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Abstract

A kind of fractal sets, non-regular sets with 0-Lebesgue measure, is introduced by considering binary ez-
pansion of real numbers in [0,1). Their fractal dimensions are also studied in this paper.

1 Introduction

At first, we introduce some notation in this paper.

dimy E; Hausdorff dimension of a set E,

dim, E; the box dimension of a set E,

dim, E ; the packing dimension of a set E,

# E; the cardinal number of a set E,

[x]: the integer part of .

Let z€[0,1), consider the binary expansion of x (we agree that the rational numbers

have finite expansions), x=0. z,x;**y where z;€ {0,1}, i=1,2,°.
For n€ A", we define

— #iiix; =1,i =1,2,,2n}
f.(x) - 2" ’

E, = {z € [0,1:fula) = 3},

E={zx€ [0,1):.ﬁ£f.(x) = %}’
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E= ﬁr—n_ = {r € [0,1):fu(x) = = for infinitely many n's},
E=ImE = {z€ [0,1):IN21,s.t f(x)=—forn N},
= {z € [0,1):f.(2) = —%- for finitely many n's},
= {z € [0,1): f(x)# 3 for any n}.
From ref. [1], we have dimyE=1, by the above definitions, it is obvious to see E,E, F
and G are fractal sets whic}___) are different from .E, thus the other kind of fractal sets is con-

structed, and the fractal dimensions of these sets are studied in this paper.

For the definitions and properties of the Hausdorff dimension, box dimension and packing

dimension, see ref. [2].

2 Main results and proofs

Firstly, we list some results (ref. [3]) about the limit set of infinite iterated function sys-
tems consisting of similarity maps.

Let D be a closed subset of R*. A mapping S;D—>D is called a contracting similarity map
of R* if there is a number ¢ with 0<{¢c<<1 such that |S(z) ~ S(y)| =c|lx — y{ forall z,yin

D. We say that {S;}7, satisfies the open set condition if there exists a non-empty bounded

open set V such that _UIS;(V) C Vwith S;(VINS;(V)=d for i}
Theorem A. ™ Suppose that the open set condition holds for similarities {S,};2,on R with
ratios {c;}i=,. 1f A is the invariant set satisfymg A ==.DIS,-(A) y and dimyA=s, thens = inf {z;

&0

D6 < 1). Moreouer., if A, denotes the imvariant set of {SViuy» A=US/(4)), and dimy 4,
:s,,, then s=’lri2s,.
For n€ A, define
={z € E,; 2 = 0. 2,7y %}
L ={z€ L:x& E,k<n},
N(L)=#{zx€ L:xr€ E,andz & E,,m <k},

N; = N,(L).

Theorem 2.1. Suppose that dimyE=s, then s=inf,{ t: ZN @' <1).

ko]

Proof.  From the definitions of N,(L,) and N; , we have N; (it =N,(L,), also
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‘z'l)N,(L,) =C, = ZN; it
For each x&€ L, , we have the correspondence as follows,
z € L} »[z,x+ 27" map S,:[0,1) = [z,z + 27¥),
for x,y€E L, , 27y, we get |t—y|22"%, so the correspondence above is one to one, and
S,(0,1)NS,(0,1)=¢. Thus we have
z € UL elzsz + 27},
i.e., for each k, there exist N, intervals whose length is 27, corresponded to N, similari-
ties {S, )M,
Let V=(0,1), it is easy to check that
S N S;(Vy=¢, kslorisj,
w Ny
Yus.aoncv,
which means that {S,;} satisfies the open set condition.
Let A be the invariant set of {S,}(k=1,2,*, i=1,2,*,N, ) , it is obvious that A=
E, i.e. dimyA=s, by Theorem A, we know that

s=inf{t; D,N; - (2"*' < 1).

b

The proof is complete.
For n€ 4", define

G, = {z € [0,1):z = 0. 52,0 2,,, fi(z) % -;- < n),

gn) = #G,.
Lemma 2.2. g(n)=C,,.
Proof. It is obvious that
g(l) =2"—-Cj,
g =2 —C—Cl - gQ),
gm)=2"—C, — Gyl g(1) —Cit «g(2) — e —Clegln—1).
From (3. 90) of ref. [4], we have for n€ 4",

2" = ic‘:—iﬁc;"

im0

thus
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g2)=Ci, -,

glmy=2"—C, —CyY - G — - Coly =G
Theorem 2. 3. dimyG=1.
Proof. For n€ .4, define
‘ K,={[z.z+ 2™,z €8G,},

then K,DK,D++, and _61K.=G. By Lemma 2. 2, K. consists of C;, intervals whose length is

27", so we get

l L]
dimgG = lim ogCs

o — log2 > o log2®

Cl
since lim 222,. =] by Stirling formula n! =n"¢"" v/21n(14¢,), where lime,=0 and by the
u-‘eo( ) L3
n
. _(2n)1
equality C",,—-———(n! Xk

Theorem 2.4. dim,G=1.

Proof. Let H=GN[0,2), H'=GN[5 1), then G=HUH' and H'=1—H, s0
we have dimgH' =dimyH ,dimpH' =dim,H, thus dimyG=dimpH , dimyG=dim H.

For k€ 4", define

hy = {z = 0. yzy0 2y, 2(0) > 2(1)},
= {[z,x+ 27®), z € h},

then H,DH, D, and (| Hi=H

Define b ={z€ hy,z(0)—z2(1)=2m}, m=1,2,,k, we call [z,24+27") m-type in-
terval if x €A}, it is easy to see if I,,], are both m-type intervals, then I,V H, I,(1H have

:’ thus dlmP(IlnH) dlmp(I nH)

the similar structure with ratio |,

I
For any open set V that mt‘e:sects H, suppose there exists e € H,; with eCV for large e-
nough £, without loss of generality, suppose e=[z,z+27*) where z€ h] (1<m<k) and z
=0. 7,2,*** 25, then & =[y,y+272**""V) is of type 1 and a subinterval of e where y=0.
2Ty 1, 11041, i. e, e contains a subinterval ¢ of type 1. Also we have H=H[0,0.01)
2m—2
and [0,0.01) is of type 1, i.e. ¢ (VH and H have the similar structure, thus
dimy,(H N V) >dimy(H ) &) =2 dimy(H N ¢) = dim,H,
so we have dimg(H V) =dimgH. By Corollary 3. 9 of ref. [2], we have dimpH =dimgH,
hence dimpG=dim,H =dimgH =dimzG=1 by Corollary 2. 3.
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Corollary 2.5. dim,F=1, dim,F=1.

Proof. Let Fy=1{0.0lz,zy+10. zyz, €G), then F,CF and Fy=4G+» thus
dimpF,=dimgG=1, dimpF,=dim;G=1, so we have

dimpF >1, dimF>1,

the opposite inequality is obvious since FC[0,1).

Lemma 2. 6. N, =4Cy',—Cy, k=1

Proof. 1t is obvious to get N, +g(k)=4 » g(k—1) , then by Lemma 2. 2,

Ny =4:-g(kh—1)— gk) =4+ C5, — Cy..
Theorem 2. 7. dimyE=1.

Proof. By Stirling formula, it is easy to check that N = C',,—O( ) when %

22‘(1—3)

—c0, hence N} (27%)'=0( ), so we have

kz
s=inf{t: D,N; @*' <1} =1,

)

and s<C1 is obvious since EC[0,1).
Corollary 2.8. dimzE=1, dim,E=1.
Proof. This is immediately from the fact that
dim,E > dim,E > dim,E = 1.

Theorem 2.9.  dimy E=—.
Proof. 1t is easy to see that 1—5=n61E" where E, = {.r:f.(x)=%, n=k}, thus
2%z — [2*z).z € E,}) = E,,
hence

dim, E, = dim,E, for any &,
so we have
dim, E = sup(dim, Ey) = dim, By,
Let 813[0,1]—'[%‘-,%], 823[0,1]-'[-%-,—2-], then E, is the invariant set of {S,,
S:}» so it follows

dimE, = —82 = 1,
~log

hence
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1
>

dim E =
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