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An Upper Bound on the Coupling Constant 

C E R N -  Geneva 

(ricevuto il 28 0ttobre 1965) 

of Scalar Mesons. 

S u m m a r y .  - -  Assuming the scattering amplitude of scalar neutral mesons 
to be crossing symmetric and to have a certain amount of analyticity, 
then unitarity leads to an upper bound on the coupling constant for 
three scalar neutral mesons. 

There has recently been considerable interest (1-3) in the question of whether 

or not  one can deduce absolute upper bounds on the s t rength of strong inter- 

actions as consequences of general principles without  using direct experimental 

information or specific models. GESI-IKENBEI:N and IOFFE (1), and MEIMAN (2), 
based their t reatments  of this problem on the K~illCn-Lehmann spectral repre- 

sentation for propagators.  MARTI~ (3) derived an absolute upper  bound on 

the pion-pion scattering ampli tude from the assumptions of crossing symmet ry  

and analyt ic i ty  of the scattering amplitude together  with unitari ty.  

This note can be considered as an Appendix to Martin 's  work (3). Fol- 

lowing the method developed there, it is shown tha t  there exists an upper  

bound for the coupling constant  associated with the interaction of three scalar 

neutral  particles. Al though the basic concept is very  similar to tha t  of Martin, 

certain modifications are required for our derivation which is therefore pre- 
sented briefly. 

We consider elastic scattering of scalar neutral  particles of mass m. Int ro-  
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duce the usual Mandelstam variables s, t and u with s +  t + u  = 4m2; the scat- 

tering ampli tude l~(s, t, u) can be expanded in part ial  waves, for example, in 

the s channel:  

(1) F(s,  t, u) - - 1 6 ~  ~ (2l + l ) f , ( s )P ,  + ~--~) , 

where k ~ is related to s by  s = 4(k2+m"-). I n  the physical  region of the s 

channel s = x : i o ,  x >~ 4m 2, uni ta r i ty  requires 

( .o) 

with 

(3) 

Im/z(x  -~- io) > ~(x)[f,(x § io)l 2 

e ( x )  = ~ - �9 

Following MARTIN (s), w e  make the assumptions on the scattering ampli- 

tude Y'(s, t, u): 

A) complete crossing symmetry ,  tha t  is invariance of F(s,  t, u) under 

any  permuta t ion  of the variables s, t and u; 

B) analyt ic i ty  i) with I t ]<  4m 2 fixed, ~'(s, t, u) is an analytic function 

in s having poles at  s = m 2 and u = m ~ and cuts f r o m  4m2< s < § c~ and 

4m2< u < t -- c~; and it is fur thermore polynomial ly bounded at infinity; ii) for 
fixed real s > 4 m  2 the scattering amplitude T(s, t, u) is analytic in t for [ t !<4m2 
except for poles at  t ~ -m ~ and u = m ~. 

Within  the assumptions stated above', Jil~- and MART:N (4) proved tha t  there 

are at  most  two subtractions required in a fixed momen tum transfer disper- 

sion relation with [t [ < 4m 2. I-Ience, 

(4) F(S ,  t, u)  ~-- - -  g-" S- m ~ + t - -  m--~"- + u ~ - / - - ~  + c(t) + 

co 

4 m  a 

X - - U  

The coupling constant  g of three scalar neutral  mesons introduced in (4) 

has the dimension of a mass. I t  is simply related to the corresponding coupling 

constant  2, defined by ~f(x)=). :~3(x)" in a Lagrangian field theory  

).~ 1 g2 

(5) 4~ -- 36 4~ 

(4) y.  S. JI.~" and A. Ma_~TI.~: Phys. Rev., 135, B 1375 (1964). 
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Using  u n i t a r i t y  (2), an  u p p e r  b o u n d  on the  sca t t e r ing  ampl i tude  in the  

phys ica l  region can be deduced  (~) in t e rms  of the  absorp t ive  p a r t  wi th  t fixed 
in the  in t e rva l  0 < t ~ 4m 2, 

(6)  

with  

0 < 7 ~ 4 m  2 , 

t < ~ 0 ,  s = x + i o ,  x > ~ 4 m 2 - - t ,  

A(s, 7) >~ IF(s, t, u)1~ K(8, 7), 

We first requi re  a sl ight  ex tens ion  (3) of a t h e o r e m  due to  SZEG5 (5), la ter  

reder ived  b y  MELv~-  (2) a nd  DRELL, ~INN and  HEAa~ (6). We  will p resen t  
i t  in  a vers ion sui table  for our  p rob lem.  Defining the  func t ion  

(7) /~(s, t, u) = (s - -  m~)(t - -  m2)(u ~ m:) F(s,  t, u) , 

we conclude f r o m  the  proper t i es  of /~(s, t, u) t h a t  for fixed t <~ 0 it  is ana ly t i c  

in s wi th  cuts  on the  real  axis in the  r ange  - -  oo < s < - -  t a n d  4m ~ ~< s < + oo. 

Because  of crossing s y m m e t r y  and  u n i t a r i t y  we f u r t h e r m o r e  observe  t h a t  t he  

d i scon t inu i ty  of ~ in the  unphys i ca l  p a r t  4m 2 ~< s < 4m 2 -  t of the  r i g h t - h a n d  

cu t  is pos i t ive .  [ I r a  ~(8, t, 4m 2 -  s - -  t) = I m  if(s, 4m ~ -  t - -  s, t) > 0.] There-  

fore, we can  major ize  the  u n k n o w n  d i scon t inu i ty  in the  de r iva t ion  of ref. (e) 

and  p e r f o r m  a sui table  confo rmal  mapp ing ,  aga in  us ing crossing s y m m e t r y ,  
to  ob ta in  t he  t h e o r e m  in t he  fol lowing f o r m :  

(8) 

with  

t < 0 ,  sl real  < 4m 2, ](s) real  > 0 ,  
co 

-- ( ~ / ; i ( 4 / 2 - -  t - -  81) - - ~  4 m 2 t 1 2  ( ~ ( 8 1 ,  t r~)) 2 , 

4m ~-  t 

1 ~ ts(8) ] 
4 m 2 -  t 

~(8)  = (2s - -  4m ~ + t) ~/Sl(4m 2 -  t - -  81) 

V s ( s - - 4 m  2 J- i ) [ s ( s - -4m 2 + t) + S l ( 4 m 2 - - t - - s l ) ]  

p.q 

(5) G. SZEG5: Orthogonal Polynomials (~ew York, 1959), p. 299. 
(6) S. D. DRELL, A. C. FINN- and A. C. HEARN: Phys. Rev., 136, B 1439 (1964). 
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For the actual derivation, we consider the scattering amplitude at two 
points with the same momentum transfer: 

~(1) =/~(4m~--? ,  t', 0) 1 with { 2 m 2 < ~ <  3m~' 

i~(2) = /V( lm~--  ~" + A ,  ~', --A) 0 < A  < ms. 

Then, using the dispersion relation (4), we form the difference 

(9) AF = F(2) F(1) = g~a(t, A) § dx~(x, t, A)A(x,  

4~r6 2 

eliminating thus the unknown subtraction constant C(t'). 
the above 

1 ( (4m~--~" + A) 2 

We introduced in 

-f" 3m~--T 3m 2-~" + A ' 

x _ _  l m 2 _~_ ~ -Jr 

For the variables in the intervals stated above, a(t', A) > 0 and ~(x, t', A) >0.  
Using inequality (6) and the function F defined in (7) we can write (9) in the 
form 

c o  ~ ~ ~ 2 

i F. K(x, t )a(x , t ,A) l -F(~, t ,  4m - - t - - x ) l~  
(10) A F > g 2 a  -~ -  laX . . . . .  

7 ~ d  ( x - - m 2 ) 2 ( t - - m 2 ) 2 ( 3 m 2 - - t - - x )  2 
4m~--t 

with t<0 .  Because of crossing symmetry 

_~(1) -~ ~(t', 0, 4m~--'t),  

JV(2) = ~(~, --A,  4m2--t  " + A ) .  

Therefore we can apply theorem (8) to the right-hand side of (12), put t ing 
sl = t and t = 0 and t = - - A ,  resepctively, to obtain the inequalities 

(11) 
~(2)  - -  ~v(1) > g~a + c1(~(1)) , ,  

~7(2) - - /~(1)  > g~a + c2(s ~ . 

Using ]/~(1)]+]1~(2) ~>/~(2)--~v(1), we deduce from (11), since a >  0 and 
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C~> 0, t h e  u p p e r  b o u n d  on the  coup l ing  c o n s t a n t :  

g~ < m a x  ; . 

The  b e s t  n u m b e r  o b t a i n e d  in t he  r eg ion  cons ide red  is g ' - ' / 4 ~ < ] . 5 ,  l06 m" 

wh ich  y ie lds  ),2/1~ < 4 . 2 . 1 0 '  m: .  These  huge  n u m b e r s  i n d i c a t e  t h a t  cons ider -  

ab le  i m p r o v e m e n t  could  be a c h i e v e d  a p p l y i n g  a. r e i i ned  t e c h n i q u e  d e v e l o p e d  

b y  5[A~r a, nd  LU~,~:~SZt:K (s). :But as  t h e  s c a t t e r i n g  of  s c a l a r  n e u t r a l  

p a r t i c l e s  is a n y w a y  an  a c a d e m i c  p r o b l e m ,  on ly  t h e  ex i s t ence  of a n  u p p e r  

b o u n d  m a y  be of some in t e r e s t .  

The  a u t h o r  is d e e p l y  i n d e b t e d  to I)r. A. MARTIN for m a n y  he lpfu l  discus-  

s ions  a n d  sugges t ions  

(7) A..MARTIN: Proceedings of the 1965 Trieste I,r~ternational Seminar on Elemeu- 
tary Particles a.ttd [figh-E~tergy _Physics, and to be published. 

(s) L. LL'KASZUK: NUOVO ('imento, 41 A, 67 (1966). 

R I A S S U N T O  (') 

N'ell'ipotesi che l 'ampiezza di scattering dei mesoni scalari neutri  sia a s immetr ia  
incrociata e che abbia  una t e r ra  qu~ntit-~ di  analit icit~,  l 'unit~riet '~ port.a ad art l imilc  
superiore della costante di accoppiamento per t re  mesoni scalari neutri.  

(*) T r a d u z i o ~ t e  a cure t  d e l l a  R e d a z i o n e .  
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