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Abstract

In this note a new generalized version of the classical Landau-Kolmogorov and Stein inequalities is estab-
lished on a convolution class of periodic functions with a NCVD kernel. On this basis some sets of optimal sub-
spaces for the 2n-dimensional Kolmogorov width of such function class are identified.

In [1] V.M. Tikhomirov proved that for a convolution class of 2x-periodic functions
WETY+ = {x() = (K#u)(): §u() | ,__Ql}, 69

with a NCVD kernel K( + ) € C(T) the 2n-dimensional Kolmogorov width d,, (W&, C(T))

has an infinite sequence of optimal subspaces as follows;

Sf=+ = span{K.(-— lg):f=°""’2"“1}’ ()

where m€ Z,,K,=K, when m>=2,K # <+ « K+ =K,_. In this note we consider the same
question. Some further results will be proved in the following two sections.

1 Landau-Kolmogorov type and Stein type inequalities

Theorem 1 Suppose K,(t),K,(t) €C(T), and both of them are NCVD functions. De-
note K=K, * K,. If ?( ¢ )EL,(T),1<p<°°’ " ?” L'('I‘)<1’ and
| K=ol L,mg | $.(K; ')“caw 3
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where $,(K;x) + = (K » sgn sinn( » ))(z) is the generalized Euler spline relating to K, then
| 1Ke* 2l oo < 10Kt ) e W
Proof. (1) p=00 (Landau-Kolmogorov case ). Without loss of generality we may as-
sume K,,K,€C”(T), and that they possess STP,,,, propertv for every n€ Z, (for the STP
property, see Pinkus [2], p. 44, 60). Now suppose the assertion is false, then for some €
Lo (T, |l ol 1 S1,n€ Z4 we have
IK*ell i < I (K5 2 Nl ooy
and |
N @Ko ) oo < 1 Ke#@ll 1 _erye
Take a number §>>1 such that
I PKas ) ey = B [ K% @l e
Choose points z,,x; such that ®,(K;;x—x,) and (K, # ¢) () attain their maximal values at
the same point x,, We may assume sgn(K, * ) (z,) =sgn®,(K,;x,—2,)>0. Set
@) = sgn sinn(x — z,) — B~ p(2).
R E L.(T), and S.(@)=2n. Put
SH() =K *»p (),  g()=(K,»g)().
We have
£:() =P (K5 +—z)) — BTGP (o).
On account of
@K o= 2D leen = 1 0u(Ks D ey > B N K * @l ey

and there exists a€ R such that
&,(Kia+ ) = (- 1D0.(K0) = (= 1 | €K )l cn

(e=2y—1,)1j=0,1,*,2n—1, we derive
S.(gy) = 2n.
So that Z.(g;)=>2n. By the CVD property, from S,(g;) =8.(K, * g,)<S.(g:)=>8.(g,) =
2n. So Z.(g,)=>2n. In addition, by assumption, we have g,(2,) =0, and also g’, (z,) =0.
Thus =z, is at least a double zero of g;. To sum up, we get
2n + 2 < Z(g) < S.AR) = 2n, (5)

where Z. counts cyclically the number of zeros of a function, where zeros which are not sign
changes are counted twice. The contradiction (5) completes our proof.

Note 1. The above result was essentially contained in Nguen Thi Thieu Hoa [3]:

(2) 1< p<<oo (Stein case). '
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We use Stein’s technique (see [4]). Suppose ¢€ L,(T),
“K*‘P“L,m< | @K ) | eerys 1< p<oo,

Set
= (K s (@[
e A NI AT IS T P
where p>1.-;—+'%‘—‘1'; h{z)=sgn((K, * 9)(x)), when p=1. Then | 2 || 1."<7-)=1, and
2x
[" & p@h@ddz = | Kr D) e
Let

Foy = [ Koz — bt
A simple calculation yields |
F(z) =— I:'Ku - v){j:.q’(t — v)h(t)dt}dv,
where the function
Ty = J':';a(t — Dkt € Lo(T),
because |# (@) < @ll, + Ikl <1 by Holder’s inequality. Besides this, we have
IF@IS IK*ellym e 1Al < K5 ) e

Thus, if we apply the above obtained result to F(x), we get
K e ¥, o < [ 0.(Kos ) e

But it is easy to see
K, * el Lo = IJ.:.(Kg *» P (h(x)dz| < | K, » ¥ L (T
So we obtain
| K; = el L, < | P.(K25 ) ey

The case 1< p<oo is over.
Note 2. The Stein type inequality (3) is sharp when p=1.

2 Optimal subspaces of d,,(Wi(T),L,(T)),p=1,
Denote
Wit ={z() = K*0)(): | u() o < 1) (6)
Theorem 2 Let K be a NCVD kernel and K€ C(T). Then for any 2x- periodic continu-
ous function' G which satis fies NCVD condition, the 2n-dimensional Kolmogorov width d,, (W%
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(T),L,(T)) has an infinite set of optimal subspaces {S:."szZ,L}. where p=1,+00;K,=
Gu # Ky Gi=GGu=G * *** * G m ttmes when m=2.
Proof. (1) First case: p=o0.Y f€C(T), by duality theorem 5]
E(f,53,C(T) ¢+ = min | f =gl cay

s€5,”

=mip [f—glim= s I fOk©.

sesye “':.,m“-'ls:" 0

Notice that
h_LSf,-:)rh(t){(G_»K)(z—jf)}dt--o. j= 0,20 — 1.
1]
Set

t {4
H(z): = | (Ga» K)(t — 2)k(t)dt.
[

Then
H("nlr) = 0, ]= 0yeee92n — 1,

Inasmuch as (G, * K)* (the conjugate kernel) is also a NCVD functioin, so by Pinkus ([2]p.

182, Th. 4.13),
TH®O [ Lo < 100G K" ) ey = [ PullGuax KDYy ) [ ey ("

Thus from Theorem 1(p=1 case) we derive
20
”J Kt — zYh(2)dt ” L < ” ¢-(K. »®) ” oy = " ¢1(K) ) " ey (8
[}

where h(¢) is any function such that || & || ,_‘m<l, hl S%s.
Consider
E(WX(T);85:C(T)) + = sup E(f,S5.C(TH)»
sewt

¢- 4
= sup  sup |J FORGL)
JEWL 141, SubLse 70

2
= sp  sup |L {J:‘K(x—t)h(x)dx}u(t)dtl

,,,,LIQ,,N:. bl <
= w1 K= 0h@dz ]y < 18K 9 e
g StaLse 70
by (8).
Thus we have proved
EWE(T);S5;C(T)) = | 9K ) [l ¢y = 4, (WE(T),.C(T))y m € Z,.
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(2) p=1 case.

In the same manner as above we may obtain the required result. The details are omitted.
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