenta l  s i tua t ion  and will be accura te  at  

a pressure not  far  above the  range of exper imenta l  pressures (Fig. 9). 

3"4. Thomas-Fermi equations o] state ]or the case o] incomplete degeneracy. - 
Thus far  i t  has been  assumed t h a t  the  electrons fo rm a complete  degenera te  

gas. Of course such an assumpt ion  is of ten not  permissible.  We now examine  

the  special case of low t e m p e r a t u r e  ( incomplete degeneracy).  I n  the  nex t  

Subsect ion we shall s tudy  the  general  case of any  t e m p e r a t u r e  (a rb i t ra ry  

degeneracy).  

G~LVAnnY [50] has shown tha t  

(22) p * =  p[1 + ~ (~ + 2T) C(kT)~], 

where p* is the  pressure in the  ease of incomple te  degeneracy while p is the  

absolute-zero value of pressure,  

7~2a e 

--  8Z ~ e ~ , 
(23) 

= \q~(Xo)/ ' 

= ¢)-1(Xo) ~ C.xo. 
n 

Table  VI  gives tlle values of C~. 

(24) 

I n  the  s u m m a t i o n  n = 3, 4.215, 5. 

TABLE VL - Coe]/icients C~ in equation (24). 

3 
4.215 

5 

c~ 

- -  3.205" 10 -1 
- -  2.331" 10 -2 
- -  2.519.10-a 

The resul ts  obta ined  can be used whenever  the  t e m p e r a t u r e  is low wi th  

respect  to the  m a x i m u m  kinet ic  energy of the  electrons near  the  bounda ry  sur- 

face of the  a tomic  sphere, name ly  when the  inequal i ty  

(25) AT << Ze~ (+(Xo)] 
tt \ X o / '  

holds. 
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should be useful in any attempt to set up analytical functions to fit the nu
merical data for the Thomas-Fermi-Dirac equation.

A comparison of the Thomas-Fermi-Dirac results with the experimental
data of Altshuler et al. [6] shows that the Thomas-Fermi-Dirac equation of
state is reasonably close to the experimental situation and will be accurate at
a pressure not far above the range of experimental pressures (Fig. 9).

3'4. Thomas-Fermi equations of state for the case of incomplete degeneracy. 

Thus far it has been assumed that the electrons form a complete degenerate
gas. Of course such an assumption is often not permissible. We now examine
the special case of low temperature (incomplete degeneracy). In the next
Subsection we shall study the general case of any temperature (arbitrary
degeneracy).

GILVARRY [50] has shown that

(22) p" = p[l + i (a + 2r) C(kT)2] ,

where p* is the pressure in the case of incomplete degeneracy while p is the
absolute-zero value of pressure,

(23 )

(24) a = c{r1(xo) .2 Onx~ .
n

In the summation n = 3, 4.215, 5. Table VI gives the values of On'

TABLE VI. - Ooefficients On in equation (24).

n

3
4.215
5

- 3.205' 10-1

- 2.331·10~2

- 2.519 .10-3

The results obtained can be used whenever the temperature is low with
respect to the maximum kinetic energy of the electrons near the boundary sur
face of the atomic sphere, namely when the inequality

(25)

holds.

kT« Ze
2 (([>(Xo)) ,

fl Xo
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G I L V A R R Y  h~s also given an empirical expression of the various thermo- 

dynamic functions. 

The internal  energy is 

15 
(26) U* = U ~-,U-pv((~ ~- 2T T 3(o)~(kT) ~ , 

where U is the absolute-zero value. The en t ropy  is 

(27) 

The en tha lpy  is 

(2s) 

S 15pv(a + 2v ~- 3e9) ~ :k T .  

5 
H* = H + ~ p v ( 4 ( ~  d- 8T + 9o))~(kTp,  

where H is the absolute-zero value. 
The Hehnol tz  funct ion is 

(29) 
15 

F = U - -=7  (a + 2v ÷ 3(,)) ~-(kT)~. 

The Gibbs funct ion is 

(30) G = H 5 (2(~ + 4~ ~- 9o~)~(kT) 2 
2 

The parameter  ~o, which appears in those expressions, is defined by  the relat ion 

(3]) (O=Xo ¢)(Xo) ~ , l ) ~ x .  ~ , 
~ m  

where m ~ 0.2288, 0.7400, 2. The values of D., nre given in Table VII.  

T A B L E  V I I .  - Coe//icients D m iu equation ( 3 1 ) .  

_ YY~ 

9 . 2 2 8 8  

0 . 7 4 0 0  

2 

5 . 8 0 5 "  10  -3  

- -  1 . 9 2 5 " 1 0  1 

3 . 1 2 0  

KNOPOFF and MAC D0~ALD [7] have derived f rom these considerations 

parameter  analogous to the Grfineisen rat io  

(3~) 7 oC~ ~ v' 

where (dp /dT)  v is the t empera tu re  coefficient of pressure and ~ is the density.  
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GILVARRY has also given an empirical expression of the various thermo
dynamic functions.

The intemal energy is

(26)
p p 16
u* = u +2 pv(a + 2, + 3(o)C(kT)2,

where U is the absolute-zero value. The entropy is

(27)

The enthalpy is

(28)

S = 15pv(a + 2, + 3w) C2kT .

5
H* = H +~ pv(4a + 8, + 9w)W;T)2,

where H is the absolute-zero value.
The Helmoltz funrtion is

(29)
\-

F' = U - ;) (a + 2, + 3w)C(kT)2.

The Gibbs function is

(30)
5

G = H -"2 (2a + 4, + 9w)C(kT)2 .

The parameter OJ, which appears in those expressions, is defined by the relation

(3] )

where 1n = 0.2288, 0.7400,2. The values of D m are given in Table VII.

TABLE YII. - Coefficients Don in equation (31).

rn

0.2288
0.7400
2

Dm

- 5.805 .\0-3
- 1.925·\0-1
- 3.120

KNOPOFF and MAC DONALD [7] have derived from these considerations a
parameter analogous to the Griineisen ratio

(32)

where (dpjdT)v is the temperature coefficient of pressure and Q is the density.
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2.0 

1.9 

1,5 
5 6 7 8 9 10 ]1 12 

Log PZ -~°1~ 

18 

1.7 

From the above expressions i t  is seen tha t  to the  
lowest order of tempera ture ,  the Grfineisen ratio,  
even for the model, is independent  of t empera ture ,  a 
conclusion inferred from the  Debye  model. 

Figure 10 shows the  numerical  calculations made 
by  ]~[NOPOFF and MAC DO~ALD. The remarkable  
feature  of this computa t ion  is t ha t  the numerical  
values of the Griineisen rat io are a ve ry  sl0w]y chang- 

ing paramete r  over the  ent ire  range of pressures. 

Fig. 10. - Pressurc-Grfineisen's ratio relationship for the 
TF model. 

3"5. Generalized Thomas-_Fermi theory ]or arbitrary degeneracy. - MARCH [52] 
has studied the case of a rb i t ra ry  degeneracy in the following manner .  

Consider N free electrons enclosed in a volume v at  a t empera tu re  T. The 
the rmodynamic  functions for this case are well known and m a y  be wr i t ten  

as follows: 

kinet ic  or internal  energy: 

(33) 

where 

(3Y i, 
~o = ~m \ S ~ v ]  

and ~ is defined by  the  equat ion 

(34) 

en t ropy:  

(35) 

free energy: 

(36) 

The  I~ are integrals of the  Fermi-Dirac form 

f y~ dy I ~ ( ~ ) =  l + e x p [ y - - ~ ] "  
o 
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From the above expressions it is seen that to the
lowest order of temperature, the Griineisen ratio,
even for the model, is independent of temperature, a
conclusion inferred from the Debye model.

Figure 10 shows the numerical calculations made
by KNOPOFF and MAC DONALD. The remarkable
feature of this computation is that the numerical
values of the Griineisen ratio are a very slowly chang
ing parameter over the entire range of pressures.

Fig. 10. - Pressure-Griineisen's ratio relationship for the
TF model.

3·5. Generalized Thomas-Fermi theory tor arbitrary degeneracy. - MARCH [52]
has studied the case of arbitrary degeneracy in the following manner.

Consider N free electrons enclosed in a volume v at a temperature T. The
thermodynamic functions for this case are well known and may be written
as follows:

kinetic or internal energy:

(33)

where

8 0 =!!.- (3N)i
2m 8nv

and 'YJ is defined by the equation

(34)

entropy:

(35)

free energy:

{36)

The In are integrals of the Fermi-Dirac form
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Taking the free energy per unit  volmne from the free-electron theory,  adding 

the usual e lectrostat ic-potent ia l  energy terms and making the densi ty ~ a func- 
t ion of position, the free energy in the  generMized Thomas-Fermi  theory  may  
be wri t ten 

(37) F=fekT[v--]{Ie/I~}]dr--½efqVodT--efeVNdv , 

where V~ and Vx are the electrostat ic potentials  due to the electrons and 
nuclei respectively. Now we require F to be s ta t ionary  with respect to variat ions 

in Q, subject to the normalizat ion requirement  tha t  

f n d v  = eons t ,  

where n is the number  of electrons per unit  volume. I t  may  be seen from (34) 
tha t  it  is equivalent  and more convenient  to withe the var ia t ion of /~ with 

respect to ~, so tha t  

(3s) SF=(~-kTvSvd~--efenvsva~ +e _re~ 

where 17o has the meaning of a Lagrange multiplier,  and 

The requirement  

gives 

v = ~ . + v ~ .  

~ F =  0 

e(V --Vo) 
(39) ~ ] =  k T  

From (34) and (39) it  follows tha t  

(4o) 
4~ (eV eVq 

0 = ~ (2mkT) ' I ,  i:~ ~-~! " 

Combining (40) with Poisson's equation,  we have the generalized Thomas- 

Fermi  equat ion:  

(4~) w v _  ~6=~e i~V ~Vo~ 
h a (2mkT)g l t  ~ - ~  kT]  " 
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Taking the free energy per unit volume from the free-electron theory, adding
the usual electrostatic-potential energy terms and making the density e a func
tion of position, the free energy in the generalized Thomas-Fermi theory may
be written

(37)

where V. and VN are the electrostatic potentials due to the electrons and
nuclei respectively. Now we require F to be stationary with respect to variations
in (h subject to the normalization requirement that

JndT = const,

where n is the number of electrons per unit volume. It may be seen from (34)
that it is equivalent and more convenient to withe the variation of F with
respect to 1], so that

(38)

where Vo has the meaning of a Lagrange multiplier, and

The requirement

ap = 0

gives

(39)
e(V -Vol

1] = kT

From (34) and (39) it follows that

(40) 4n (ev evo)
Il = - (2mkT)t1t -.-- .
"'" ha kT kT

Combining (40) with Poisson's equation, we have the generalized Thomas

Fermi equation:

(41)
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kT/Z '~n 
8 • 104 
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Fig.  11. - l ) ressure  as a f u n c t i o n  of t he  vo lume  for  f ixed t e m p e r a t u r e s  ( f rom [43]). 
T h e  va lues  of kT/Zi for  t h e  u n l a b e l e d  cu rves  fol low t h e  sequence  s h o w n  in  t h e  u p p e r  

r i g h t - h a n d  corner .  
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1-101 \-\~",.......

1_10'__",
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3·10

1 '10- 4

Fig. 11. - Pressure as a function of the volume for fixed temperatures (from [43]).
The values of kT/Z! for the unlabeled curves follow the sequence shown in the upper

right-hand corner.
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I n  the  sphere app rox ima t ion  the  boundary  conditions are the  usual ones. In  

the  present  model  the pressure m a y  be calculated ei ther  b y  considering the 
ra te  of t ransfer  of m o m e n t u m  between the  electrons and the  surface of the 

a tomic  sphere [39] or f rom the t he rm odynamic  re la t ion 

(42) 

However  the  result  is 

_g q 

(43) p = ~ (2mkT)~ kTI~ \ k T  k T ]  " 

Figure 11 shows results obta ined b y  LAT~'ER [43]. Equa t ion  (43) is needed to 

s tudy  the ionizat ion of gas mix tures  in stellar interiors [54]. 

4. - Relation of the Thomas-Fermi equations of state to Bridgman's measurements. 

By means of Br idgman ' s  technique,  i t  is possible to reach, in laboratory ,  

pressures of 1011. Such exper imenta l  da ta  are represented in the left par ts  of 

Fig. 12, 13, 14. I n  the  r ight  par t  of these Figures there  are the  results obta ined 

b y  means of the  Thomas-Fermi-Dirac  model at. ~bsolute zero. The Thomas-  

Fermi-Dirae  curves are ex t rapo la ted  down to pressures 1011 despite  the fact  

t ha t  the  model  is val id only for pressures t~Teater t h a n  10 la [39]. But ,  t ak ing  

into account  t ha t  the model  is more realistic for higher a tomic numbers ,  one 
can th ink  t ha t  the  linlit of va l id i ty  increases, by  a factor  10, for the  light 

e lements  and decreases, b y  the  same amount ,  for the  heavier  elements.  
The theoret ical  curves show a s teady increase of densi ty  wi th  increasing 

a tomic  number  for a given pressure.  Such a correlat ion of densi ty  wi th  a tomic  

number  appears  fair, bu t  not  complete  f rom Br idgman ' s  data .  On the  basis 

of these curves ELS,~SSEi¢ [28] suggests t ha t  a.n in terpolat ion between experi- 

men ta l  da ta  at  low pressures and theoret ical  values at  high pressures gives 

an es t imate  of the densi ty  in the in te rmedia te  range with  an indeterminat ion  

less t h a n  20%.  
But  let us examine some special cases, to see the difficulties and ambiguit ies  

which are present  in this procedure.  

I f  we consider the ease Z =  92, f rom Fig. 14, we find a densi ty  of 11.9 
a t  a pressure of 0.2.101~. Such a dens i ty  is much  lower t han  the  actual  u ran ium 

densi ty  for every value of pressure.  F rom the same Figure  we can see tha t ,  

for uranium,  i t  is not  possible to join smoothly  the exper imenta l  curve with the 

theoret ical  curve. Let  us now consider copper ( Z =  29): its densi ty  a t  pres- 

sure zero is 8.9, while the  theoret ical  value at  a pressure of 1.4.10 ~2 is only 8.4. 
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In the sphere approximation the boundary conditions are the usual ones. In
the present model the pressure may be calculated either by considering the
rate of transfer of momentum between the electrons and the surface of the
atomic sphere [39] or from the thermodynamic relation

(42)

However the result is

_ (8F)p-- -;:;- .
cV T

(43) P = 8n (2mkT)! kTI (eV(ro) _ e.VO)

3h 3 ! kT kT

Figure 11 shows results obtained by LATTER [43]. Equation (43) is needed to
study the ionization of gas mixtures in stellar interiors [54].

4. - Relation of the Thomas-Fermi equations of state to Bridgman's measurements.

By means of Bridgman's technique, it is possible to reach, in laboratory,
pressures of 1011 • Such experimental data are represented in the left parts of
Fig. 12, 13, 14. In the right part of these Figures there are the results obtained
by means of the Thomas-Fermi-Dirac model at absolute zero. The Thomas
Fermi-Dirac curves are extrapolated down to pressures 1011 despite the fact
that the model is valid only for pressures greater than 1013 [39]. But, taking
into account that the model is more realistic for higher atomic numbers, one
can think that the limit of validity increases, by a factor 10, for the light
elements and decreases, by the same amount, for the heavier elements.

The theoretical curves show a steady increase of density with increasing
atomic number for a given pressure. Such a correlation of density with atomic
number appears fair, but not complete from Bridgman's data. On the basis
of these curves ELSASSER [28] suggests that an interpolation between experi
mental data at low pressures and theoretical values at high pressures gives
an estimate of the density in the intermediate range with an indetermination
less than 20 %.

But let us examine some special cases, to see the difficulties and ambiguities
which are present in this procedure.

If we consider the case Z = 92, from Fig. 14, we find a density of 11.9
at a pressure of 0.2 ,1012 • Such a density is much lower than the actual uranium
density for every value of pressure. From the same Figure we can see that,
for uranium, it is not possible to join smoothly the experimental curve with the
theoretical curve. Let us now consider copper (Z = 29): its density at pres
sure zero is 8.9, while the theoretical value at a pressure of 1.4 .1012 is only 8.4.
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l~[oreover the theoret ical  density curves of the lightest elements do not 
jump as the pressure increases, corresponding to the breaking-down of the 
inner shells. This should continue unt i l  every ~tom is completely broken down, 
the electrons then forming an imperfect  degenerate Fermi  gas. F rom this point  
of view the results of the Thomas-Fermi-Dirae theory,  even at extremely high 
pressures, can '~t best  only give an average account of what  would seem to be 

a complicated discontinuous relat ion between ~ and p for the heavier elements. 
Of course when the atoms are ent irely broken down, the Thomas-Fermi-Dirae 
model is completely valid. For  the heavier  elements the pressures required 
to reach this circumstance are very  high. A crude est imate by  RAstsEY [22] 
gives for the critical pressure 

)~ __~ Z ~ . l O  la , 

For Z~_102 we obtain ~ ~_10 ~*. Pressm'es of this order and greater are 
found in the white dwarf stars, while, in the planets,  the maximum pressure 

is about  1013 and this would seem to break completely down only the lightest 

elements. 

5. - Equat ion  of state derived f r o m  the  theory of f inite  strain.  

The theory  of finite strain developed by  MUR.XAG~A~ [55, 56] and 
BI~CH [34, 57] is a rigorous development  of the theory  of elasticity in which no 
restr ict ion is imposed on tile magni tude of tim strain. The theory  is formally 
exact,  but ,  in pract ice l imitations arise from ignorance of the coefficients of 

order higher than  the secured which appear in the development  of the strain- 
energy as ~ function of the strains, in  the usual theory,  only the eoe~eients  
of the second-order terms are retained in the strain-energy function;  the strains 
ate t reated as small and their  squares ~md products  systematical ly disc~u.ded. 
I t  turns out, however, tha t  even when only tile known second-order coefficients 
in the strain-energy are retained, the theory of finite strain gives an excellent 
account of the compression of many  materia.ls, including those for which the 
greatest  compressions have been observed: the alkali metals. I t  appears [57] 
tha t  the third-order  coe~cient  which occurs in the compressibility is in fact  

small in rela~qon to the second-order term for a large number  of materials,  

and, to a good approximation,  may  often be neglected. The complete form of 

the theory  is required for the discussion of the effect of pressure upon indivi- 
dual elastic constants and velocities, bu t  the relation bet.ween hydrostat ic  

pressure and volume may  be obtained from the thermodynamic  relation 
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Moreover the theoretical density curves of the lightest elements do not
jump as the pressure increases, corresponding to the breaking-down of the
inner shells. This should continue until every atom is completely broken down,
the electrons then forming an imperfect degenerate Fermi gas. From this point
of view the results of the Thomas-Fermi-Dirac theory, even at extremely high
pressures, can at best only give an average account of what would seem to be
a complicated discontinuous relation between e and p for the heavier elements.
Of course when the atoms are entirely broken down, the Thomas-Fermi-Dirac
model is completely valid. For the heavier elements the pressures required
to reach this circumstance are very high. A crude estimate by RAMSEY [22J
gives for the critical pressure p

For Z,....., 10 2 ,ye obtain p ,....., 1018 • Pressures of this order and greater are
found in the white dwarf stars, while, in the planets, the maximum pressure
is about 1013 and this would seem to break eompletely down only the lightest
elements.

5. - Equation of state derived from the theory of finite strain.

The theory of finite strain developed by M:UR~AGHAN [55, 56J and
BIRCH [34, 57] is a rigorous development of the theory of elasticity in which no
restriction is imposed on the magnitude of the strain. The theory is formally
exaet, but, in praetice limitations arise from ignorance of the coefficients of
order higher than the second whi('h ~tppear in the development of the strain
energy as a funetion of the strains. III the usual theory, only the coefficients
of the second-order terms are retained in the strain-energy function; the strains
are treated as small and their square::; lwd produets systematieally diseRrded.
It turns out, however, that even when only tIle known se('ond-01'der eoefficients
in the strain-energy are retained, the theory of finite strain gives an exeellent
account of the eompression of many materials, ineluding those for which the
grea,test compressions have been observed: the alk<1li metals. It a,ppears [57J
that the third-order eoeffieient whieh oceurs in the compressibility is in fact
small in relation to the seeond-order term for a large number of materials,
and, to a good ~tpproximation, may often be neglected. The complete form of
the theory is required for the diseussion of the effeet of pressure upon indivi
dual elastic eonstants and velocities, but the relation between hydrostatic
pressure and volume may be obtained from the thermodynamie relation

(44)
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where F is the  t~elmholtz free energy and v the  volume,  per  uni t  mass.  In  the  

ordinary theory  of elasticity,  the free energy is equated  to the  s t rain energy 

and expressed as a quadrat ic  funct ion of the  s t rain components ,  higher powers 

being neglected. The coefficients of the second-order combinat ions  of the s t rain 

components  are the elastic constants ,  which depend upon the  t empera tu re .  

These will be  t e rmed  the  second-order elastic constants .  Le t  xi, y, be the  po- 
si t ion vectors  of a part icle  respect ively  af ter  and before the  deformation.  The  

s t rain components  will be referred to the  s t rain state.  

Differential  relat ionships be tween adjacent  part icles before and af ter  defor- 

ma t ion  are given by  

(45) dy, = ~xxaX~ . 

The square lengths of a curve e lement  before and af ter  deformat ion  are 

re la ted b y  

(46) 

In  the  special case 

d~s~ = dyidy~ = ~ axj ~ dx~. 

d8 x ~ dsv 

for every undeformed curve, we can rewrite 

(47) ~Yi 8Y, __ (~i~. 
8xj 8x, 

(sjk), the  s t rain mat r ix ,  is defined b y  

1 [~Yi ~Yi (~j~) 
(4s) ~ = ~ \ ~  ~x~ " 

The element  of volume af te r  deformat ion,  is re lated to t ha t  before deforma- 

t ion by  

(49) dv~ = dv, Det  ~Sxj] " 

Hence for the  densi ty  

(50) ~, d v ~ -  De t  i~yi~ 
q~ dv~ ~ x j ]  " 

Let  us consider the  case of a hydros ta t ic  s t ra in of l inear magnif icat ion a of 
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where F is the Helmholtz free energy and v the volume, per unit mass. In the
ordinary theory of elasticity, the free energy is equated to the strain energy
and expressed as a quadratic function of the strain components, higher powers
being neglected. The coefficients of the second-order combinations of the strain
components are the elastic constants, which depend upon the temperature.
These will be termed the second-order elastic constants. Let Xi' Yi be the po
sition vectors of a particle respectively after and before the deformation. The
strain components will be referred to the strain state.

Differential relationships between adjacent particles before and after defor
mation are given by

(45)
aYi

dYi = :;--dx; .
vX;

The square lengths of a curve element before and after deformation are
related by

(46)

In the special case

for every undeformed curve, we can rewrite

(47)

(elk), the strain matrix, is defined by

(48)

The element of volume after deformation, is related to that before deforma
tion by

(49)

Hence for the density

(50) 0: = dv y = Det ('CYi) .
(}y dvx ax;

Let us consider the case of a hydrostatic strain of linear magnification 01. of
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a medium of isotropic or cubic symmetry.  Then,  

4 7 1  

(51) xi = Yi + ~Y, , 

where ~ < 0 means compression. 
Then,  

~x~ 
(52) ~Yi (1 + ~) ($~, 

(53) e~ = (1 + ~) -~ ,  

1 
(54) e ~  = : d  [(1 + ~ ) - ~ - 1 ]  ~j~ = e ~ ,  

where s ~ 0  if ~ 0 .  
Thus, 

(55) v° _ ~) ~)~ -- (i + 2s)J,  
v 5o ~ 

where e is the hydros ta t ic  strain and the subscript zero refers to zero pressure. 
To derive a pressure-density relat ion BInCH [34] supposes that ,  for hydro- 

s tat ic  pressure ulone, the to ta l  strain energy may be expressed in the form 

n ~ 2  

where the coefficients at, are functions only of the tempera ture .  Then, 

(56) P = - [ ~ ] T ~  - 3v0 ._~ " 

In t roducing the isothermal  incompressibili ty at  zero pressure 

dp 2 a: 
(57) Ko - - -  

d(vo/V) 9 vo 

and taking into account also (55), we obtain 

5 CO 

3 . . . .  (n + 2)a .+2 {(dQ0) t _ 1}.+,  

o r  

p = ~.Ko[(de,,)~ - -  (e,,/Qo)~] {1 + ~[(~leo)~-- 17 + . . . } ,  
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a medium of isotropic or cubic symmetry. Then,

(51) Xi = Yi + rxy, ,

where rx < 0 means compression.
Then,

(52)

(53)

(54)

where e ~ 0 if rx ~ O.
Thus,

(55)

ax
~ = (1 + rx) bi ; ,
(JYi

ex = (1 + rx)-3 ,
ey

where e is the hydrostatic strain and the subscript zero refers to zero pressure.
To derive a pressure-density relation BIRCH [34] supposes that, for hydro

static pressure alone, the total strain energy may be expressed in the form

where the coefficients an are functions only of the temperature. Then,

(56) (OE) de 1 ex>
p = - ~ - = - (1 + 2e)1 Lnanen- 1

•
Ge T dv 3vo n-2

Introducing the isothermal incompressibility at zero pressure

(57)

and taking into account also (55), we obtain

(58)

or
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where 

= 3a3. 

2a2 

K0 and $ are functions of the tempera ture  only. The convergence of the series 
depends on the  amount  of compression s, or e/Co and on the magni tude  of the  
coefficients of higher powers of s. In  the Ear th ,  e does not  exceed about  0.3; 
which corresponds to ~/~0 ~ 2; in the  mant le  it  is less than  0.13. 

is re la ted to experimental  quanti t ies  by  [34] 

where 

K° \@]~  as p - ~ 0 .  

B~Rc~ [34] p lo t ted  the exper imental  values of p(Ko, e/@o) from the above 
formula and found tha t ,  for alkali metals at least, which themselves have large 
eompressibilities, the  data  to 1011 of pressure correspond very  closely to a value 
of the second-order coefficient 

3a3 << 2a~ (or $ <~ 1) 

and in fact  this is so for a number  of o ther  materials.  
finite strain leads to the  semi-empirical expression 

(59) 
v 5 

p=~Ko[(e/eo)~--(Q/e.)~]. 

Hence the  theory  of 

Equa t ion  (59) is obtained expressing the  free energy as a single parabolic 
potent ia]-energy term. I f  higher-order terms in the potent ia l  energy are 
retained,  the equat ion of s tate  becomes 

(60) 
¢o 2 3 ~_ e~ _ 

K 3 ~ . p = : ,  o(e/~o) ~: - [ (Q/~o)-1]-  
Z n - 1  e l  

Strain here is not  defined in terms of the  change in dimension of an element  of 

length as in the ease of infinitesimal strain bu t  in terms of the relat ive expansion 

or contract ion of an element  of area. Thus the strain tensor  sij is defined by  

where 

~" =-~ t ~  + ~ + ~x, ~x~j ' 
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K o and; are functions of the temperature only. The convergence of the series
depends on the amount of compression c, or eleo and on the magnitude of the
coefficients of higher powers of c. In the Earth, c does not exceed about 0.3;

which corresponds to eleo R::; 2; in the mantle it is less than 0.13.
; is related to experimental quantities by [34]

where

K' = (OK)'
o op T

as p -+0.

BIRCH [34] plotted the experimental values of p(Ko, e/eo) from the above
formula and found that, for alkali metals at least, which themselves have large
compressibilities, the data to 1011 of pressure correspond very closely to a value
of the second-order coefficient

(or ;« 1)

and in fact this is so for a number of other materials. Hence the theory of
finite strain leads to the semi-empirical expression

(59)

Equation (59) is obtained expressing the free energy as a single parabolic
potential-energy term. If higher-order terms in the potential energy are
retained, the equation of state becomes

(60)

Strain here is not defined in terms of the change in dimension of an element of
length as in the case of infinitesimal strain but in terms of the relative expansion
or contraction of an element of area. Thus the strain tensor Cij is defined by

where

Ui=Xi-Yi'
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The quadratic strain reduces to the linear strain 

(u~,~ + u~,~) 

for small strains. 

KbtOPOt~' [58] remarks tha t  the construct ion of a quadratic strain is by  

no means unique. Therefore it is possible to define other quanti t ies which are 

also tensors of rank two and which reduce to the proper relationship for small 

strains. The tensor funct ional  

where 

d / ( x )  
- -1  at  x = 0 ,  

dx 

satisfies this condition. As an example of this functional  K~ropo~F considers 

the expansion 

~]iJ = Cij "4- a 2 ~ k j  @ aaSik6k16Zi @ .. .  

where e~ is the quadrat ic  strain tensor given above. 

In  this case~ for hydrostat ic  strain, the new strain tensor has diagonal 

components 

: - - ~ - /  (~ + ~2) a 2 + (-- aa - -  3a2 - -  2) a 3 + ... , 

where ~ is the linear strain as before. I f  the series is t runcated  then we can 

invert  the relationship to solve for ~(V) with an approximate  expression of 

the type  

(°,)°  

where en and b are to be determined as functions of the a~. Since the strain 

energy is wri t ten as a funct ion of the invariants of the strain~ a strain energy 

wri t ten as a funct ion of ~] is sufficient and an equation of state can be obtained 

as before. As ~n example consider the case 

= - -  ~ + (3 + a~) ~ .  

This can be inverted to yield 

(:~ + ~) = [1 + (2 + 2a~)~]-~t,~+~ 

30 - Rivista del Nuovo Cimento. 
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The quadratic strain reduces to the linear strain

for small strains.
KNOPOFF [58] remarks that the construction of a quadratic strain is by

no means unique. Therefore it is possible to define other quantities which are
also tensors of rank two and which reduce to the proper relationship for small
strains. The tensor functional

where

df(x) = 1
dx

at x=O,

satisfies this condition. As an example of this functional KNOPOFF considers
the expansion

where Ci; is the quadratic strain tensor given above.
In this case, for hydrostatic strain, the new strain tensor has diagonal

components

where 0: is the linear strain as before. If the series is truncated then we can
invert the relationship to solve for 0:(1]) with an approximate expression of
the type

(

m-2 )b
1 +- 0: = 1 - L Cn 1]n ,

n~l

where Cn and b are to be determined as functions of the an' Since the strain
energy is written as a function of the invariants of the strain, a strain energy
written as a function of 1] is sufficient and an equation of state can be obtained
as before. As an example consider the ca,se

This can be inverted to yield

30 - Rivista del Nuo'vo Cimento.
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and the volume change is given b y  (53), which is ra ther  different f rom the value 

which one would obtain b y  discarding the square of the strain. 

Assuming, fur ther ,  a s ingle-term energy funct ion 

E = b~ ~ , 

as before, the  equat ion  of s ta te  thus der ived is 

(6~) 3 
P - 2 + 2 ~  K°{[(e/e°)(~+'a"'~-- (e/e°)'~+~°'"~] + ' "  } '  

which reduces to the  Birch equat ion of s ta te  if a 2 = 0. Ev iden t ly  the  deri- 

va t ion  of an equat ion of s ta te  based on the  theory  of finite s t ra in  can be crit i-  
cized [58] on several  grounds. Since the equat ions of s ta te  so derived depend 

upon the  existence of the  quadrat ic  te rms in the  definition of the  s t rain tensor,  
the  strains mus t  be  unambiguous ly  defined so t h a t  the  quadrat ic ,  and  perhaps  

higher-order  terms,  are unique. Since tensor- invar iant  funct ions of the  displace- 

m e n t  can be wr i t t en  which have  ambiguous quadra t ic  and higher-order  te rms  

in the  linear magnificat ion,  and ye t  reduce to the  appropr ia te  behav iour  a t  

infinitesimal strains, an appropr ia te  theory  of finite s t ra in mus t  awai t  a defi- 

ni t ion of the strain itself. Since the  free energy m a y  depend significantly upon 

the  existence of t e rms  of order higher t han  those which are quadra t ic  in the  

strain,  the  pressure in the  equat ion of s ta te  m a y  be expanded in a series of 

ascending powers of ~/~o- I f  m ---- 2 the expansion is in powers of (Q/Qo) t - -  1; 
if m = 3 it is in powers of (ef~o) ~2+2~,'/3-1. The va l id i ty  of the  use of quad-  
ra t ic  expressions can be shown b y  direct exper imenta l  measurements .  The 
equat ion  of s ta te  derived on the  basis of the  theory  of finite s t ra in becomes 
akin to t ha t  of an in terpolat ion formula;  ex t rapola t ion  to values of ~/ffo signif- 

icant ly  higher t han  those in the  range of l abora to ry  compressibi l i ty  measure-  
ments  i8 quest ionable because of the  prob lem of the  influence of higher powers 

of ~/~o. 
Over small ranges of compression it  m a y  be t h a t  it is not  direct ly possible 

to dist inguish between two models of the  equat ion of s tate.  

Consider for example  the two models 

(62) 

(63) 

3 7 5 p - ~Ko {(~/~o) ~ - -  (~/~o) ~} {1 + ~[(~/~Oo)~ - -  1]} 

3 

Given a measu remen t  of K 0 a t  p = 0 and a value of p at  some high value of 

~/~0, then,  because of a l imited range of eompressibili t ies in the  l abora to ry  

the  two expressions m a y  be equal  wi thin  the  l imits  of exper imenta l  accuracy 
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and the volume change is given by (53), which is rather different from the value
which one would obtain by discarding the square of the strain.

Assuming, further, a single-term energy function

as before, the equation of state thus derived is

(61)

which reduces to the Birch equation of state if a2 = O. Evidently the deri
vation of an equation of state based on the theory of finite strain can be criti
cized [58] on several grounds. Since the equations of state so derived depend
upon the existence of the quadratic terms in the definition of the strain tensor,
the strains must be unambiguously defined so that the quadratic, and perhaps
higher-order terms, are unique. Since tensor-invariant functions of the displace
ment can be written which have ambiguous quadratic and higher-order terms
in the linear magnification, and yet reduce to the appropriate behaviour at
infinitesimal strains, an appropriate theory of finite strain must await a defi
nition of the strain itself. Since the free energy may depend significantly upon
the existence of terms of order higher than those which are quadratie in the
strain, the pressure in the equation of state may be expanded in a series of
ascending powers of e!eo. If m = 2 the expansion is in powers of (e!eo)f -1;
if m = 3 it is in powers of (e!eoy2+2a,\/3 -1. The validity of the use of quad
ratic expressions can be shown by direct experimental measurements. The
equation of state derived on the basis of the theory of finite strain becomes
akin to that of an interpolation formula; extrapolation to values of e!eo signif
icantly higher than those in the range of laboratory compressibility measure
ments is questionable because of the problem of the influence of higher powers

of eIeo'
Over small ranges of compression it may be that it is not directly possible

to distinguish between two models of the equation of state.
Consider for example the two models

(62)

(63)

p =~Ko{(e!eo)t - (e!eo)f}{l + We!eo)t -I]} ,

3
P = 2 + 2a

2
Ko{(e!eoyH4a,>/3 - (e!eo)(H2a,>/3} .

Given a measurement of K o at p = 0 and a value of p at some high value of
e!eo, then, because of a limited range of compressibilities in the laboratory
the two expressions may be equal within the limits of experimental accuracy
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for a certain choice of ~ and a2 to fit the slope and go through the required 
point. What is required here are very accurate experimental data on compres- 
sibility and, in addition, experimental data extending to large eompressibilities. 

6. - YIurnaghan's equation of state. 

MURNAGHAN [59], by means of the assumption that the isothermal bulk 
modulus 

satisfies the relation 

(64) K(p,  T) = Ko(T ) + K'o(T)p , 

where K'o(T ) z (cTK/~p)z as p +0, obtained the following equation of state: 

(65) 
Ko(T) 

p(e ,  I ')  - ~ ; ; (T)  {(~/e°)~;'~' - 1} .  

Equation (65) is, experimentally, nearly indistinguishable from the Birch- 
Murnaghan equation over a considerable range of compression. This fact may 
be understood on the basis of the uniqueness of the Taylor expansion [60]. 

7. - Equations of state derived from inter-atomic forces. 

The inter-atomic forces can be divided into two main groups: forces of at- 
traction and forces of repulsion. Moreover the forces of attraction can be 
divided into three types: 

a) Coulomb forces, 

b) Van der Waals forces, 

c) exchange forces. 

a) Coulomb forces. The potential energy ~PCoul for two charges, at a distance 
r, is given by 

1 ~2 
~ f C o u l  ~ - -  - -  • 

r 

If one or both charges are replaced by dipoles or higher multipoles, the potential 
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for a certain choice of ~ and a2 to fit the slope and go through the required
point. What is required here are very accurate experimental data on compres
sibility and, in addition, experimental data extending to large compressibilities.

6. - Murnaghan's equation of state.

MURNAGHAN [59J, by means of the assumption that the isothermal bulk
modulus

K= (2P)e "fl
00: P

satisfies the relation

(64)

where K~(T) = (2Kj2p)p as p-+ 0, obtained the following equation of state:

(65) ( 11) _ Ko(T) {( j )K'<P) I}
P e, - K~(11) e eo 0 - •

Equation (65) is, experimentally, nearly indistinguishable from the Birch
Murnaghan equation over a considerable range of compression. This fact may
be understood on the basis of the uniqueness of the Taylor expansion [60J.

7. - Equations of state derived from inter-atomic forces.

The inter-atomic forces can be divided into two main groups: forces of at
traction and forces of repulsion. ~Ioreover the forces of attraction can be
divided into three types:

a) Coulomb forces,

b) Van del' ·Waals forces,

c) exchange forces.

a) Coulomb forces. The potential energy 'Peoul for two charges, at a distance
r, is given by

If one or both charges are replaced by dipoles or higher multipoles, the potential
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energy can be derived from this basic equation,  result ing in a te rm proport ional  
to r-m(m = integer). 

b) V a n  der W a a l s  forces. The Van der Waals energy between two particles 
is proport ional  to r-% There are three  mechanisms which give rise to Van der 
Waals energy, distinguished as ~( dispersion effect ~, (( induct ion effect ~ ~nd 
(~ or ienta t ion effect ~). 

The moving electrons in the  first a tom induce rapidly changing dipole mo- 

ments  in the second a tom;  these are proport ional  to the polarizabil i ty a. The 
mutual ly  disturbed electrons could a t t rac t  each other  on the average with a 
po ten t ia l  energy:  

T d ~ . ~  - -  4 r e ' 

where Eo is an energy value characterist ic of the a tom under  consideration~ lying 
between the lowest exci ta t ion energy and the ionization energy. 

If  one of the atoms carries a permanent  dipole moment  p, this will induce 

another  dipole in the second a tom proport ional  to ~p. P r im a ry  and secondary 
dipoles will exert  on one another  forces which m ay  be repulsive or attraetive~ 

T6 ' 

bu t  averaged over all mutua l  orientat ions they  will be a t t rac t ive .  
Thirdly,  two permanent  dipoles will also exert  forces, which again, when 

averaged over all possible orientations,  will be a t t rac t ive :  

~Jorien~ - -  2 P~ 
3 k T r  ~ 

In  most  cases the dispersion effect is the greatest  of the three,  bu t  for ve ry  
high permanent  dipole moments  the or ienta t ion effect m a y  predominate .  The 

induct ion effect is never  the  most  impor tan t  [44]. 

c) E x c h a n g e  ]orces. - Exchange  energy, of which homopolar  chemical 
binding by  valency forces is an example,  is a typical  quan tum effect. Some- 
t imes the energy is posit ive (repulsive) for all distances; in other  cases a min imum 

energy occurs at small distances. 
As a rule valency forces work only at ve ry  small distances. Since binding 

energy is due to a pair  of valency electrons originating from the par t ic ipat ing 
atoms, valency forces show saturat ion,  if valency electrons are not  available. 

Besides the forces of a t t rac t ion  there  must  also be forces oi repulsion, so 
t ha t  atoms (ions) a t ta in  equilibrium positions at a distance apart .  This is 
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energy can be derived from this basic equation, resulting in a term proportional
to r-m(m = integer).

b) Van der Waals forces. The Van del' Waals energy between two particles
is proportional to r-6 • There are three mechanisms which give rise to Van del'
Waals energy, distinguished as « dispersion effect 1/, « induction effect 1/ and
«orientation effect >/.

The moving electrons in the first atom induce rapidly changjng dipole mo
ments in the second atom; these are proportional to the polarizability ex. The
mutually disturbed electrons could attract each other on the average with a
potential energy:

where Eo is an energy value characteristic of the atom under consideration, lying
between the lowest excitation energy and the ionization energy.

If one of the atoms carries a permanent dipole moment p, this will induce
another dipole in the second atom proportional to exp. Primary and secondary
dipoles will exert on one another forces which may be repulsive or attractive,

but averaged over all mutual orientations they will be attractive.
Thirdly, two permanent dipoles will also exert forces, which again, when

averaged over all possible orientations, will be attractive:

In most cases the dispersion effect is the greatest of the three, but for very
high permanent dipole moments the orientation effect may predominate. The
induction effect is never the most important [44J.

c) Exchange forces. - Exchange energy, of which homopolar chemical
binding by valency forces is an example, is a typical quantum effect. Some
times the energy is positive (repulsive) for all distances; in other cases a minimum
energy occurs at small distances.

As a rule valency forces work only at very small distances. Since binding
energy is due to a pair of valency electrons originating from the participating
atoms, valency forces show saturation, if valency electrons are not available.

Besides the forces of attraction there must also be forces of repulsion, so
that atoms (ions) attain equilibrium positions at a distance apart. This is



EQUATIONS OF STATE AT I n G I t  PRESSURE AND THE ]~ARTI{~S I N T E R I O R  477 

accomplished by  the  mutua l  repulsion of electron clouds as soon as atoms 
t ry  to inter-penetrate .  The numerical  calculation of these forces is ext remely  
complicated and should take place on a quantum-mechanical  basis. The 
results [62-64], cannot  as a rule be expressed by  simple formulae,  dependence 
on the distance being nei ther  a power nor an exponential  function.  

The inter-atomic forces active within metals present  a ra ther  difficult prob- 

lem. To account for good electrical conduct iv i ty  it  is assumed tha t  electrons 

can move more or less freely throughout  the whole volume, thus passing from 
one a tom to its neighbours. Such free exchange of electrons makes it  neces- 
sary to apply Pauli~s rule. I t  follows tha t  many  electrons must  possess a high 
kinetic energy. In  general this excess energy is called Fermi  energy; since i t  
is posit ive it  has to be added to the  other  repulsive potentials .  

The cohesion may  be due to the forces of a t t rac t ion  between the positive 
ions and the  negat ive electrons. 

The hypothesis  tha t  migrat ing electrons temporar i ly  help to form a chemical 

bond between two metal  atoms, these bounds continuously shifting from one 
neighbour to another,  might  also be made [65, 66]. 

In  real i ty the metal  does not correspond to ei ther of the preceding hy- 
potheses bu t  its behaviour  is somewhere in between the two. Theoretical  cal- 

culations are made as approximations from ei ther  side. The homopolar  bond 
theory  will give good results for those metals which behave more or less as 
amphoter ic  elements, i.e. germanium, t in and bismuth.  The free-electron 
theory  [67-72] will give the  best  results in those cases where the  electrons are 
only loosely bound, as in the  case of the alkali metals [73]. 

Since energy calculations star t  from free ions and free electrons, a correc- 
t ion for ionization energy must  be made in order to determine the cohesive 
energy. The agreement between the calculated and the observed values is 
most sat isfactory considering tha t  the theoretical  end result is obtained as a 
difference between two large numbers,  bo th  of which are liable to error. 

The large negative t e rm in the energy equation is mainly  due to Coulomb 
forces and varies theoret ical ly as ]/r .  The repulsive Fermi  energy varies theo- 
ret ically as 1/r ~. 

In  the case of potassium, if the calculations are made on the same basis 
as those for l i thium and sodium, the  agreement  is far worse. 

Go_u-s2ts [70], s tart ing from somewhat different assumptions, was able to 
account quant i ta t ive ly  for the cohesive energy of potassium. Although his 

calculations are to be handled with some care, they  give the impression tha t  the 
underlying physical mechanism is r ight  and tha t  only the mathemat ica l  dif- 

ficulties are so great  as to make good agreement  impossible in all cases. The 

theory  is well enough founded to make it  possible to predict  t ha t  metallic 

hydrogen cannot  exist, since the lat t ice energy of molecular hydrogen is far  
more negat ive than  tha t  of ionic hydrogen.  
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accomplished by the mutual repulsion of electron clouds as soon as atoms
try to inter-penetrate. The numerical calculation of these forces is extremely
complicated and should take place on a quantum-mechanical basis. The
results [62-64], cannot as a rule be expressed by simple formulae, dependence
on the distance being neither a power nor an exponential function.

The inter-atomic forces active within metals present a rather difficult prob
lem. To account for good electrical conductivity it is assumed that electrons
can move more or less freely throughout the whole volume, thus passing from
one atom to its neighbours. Such free exchange of electrons makes it neces
sary to apply Pauli's rule. It follows that many electrons must possess a high
kinetic energy. In general this excess energy is called Fermi energy; since it
is positive it has to be added to the other repulsive potentials.

The cohesion may be due to the forces of attraction between the positive
ions and the negative electrons.

The hypothesis that migrating electrons temporarily help to form a chemical
bond between two metal atoms, these bounds continuously shifting from one
neighbour to another, might also be made [65, 66].

In reality the metal does not correspond to either of the preceding hy
potheses but its behaviour is somewhere in between the two. Theoretical cal
culations are made as approximations from either side. The homopolar bond
theory will give good results for those metals which behave more or less as
amphoteric elements, i.e. germanium, tin and bismuth. The free-electron
theory [67-72] will give the best results in those cases where the electrons are
only loosely bound, as in the case of the alkali metals [73].

Since energy calculations start from free ions and free electrons, a correc
tion for ioni;r,ation energy must be made in order to determine the cohesive
energy. The agreement between the calculated and the observed values is
most satisfactory considering that the theoretical end result is obtained as a
difference between two large numbers, both of which are liable to errol'.

The large negative term in the energy equation is mainly due to Coulomb
forces and varies theoretically as ] Ir. The repulsive Fermi energy varies theo
retically as llr2 •

In the case of potassium, if the calculations are made on the same basis
as those for lithium and sodium, the agreement is far worse.

GOMBAS [70], starting from somewhat different assumptions, was able to
account quantitatively for the cohesive energy of potassium. Although his
calculations are to be handled with some care, they give the impression that the
underlying physical mechanism is right and that only the mathematical dif
ficulties are so great as to make good agreement impossible in all cases. The
theory is well enough founded to make it possible to predict that metallic
hydrogen cannot exist, since the lattice energy of molecular hydrogen is far
more negative than that of ionic hydrogen.
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Following the suggestion of MIE [74] we may  represent  the mutua l  po ten t ia l  
energy of two atoms or ions by  the  binomial  expression 

a b 
(66) bY(r) -- r "~ q- ~ , 

where the first t e rm refers to the a t t rac t ive  forces, the second to the repulsive 
forces; m and n are constants,  n being greater  t h an  m. 

This expression is not,  of course, more than  a rough approximat ion;  bo th  
a t t rac t ive  and repulsive energies may  be far more complicated functions of 
the  mutua l  distance r, and the saturat ion and or ienta t ion character  of va lency 
energy is not  expressed by  Mie's equation.  We can see tha t  m will have  the 

value 1 for ionic lattices (Coulomb energy) and we m a y  ten ta t ive ly  equate  i t  

to 1 for alkaline metals;  it  will be 6 for molecular lattices (Van der Waals 

energy). 
Not  much can be predicted theoret ical ly  about  the value of n. Rough 

theoret ical  est imations pu t  it at  about  9 for ionic lattices and about  2 for alkali 
metal  lattices (Fermi energy). I t  can, however, be determined exper imenta l ly  
from the  bulk modulus [75]. Assuming tha t  

T 

we obtain the following equat ion of state:  

3Ko [" ~/~ 1 a ] 
(67) p -- - - - -m[ (e / eo )  + - - $  (e/eo) . 

Using the potent ia l  funct ion 

A B C 
r a -~ r ~ r ' 

derived on somewhat different grounds, BARDEEN [71] obtains 

(68) p = (ele0) [(e/e0)i- 1] { K0 + D[(e/e0)i--  1]}, 

where D is a constant  to be determined empirically. However  it  has been noted 
tha t  alI these relations have the  l imitat ion tha t  t hey  cannot  be extended across 
polymorphie  transitions. This is t rue also for the theory  of finite strain. More- 
over, the potent ia l  functions used are an unsat isfactory description of the ac- 
tual  inter-atomic potentials  if extended over a wide range of pressures. 
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Following the suggestion of MIE [74] we may represent the mutual potential
energy of two atoms or ions by the binomial expression

(66)
a blJf(r) = - - + -
r m r'"

where the first term refers to the attractive forces, the second to the repulsive
forces; m and n are constants, n being greater than m.

This expression is not, of course, more than a rough approximation; both
attractive and repulsive energies may be far more complicated functions of
the mutual distance r, and the saturation and orientation character of valency
energy is not expressed by Mie's equation. We can see that m will have the
value 1 for ionic lattices (Coulomb energy) and we may tentatively equate it
to 1 for alkaline metals; it will be 6 for molecular lattices (Van der Waals
energy).

Not much can be predicted theoretically about the value of n. Rough
theoretical estimations put it at about 9 for ionic lattices and about 2 for alkali
metal lattices (Fermi energy). It can, however, be determined experimentally
from the bulk modulus [75]. Assuming that

p = _ (8lJf)
CJv T'

we obtain the following equation of state:

(67) 3Ko [ a ]p = -- (e/eo)"13+1- - (e/ eo)ml3+1
n-m b

Using the potential function

A B G- +---r3 r2 r'

derived on somewhat different grounds, BARDEEN [71] obtains

(68) 4 2 { 2}P= (e/eo»[(e/eo» -1] ~Ko + D[(e/eol' -1] ,

where D is a constant to be determined empirically. However it has been noted
that all these relations have the limitation that they cannot be extended across
polymorphic transitions. This is true also for the theory of finite strain. More
over, the potential functions used are an unsatisfactory description of the ac
tual inter-atomic potentials if extended over a wide range of pressures.



EQUATIONS OF STATE AT HIGH PRESSURE AND THE EARTH'S INTERIOR 479 

8. - Griineisen's equation of state. 

I t  is assumed tha t  the  t he rma l  energy of a me ta l  crysta l  is described ade- 

quate ly  as the  sum of the  energies of a set of simple harmonic  oscillators (the 

normal  modes of the dynamica l  system) whose frequencies v~ are functions 

only of the  volume.  The to ta l  mean  internal  energy E of the  crysta l  (according 

to the stat is t ics  of q u a n t u m  theory  and neglecting electronic contributions) 
is given by  (e.g. see [76]) 

3~" hv~  

(69/ E ---- ?(v) ~- ~_~ ex,-, [ h u , , / k T ] -  ] " 

~(v) is the poten t ia l  energy of the  crystal  with the  a toms at  rest  in their  

equil ibrium positions, the  summat ion  is over  the  3N normal  modes of the crystal,  

N being the to ta l  number  of a toms and v the specific volume.  The Helmhol tz  

free energy for such a sys tem is given b y  

(70) A= (v)+kT lno.1 

The external  pressure is then 

(71) p = - -  ~- = - - - - + -  ~ , 
dv v _ exp [hv~, /kT]- -  1 

where ~ is the  dimensionless var iable  

d In v~, 
(72) y~ z d l n v  ' 

called Grfineisen rat io  for an individual  oscillator. 

We assume, as did GRiL~'EISE~ ~ [77], t ha t  the  v~ are independent  of the tem- 

pera tu re  bu t  are dens i ty-dependent  and fur ther  t h a t  all the y~ are equal  to each 

other,  i.e. t ha t  the  frequencies of all normM modes change propor t ional ly  to 

the volume in the same manner .  SLATER [76] points  out t ha t  this implies a 
relat ionship v~ - -  c~,v - -  y.  

By such an assumpt ion  eq. (71) reduces to the  Griineisen equat ion of s ta te  

d~ ÷ y Evib , 
(73) P --  dv v 
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8. - Gruneisen's equation of state.

It is assumed that the thermal energy of a metal crystal is described ade
quately as the sum of the energies of a set of simple harmonic oscillators (the
normal modes of the dynamical system) whose frequencies '1'", are functions
only of the volume. The total mean internal energy E of the crystal (according
to the statistics of quantum theory and neglecting electronic contributions)
is given by (e.g. see [76])

(69)
aN hY",

E = tp(V) +I, [h /kT··]-l.·"'-1 exp '1'",

tp(v) is the potential energy of the crystal with the atoms at rest in their
equilibrium positions, the summation is over the 3N normal modes of the crystal,
N being the total number of atoms and v the specific volume. The Hehnholtz
free energy for such a system is given by

(70)

The external pressure is then

(71)

where y", is the dimensionless variable

(72)
dlnY",

y", == - dlnv '

called Gruneisen ratio for an individual oscillator.
We assume, as did GRUNEISEN [77], that they", are independent of the tem

perature but are density-dependent and further that all the y '" are equal to each
other, i.e. that the frequencies of all normal modes change proportionally to
the volume in the same manner. SLATER [76] points out that this implies a
relationship '1',,= c",v-y.

By such an assumption eq. (71) reduces to the Gruneisen equation of state

(73)
dtp Y

P = - -d + - E Vib ,
V V
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where E,~ is the vibrat ional  contr ibut ion to the  internal  energy 

Evib  = ~.~ exp [h~,~,/kT] --  1" 

For  la ter  use it  is convenient  to write this equat ion of state in one of the fol- 
lowing forms: 

(74) Y ( E - -  E~) P--P~ = v  

o r  

(75) r (E-- E~) P - - P ~  = v 

where Pk and Ek are the pressure and internal  energy as functions of volume 
at  0 °K, and p~ and E~ are the pressure and internal  energy along the t tugo-  
niot curve considered as a funct ion of the volume only. Grtineisen's ra t io  y 
can be expressed in terms of o ther  thermodynamic  quanti t ies  by  differentiat ing 
eq. (74) with respect to E at constant  v. Since y is a funct ion only of volume,  
one obtains 

(76) 

so tha t  at  zero pressure y can be evaluated from exper imental  da ta  for the bulk 
modulus, thermal  expansion and specific heat .  The equat ion of s tate  (74) 
was derived by  assuming tha t  all the  logarithmic derivatives of the eigen- 
frequencies are equal. I t  will be noted  t ha t  this assumption is not  necessary 
for high tempera tures  for in the classical l imit the  energy of each oscillator 
~pproches K T ,  and the  eq. (71) reduces to 

3NRT r 1 ] (77) p-p - . 

This equat ion is identical  to (74) except  for the different result  for Grfinei- 

sen's ratio, which now is an average value of the logarithmic derivatives.  The 

approximat ion is a valid one for near ly  all metals  at  room tempera tu re  and 
above, since in these cases specific-heat measurements  indicate tha t  the  clas- 
sical l imit has been at tained.  

Le t  ~ be the volume coefficient of thermal  expansion. Then,  
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where E vlb is the vibrational contribution to the internal energy

3N hv",
EVlb =.2 I ."'-1 exp [hv", kT]-l

For later use it is convenient to write this equation of state in one of the fol
lowing forms:

(74)

or

(75)

where Pk and E k are the pressure and internal energy as functions of volume
at 0 oK, and PH and EH are the pressure and internal energy along the Hugo
niot curve considered as a function of the volume only. Griineisen's ratio y
can be expressed in terms of other thermodynamic quantities by differentiating
eq. (74) with respect to E at constant v. Since y is a function only of volume,
one obtains

(76) (ap ) v(ap
) v (ap ) (av) v(ap) (av)y= v aE II= Ov aT v=- Ov av II aT "== - 0" av 8 aT "'

so that at zero pressure y can be evaluated from experimental data for the bulk
modulus, thermal expansion and specific heat. The equation of state (74)
was derived by assuming that all the logarithmic derivatives of the eigen
frequencies are equal. It will be noted that this assumption is not necessary
for high temperatures for in the classical limit the energy of each oscillator
approches KT, and the eq. (71) reduces to

(77) 3NRT[ 1 3N ]P-h=-- - .2y",
v 3N "'-1

This equation is identical to (74) except for the different result for Griinei
sen's ratio, which now is an average value of the logarithmic derivatives. The
approximation is a valid one for nearly all metals at room temperature and
above, since in these cases specific-heat measurements indicate that the clas
sical limit has been attained.

Let 0:: be the volume coefficient of thermal expansion. Then,
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where K is the bulk modulus: 

dp 
K = - -  v -d~  . 

From the expression above and (76) 

vKz¢ 
Y - -  C~ 

This expression, called Griineisen's relat ion [75] has a number  of propert ies 

t ha t  can be invest igated from experimental  data.  y appears to be substantial ly 
independent  of the t empera tu re  and is indeed volume-dependent .  The volume 

dependence was first determined by  SLATER [76], who obtained the expression 

V ~]9 /~V  2 2 

for an isotropic elastic cont inuum with constant  Poisson's ratio. 

The result follows from the usual relations: 

(79)  c~ = ~ / v C ~ i ,  

( so )  c~ = ~ ( c 1 1 -  C12)v 
2 

dp C1~ ~- 2C1~ 
( s l )  K = - - v  d v  ~ 3 ' 

where C~ and Ct are the longitudinal and transverse wave velocities, K is the 
bulk modulus ~nd C~I, C~ are the two first-order elastic constants of the iso- 
tropic medimn. For  constant  Poisson's rat io (Cn/C~2), the relation 

r~ = c l ~  , 

where ~ varies as v ½, then  leads (from (79) and (80) for the sound velocity) to 

d In v~ 
Yi dlnv ' 

which are equal for all modes of vibrat ion.  In  part icular,  for a longitudinal 

mode, 

1 d In C~ 1 
(82) Y------2 d l n v  6" 
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where K is the bulk modulus:

dp
K=-v dv'

From the expression above and (76)

vKrx
Y=C'

"

This expression, called Griineisen's relation [75] has a number of properties
that can be investigated from experimental data. y appears to be substantially
independent of the temperature and is indeed volume-dependent. The volume
dependence was first determined by SLATER [76], who obtained the expression

(78)
v C2 p/CV2 2

Y=-2 cpjov -3

for an isotropic elastic continuum with constant Poisson's ratio.
The result follows from the usual relations:

(79)

(80)

(81)

o = 1/(Ou- 012)V

t V 2 '

K = -v dp _ Ou + 2012

dv 3 '

where 0 1 and Ot are the longitudinal and transverse wave velocities, K is the
bulk modulus and Ou, 0 12 are the two first-order elastic constants of the iso
tropic medium. For constant Poisson's NLtio (OU/012), the relation

'I';=C/A;,

where A; varies as vi, then leads (from (79) and (80) for the sound velocity) to

dlnv;
Yi=- dIn v ,

which are equal for all modes of vibration. In particular, for a longitudinal
mode,

(82)
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Equation (81), for constant Poisson's ratio, may be rewritten 

(83) v ~ = (const)- C~. 

Eliminating C~ from (82), by means of (83), then yields the Slater's formula (78). 
GILVARRY [78] showed that  the expression also follows from Murnaghan's 

theory of finite strain, which is also based on the two assumptions mentioned 
above. 

Both SLATER [76, 79] and GILVAt¢]¢¥ [78]~ using values of first and second 
derivatives at zero pressure obtained from Brigdman's compressibility data, 
have made extensive comparisons of the y calculated from (78) and the values 
obtained from the thermodynamic definition (eq. (76) above). 

DUGDALE and MAC DONALD [80] modified the Slater relation to 

v ~(~pvt)/Sv~ 1 
(84) r =  2 ~(pvi)/~v 3 '  

assuming that  the thermal expansion is zero in the case of gooke's law inter- 
atomic forces. This assumption was later proved erroneous by GILVA]CRY [78] 
and BARR0~ [81, 82]. However (84) is in excellent agreement with zero-pres- 
sure tests. 

h i  a recent paper KI~oPoPI~ and SHAPIRO [83] have compared the various 
methods of computing Grfineisen's parameter. They have also attempted to 
bring them into closer agreement by taking into account the elastic moduli, 
the crystalline anisotropy, the effects of melting and of fluidity. 

9. - Equation of state from Debye theory. 

The thermal energy of a crystal is 

a~ hvi 
(85) u = ,-1 ~ exp [h~,,IkT] -- 1" 

DEBYE [84] assumed that  all frequencies of vibration are bounded by some 
maximum value v~, i.e. 

v~ < v,. for all i ,  

and replaced in (85) the sum by an integral: 

Yra 

f h~/(~,) dv 
(86) Up ---- exp [hv/kT]--  1 '  

o 
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(83)

Equation (81), for constant Poisson's ratio, may be rewritten

dp
v dv = (const) .GIl •

Eliminating Gll from (82), by means of (83), then yields the Slater's formula (78).
GILVARRY [78] showed that the expression also follows from Murnaghan's

theory of finite strain, which is also based on the two assumptions mentioned
above.

Both SLATER [76, 79] and Gn.VARRY [78], using values of first and second
derivatives at zero pressure obtained from Brigdman's compressibility data,
have made extensive comparisons of the y calculated from (78) and the values
obtained from the thermodynamic definition (eq. (76) above).

DUGDALE and MAC DONALD [80] modified the Slater relation to

(84)
v 8(2pvi )j8v 2 1

Y = -2" 8(pvi)j8v -3'

assuming that the thermal expansion is zero in the case of Hooke's law inter
atomic forces. This assumption was later proved erroneous by GILVARRY [78]
and BARRON [81, 82]. However (84) is in excellent agreement with zero-pres
sure tests.

In a recent paper KNOPOFF and SHAPIRO [83] have compared the various
methods of computing Griineisen's parameter. They have also attempted to
bring them into closer agreement by taking into account the elastic moduli,
the crystalline anisotropy, the effects of melting and of fluidity.

9. - Equation of state from Debye theory.

The thermal energy of a crystal is

(85)
3N h

U = I Pi •
i=1 exp [hpijkT]-l

DEBYE [84] assumed that all frequencies of vibration are bounded by some
maximum value Pm, i.e.

Pi< Pm for all i,

and replaced in (85) the sum by an integral:

(86)
·m

U -f hpt(v)dv
D - exp [hvjkT] -1 '

o
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where ](v) is the  number  of frequencies be tween v and v + dr. In  an elastic 
solid 

9~p 2 
/(~) = . ,~  No, 

where No is the Immber  of a toms per  uni t  volume.  The the rma l  energy is then  

(87) 

Vt~ 

9No ( hvadv /v 

v,, j exp [hv/kT]-- 1 
0 

In t roduc ing  the Debye t empe ra tu r e  

k 

and the following relat ion connecting the  Helmhol tz  free energy F to the inter- 

nal energy U: 

we find 

(88) 

I f  we set 

P D - -  

y _ 

U~ d l n O  

v d l n v  

d l n 0  dlnvm 

d l n v  d l n v  ' 

we see t ha t  we obtain  the  same expression for the  the rma l  pressure on the  basis 
of Debye  theory  and on the basis of the  Griiaeisen theory.  The the rma l  pres- 

sure is re la ted to the  pressure at  absolute zero Po and the measured  pressure p b y  

P = Po  + P D  • 

PD is given in explicit  form b y  

(89) p ,  --  

wi th  

9N'kTy 9 1 f $~d~ 
M x~ d - -  1 

x = O/T, 
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where f(y) is the number of frequencies between y and y + dy. In an elastic
solid

9y 2

f(y) = -3 No,
11m

where No is the number of atoms per unit volume. The thermal energy is then

(87)

VmU- 9~oJ hy
3
d1l__

D - y~ exp [hyjkTJ -1 .
o

Introducing the Debye temperature

and the following relation connecting the Helmholtz free energy F to the inter
nal energy U:

we find

(88)

If we set

UD dIn 8
PD = -1) dinv .

dIn 8 dinYm
y = - d lnv = - dlnv '

we see that we obtain the same expression for the thermal pressure on the basis
of Debye theory and on the basis of the Griineisen theory. The thermal pres
sure is related to the pressure at absolute zero Po and the measured pressure P by

P = Po + PD'

PD is given in explicit form by

(89)

with

'"
- 9NkTy(] "!:'-J'" ~3d;

PD - M x 3 e/;-l
o

X= 81T,
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where Q is the  density, £V is Avogadro's  number  and M is the  atomic weight.  
Accurate  t~bles of the integral  which appears in (89) can be found in :LA%DOLDT- 
BORNSTEI~ [85] or in K ~ o P o ~  [58]. l~rom the knowledge of y and O, b y  means 
of (89) i t  is possible to es t imate  PD at any  given tempera ture .  0 can be deter- 
mined from ~ measurement  of the  specific heat  ut constant  volume: 

or b y  means of 

~m 

0 

~0 

(90) C.-- xa j ( e ~ _ l ) 2 .  

Another  manner  to es t imate  the  Debye  t empera tu re  is to use the  following 

relat ion of easy demonstra t ion:  

( 9 1 )  
9NQ / ] ~)-i < -  , 

where Vp and Vs are infinite medium velocities of compressional mot ion  and 
shear waves respectively. The es t imate  of O based on (91) differs somewhat 
f rom tha t  based on (90). This is very  likely due to the fact  t ha t  the usual meas- 
urements  of the  elastic-wave velocities are made at  frequencies less t h an  ~ ;  

10. - Equation of melt ing.  

An equat ion of melt ing was first developed b y  L T ~ ] ) ~ A ~  [86] on the basis 
of classical physics. Actual ly when the  t empera tu re  Tm at which the mel t ing 

point  occurs satisfies the inequal i ty  

T,~ >> 0, 

the  internal  energy can be wri t ten  in the  classical form 

(92) E----- 3kTm. 

Moreover the  classical f requency of a harmonic oscillator is given b y  

( 9 3 )  = , 

484 E. BOSCHI and M. CAPUTO

where eis the density, N is Avogadro's number and M is the atomic weight.
Accurate tables of the integral which appears in (89) can be found in LANDOLDT

BORNSTEIN [85] or in KNOPOFF [58]. From the knowledge of y and (9, by means
of (89) it is possible to estimate Pn at any given temperature. (9 can be deter
mined from a measurement of the specific heat at constant volume:

(
8U) 8 9Nof·m hv3 dv

C,. = 8T,. = 8T v;' exp [hv/kTJ -1 '
o

or by means of

(90)

Another manner to estimate the Debye temperature is to use the following
relation of easy demonstration:

(91)

where Vp and VB are infinite medium velocities of compressional motion and
shear waves respectively. The estimate of (9 based on (91) differs somewhat
from that based on (90). This is very likely due to the fact that the usual meas
urements of the elastic-wave velocities are made at frequencies less than vm •

10. - Equation of melting.

An equation of melting was first developed by LINDEMANN [86] on the basis
of classical physics. Actually when the temperature T m at which the melting
point occurs satisfies the inequality

the internal energy can be written in the classical form

(92) E= 3kTm •

Moreover the classical frequency of a harmonic oscillator is given by

(93) 1 (E)!
v = 2nA m '
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where E and m are the total energy and the mass of the oscillator, A is the am- 
plitude of the oscillator. LINDE~A~N assumed that,  at melting, the collisions 
between neighbouring atoms induce a break-up of the crystal structure when 
the value of A approaches the lattice dimensions. Since A is proprortionM to 
v ~, where v is the volume per atom, expressing E of (93) by (92), we obtain 

(94) v--~ cons t .~m]  v½" 

The frequency obtained by the Lindemann equation and the maximum fre- 
quency of oscillation calculated by Debye specific-heat equation are in excel- 
lent agreement, at least for metals [87]. 

In order to fit observed melting-point data for some materials, S ~ o ~  [88-90] 
has given the following empirical equation for the melting point of solids: 

(95) p~ +po = a t e ,  

where Po is the pressure at absolute zero and b, c are constants. 
I t  is possible to derive (95) assuming that  the Lindemann law and the 

Grfineisen equation of state hold. If T~ >> O, it is possible to replace the 
thermal energy U D by the Boltzmann energy 3 N k T m y ,  obtaining 

3 N k T , . y  
(96) P m - - P o - - - -  

Vm 

where N is the number of atoms in the volume at the melting vm. Since y is 
constant, 

v,~ := const. (v,D -~' . 

The Lindemann law gives for the maximum frequency 

(97) vm= const, v-~; 

substituting (97) in (96), we have 

Te_j+l 
(98) P m - - P o  = eonst 67--2"  

From (98) it is possible to obtain the Grfineisen ratio. Assuming that  Po and 
(6y + 1 ) / (6y -  2) are slowly varying functions of the thermodynamic variables, 
we obtain 

(99) 
d~pm 
dT~ 

3(6y + 1) T~er+l~l(~y_=))_~ 
-- const • (6~_  2) i 
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where E and m are the total energy and the mass of the oscillator, A is the am
plitude of the oscillator. LINDEMANN assumed that, at melting, the collisions
between neighbouring atoms induce a break-up of the crystal structure when
the value of A approaches the lattice dimensions. Since A is proprortional to
v·, where v is the volume per atom, expressing E of (93) by (92), we obtain

(94) v = const. (Tm)! 2- .
m v.

The frequency obtained by the Lindemann equation and the maximum fre
quency of oscillation calculated by Debye specific-heat equation are in excel
lent agreement, at least for metals [87].

In order to fit observed melting-point data for some materials, SIMON [88-90]
has given the following empirical equation for the melting point of solids:

(95) Pm +Po = aT~,

where Po is the pressure at absolute zero and b, c are constants.
It is possible to derive (95) assuming that the Lindemann law and the

Griineisen equation of state hold. If T m » e, it is possible to replace the
thermal energy UD by the Boltzmann energy 3NkTm y, obtaining

(96)
3NkTm y

pm-Po= V
m

'

where N is the number of atoms in the volume at the melting Vm • Since y is
constant,

The IJindemann law gives for the maximum frequency

(97) (
T )t ]vm = const· ~ -.:...
m vt'

substituting (97) in (96), we have

(98)
T 61'H

P -p = const·_m
-.

m 0 6y-2

From (98) it is possible to obtain the Griineisen ratio. .Assuming that Po and
(6y + 1)j(6y - 2) are slowly varying functions of the thermodynamic variables,
we obtain

(99) d
2
Pm = const .3(6y + 1) T«61'+l)/(61'-Z»-z

dT;' , (6y-2)2 m ,
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~nd from (98) and (99) 

1 dp,~/dT~ ] 
(lO0) Y -- 2 Tmd~p,~/dT~ + 5" 

This formula is not  restricted to application at  zero pressure. Since Grfineisen's 
r~tio is dependent  upon the volume, it  will not  be constant  over a melt ing curve 
and will therefore, in general, differ f rom the value at  zero pressure. The above 
formula allows one to compute  Griineisen's rat io at  any t empera tu re  and 
pressure along the melting curve; the only assumption tha t  is present  in the 
derivat ion of this expression is tha t  Grfineisen's ra t io  is a slowly vary ing  

funct ion of tempera ture  and pressure. 

11. - Compression ol solids by strong shock waves.  

Detonat ion  waves in which the pressure is of the order o£ some 1011 are 
common to modern high-explosive exper imentat ion.  When  such a de tonat ion  
wave interacts  with an explosive-solid interface, a shock wave is t r ansmi t t ed  
into the solid. I t  is a.lso possible to obtain pressures greater  t han  1012 by  some 

modification of the simple in-contact  explosive-solid geometry  ment ioned above.  
The problem is to derive from the exper imental  da ta  so obtained the  pressure- 

compression (density) relation. For  such a purpose we shall derive the hydro- 
dynamic relat ion and discuss the thermodynamic  in terpre ta t ion  of exper imenta l  
data.  Generally in this in terpre ta t ion  two assumptions ~re made:  

a) the measured p, v~ E states are states of the rmodynamic  equilibrimn; 

b) the compression, for a given presure, is the same as tha t  which would 
be produced by  a hydros ta t ic  pressure of the  same magni tude.  

The condition a) is satisfied if thermodym~mic equilibrium is a t ta ined  in 10 -7 s 
or less [91]. The condition b) is probably not  exact ly  fulfilled since the shock- 

wave compressions ~re one-dimensional. However  the  shock-wave results,  

in most cases, connect smoothly with the hydrosta t ic  Bridgman's  results at  

lower pressures. 
To derive the hydrodynamic  relations useful in the t r ea tmen t  of the shock- 

wave phenomena,  let us consider a continuous flow. Then, indicating the  densi ty  
and mass veloci ty by  ~ and u respectively,  t ime and space by  t and x, in one- 

dimensional flow the relat ion 

(1 O1 ) 
~Q 89 ~u a ~ + u ~ + ~  =° 
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and from (98) and (99)

(100)
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This formula is not restricted to application at zero pressure. Since Griineisen's
ratio is dependent upon the volume, it will not be constant over a melting curve
and will therefore, in general, differ from the value at zero pressure. The above
formula allows one to compute Griineisen's ratio at any temperature and
pressure along the melting curve; the only assumption that is present in the
derivation of this expression is that Griineisen's ratio is a slowly varying
function of temperature and pressure.

11. - Compression of solids by strong shock waves.

Detonation waves in which the pressure is of the order of some 1011 are
common to modern high-explosive experimentation. When such a detonation
wave interacts with an explosive-solid interface, a shock wave is transmitted
into the solid. It is also possible to obtain pressures greater than 1012 by some
modification of the simple in-contact explm;ive-solid geometry mentioned above.
The problem is to derive from the experimental data so obtained the pressure
compression (density) relation. For such a purpose we shall derive the hydro
dynamic relation and discuss the thermodynamic interpretation of experimental
data. Generally in this interpretation two assumptions are made:

a) the measured p, v, E states are states of thermodynamic equilibrium;

b) thc compression, for a givcn prcsurc, is the same as that which would
be produced by a hydrostatic pressure of thc same magnitude.

The condition a) is satisfied if thermodynamic equilibrium is attained in 10-7 s
or less [91]. The condition b) is probably not exactly fulfilled since the shock
wave compressions are one-dimensional. However the shock-wave results,
in most cases, connect smoothly with the hydrostatic Bridgman's results at
lower pressures.

To derive the hydrodynamic relations useful in the treatment of the shock
wave phenomena, let us consider a continuous flow. Then, indicating the density
and mass velocity by e and u respectively, time and space by t and x, in one
dimensional flow the relation

(101 ) ae + u ae + au = 0
at ax eax
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expresses the  fact  that the  t ime  ra te  of increase of mass,  in an e lement  of 

volume dx and uni t  cross-section, mus t  equal  the  net  flux. 
Since the  mater iu l  in considerat ion is t rea ted  as a perfect  fluid, the forces 

on an e lement  of mass are those arising f rom the pressure gradient  and possible 

body  forces, such as gravi ty .  In  the  present  considerations the la t ter  is neg- 

ligible so t h a t  a net  force 

~P d x  , 
~x 

causes the  mass ~dx to experience an acceleration, so tha t ,  by  the second law 

of dynamics ,  we can wri te  

CU 
(102) 0 ~ + 0 u c~ x ---- P,  

where p is the  pressure.  Assuming no energy t r anspor t  be tween mass elements,  

the  en t ropy  So of each mass e lement  remains  constant  and the  same for all 
the  elements.  Then specific in ternal  energy and pressure are given b y  the  

following adiabat ic  relat ions:  

(lO3) d E  = - - p d v  = -- /(Q, So)dv, 

where v is the specific volume.  Let  us, now, consider a semi-infinite (x > 0) 

homogeneous mass (pressure Po, densi ty  ~o0 and zero part icle  velocity) for which 

the  surface (x - -  0) pressure is reduced to some lower value Pl. Le t  us assume 
t h a t  the  surface pressure m a y  be relieved ei ther  i s tan taneous ly  or continuously.  
The former  case m a y  be associated with  some interface effects in one-dimen- 

sional flow. The la t te r  m a y  be achieved b y  a pis ton accelerat ing in the - - x  
direction. 

We want  to de termine  the flow arising f rom the pressure release wave which 
propaga tes  into the  undis turbed  mater ia l .  

F r o m  (103) we have  

subs t i tu t ing  (104) into (102), dividing by  the  (~ sound speed ~) 
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expresses the fact that the time rate of increase of mass, in an element of
volume dx and unit cross-section, must equal the net flux.

Since the material in consideration is treated as a perfect fluid, the forces
on an element of mass are those arising from the pressure gradient and possible
body forces, such as gravity. In the present considerations the latter is neg
ligible so that a net force

2p
~dx ,
ox

causes the mass 12 dx to experience an acceleration, so that, by the second law
of dynamics, we can write

(102)
au au

12 2t + eu ax = p ,

where p is the pressure. Assuming no energy transport between mass elements,
the entropy So of each mass element remains constant and the same for all
the elements. Then specific internal energy and pressure are given by the
following adiabatic relations:

(103) dE = -pdv = - /(12, So)dv,

where v is the specific volume. Let us, now, consider a semi-infinite (x> 0)

homogeneous mass (pressure Po, density eo and zero particle velocity) for which
the surface (x = 0) pressure is reduced to some lower value Pl' Let us assume
that the surface pressure may be relieved either istantaneously or continuously.
The former case may be associated with some interface effects in one-dimen
sional flow. The latter may be achieved by a piston accelerating in the -:x:
direction.

\Ve ,,,ant to determine the flow arising from the pressure release wave which
propagates into the undisturbed material.

From (103) we have

(104) ap = (ap) ae.
a:x: ae s 2x'

substituting (104) into (102), dividing by the « sound speed»

(105)
(

2JP)0(12) == -ce s
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and adding and subt rac t ing  the  final equa t ion  to (101), we get  

(lO6) 

007) 

Equa t ion  (106) implies 

(lO8) d~ + o du = 0 

eQ 
~--t + ( u -t- c ) -~x + e L ~ t + ( u + c ) -~x = 0 ,  

~--[ + (u--c)ux-- cLOt + (u-c)-~x = o .  

dx 
along - -  = u + c ,  

c dt 

and  equat ion (107) implies 

d x  
(109) d Q - - -  du = 0 along --  % - - C  

dt 
g 

Both  differential  equat ions in x, equations of sonic disturbances p ropaga t ing  

in the  + x and - - x  directions, have  a class (C ÷ and G- respect ively)  of solu- 
t ions.  These solutions are called characterist ics.  E v e r y  character is t ic  in the  

(x, t)-plane mus t  t rans form to e i ther  ~ point  or a curve in the  (u, ~)-plane. 

Along the  leading C + characteris t ic ,  corresponding to the  first sonic d is turbance 

into the  rest  state,  the  mate r ia l  is described in the  p lane  b y  the  point  u---- 0, 

~-- 0o corresponding to the  rest  s tate.  This character is t ic  is the  s t ra ight  line 

dx 
dt C(~o). 

Since it  corresponds to a wave  in i t ia t ing a t  x ~ 0, t = 0, i t  is in tersected b y  
all C- characteris t ics  which in i t ia te  a t  t -  0. Hence  the  bounda ry  conditions 
u ~--0, ~ ~ ~o are the  same for each C-  character is t ic .  Thus the  second pa i r  
of character is t ic  equat ions m a y  be integrated,  along dx /d t  ~ u - - c ,  to give 

(110) ~ cd~ 

Oo 

Now any  x, t point  wi th in  the  flow m a y  be reached b y  a C- character is t ic  ini- 

t i a t ing  a t  t---- 0. Hence  (110) gives the  mass  veloci ty  a t  any  point ,  as a func- 

t ion only of the  dens i ty  a t  t ha t  point ,  since C depends only on ~. I t  follows 
tha t  the  value of the  integrM is independent  of the  x, t p a t h  along which the  
in tegra t ion  is performed.  The image of each C + character is t ic  is a point  in 

the  (u, ~)-plane which lies on the  curve defined b y  (110). Since u, e and, hence, 

c are constants  on each C + characteris t ic ,  i t  follows t h a t  the  fami ly  of C + char- 
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and adding and subtracting the final equation to (101), we get

(106)

(107)

oe oe e[ou OU]- + (u + c) - + - - + (u + c) - = 0ot ox c ot ox'
oe oe e[ou ou]- + (u-c)--- - + (u-c)- =0.ot ox c ot ox

Equation (106) implies

(108) ede+- du=O
c

along

and equation (107) implies

(109) ede--du = 0
c

along
dx-=u-c.
dt

Both differential equations in x, equations of sonic disturbances propagating
in the + x and -x directions, have a class (0+ and 0- respectively) of solu
tions. These solutions are called characteristics. Every characteristic in the
(x, t)-plane must transform to either a point or a curve in the (u, e)-plane.
Along the leading 0+ characteristic, corresponding to the first sonic disturbance
into the rest state, the material is described in the plane by the point u = 0,

(j = eo corresponding to the rest state. This characteristic is the straight line

dx
dt = c(eo) .

Since it corresponds to a wave initiating at x = 0, t = 0, it is intersected by
all 0- characteristics which initiate at t = O. Hence the boundary conditions
u = 0, e= eo are the same for each 0- characteristic. Thus the second pair
of characteristic equations may be integrated, along dx/dt = u - c, to give

(110)

e

u=Ic~e .
Po

Now any x, t point within the flow may be reached by a 0- characteristic ini
tiating at t = O. Hence (110) gives the mass velocity at any point, as a func
tion only of the density at that point, since 0 depends only on e. It follows
that the value of the integral is independent of the x, t path along which the
integration is performed. The image of each 0+ characteristic is a point in
the (u, e)-plane which lies on the curve defined by (110). Since u, e and, hence,
c are constants on each 0+ characteristic, it follows that the family of 0+ char-
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acteristics are straight lines, as indicated in Fig. 15. Taking into account 
the  equation of a C + characteristic and that  u (eq. (110)) and c both  decrease 
as density decreases for a normal equation of state, it is apparent that  density 

t 

steady s t a t e  
\ 

\ 

pa th 

i 
! 

\ /  
.% 

C- \ / l  

\ 

decreasing 
pressupe 

\ 

pis ton C * path 
d' - I ste acLy 

Fig. 15. - Distance-time plot of f low in  a simple rarefaction wave. 

or pressure decrease monotica]ly with dx/dt, as indicated in Fig. 15. The tail 
C ÷ characteristic, where the  material attains the surface pressure Pl, is given by 

(111 ) 

For this characteristic, dx/dt is often positive; dx/dt--u, the velocity rela- 
t ive to the material, is always posit ive since 

Summarizing, a mass point is undisturbed unti l  its posit ion is intersected by 
the  leading C + characteristic. It  then falls through the  monotonical ly  decreasing 
pressure gradient between the head and tail C + characteristics. Its velocity 
in this region is given by (110). The condition for monotonic  behaviour, coin- 

3 1  - Rivis ta  del Nuovo Cimento. 
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acteristics are straight lines, as indicated in Fig. 15. Taking into account
the equation of a G+ characteristic and that u (eq. (110)) and c both decrease
as density decreases for a normal equation of state, it is apparent that density

t
t I

I

"

Md1:h

I /~

~~;~icrl ~

x

G decreaSing
pressure

"c

x

Fig. 15. - Distance-timc plot of flow in a simple rarcfaction wave.

or pressure decrease monotically with dx/dt, as indicated in Fig. 15. The tail
G+ characteristic, where the material attains the surface pressure PI' is given by

(111 )

e1

dx fcdg (OP)
dt =. e + oe S.P-Pl •

eo

For this characteristic, dx/dt is often positive; dx/dt - u, the velocity rela
tive to the material, is always positive since

(OP)!c = -;:;;- >0.oe S

Summarizing, a mass point is undisturbed until its position is intersected by
the leading G+ characteristic. It then falls through the monotonically decreasing
pressure gradient between the head and tail G+ characteristics. Its velocity
in this region is given by (110). The condition for monotonic behaviour, com-

31 - Rivista del Nuovo Cimento.
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bined with the  condition p--~ Pl on the mater ia l  surface, requires tha t  pres- 
sure, and hence the densi ty and mass velocity,  be uniform between the tail  
characterist ic  and the mater ia l  surface. The veloci ty in this region is given b y  

(u2) 
~1 l°l 

u = f  cdQ 

Qo l~o 

The last integral  in (112) is obtained from the  first b y  use of (103) and (105) 
and the  relat ion Q = 1/v .  

Let  us assume now tha t  a piston moves into the semi-infinite mass in con- 
sideration, the  velocity of the surface particles increasing with t ime. Since u 
increases along the  piston path,  the  slopes d x / d t  = u q - c  increase along the  
piston pa th  (see Fig. 16). The eventual  crossing has the  physically impossible 

piston path 

/ 
/ 

paPticle path 

/ 
/ 

/ 
/ c ÷ 

steady state 

Fig. 16. - Distance-time plot of flow in a simple compression wave. 

implicat ion tha t  more than  one value of u and of ~ is obtained for a given point  
in the  (x, t)-plane. At  t imes before the characteristics cross, the  foregoing anal- 
ysis yields a flow in which the  pressure gradient  increases with t ime.  Actual ly  

the  gradients increase unt i l  effects such as fluid viscosity, heat  conduction,  and 
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bined with the condition P = PIon the material surface, requires that pres
sure, and hence the density and mass velocity, be uniform between the tail
characteristic and the material surface. The velocity in this region is given by

(112)

el f'1

U =f cde =[ (_ 2JV)l dp.
e • op s

eo 2',

The last integral in (112) is obtained from the first by use of (103) and (105)
and the relation e= l/v.

Let us assume now that a piston moves into the semi-infinite mass in con
sideration, the velocity of the surface particles increasing with time. Since u
increases along the piston path, the slopes dx/dt = u + c increase along the
piston path (see Fig. 16). The eventual crossing has the physically impossible

piston path

particle path

steady state

x

Fig. 16. - Distance-time plot of flow in a simple compression wave.

implication that more than one value of u and of e is obtained for a given point
in the (x, t)-plane. At times before the characteristics cross, the foregoing anal
ysis yields a flow in which the pressure gradient increases with time. Actually
the gradients increase until effects such as fluid viscosity, heat conduction, and
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thermal  nonequil ibrium, all neglected above, p lay  an impor tan t  role in the 

flow. The u l t imate  pressure profile, which is t ime-dependent  for fixed initial  
and final pressures, is called a shock front.  In  most applications, the shock 
front  is sufficiently th in  t ha t  it  is convenient  to 
regard it  as a discontinuity.  In  the  flow i l lustrated [ Pl vl 
in Fig. 17, the  disturbance corresponding to the 
shock front  is propagated with a veloci ty u, into 
an undis turbed state  defined by  pressure P0, den- 

si ty 5o and mass veloci ty  zero. The shock front  is 

assumed to consist of a t ime-independent  pressure 
profile. The pressure, densi ty and mass veloci ty 

behind the  f ront  will be denoted by  p~, ~ and 
u~, respectively. The relat ion 

(113) 9ou~ : 9~(u~-- u~) 

+ p  

expresses the condit ion tha t  the mass flux in and 
out of the shock front  must  be equal. The net  

force on a uni t  cross-section of the mater ia l  be- 
tween x : A  and x = B  (see Fig. 17) is P~--Po. 

t I 

I 
I 

X----B x = A  

Fig. 17. - A shock front 
(Pl, v~) is propagated with 
velocity u~ into an undis- 

turbed state (Po, vo)- 

The t ime ra te  of change 
of momen tum for this mater ia l  is the mass flux ~oUs, through the shock 
multiplied by  the associated veloci ty  change u~. Hence,  

(114) P l - - P o =  Oou~u~,. 

The power input  to a unit  cross-section of mater ia l  between A and B, p~u~, 
must  equal the t ime ra te  of change of energy for the enclosed material ;  t ha t  is, 

(115) p~u~ = ~oUs [2  ] 

Here  Eo and E1 are the  specific internal  energies ahead of and behind the shock 
wave, respectively.  Since, b y  combinat ion of (113) and (114), 

(116) 

and 

(117) 

us = Vo ] / P ~ -  p~o 
[ V o  - -  V l  

~:o = V ( p  1 - - p O ) ( V o  - -  V l ) ,  

the  velocities may  be el iminated from the energy equat ion to  give 

( u s )  E l - -  Eo = } (pl + po)(Vo-- vJ . 
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I
x =A

I P, v,

I
I
1

I
I
I
I

x=B

i

thermal nonequilibrium, all neglected above, play an important role in the
flow. The ultimate pressure profile, which is time-dependent for fixed initial
and final pressures, is called a shock front. In most applications, the shock
front is sufficiently thin that it is convenient to
regard it as a discontinuity. In the flow illustrated
in Fig. 17, the disturbance corresponding to the
shock front is propagated with a velocity Us into
an undisturbed state defined by pressure Po, den
sity eo and mass velocity zero. The shock front is +P

assumed to consist of a time-independent pressure
profile. The pressure, density and mass velocity
behind the front will be denoted by PI' el and
up, respectively. The relation

+ x ------+

Fig. 17. - A shock front
(PI' VI) is propagated with
velocity Us into an undis-

turbed state (Po, vol·

(113)

expresses the condition that the mass flux in and
out of the shock front must be equal. The net
force on a unit cross-section of the material be-
tween x = A and x = B (see Fig. 17) is PI- Po. The time rate of change
of momentum for this material is the mass flux eo us, through the shock
multiplied by the associated velocity change up. Hence,

(114)

The power input to a unit cross-section of material between A and B, PI Up,
must equal the time rate of change of energy for the enclosed material; that is,

(115)

Here Eo and E I are the specific internal energies ahead of and behind the shock
wave, respectively. Since, by combination of (113) and (114),

(116)

and

(117)

the velocities may be eliminated from the energy equation to give

(118)
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Equat ions  (113), (114) and (118), expressing the conservation relations for 
shock wave, were first derived by  [RANKIHE and ]=[UGONIOT. Since the specific 
internal  energy of a mater ia l  is a funct ion of its pressure and volume, eq. (118) 
m a y  be regarded as the locus of all p~, % states a t ta inable  b y  propagat ing a 

shock wave into a fixed ini t ial  s ta te  Po, %. This locus is defined as the  Hugoniot  
curve centred at  Po, %. 

12. - Interpretation of shock-wave data. 

We have already obtained the  basic shock-wave equations relat ing the  
direct ly measured quan t i ty  u~ (particle velocity) and us (shock velocity) to 
the  shock pressure PB and energy per unit  mass EB: 

(116') 

(117') 

(118') 

- -  V o ) 

u~ = V ( p . - p o ) ( V o - V )  , 

where Vo and v denote the specific volume o f  the  sample before and during the 
shock. Eo, vo and Po are the quanti t ies  corresponding to the state  before the  pas- 
sage of the  shock front  and may  be taken  at room conditions. Equat ions  (116'), 
(117'), {118') allow us to determine the pressure and energy in the  shocked 
mater ia l  as a funct ion of the volume. However,  in almost all cases, u~ and 
u~ are related linearly: 

(119) u~ = 6' 0 q- ~u~, 

where Co and )t are characteristics of the mater ia l  considered. Equat ions  (116'), 
(117') and (118) lead direct ly to a two-parameter  equat ion for the Hugoniot  
c u r v e :  

C~(vo- v) 
(120) PH = PBO ~- [vo-- ~(vo-- v)]~" 

To remove the t empera tu re  effect, i.e. to obtain the 0 °K isothermal  equat ion 

of state,  TAKEUCKI and KANA~¢IOI~I [92] introduce Grfineisen's equat ion of 
s ta te  

(~21) Y (E~ - -  Ez) P~ - -  P~ = v 

where y is Griineisen~s rat io and p~ is the pressure necessary for compres- 
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Equations (113), (114) and (118), expressing the conservation relations for a
shock wave, were first derived by RANKINE and HUGONIOT. Since the specific
internal energy of a material is a function of its pressure and volume, eq. (118)

may be regarded as the locus of all PI' VI states attainable by propagating a
shock wave into a fixed initial state Po, Vo' This locus is defined as the Hugoniot
curve centred at Po, Vo'

12. - Interpretation of shock-wave data.

We have already obtained the basic shock-wave equations relating the
directly measured quantity up (particle velocity) and Us (shock velocity) to
the shock pressure PH and energy per unit mass E H :

(116')

(117')

(118')

where Vo and V denote the specific volume of the sample before and during the
shock. Eo, Voand Po are the quantities corresponding to the state before the pas
sage of the shock front and may be taken at room conditions. Equations (116'),

(117'), (118') allow us to determine the pressure and energy in the shocked
material as a function of the volume. However, in almost all cases, Us and
Up are related linearly:

(119)

where 00 and A. are characteristics of the material considered. Equations (116'),
(117') and (118) lead directly to a two-parameter equation for the Hugoniot
curve:

(120)

To remove the temperature effect, i.e. to obtain the 0 OK isothermal equation
of state, TAKEUCKI and KANAlVIORI [92] introduce Griineisen's equation of
state

(121)

where y is Griineisen's ratio and PK is the pressure necessary for compres-
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sing, at  0 °K, a mater ia l  to a s tate  having the same specific volume v as tha t  
under  shock compression. E~ is the internal  energy for the 0 °K isothermal 

compression and is re la ted to p~ by  

(122) p~ ---- - -  

Equat ions  (118') and (121) lead to 

(123) 
v ( p . - - p ~ )  

= l ( p .  + p ~ o ) ( v ° - - v ) +  E ~ - - ~ E ~ "  

The volume dependence of y is given by  the  Slater relat ion 

v ~ p / ~ v  ~- '2 
(124) ~ -  '2 ~p/~v 3 

or by  the Dugdale-Mac Donald relat ion 

v ~:(pv~)/~v ~ 
(]25) ~ -  '2 S(pv~)/~v 3 

Equat ions  (122), (123) and (124) or (125) are the  basic equations determining 
the 0 °K isothermal p-v relat ion of the material .  

Another  method  of reduct ion of the shock-wave equations of state to iso- 
thermal  equations of s tate  has been recent ly  presented by  SHAPIRO and K~0- 
POFF [83]. I t  is similar to tha t  of TAK]~t~CH~ and KA~A~[0RI, bu t  it  is mathe-  
matical ly simpler and more readily adapted to numerical  calculations. Moreover, 
unlike other  t rea tments  of shock-wave data,  no extrapolat ions to zero temper-  

a ture  is required. 
SHAPmO and K~OPO~F [83] reduce the  adiabatic quanti t ies  to isothermal  

ones, remarking tha t ,  a l though the t tugoniot  equat ion is the sum of an elastic 
or zero- temperature  energy and the thermal  contr ibut ion,  the Hugoniot  pressure 
can be considered as the stun of the elastic pressure and a te rm proport ional  to 
the  thermal  energy densi ty;  the propor t ional i ty  constant  is y. Thus, 

(126) EH--EBo = (Eo--E~o) + (Ez--Ero), = p,(v)dv + --M-- ] x--T/j¢.80oo 

(127) p ,  = p~ + p~= p~(v) + y(v) 3 R T  /O(v)\  

Here  c and T denote cold and thermal  quantit ies,  R is the gas constant and / 
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sing, at 0 oK, a material to a state having the same specific volume v as that
under shock compression. E

K
is the internal energy for the 0 oK isothermal

compression and is related to PK by

(122) PK = _ (CEK
) •cv '1'

Equations (118') and (121) lead to

(123)

The volume dependence of y is given by the Slater relation

(124) __ ~c2p/2~_~
y - :2 cpjcv 3

or by the Dugdale-Th'Iac Donald relation

(125)
__ ~ ~2(pvi)/2v2_ ~

Y - :2 c(pvi)j2v 3 .

Equations (122), (123) and (124) or (125) are the basic equations determining
the 0 OK isothermal p-v relation of the material.

Another method of reduction of the shock-wave equations of state to iso
thermal equations of state has been recently presented by SHAPIRO and KNo
POFF [83]. It is similar to that of TAKEUCHI and KA~AMORI, but it is mathe
matically simpler and more readily adapted to numerical calculations. Moreover,
unlike other treatments of shock-wave data, no extrapolations to zero temper
ature is required.

SHAPIRO and K~OPOFF [83] reduce the adiabatic quantities to isothermal
ones, remarking that, although the Hugoniot equation is the sum of an elastic
or zero-temperature energy and the thermal contribution, the Hugoniot pressure
can be considered as the sum of the elastic pressure and a term proportional to
the thermal energy density; the proportionality constant is y. Thus,

Here c and T denote cold and thermal quantities, R is the gas constant and t
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is the Debye function. Equat ions (126) and (127) are derived on the assumption 

tha t  the usual theory  of atomic lattice vibrations applies, and terms giving 

the contributions of electrons to the energies have been neglected. However  

SHAPIRO and K~0POFF give also the corrections for electronic pressures and 

energies. Moreover the volume dependence is given by  

l_uH(v)  
(128) V---- ~ l n v  ]• 

and [78] 

where K, is the isothermal pulse modulus, K,o is the bulk modulus contr ibut ion 

from the nonthermal  par t  only. 

This method had been tested using the shock data  of BAKANOVA et al. [93] 

for lithium. Columns 2 and 3 of Table V I I I  compare the theoretical  results 

with those of BAKA~0VA et al. The discrepancies arise from two sources. First ,  

the Russian authors prefer Dugdale-Mac Donald formulat ion for y, which 

generally gives smaller values of y and therefore larger values for Pc. A more 

TABLE VIII. - Comparison o] the theoretical results o/ SHAPIRO and KNOPOFF with experi- 
mental values o] BAKANOV• et al. (]rom [83]). 

p~. lO g 

BAKANOVA DUGDALE- 
VO/V et al. SLATER MACDONALD 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 

--3.18 
9.65 

24.5 
41.3 
59.9 
80.3 

102.4 
126.1 
151.4 
178.3 
206.6 
236.4 
272.3 
300.2 
334.1 
361.9 
406.0 
443.9 

--2.91 
8.32 

20.8 
35.0 
51.5 
70.4 
91.9 

115.7 
141.5 
169.3 
198.7 
229.8 
262.2 
296.0 
331.1 
367.3 
404.5 
442.8 

--2.91 
8.67 

22.0 
37.2 
54.7 
74.4 
96.5 

120.8 
147.3 
175.8 
206.3 
238.5 
272.4 
307.9 
345.0 
383.4 
423.3 
464.5 
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is the Debye function. Equations (126) and (127) are derived on the assumption
that the usual theory of atomic lattice vibrations applies, and terms giving
the contributions of electrons to the energies have been neglected. However
SHAPIRO and KNOPOFF give also the corrections for electronic pressures and
energies. Moreover the volume dependence is given by

(128)

and [78]

(129)

= (_ aInH(V))
y aIn v l'

where K c is the isothermal pulse modulus, K co is the bulk modulus contribution
from the nonthermal part only.

This method had been tested using the shock data of BAKANOVA et al. [93]
for lithium. Oolumns 2 and 3 of Table VIII compare the theoretical results
with those of BAKANOVA et al. The discrepancies arise from two sources. First,
the Russian authors prefer Dugdale-Mac Donald formulation for y, which
generally gives smaller values of y and therefore larger values for Pc. A more

TABLE VIII. - Comparison of the theoretical results of SHAPIRO and KNOPOFF with experi
mental values of BAKANOVA et al. (from [83]).

Pc' 109 I

BAKANOVA

I

DUGDALE-
vo/v et al. SLATER

MACDONALD
-~

1.0 -3.18 -2.91 -2.91
l.l 9.65 8.32 8.67
1.2 24.5 20.8 22.0
1.3 41.3 35.0 37.2
1.4 59.9 51.5 54.7
1.5 80.3 70.4 74.4
1.6 102.4 91.9 96.5

I 1.7 126.1 115.7 120.8
1.8 151.4 141.5 147.3
1.9 178.3 169.3 175.8
2.0 206.6 198.7 206.3
2.1 236.4 229.8 238.5
2.2 272.3 262.2 272.4
2.3 300.2 296.0 307.9
2.4 334.1 331.1 345.0
2.5 361.9 367.3 383.4
2.6 406.0 404.5 423.3
2.7 443.9 442.8 464.5
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impor t an t  point  is, however,  t ha t  the earlier solution represents  a paramet r ic  
fit with the  p a r a m e t e r  chosen in such a way  tha t  a funct ional  fo rm for y is 

selected which guarantees  a best  fit to the  exper imentM Hugonio t  curve. The 
just if icat ion for the  use of such a me thod  can lie only in its simplicity. 

The procedure of SHAPIRO and K~-OPOFP is modified only slighly if the Dug- 

dsle-Mac Donald  formula  is used instead of the  Slater  formula.  Column 3 of 

Table V I I I  shows the  results  for l i th ium using Dugdale-MaeDonMd formula.  

However  a significant disagreement  wi th  the solution of BAKA~OVA et al. remains.  

The me thod  here described can also be used for mater ia ls  for which (129) does 

not  hold. 

13. - Relation of Thomas-Fermi equations of state to shock-wave measurements.  

ALTSHULER et al. [6] have  measured  the compressibi l i ty  of several metals  

to a pressure of the order of 4.101~ using the  technique of shock waves. In  

order to make  a proper  in terpre ta t ion ,  the  equat ion  of s ta te  so determined was 

reduced to a reference t e m p e r a t u r e  b y  KNOPOFF and MAC DONALD [7], using [6] 

03o) 

O/~'o 

p~ = - - ~  y~(~/Oo) :'+~ h ( x ) ( x - -  h ) x - ( V + 2 ' d x - - ~  Y(O/Oo - -  h)P~(O/Oo) , 

1 

where Pc is the  pressure at  absolute zero, ~o is the  densi ty  at  zero pressure,  

h = 2 / y  q- 1, and y is t aken  to be constant  over the  pressure range of interest .  
The reduct ion of the  da ta  depends ve ry  cri t ically upon the value of y. The 

Grfineisen ra t io  has been measured only 
for iron obtaining a value about  1.6 a 20 

pressure of 10 ~2. 
]4~IXOPOFF and  .~V[AC DOi~'ALD h a v e  com- 

1,9 
puted  the  value of y for the  mater ials ,  for 

which no exper imenta l  measu remen t  ex- 
ists, on the  basis of the  Thomas-Fermi  18 
equat ion of s tate.  The results  obta ined 
have  been corrected using the experi- 

men ta l  de te rmina t ion  of y for iron. The ~7 

Fig. 18. - The variation of Grfineisen's ratio as 
a function of pressure for the Thomas-Fermi 
model of lead, cadmium and iron. The experi- 
mental determination by ALTSHULER et al. 

is shown as a point. (From [7].) 

1.6 

1.5 
I'2 14. 1'6 

tog P 
18 
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important point is, however, that the earlier solution represents a parametric
fit with the parameter chosen in such a way that a functional form for y is
selected which guarantees a best fit to the experimental Hugoniot curve. The
justification for the use of such a method can lie only in its simplicity.

The procedure of SHAPIRO and KNOPOFF is modified only slighly if the Dug
dale-Mac Donald formula is used instead of the Slater formula. Column 3 of
Table VIII shows the results for lithium using Dugdale-MacDonald formula.
However a significant disagreement with the solution of BAKANOVA et al. remains.
The method here described can also be used for materials for which (129) does
not hold.

13. - Relation of Thomas-Fermi equations of state to shock-wave measurements.

ALTSHULER et al. [6] have measured the compressibility of several metals
to a pressure of the order of 4.1012 using the technique of shock waves. In
order to make a proper interpretation, the equation of state so determined was
reduced to a reference temperature by KNOPOFF and MAC DONALD [7], using [6]

•
Fe

2.0 r--r---.------.-----------,

1.9

1.8

L7

1.6

1. 5 '-----t:'::0-----''------!-.12:--L--::'c14-L--::'c16:--L-J18

log P

Fig. 18. - The variation of Griineisen's ratio as
a function of pressure for the Thomas-Fermi
model of lead, cadmium and iron. The experi
mental determination by ALTSHULER et al.

is shown as a point. (From [7].)

where Pc is the pressure at absolute zero, eo is the density at zero pressure,
h = 2jy + 1, and y is taken to be constant over the pressure range of interest.
The reduction of the data depends very critically upon the value of y. The
Gruneisen ratio has been measured only
for iron obtaining a value about 1.6 a
preiilsure of 1012 •

KNOPOFF and MAC DONALD have com
puted the value of y for the materials, for
which no experimental measurement ex
ists, on the basis of the Thomas-Fermi
equation of state. The results obtained
have been corrected using the experi
mental determination of y for iron. The
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Fig. 19. - Experimentally determined equation of state of nine elements (open circles) 
reduced to absolute zero, compared with the Thomas-Fermi equation of state at 
absolute zero (full circles) and the equation of state for the Earth in Bullen's model 
(triangles). Extrapolation of the experimental data (dashes) is obtained by integration 

of the velocity equation of state. (From [7].) 
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Fig. 19. - Experimentally determined equation of state of nine elements (open circles)
reduced to absolute zero, compared with the Thomas-Fermi equation of state at
absolute zero (full circles) and the equation of state for the Earth in Bullen's model
(triangles). Extrapolation of the experimental data (dashes) is obtained by integration

of the velocity equation of state. (From [7].)
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quantum-mechanicM calculation for 7 yields values, in the pressure range 
where the quantum-mechanical  model becomes significant, of the order of the 

values of y determined exper imental ly  at low pressures (Fig. 18). 
The values of 7 used fall in the  range 1.3 to 1.6. The experimentM equations 

of s tate  at absolute zero have been drawn as the lines with open circles in Fig. 19. 

In  order to interpolate  between 
~5 

the experimentM data  and their  
quantum-mechanicM asymptotes  1~ 
KNoPoI~F ~nd MAC ~)ONALD u s e  

a veloci ty  equat ion of s tate  relat- 13 

ing to pressure in the fluid s ta te  
12 

of the metal.  Velocities derived 
from the Thomas-Fermi  model 
are then compared with those 11 

obtained from the reduced data  of 
shock-wave measurements .  F rom ~o' 

Fig. 20 one can see tha t  the ve- 

locity equations of s ta te  deter- ~. 9 Ear 

mined from exper imental  veloc- 
i ty  data  approach the quantum- ~ ~_~ 
mechanical  equations of s tate  at s / "  . 
pressures much lower ti tan those ~'~z'~ 
at which the correspondin~o" den- ~/7  

sity equations of state approach 7 r 
their  quantum-mechanical  asymp- ! 

totes. The velocity distr ibution 
in the Ea r th  can also be com- 
pared with the exper imental  de- 6 I " 

terminations of the velocities since 
/ 

the  pressure range is similar 
(Fig. 22). In  Fig'. 22 an expan- 
sion of the region per t inent  to 
the  core has been made. The ve- 
locity distr ibution in the core is in 
excess of the experimental  values 

of the velocity in iron a,t absolute 
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Fig. 20. - Velocity of sound in tile fluid stste 
at core pressures (from [7]). 

zero and is roughly identical  to the Thomas-Fermi values of the velocity in 

iron. The velocity of seismic waves in the core is about  0.4 km/s higher than  

the experimental  values for metallic iron. If  there are no corrections for tern- 

perature,  it is very  likely tha t  the velocity in the core is nlore appropriate  to 
the  material  having atomic number  23 than  to iron. The densi ty of the  core re- 
sults, from exper imental  veloci ty data  and the densi ty equat ion of state, less than  
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Fig. 20. - Velocity of sound in the fluid state
at core pressures (from [7J).
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quantum-mechanical calculation for y yields values, in the pressure range
where the quantum-mechanical model becomes significant, of the order of the
values of y determined experimentally at low pressures (Fig. 18).

The values of y used fall in the range 1.3 to 1.6. The experimental equations
of state at absolute zero have been drawn as the lines with open circles in Fig. 19.
In order to interpolate between
the experimental data and their
quantum-mechanical asymptotes
K:KOPOFF and MAC DONALD use
a velocity equation of state relat
ing to pressure in the fluid state
of the metal. Velocities derived
from the Thomas-Fermi model
are then compared with those
obtained from the reduced data of
shock-wave measurements. From
Fig. 20 one can see that the ve
locity equations of state deter
mined from experimental veloc
ity data approach the quantum
mechanical equations of state at
pressures much lower than those
at which the corresponding den
sity equations of state approach
their quantum-mechanical asymp
totes. The velocity distribution
in the Earth can also be com
pared with the experimental de
terminations of the veloeities since
the pressure range is similar
(Fig. 22). In Fig. 22 an expan
sion of the region pertinent to
the core has been made. The ve
locity distribution in the core is in
excess of the experimental values
of the velocity in iron at absolute
zero and is roughly identical to the Thomas-Fermi values of the velocity in
iron. The velority of seismic waves in the core is about 0.4 km/s higher than
the experimental values for metallic iron. If there are no corrections for tem
perature, it is very likely that the velocity in the core is more appropriate to
the material having atomic number 23 than to iron. The density of the core re
sults, from experimental velocity data and the densit,y equation of state, less than



30 

/ .  

t 

i 

o : . ? : : /  

//2/~°/ 

, I  S n  ~ 

~ b  
7 

/ 

. . . . .  ~ L 

19 10 i~1 12 1L3 14 
log P 

Fig. 21. - The variation with pressure of the velocity of sound in the fluid state. 
Velocities derived from the Thomas-Fermi model (full circles) are compared with those 
obtained from the reduced data of shock-wave measurements (solid curves). The 
seismic velocity distribution given by BULLE~ (triangles) is also shown by compar- 
ison. The dashed curves represent the extrapolation to the zero-pressure value of 

V---- (a s -  ½f12)½. (From [7].) 

30,--------------------------------,

1413
_-----1__

10

2

1 L- _

9

;/
; /

/ .
F .. ./
e/ / /
i I ·~ . /

I ;td i
/ i ·. . // / .

I · // /Pb• • •
/ / I

I· / ·. . /--1/.
~h· /

/ " / / .. . /

I //;/9/
Earth ,_,/ • fZn

•-Cc;-.- Fe f/;!:
--I---- .------- /...-'.

__ -;g,ln -- •-3L--- --:::::...---;-:---__ Au-Sn ....---....-
./'

---Pb,/
,/

,/

5

8

4

7

10

9

20

i

I
I
I

_. L-_. --'-__ .__------"-_ _ J
11 12

log P

Fig. 21. - The variation with pressure of the velocity of sound in the fluid state.
Velocities derived from the Thomas-Fermi model (full circles) are compared with those
obtained from the reduced data of shock-wave measurements (solid curves). The
seismic velocity distribution given by BULLEN (triangles) is also shown by compar
ison. The dashed curves represent the extrapolation to the zero-pressure value of

V = (C(2 - t ,82)*. (From [7].)



EQUATIONS OF STATE AT I I I G t t  PRESSURE AND TI{E EARTH'S  INTERIOB, 499 

t h a t  of iron. This can be seen in Fig. 21, where a t  absolute zero exper imenta l  

equat ions of s ta te  of nine metals  are compared  with  the  densi ty  equat ion of 

s ta te  of the  Ear th .  Wi thou t  cor- 
rections iron densi ty  is of about  ~5 ~ / / , .  / Cu / /  
1.8 glem a larger t han  t h a t  for the  1~ Fe 
core. Also f rom these considera- 

t ions the  core mus t  have  an a tomic  ~3 

number  smaller t h a n  that, for the  /./'y 

12 ~ 2 h  .://~/'/f~ Zn/Z / 
11 / :~~co: 
i /., / / 

,.G • 

iron if no corrections are applied 

(Fig. 20). K~OI~OF~ and MAC 

~)O]NALD have  shown t h a t  these 

differences can be reduced bu t  

still exist even when corrections 

are made  to the exper imenta l  

da ta  to allow for the  the rma l  ex- 

pansion of iron to the  t empera -  
tures of the  core and for the vol- 

ume change upon melt ing.  The 

discrepancy can only be resolved 

if the  core is not  pure  iron bu t  

contains significant amounts  of 

e lements  of lower a tomic  number .  

Fur the rmore ,  any  nickel alloyed 

wi th  iron would increase the  dis- 

crepancy since the  densi ty  of pure  
nickel is 8.6 g/cm 3 at  room con- 
ditions, and the  densi ty  of nickel 
is grea ter  t han  t ha t  of iron a t  
ex t remely  high pressure. 

TA]~ucI~I and KA~A~O]~Z [92] 

have  numerical ly  in tegra ted  their  
equat ions for Fe, Cu, Zn, Ag, 

Cd, Au and Pb  using the  experi- 

men ta l  da ta  Of ALTSHULER et 

al. [6]. The equat ions of s ta te  at  

0 °K so cMculated are compared  
with  the Murnaghan-Bireh and 

Thomas-Fermi-Di rae  equat ions of 
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Fig. 22. - Equation of state for iron, copper. 
zinc and a hypothetical material of atomic 
number 23, atomic weight 48 in the core pres- 
sure range. The values derived from shock- 
wave measurements (solid) are compared, with 
those obtained from the Thomas-Fermi theory 
(full circles). Bullen's density distribution is 
shown for comparison (~riangles). (From [7].) 

state.  The Murnaghan-Birch equat ions of s ta te  are calculated for $ ---- --=o,~ 0, ½. 

The Thonms-Fermi-Dirac  da ta  are those obta ined  b y  METROPOLIS and REITZ [94]. 
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that of iron. This can be seen in Fig. 21, where at absolute zero experimental
equations of state of nine metals are compared with the density equation of
state of the Earth. Without cor
rections iron density is of about
1.8 g(cm3 larger than that for the
core. Also from these considera
tions the core must have an atomic
number smaller than that for the
iron if no corrections are applied
(Fig. 20). KNOPOFF and MAC
DONALD have shown that these
differences can be reduced but
still exist even when corrections
are made to the experimental
data to allow for the thermal ex
pansion of iron to the tempera
tures of the core and for the vol
ume change upon melting. The
diserepancy can only be resolved
if the core is not pure iron but
contains significant amounts of
elements of lower atomic number.
Furthermore, any nickel alloyed
with iron would inerease the dis
crepancy since the density of pure
nickel is 8.6 g(cm3 at room con
ditions, and the density of nickel
is greater than that of iron at
extremely high pressure.

TAKEUCHI and KANAMORI [92J
have numerically integrated their
equations for Fe, Cu, Zn, Ag,
Cd, Au and Pb using the experi
mental data of AT/£SHUI.ER et
al. [6J. The equations of state at
oOK so calculated are compared
with the J\lurnaghan-Birch and
Thomas-Fermi-Dirac equations of
state. The Murnaghan-Birch equations of state are calculated for ~ = - t, 0, t.
The Thomas-Fermi-Dimc data are those obtained byJ\TETROPOLIS and REITZ [94].
From Fig. 23-29 it can be seen that at lower pressures the Murnaghan-Birch
curves with ~ = 0, """ - ~ fit the P-C relations of all the metals except titanium,
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for  which  t h e  p-Q cu rve  is a p p r o x i m a t e d  b y  a M u r n a g h a n - B i r c h  cu rve  w i t h  

= ½. i n  o t h e r  words ,  a l t h o u g h  t h e  M u r n a g h a n - B i r c h  e q u a t i o n  of s t a t e  w i t h  

= 0 does  n o t  a p p r o x i m a t e  t h e  e q u a t i o n s  of s t a t e  of a l l  t h e  m e t a l s  s t u d i e d  

as  i t  does  for  a n u m b e r  of a l k a l i  m e t a l s  [34], t h e  e q u a t i o n  of s t a t e  h a v i n g  a 

s m a l l  s e c o n d - o r d e r  coe!f ic ient  ~ is q u i t e  a p p r o p r i a t e  for  m o s t  of t h e m .  This  

s e c o n d - o r d e r  coeff icient  ~ m a y  v a r y  f r o m  one m e t a l  to  a n o t h e r ,  a n d  i t  can  be  

s a id  t h a t  t h e  e q u a t i o n  of s t a t e  of a m e t a l  can  e s s e n t i a l l y  be  d e t e r m i n e d  b y  t h e  

two  m a t e r i a l  c o n s t a n t s ,  KHo a n d  ~. F o r  some m e t a l s ,  such as Ag,  Cr a n d  F e ,  

i t  can  b e  seen t h a t  t h e  0 °K i s o t h e r m  w o u l d  d e v i a t e  f rom t h e  M u r n a g h a n - B i r c h  

c u r v e  a n d  m e r g e  i n to  t h e  T h o m a s - F e r m i - D i r a c  cu rve  a t  p r e s su re s  a l i t t l e  h i g h e r  

t h a n  10 ~4. I n  F ig .  30, t h e  c a l c u l a t e d  d e n s i t y  a n d  i n c o m p r e s s i b i l i t y  of i ron  a re  

TABLE IX.  - lncompressibilities o] metals (.1012). 

Metal 
P~ 

1012 4.1012 

Ag 
Au 
Cd 
Cu 
Fe 
Pb 
Zn 

Ag 
Au 
Cd 
Co 
Cr 
Cu 
Mo 
Ni 
Pb 
Sn (gray) 
Sn (white) 
Th 
Ti 
T1 
V 
W 
Zn 

R =  ( 2 ( K ~ * - -  Kmin) 
Km~ ~ + Km~ 

ALTSHULER et al. [6] 

1.14 
1.92 
0.61 
1.36 
1.14 
0.60 
0.73 

McQuEEN alld MARCH [95] 

1.10 
1.82 
0.52 
1.99 
1.93 
1.39 
2.71 
1.91 
0.47 
0.51 
0.51 
0.53 
1.03 
0.41 
1.59 
3.07 
0.66 

1.53 

5.35 
6.69 
4.36 
5.35 
5.52 
3.65 
4.44 

5.47 
6.13 
5.00 
5.65 
6.14 
5.60 
6.14 
5.98 
4.29 
4.21 
4.23 
3.55 
3.62 
4.21 
4.77 
6.64 
4.76 

0.61 

16.2 
16.8 
13.9 
15.5 
16.8 
10.9 
13.8 

16.8 
17.9 
16.3 
14.8 
16.6 
16.1 
14.6 
16.3 
13.9 
13.4 
13.4 
10.7 

9.51 
13.7 
12.4 
15.6 
15.2 

0.61 
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for which the p-e curve is approximated by a Murnaghan-Birch curve with
~ = t. In other words, although the Murnaghan-Birch equation of state with
~ = 0 does not approximate the equations of state of all the metals studied
as it does for a number of alkali metals [34], the equation of state having a
small second-order coe'ficient ~ is quite appropriate for most of them. This
second-order coe~cient ~ may vary from one metal to another, and it can be
said that the equation of state of a metal can essentially be determined by the
two material constants, K HO and~. For some metals, such as Ag, Cr and Fe,
it can be seen that the 0 OK isotherm would deviate from the Murnaghan-Birch
curve and merge into the Thomas-Fermi-Dirac curve at pressures a little higher
than 1014 • In Fig. 30, the calculated density and incompressibility of iron are

TABLE IX. - incompressibilities of metals (.1012).

-----

I
PE

I Metal

I 1012 I 4.1012I 0
I

! -------,..-_.~- --- ---1-----

ALTSHULER et al. [6]

Ag 1.14 5.35 16.2
Au 1.92 6.69 16.8
Cd 0.61 4.36 13.9
Cu 1.36 5.35 15.5
Fe 1.14 5.52 16.8
Pb 0.60 3.65 10.9
Zn 0.73 4.44 13.8

MCQUEEN and MARCH [95]

Ag 1.10 5.47 16.8
Au 1.82 6.13 17.9
Cd 0.52 5.00 16.3
Co 1.99 5.65 14.8
Cr 1.93 6.14 16.6
Cu 1.39 5.60 16.1
Mo 2.71 6.14 14.6
Ni 1.91 5.98 16.3
Pb 0.47 4.29 13.9
Sn (gray) 0.51 4.21 13,4
Sn (white) 0.51 4.23 13,4
Th 0.53 3.55 10.7
Ti 1.03 3.62 9.51
Tl 0,41 4.21 13.7
V 1.59 4.77 12.4
W 3.07 6.64 15.6
Zn 0.66 4.76 15.2

R=
(2(Kmax - K m1n )

1.53 0.61 0.61
K max + K min
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compared  with  those of the  E a r t h ' s  core. Three densi ty curves are calculated 

for the  t empera tu res  of 0 °K, 3000 °K and 6000 °K. The t empera tu re  effect 
becomes small wi th  increasing pressure.  This Figure  shows tha t  the densi ty  

of the E a r t h ' s  core is i to 1.5 t imes smaller than  t ha t  of iron at  the pres- 

sure and t empe ra tu r e  prevail ing in the E a r t h ' s  core. The incompressibi l i ty  

curve of iron at  0 °K is a lmost  parallel  to the  incompressibi l i ty  curve of the  

core. These results  support  the view of K~OFOFF and MAC DONALD. TAKE- 

t C m  and KANA~mm have  also tes ted  the  incompressibi l i ty-pressure hypothesis  

advanced b y  BUt.LEN [29]. In  Table I X  are listed the values of the incompres- 

sibility of the  metals  at  0 °K and at  the pressures of 0, 1015, 4.1015. The range 

of var ia t ion  of the values of ineonlpressibil i ty among the metals  studied here 
can be expressed by  

R = 2 ( K  .... - - K ~ )  

where K,n~x and Kmi n arc the  m a x i m u m  and m i n i m u m  values of of incompres- 

sibility. R decreases very  rapidly  f rom 1.53 to 0.61 when the pressure increases 

f rom 0 to 1015. However ,  R does not  change appreciably  a t  pressures higher 

than  1015 . Consequently it is expected t ha t  the  incompressibi l i ty  might  differ 

f rom one mater ia l  to another  b y  at  least  60 ~}/o even a t  4-101~, which is approxi-  

m a t e l y  the pressm'e at  the Ea r t h ' s  centre. The incompressibi l i ty-pressure hy- 

pothesis  might  not  be t rue  in a s tr ict  sense, bu t  one of the most  impor t an t  
conclusion derived f rom the hypothesis ,  namely  t h a t  ~ solid inner core ac- 

counts for the 10°/o increase in eompressional  wave veloci ty  at  the  inner-core 
boundary ,  might  still be valid for the  following reason. I f  the  inner core is 

not  solid, its incompressibi l i ty  should be about  20°//o larger than  tha t  of 

the  outer  core. Since incompressibi l i ty  of the  outer  core is, as ment ioned  
earlier, close to the incompressibi l i ty  of iron, the  incompressibi l i ty  of the inner 

core should be about  20~o larger than  t ha t  of iron. As shown in Table I X  i t  
is ra ther  difficult to find a meta l  t ha t  satisfies this requi rement ,  and this 

could make  it impossible for the inner core to be liquid. 

Fl 'om the  an~lys~s of the  works published t;ll now, it would seem interesting 
to extend to high pressures the experiments ,  so to reach those pressures for 
which the equation,s of s ta te  studied till now are valid. However ,  by  modifying 

the  assumpt ions  on which the  equat ion of s ta te  is based, i .e .  the pressure 

distr ibution within the atom, we calculate tha t  for a tomic numbers  of the order 

of 30, the lower l imit  of va l id i ty  is lowered to some 1015 . 

F rom this, the val id i ty  of at  least one theoret ical  model  is assured. Therefore 

it  seems more interest ing to improve  our exper imenta l  knowledge by  extending 

the  t empera tu re  range at  which the high pressure exper iments  are made.  Also 

other considerations indicate tha t  the exper imenta l  extension of the tempera-  

ture  range instead of the pressure range is recommended.  

EQUATIONS OF STATE AT HIGH PRESSURE AND THE EARTH'S INTERIOR 509

compared with those of the Earth's core. Three density curves are calculated
for the temperatures of 0 oK, 3000 oK and 6000 oK. The temperature effect
becomes small with increasing pressure. This Figure shows that the density
of the Earth's care is 1 to 1.5 times smaller than that of iron at the pres
sure and temperature prevailing in the Earth's core. The incompressibility
curve of iron at 0 OK is almost pfLrallel to the incompressibility curve of the
core. These results support the view of KNOPOFF and ~fAC DONALD. TAKE
UCHI and KANA:YIORI have also tested the incompressibility-pressure hypothesis
advanced by BULLEN [29]. In Table IX are listed the values of the incompres
sibility of the metals at 0 OK and at the pressures of 0,1012 , 4.1012 • The range
of variation of the values of incompressibility among the metals studied here
can be expressed by

R _ 2(Kmax-Kmin)

- ][rnax + K rnin '

where K rnax and K min are the maximum and minimum values of of incompres
sibility. R decreases very rapidly from 1.53 to 0.61 when the pressure increases
from 0 to 1012

• However, R does not change appreciably at pressures higher
than 1012 • Consequently it is expected that the incompressibility might differ
from one material to another by at least 60 % even at 4 '1012, which is approxi
mately the pressure at the Earth's centre. The incompressibility-pressure hy
pothesis might not be true in a strict sense, but one of the most important
conclusion derived from the hypothesis, namely that a solid inner core ac
counts for the 10 % increase in compressional wave velocity at the inner-core
boundary, might still be valid for the following reason. If the inner core is
not solid, its incompressibility should be about 20 % larger than that of
the outer core. Since incompressibility of the outer core is, as mentioned
earlier, close to the incompressibility of iron, the incompressibility of the inner
core should be about 20 % larger than that of iron. As shown in Table IX it
is rather difficult to find a metal that satisfies this requirement, and this
could make it impossible for the inner core to be liquid.

From the analysis of the works published till now, it would seem interesting
to extend to high pressures the experiments, so to reach those pressures for
which the eqnations of state studied WI now are valid. However, by modifying
the assumptions on which the equation of state is based, i.e. the pressure
distribution within the atom, we calculate that for atomic numbers of the order
of 30, the lower limit of validity is lowered to some 1012 •

From this, the validity of at least one theoretical model is assured. Therefore
it seems more interesting to improve our experimental knowledge by extending
the temperature range at which the high pressure experiments are made. Also
other considerations indicate that the experimental extension of the tempera
ture range instead of the pressure range is recommended.
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W e  wish to  t h a n k  Profs .  J .  CO~'LOMB a n d  K .  E .  BULLEN for  r e a d i n g  t h e  
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