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Abstract 

A kind o f  fractal sets, non-regular .sftswiqhO-Lebe~gae.measure, is introduced byconsidering binaryexo 

pansion o f  real nmnbers in [0,1). Theft fractal dbnensions are also studied in this paper. 

1 Introduction 

At first, we introduce some notation in this paper. 

dimH E:  Hausdorff dimension of a set E,  

dim s E: the box dimension of a set E, 

dim r E : the packing dimension of a set E,  

# E:  the cardinal number of a set E ,  

['x]: the integer part of x. 

Let z E  [0 ,1 ) ,  consider the binary expansion of x (we agree that the rational numbers 

have finite expansions), z = O .  z ~ x z " ' ,  where xiE {0,1}, i - -1 ,2 , - " .  

For nEJV',  we define 

f . ( x )  = # {i:xt  = 1, i  = 1,2 , ' . . ,2n} 
2n 

1 
E. : {x E [ O , l ) : f . ( z )  : ~ } ,  

E = {x  E [ O , l ) : R m f . ( x )  = I } ,  
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1 /~ = ,-..~E" = {x 6 [ 0 , 1 ) : f , ( x )  = ~ for infinitely many n's}, 

1 > / N }  _ =  l i m E . =  ( x E  [0 ,1 ) :3  N ~ l , s . t .  L ( x ) = ~ f o r n  , 
tt..~oo 

1 F = {x E [ 0 , 1 ) . f . ( x )  -= ~ for finitely many nts}, 

1 G -= {x E [ 0 , 1 ) . f . ( x )  r ~ for any n}. 

From ref. [1] ,  we have d i m s E = l ,  by the above definitions, it is obvious to see ~ , E ,  F 

and G are fractal sets which are different from .E, thus the other kind of fractal sets is con- 

structed, and the fractal dimensions of these sets are studied in this paper. 

For the definitions and properties of the Hausdorff dimension, box dimension and packing 

dimension, see ref. [-2]. 

2 Main results and proofs 

Firstly, we list some results (ref. [3]) about the limit set of infinite iterated function sys- 

tems consisting of similarity maps. 

Let D be a closed subset of R'. A mapping S :D--,'D is called a contracting similarity map 

of R" if there is a number c with 0 < c < l  such that [S(:r) -- S(y)[  = c[x - y[ for all x , y  in 

D. We say that {S~}~ satisfies the open set condition if there exists a non-empty bounded 

open set V such that OS~(V) C V with S~(V)AS;(V)=~f  for i:/:j. 
i--1 

Theorem A. c33 Suppose that the open set condition holds for similarities {S~}~on/T with 

ratios {c~}i~ 1. I f A is the irrvariant set satisfying A -~ OS~(A) , and dimuA=s,  thens = inf {t: 
i ~ l  

~c'~ <~ 1}. Moreover, i f  A~ denotes the in'variant set of  {S;}~'..1, A , =  LJS;(A,), and dimu A. 
i n ]  i--  I 

=s . ,  then s=lims.. 
tt.~oo 

For n E ..4/', define 

Theorem 2. 1. 

Proof. 

L. = {x  E E.: x = O. xlx2""x2.}, 

L: -=- {x E L . . x  ~ Ej,k < n} , 

N,(L,)  = ~t {z E L . :x  E E, and x ~ E , ,m  < k} , 

N:  = Nt(LI). 

Suppose that dimH•=s, then s=inf,{ t : ~ N ;  (2-~)  ' <~ 1}. 
k--1 

From the definitions of N~(L,) and N ;  we have " -t  , N~ ~ ,_z~=Nj (L , ) ,  also 



Xu Yong a al: Fractal Dimensions o f  Some Sets in [0 ,1)  25 

A--1 i - a  

For each x T L ; ,  we have the correspondence as follows, 

x 6 L ; ~ [ x , x  "b 2-th) "-* map Sz : [0 ,1 )  "-~ [x , x  + 2-2') ,  

for x , y E L :  ,x=i&y, we get Ix--y]>~2 - ~ ,  so the correspondence above is one to one, and 

S~(0,1) N S , ( 0 , 1 ) = ~ .  Thus we have 

x �9 + Z-")},-,{SA, 
J--I  

i. e. , for each k, there exist N ;  intervals whose length is 2 - 2 ,  corresponded to N ;  similari- 

ties {S~},_ 1. 

Let V =- ( 0 , 1 ) ,  it is easy to check that 

S~(V) N So(V) = ~ , k r l or i :/= j ,  

.. ,q 

U Us,..(v) c v, 
Jml i~l 

which means that {S~} satisfies the open set condition. 

Let A be the invariant set of {S~}(k=l,2,'", i=l,2,'",N; ) , it is obvious that A= 

•, i.e. d imnA=s ,  by Theorem A,  we know that 

s = in f , ( t :~aN;  �9 (2-:~)' ~ 1}. 
* - I  

The proof is complete. 

For n � 9  define 

1 k<~n}, G. = {x  �9 [ 0 , 1 )  :x  = 0. xlx2""x2., L (x )  :/= -~, 

g(n) = ~tG.. 

Lemma 2.2. g(n) =C'z.. 

Proof. It is obvious that 

g (1 )  = 2' -- Cat, 

g(2) = 2' - C', - C a, �9 g ( 1 ) ,  

g(n) = 22" -- C'~ - C'~-_ ~, �9 g(1) -- C'j_', �9 g(2) ..... Cat �9 g(n - I). 

From (3. 90) of ref. [4], we have for nT.A z, 

i--O 

thus 

g(1 )=  ca,, 
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. . . ,  

g ( n ) =  2 ~" C~ .-1 1 1 -1 
- - C2.-z �9 C2 ..... Cz �9 ~.-2 = ~." 

Theorem 2.3. dim~G= 1. 

Proof. For n 6 J V ,  define 

K. = ([x,x + 2-"), x 6 G.}, 

then K I ~ K 2 D ' " ,  and N K. =G. By Lemma 2.2, K. consists of C-~,. intervals whose length is 
.--1 

2 -2", so we get 

2 ~, 
log 

logC~ ~ / ~  
dimBG = . . . .  lim _ log2-'" = lira --log2~. -- 1 

since lira- C~. - - = 1  by Stirling formula nl =n'e-" 24~n(1+r  where l ime.=0 and by the - ( 2~) n c ~  i ~ . ~  c o  

equality C~. = (2n) I 
(n!/" 

Theorem 2.4. dimvG= 1. 

Proof. Let H=Cn[0,--~), / - / '=Cn[~, l ) ,  then G = H U H  ' and H ' = I - - H ,  $O 

we have dimBH' : d i m s H , d i m e H '  : d i m e H ,  thus dimeG=dimeH, dimBG:dimsH. 

For k E J V ,  define 

hj = {x = O. xlx~'. 'x, , ,  x(0) > x(1)  }, 

H, = {[x ,x  + 2-'*), x 6 h,}, 

then H I ~ H : ~ ' " ,  and 5 H , = H .  
A--I 

Define h i =  { x E h ~ , x ( O ) - - x ( 1 ) = 2 m } ,  m = 1 , 2 ,  "" ,k, we call [ x , x + 2  -zt) m-type in- 

terval if x 6 h~', it is easy to see if I1 ,Is are both m-type intervals, then 11 ('] H ,  I~ N H have 

111 ], 
the similar structure with ratio ~ thus dime(I i[]H)=dimv(I  2 N H ) .  

For any open set V that intersects H ,  suppose there exists e6  H,  with e C V  for large e- 

nough k, without loss of generality, suppose e= I x , x + 2  -zl) where x 6  h ' ~ ( l ~ m ~ k )  and x 

- -  0 .  X I X 2 " ' * . T 2 1 ,  then e' r --n-2(~+.-1) -- = LY,y-r',  ) is of type 1 and a subinterval of e where y = 0 .  

x l x , ' " x  u 11".. 1 , i.e. �9 contains a subinterval e' of type 1. Also we have H =  H ['1 [0 ,0 .01)  

2m--2 

and [0,0. 01) is of type 1, i.e. e' f ] H  and H have the similar structure, thus 

dima(H ~ V) ~ dimn(H ~ e) ~ dima(H ['l e') = dimnH, 

so we have d imB(Hf]V)=dimsH.  By Corollary 3. 9 of ref. [2] ,  we have dimeH=dimeH, 

hence dimvG=dimrH=dimsH=dimeG=l by Corollary 2. 3. 
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Corollary 2. 5. dimBF=l, dim~Fffil. 

1 1 Proof. Let F I =  {0. Olxlx,'",O. x lx , ' "EG} ,  then FICF and F I = - ~ G + ~ ,  thus 

dimBFl=dimsG= 1, dimpFl=dimeG=l, so we have 

dimaF >I 1, dimeF >I 1, 

the opposite inequality is obvious since F C  ['0,1). 

Lemma 2. 6. /Vj" ---4~z~2z--C~z~, k ~ l .  

Proof. It is obvious tO get Nj" + g ( k ) = 4  �9 g(k--1) , then by Lemma 2. 2, 

N ;  ffi  4 . g ( k  - I )  - g ( k )  = 4 . c';,-'_, - c '~ .  

Theorem 2.7. dimuE-= 1. 

af~-i ~, 2 :i Proof. By Stifling [ormula, it is easy to cheek that N;  =I,~z~_Z--c~=O(~-) when k 
k z  

t "2  ~(I-#) 
--.-oo, hence N~ (2-) =O(----V-), so we have 

ki 

s = in[,{t,~aN~ (2-~)' ~ 1} >t 1, 
/}--! 

and s ~ l  is obvious since EC['0,1). 

Corollary 2. 8. dimsE=l,  d ime~- l .  

Proof. This is immediately [rom the [act that 

d i m ~  >t d i m ~  >t dimnE -- 1. 

Theorem 2.9. 

Proof. 

hence 

so we have 

Let 

S, }, so it [oliows 

hence 

1 dims E_.=-~. 

It is easy to see that E=  U E,, where E,= {x-.f.(x) = 1 ,  n>k}, thus 

{2"z - [2~z].z E E,} = E ~ ,  

dimuEk ~ dimsE 1 for any k, 

dimHE = sup (dimuED = dimsE 1. 
i 

1 ] ,  S,,[O, 1 3 

dimsEl ffi 1o~2 1 
1 - l o g ~  
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1 dimu__E = ~ .  
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