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Abstract A probability inequality for S, and some pth moment ( 222) inequalities for | S, | and max | S, !
1<i<n

are established. Here S, is the partial sum of a negatively associated sequence. Based on these inequalities, a weak in-
variance principle for strictly stationary negatively associated sequences is proved under some general conditions.
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Following introducing concepts of association and some other types of dependences of random
variables in the 1960s (see refs. [1,2]), more concepts of dependence, including negative associa-
tion (NA) of random variables, were introduced in the 1980s (see refs.(3,4]). Since these con-
cepts have a lot of applications, e.g. in reliability theory, percolation theory and multivariate sta-
tistical analysis, their limit properties have aroused wide interest.

A finite family of random variables X, -+, X, (n==2) is said to be negatively associated
(NA), if for any two disjoint nonempty subsets A; and A, of 1,2, -, n}, the following in-
equality holds:

COV(fl(.X,‘,i e Al)’fZ(X]9j e AZ)) <01

where f) and f, are any two coordinatewise nondecreasing or nonincreasing functions, whenever
the covariance is finite. A finite family X;, -, X,(n=2) is said to be associated (or positively

associated, PA for short) if for any two coordinatewise nondecreasing or nonincreasing functions

of f; and f5,
Cov(fl(Xl’ EY Xn)’fZ(X19 "ty X,,)) >0y

whenever the covariance is finite. A sequence of random variables is NA or PA, if every finite
subsequence is NA or PA respectively.

]

In 1984, Newman reported in his survey palper[5 some research results on asymptotic inde-
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pendence and limit theorems for various types of positively and negatively dependent random vari-
ables, including some CLTs for strictly stationary PA or NA sequences, weak invariance princi-
ples for strictly stationary PA sequences and Berry-Esseen theorem for several other dependent
types of sequences. Since 1984, many new results on limit properties of PA and other positively
dependent sequences have been obtained. However, researches on NA and other negatively depen-
dent sequences are left behind. Until 1992 in Matula’s work(®! a Kolmogorov type of upper bound
inequality and a three-series theorem for NA sequences were established. Matula’s results and a
generalized Borel-Cantelli lemma proved by Petrov in ref. [7] opened a path to researches on al-
most sure and complete convergence for NA sequences. Using these results, it is discovered that
identically distributed NA random variables have the same Kolmogorov and Marcinkiewicz SLLN
as that of iid random variables (see ref.[6] and footnote 1}). It is also found that NA sequences
also have complete convergence properties similar to that of iid random variables (see ref.[8]).
All these results are very useful in the applications of NA sequences and they also show that these
limit properties of NA sequences are furthermore quite different from that of PA and other depen-
dent sequences.

At the same time, it is obvious that there are difficulties in researching limit properties for
NA sequences. For example, it is difficult to establish a Levy-type inequality for NA sequences.
It is well known that if | X;, jEN} is a sequence of PA random variables, and EX; =0, EX?<
o, for every jEN, then'®

P(max | S, |=>4s,) <2P(1 S, 1= (A —+2)s,),

1<R<n
k
where A > 2,8, = Z X;, and s2 =varS,. This inequality plays an important role in studying
i=1

weak invariance principle and some other limit theorems for PA sequences. Since it is difficult to
establish a similar inequality for NA sequences, we have to find another way to prove some corre-
sponding results for NA sequences, which motivates the study of this paper.

1 Some inequalities for NA sequences
Firstly, we introduce two preliminary lemmas.

Lemma 1M1, Le Xy, 'y X, be NA wariables, A, ", A,, be some pairwise disjoint
nonempty subsets of {1,--,nt, a;=#H(A,), where # (A) denotes the number of elements in
set A. If f,: R«—>R, i=1, ", m, are m coordinatewise nondecreasing functions (or m non-
increasing ), then f1(X;, j€ A1), ", fu(X;, j€A,) are also NA variables. Besides, if f;==
0 fori=1,", m, then

E(f[f,-(xj,j € 4)) < TIEf(X,.j € A, (1.1)

Lemma 2" (Matula’s lemma). Lez {X;, j€NY be a sequence of NA random variables,

k
EX2< o, EX;=0 for every jEN . Denote S, = z X:, then

i=1

1) Su Chun, Wang Yuebac, On the strong convergence of NA sequence with a common marginal distribution, (to appear).
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E( maxSk)2< SEX2. (1.2)
=1

1€k
Proof. See the proof of lemma 4 in reference [6].
In this section, we will prove the following two theorems.
Theorem 1. Let X,, -, X, be NA random variables, EX; =0 and E| X; |? < 0, where

i=1,,nand p=2. Then for S, = ZXjand anyt > g, x > 0, we have

i=1

P(1S, 12 2)< D P X, 1= x/t) + 21+ xz/(zEExf) ; (1.3)
i=1 j=1
n n P/Z
El S, |P<CP(ZE|Xj|P+(ZEX§) ) (1.4)
j=1 i=1
EIS, ?<cn”*'2EIX;I?, (1.5)
j=1

where ¢, >0 depends only on p.

Theorem2. Let {X;, j € N} be an NA sequence, EX; = 0 for every j € N and
B, =isupE| X; |?< oo for some p=2. If we define
7

k-1
Sak = 2 Xarjs Sux = Si» B = supEX?,
j=0 i

then there exists a constant K, which depends only on p such that

) 4
B max 1 S04 1) < K Cnp, + (), (1.6
E( max 15,4 1) < K" (1.7
1<k<n ak o= ? ’ ’

foralla€Nand n€N .

Proof of Thearem 1. Following ref.[10], let y>0 and

Yj = min(Xj,y), T" = EY],
ji=1
we know from Lemma 1 that

Ee'T. = E[] " << [] Ee™Y. (1.8)
;=1

i=1

Denoting F;(z) =P(X;<z), we have

Ee"Y) = JyweMdFj(x) +eVP(X; = y)
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=1+ hEY, + Jy (e" — 1 - hz)dF;(z) + (e” —~ 1 — hy)P(X; = ¥)
<1+ Jy (e"* — 1 — hx)dF;(x) + (" =1 - hy)P(X; = y)

since EY;<C0 and A >0. We observe that the function
glz) =: 273" -1~ hx)

is nondecreasing for any constant £ >0. It follows from the above inequality that

-1 — hy ([
Ee'Y, <1 + ?—T—y(f 22dF;(z) + y?P(X; > y))
y - 00
B 1-h Y-1-h
<1+ ———2ExIL exp{e_——z—yEXf}.
y y

Here the last inequality follows from 1 + £ <{ e*, YV z € R . Denoting B, = ZEXf, we con-
i=1

clude from the above inequality and (1.8) that for any x >0 and h >0, we have

e " EeT. < expl— hx + (e —1 - hy)y™2 .+ B,}. (1.9)
. Ty
Letting 2 = In B +1|/v >0, we get
B zy
W _1—hy)y 2B, =% - 2| = +1|<E.
(e 1 y)y n y yz n Bn \y

Putting this one into (1.9), we get furthermore

e Ee!T. < exp L _ Xy
y y

}. (1.10)

If now we let

i=1
then Z; is a nonincreasing function for X;. Z,, *-*, Z, are also NA variables by Lemma 1. Similar-
ly, (1.10) is also true when T, is replaced by T,. Therefore, for any = >0 and y >0, we
have

P(1 S, 1Z2)<P(S, =2 z2) +P(- S, > x)

<DIP(I X; 1= y) + e MEetTs + e M EeHT,
i=1

zy
—+1
B

J= n

J

gZP(I X, 1 =y) +2exp{§ - f—ln
j=1
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. P . . .
Putting f =1r > —2— into the above inequality, we get

P(1 S, 1> 2) < ZP(| X, |>—f—)+ 2exp
im1

22
t — tln(tB,, + 1)},
which is just (1.3).

Multiplying (1.3) by pz? !, and integrating over 0< z < o, according to

+ oo
ElIXI?= pL 7 1P(1 X | = z)dx,

we obtain

n — o0 2 -t
E|s,,|f’<tPZE|Xj|P+2pe‘JO Iﬂ-l(x +1) dz
j=1

- tB,
P
= DE|X; 1+ pe‘t"/zB(g, t - g)B’;/Z, (1.11)
i=1

+ o

1

where B(a, B) = Jox“_l(l - x2)F Wz = Jo 2271 + ) “*Pdz. Letting t = p and ¢,
= max(pp,p“"/zepB(%,—i—))we can deduce (1.4) from (1.11). It is not difficult to get
(1.5) from (1.4).

Proof of Theorem 2. Obviously, (1.7) follows from (1.6), hence it suffices to prove
(1.6). Following the proof of Theorem 3.7.5 of ref.[11], we prove (1.6) by induction on p.

From Matula’s Lemma (i.e. Lemma 2) we observe that (1.6) is also true for p =2. Sup-

pose that (1.6) is true for integer p = v==2, we will prove that (1.6) is also true for p=v + ¢
with 0< 8<1.

For natural numbers a and &, define
farr = max(0, S, 1, Sa2, 5 San)s fr,e = oo
J}a,k = max(0, — S,.1, — Sa2o°" — Sa.k)s ]?1,/& = }k’
8ok = max(S, 1, 8.2, Sa,k)s &1Lk = &ko
éa.k = max(— S;1, — Sa.2,7"s = Sae)s §1.k = ék'
Then it is obvious that

max ISa,klémax(O, Sa.19'"’ Sa,n) + max(O, s Sa,l""s - Sa,n) = fa,n+}a.n’

1<En

(1.12)

and the above functions have the following properties:
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(i) f... is a nondecreasing function of X, -**, X,+,-13 fa.2 15 @ nondecreasing function of
—Xa’ Ty T Xa+lz—1;

(ii) f,.» is a nondecreasing function of %, furthermore it has the following subadditivity
property:

Jaiok < faj t farjns (1.13)
(iii)
0 foro I gor IS max | S, 15 (1.14)

and f, ; and g,.; have properties similar to (1.13) and (1.14) respectively.
Write 8, = ¢* and
Ly, = nB, + n*?o?. (1.15)
Then property (iii), Lemma 2 and the induction hypotheses imply that
Ef ,<ks, Ef,<KL,, Va,k€N. (1.16)

We will firstly prove that there exists a constant M >0, depending only on v and ¢, such
that

Eff Y < M(Lyos, o+ n'792B0%) = M(nf,is + n7972870 4 2179255%) (1.17)

for any a, n€ N .

For n=2mor2m—1, letv=n—m, i.e. v=m or m — 1. Without loss of generality, we
may take a =1. From (1.13) we get

Ef? SE(fo + frer ) (4 fh) = ERVP+ELN L+ L+ T, (1.18)

where
v—1 y ) )
Lo= 33V )EAIF it + BA A e
i=t
v—1 v )
Jo= SV JErar i+ B st
i=1
In the following, M,, M, '+ are some constants depending only on v and &. We will prove
that
I+ Jo < Mi(m!" 9286 + m©@r025%%), (1.19)

From properties of NA variables, properties (ii) and (iii) of f, , and v<Xm, we observe that
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I, <§J (V)Erse  Efni, + BfL - Efi,
<X (JJEraBr it + BFLE F e (1.20)
and from (1.16), we know that
EfS - Efti,n <(EfL)? - Eft, . < Km*?dL, ,
— K,(m“a/zﬁ,aa + o2 ey (1.21)

where the last equality is obtained from (1.15). Since v=>4, it follows from (1.16) and the
Holder inequality that for 2<{j<<y — 2,

Ef’;a <(Ef-;n)(j+542)/(w2)(EfEn)(u~j—6)/(u—2)
g(KVLv,m)(j+8—2)/(v—2)(mo.Z)(v—j—B)/(u—Z)’ (1.22)
Ef it m <(Efpir, )P CE L0, )07
<(KVLv,m)(y—j—2)/(y—2)(m02);‘/(y—2), (1.23)
and
Efj':& . Efvm_-i{l,m <KV(md’z)(“'a)/(wz)Lsf:na_“)/(y_”

<Kyau+8m(v~3>/(V*2)(mﬂuo,—y + my/z)(y+3-4)/(v—2)
<K,a"+8[mz(ﬁpﬂ)(”a_”/(”_” + m(y+a)/2], (1.24)

where the first inequality in (1.24) is obtained by (1.22), (1.23) and K,=>1, and the last in-
equality by the Cr-inequality. By Jensen’s inequality

2-9
mz(‘Byo,—u)(wa%)/(y«Z) = (ml+6/2[’)yo_—u)(;ﬂrs—‘t)/(u—z)(m(wa)/z)u_2

v+ 8 —4 1152, - 270 (a)2
ST g m TRe T, '

Substituting it into (1.24) we get for every j =2, ", v — 2,
Ef]m+3 R Ef:n:'-il,m <2Ky(m1+5/2ﬂv66 + m(v+6)/20,u+5)‘ (1'25)

Inequality (1.25) for j =1 or v — 1 can be derived in a manner similar to that of Ef % 1*?

m

and Ef%,}; , viaEf, < (EFA)Y2 and EFYS . < (Ef2.1,,) 972, Substituting (1.21) and
(1.25) into (1.20) we get

I, < ZVHKV(m“‘vzﬁycx‘3 + mOrO2 oy (1.26)
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A similar inequality for J, can also be obtained, and (1. 19) has been proved with
Ml = 2”+ ZKV .

To prove (1.17), fix 8" € (0, 8), and choose a natural number m  such that
2m/(2m = 1))¥2 L2092 for all m = my. (1.27)

From (1.4) there exists a constant C,, s >0, depending only on v and &, such that for all inte-
gers a and k,

El S, "< Crs(kfs+ (ko)D) = Cislyis i
Hence for any a, and n<{2m,, we have

E( max I Sa,k |)V+B<E(l Sa,l |v+5 +| Sa,Z |V+5 + +| Sa,n lv+6) < Cu+5nLv+3,n'

1<kSn

From this and (1.14),

M; =: max sug[Ef,”:f/(LHa,,, + 28551 < 2moC,y5 < .

1Sn<2m0 a€

Choose M > M, such that
2+ M,/M <2192, (1.28)

where M is the same as in (1.19). Obviously, M = M(v, 8), and (1.17) holds for all a €N
and n<2myg.

Fix & >2my, and assume (1.17) is true for all a € N and every n<<k — 1. Then we proceed
to prove that (1.17) is also true for n = k.

Put k=2m or m —1. From (1.18), (1.19), the induction hypotheses and g << m, we
know that

Ef;+8 <Ef:n+6 +Ef:n++81,# + Ml(m1+6/zﬁy63 1 m(v+é‘)/20_v+b\)

<M(m s #,8y+a + 2m1+3/2ﬂv66 + 2m(v+8)/26u+3)

+ Ml(ml+6/2/3y68+ m(u+5)/26v+5)

= M(kB,.s + k2R °H (k) + k925 H(k)), (1.29)
B M1 m 1+8/2 ~ _ M1 m (v+8)/2
whereH(k)— (2+ M)(k) . H(k)-— (2+W)(k )

From (1.27), (1.28) and #=2m or 2m — 1, we have

2m -1 s L

~ 1+68/2
1+68°/2 m
H(k) < H(k) <2 ( ) P

=2(a'-a>/z( 2m )“m
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By this and (1.29) we get (1.17) for n=*%, and (1.17) is true for all a €ENand all n €N .
For v =2, we get from (1.17) that

Ef2 8 < M(nBys + 202628y < M'Lys. s (1.30)

where M =2M.
For v>2, by Holder’s inequality and Jensen’s inequality,

n1+6/2,3,,da < n1+3/2ﬂ£1§2)/(v+6—2)0,28/(v+5~2)+6

v=2 )
— 0,v+6( nﬂu+6a—(v+5))m( n(v+3)/2)m

-2 R ) vtd
S P LRy ey K S

By this and (1.17) we obtain
Efy+6<2MLy+5,n = M,Lv+6.n‘ (131)

a,n

Since — X, -, — X, are also NA variables, (1.30) and (1.31) are also true for £, ,.

At last, it follows from (1.12) that

E(max | S, , 1) <2 WEfFE + ELTE) <2 °M'L,.5. ..

1R n
Putting K,+5=2""°M"=2""**1M(y, §), we know that inequality (1.6) is also true for all a
€ENand n €N when p=v+ 4.

2 Weak invariance principle for strictly stationary NA sequences

At first we give an example to show that there exist non-degenerate non-independent strictly

stationary NA sequences.

Example. Let {r;, jEN | be a sequence of positive numbers and

1 - T rz T T Tp-2 T Th
S 1 T T T T3 T a2
2 A 1 o T Thp-4 T Tp-3
D, = , n &N,
T Tp-2 T Th-3 T Tp-4 1 -
T Va1 T a2 T a3z T - 1

It is well known that if E r; is small enough then D, is positive defini'te for all n €N . Suppose
i=1
that { X;, jEN is a sequence of random variables, where n €N, (X, -, X,) is an n-dimen-

sional normal random vector with mean vector (0, -, 0) and covariance matrix D, for any n
€N, then from 3.4 of ref.[4], one knows that X, -*, X, are negatively associated for each



No. 2 MOMENT INEQUALITIES & WEAK CONVERGENCE 181

n==2. Hence, {X;, jE€N | is just a sequence of non-degenerate non-independent strictly station-
ary NA random variables. Furthermore, suppose that F(x) is any non-degenerate distribution
function, and let

Fi(y)=inflz:F(x) =y}, 0< y<1, F}0)=F(0,),
and
Yj = F_1(¢(X]))s] e N,

where @ is the distribution function of the standard normal random variable. Since Y; is a non-
decreasing function of X; for every j €N, from Lemma 1, {Y;, €N/ is a sequence of non-
independent non-normal strictly stationary random variables.

The main result of this section is as follows:

Theorem 3 (Weak invariance principle). Let {X;, j €N} be a sequence of strictly station-
ary NA random variables such that

o

EX; = b, 0 < varX; = 62 < , A? = varX, +ZZCOV(X1,X)-) > 0. (2.1)
i=2

Put S, = >, X; and
j=1

1
Avn

where m<nt<m + 1, 0Xt<CT. Then the sequence { W,, nEN | of stochastic process con-
verges weakly in C[0, T] to a standard Wiener process .

W, () =

[S,+{nt - m)X,,., — ntb],

Proof. Following the proof in ref.[9] for PA case, we can conclude that any finite-dimen-
sional distribution of W, weakly converges to the corresponding distribution of a standard Wiener
process. The details are omitted.

Now we only need to prove the tightness of | W, |. Note that the proof for the NA case is
quite different from that for the PA case. Without loss of generality, we can take 6 =0. From the
remark to Theorem 8.4 in ref. [12], we know that for the proof of tightness of strictly stationary
sequences with zero mean, it suffices to prove that for any € >0, there exist A >1 and n; €N
such that when n >n;, we have

P( max | S, 1> AAJZ)geA*Z. (2.2)

|ES L

Put

Z(n) =2, =-val(X; <-Vn) + XI(1 X; 1<V n) +VnI(X; >Vn),
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Since Z; is a non-decreasing function of Xj, it is obvious that Z,, -, Z, are also NA variables.

From EX% < o,

VnEZ,(n) >0, n—> .

So there exists n; € N such that for n=>n;, we have | VY nEZ(n) 1< —[2\— and

P(max | S; 1= AV )<P(UU X, 1> Vn))+ P(max | Ty 1> AA V)

1<k 1<h<n

< nP(I X, «>fn)+P(max | T, - ET, |>—’2\—A«/Z)=: I+ I,

1<hn
By inequality (1.6) with p =3, we can get
I, <8K3A27%(26% + %)
Hence for any given ¢ >0,

€

<

whenever A >max(1,16K;(272+ 2)A %" !), n=n,.

Furthermore, since EX2< %, we have
L<EXI( X 1>Vn) < 5;;

for any given € >0 and the above A >1, when n is large enough.

This completes the proof.
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