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PROPERTIES OF THE BASIC COHOMOLOGY
OF TRANSVERSELY KAHLER FOLIATIONS

LUIS A. CORDERO - ROBERT A. WOLAK (*)

In this paper we study the complex basic cohomology of transversely
Hermitian foliations. We use the methods developed in [7] and prove that
for transversely Kihler foliations the foliated version of the Frolicher
spectral sequence collapses at the first level and that the minimal model
for the complex basic cohomology is formal. To stress that these properties
are particular to transversely Kihler foliations we construct examples of
transversely Hermitian foliations for which these theorems do not hold.

1. Basic definitions and properties.

Let # be a folaition on a manifold M. The foliation ¥ is given
by a cocycle U = {Uj, f;,gi;} modelled on a manifold Ny, ie.

i) {U;} is an open covering of M,
ii) f; : U; = Np are submersions with connected fibres defining ¥,
iii) g;; are local diffeomorphisms of Ny and g;; o f; = f; on U; NU;.

The manifold N =]J fi(U;) we call the transverse manifold of ¥
associated to the cocycle U and the pseudogroup H generated by g;;

(*) Supported by a grant of the Ministerio de Educacién y Ciencia (Spain), programa
«Postdoctoral Reciente».
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the holonomy pseudogroup (representative) on the transverse manifold
N.

The foliation is:

a) transversely holomorphic if on N there exists a complex structure
of which H is a pseudogroup of local holomorphic transformations;

b) transversely Hermitian if it is transversely holomorphic and there
exists an H-invariant Hermitian metric on N,

c) transversely Kdhlerian if on N there exists an H-invariant Kihler
structure.

For the rest of this note we assume that the foliation ¥ is
transversely holomorphic, of complex codimension ¢ and that the
manifold M is compact.

Basic forms on the foliated manifold (M, ¥) are in one-to-one
correspondence with H-invariant forms on the transverse manifold N.
Moreover, basic k-forms can be considered as foliated sections of
AEN(M, F)*, the k™ exterior product of the conormal bundle of
F. If the foliation ¥ is transversely holomorphic the normal bundle
N(M,F) of F has a complex structure corresponding to the complex
structure of N. Therefore any complex valued basic k-form can be
represented as a sum of the k-forms of pure type (r,s) corresponding
to the decomposition of k-forms on the complex manifold N. We can
obtain the same decomposition by looking at the decomposition of
sections of the complex bundle Aé‘ N(M, F)*, ie. a basic k-form « is
of pure type (r,s) if for any point of M there exists an adapted chart
(T1,.++,Tn-2,21,-.-,24) such that

C¥=ijjd2;] /\.../\dz;'/\dfjl/\.../\dfjl.

where 1<i1<...<i,<q, 1 <1 <...<js<q I=0,..010)
J =1,y Js)-

Let us denote by Aé(M , F) the space of complex valued basic
k-forms on the foliated manifold (M, ), and by Aq':"(M , F) the space
of complex valued basic forms of pure type (r,s). Then

AG(M, F) =) AP(M, F),

r+s=k
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for short AF = }: AT,
r+s=k
The exterior derivative d: AG(M,F) — Ag™ (M, ¥) decomposes
itself into two components d = d+ 9, where J is of bidegree (1,0) and
d is of bidegree (0,1), i.e.

a . Ar,a - Ar+l,a and a‘ . Ar,s -—PAT"’“.

Now we are going to recall some results of A. El Kacimi (cf. [7]),
concemning transversely Hermitian and transversely Kihler foliations.
Let us assume that ¥ is a transversely Hermitian foliation. The

operator
x ASM, F) - A¥ M, F)

defined in [8] via the transverse part of the bundle-like metric of ¥
extends to an operator

M, F) = AZTHM, ).

Let B(M,SO(2q),n, F) be the bundle of transverse orthonormal
frames of #. Let x be the form defining the volume form on each
fibre of the bundle B(M,SO(2q),w, F). The lifted foliation #; on the
total space B of B(M,S0O(2q),n, F) is transversely parallelisable and
therefore the closures of the leaves are the fibres of the basic fibration

p:B - W, cf. [I12].
2%
We define the scalar product on Ag(M, )= EA&‘;(M,T) as

k=1

(a,B) =0if « € AL(M, F), B € Ap(M, F) and k#l,

1 _
M (@, B) = / T(n*(a A%B) A x) for &, B € AL(M, F)
w

where 1 is the integration along the fibres of the basic fibration.

The operator § :Aé(M, F)— Aé“(M, F) defined as § = *'dx is
the adjoint operator of d relative to the scalar product (, ).

Similarly, the «foliated» Laplacian operator is defined by A = dé+6d;
it is, in this case, an auto-adjoint foliated (transversely) elliptic operator.
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Let us consider the following differential complex

) 0 A St 3 A

q
We denote its cohomology H™™(M,¥) = EH "(M,¥F) and we

call it the basic Dolbeault cohomology of the f:)=ﬁation F.

The operator % induces isomorphisms x* : A™* — A?Z""4% Let us
put § = —%5%. Then the operator § is the adjoint § relative to the
inner product (,) defined in (1). Moreover, the operator A" = 35 + 69
is an auto-adjoint foliated (transversely) elliptic operator.

Now, let F be transversely Kihler. The Kihler form of N defines
a basic (1,1)-form w on (M, F) which we call the transverse Kihler
form of the foliation ¥ . This form allows to define the following

operator:
L:AM,F)— AEH M, F), La=aAw,

and its adjoint A = —%Lx.
Then for a transversely Kihler foliation ¥ on a compact manifold,
the following relations hold:

(AD — OA = —\/—18,
Ad — A =18,
3 2 06+60=06+680=0,

A=24A",

LAL = LA, AA = AA.
These identities lead to the following theorem:
THEOREM 1. ([7]) Let F be a transversely Kdhler foliation on a
compact manifold M. If F is homologically oriented, then
i) a basic k-form a= E Q45 Qyy € A%, is harmonic if and only if

r+a=k .
the forms a,, are harmonic; thus

HEM,F)~ Y H*(M, F).

r+s=k
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ii) the conjugation induces isomorphisms H™*(M,F )~ H*" (M, F).
iii) for any 0 < r < q, the form w" is harmonic, thus H™"(M, F)#0.

2. The basic Frolicher spectral sequence.

Let us considere the complex (A = EA”’,d) of complex valued

basic forms of the foliated manifold (M, ¥ ). We can filtrate it as

follows
FEA=) A™.
r>k

This filtration is compatible with the bigradation of the complex.
The spectral sequence associated to this filtration is called the basic
Frolicher spectral sequence of the transversely holomorphic foliation
F, cf. [9). It can be easily shown that it converges to the complex
basic cohomology of (M, F).

The terms Ej° of this spectral sequence are the cohomology
groups of the differential complex (2), ie. EP* = H™(M,¥), the
(r, s)-th basic Dolbeault cohomology group.

When the foliation ¥ is homologically oriented and transversely
Kihler, Theorem 1 ensures that E[” ~ H"™ H** - the complex of
complex valued basic harmonic forms; therefore the differential operator
dy : E* - E7*'* vanishes and the spectral sequence collapses at the
level Ey.

THEOREM 2. Let F be a homologically oriented transversely
Kdhler foliation on a compact manifold M. The basic Frolicher spectral
sequence of F collapses at the first term, i.e. By ~ Fy >~ ...~ E.

Now, we shall present examples of homologically oriented
transversely Hermitian foliations on compact nilmanifolds whose basic
Frolicher spectral sequence behaves in a markedly different manner.
The examples are based on the examples of [3] of compact complex
nilmanifolds whose Frolicher spectral sequences have similar properties.
The following is the general construction of which our examples are
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particular cases.

Let N be a simply connected nilpotent Lie group and T" a
torsionfree, finitely generated subgroup of N. Then according to [11],
or [14], there exist a simply connected nilpotent Lie group U containing
I' as a uniform subgroup and a homomorphism v : U — N such that
u is the identity on T" (if we identify the subgroups of U and N
isomorphic to I'). The homomorphism v is a surjective submersion with
connected fibres since both manifolds U and N are contractible. The
foliation defined by the submersion u is TI'-invariant and therefore it
projects to a foliation ¥ (U,T", v) on the compact manifold M (") =T\U.
The foliation # (U,T,u) is an (N,I)-structure, a developable one,
and the submersion u is its developing mapping. Therefore, foliated
geometric structures on (M), ¥ (U,T",u)) correspond bijectively to
I-invariant ones on N. In fact, any foliated geometric structure on
(M@), FU,T,u)) lifts to a T-invariant foliated structure on U. This
one, in its turn, defines a I'-invariant structure on N which projects to
a geometric structure on E(Ip)=Tp\N.

All our examples are homologically oriented. In fact the basic
cohomology H*(M, ¥) is the cohomology H*(N,I) of the I'-invariant
forms on the nilpotent Lie group N. The holonomy groups I' of the
examples presented in this paper admit cocompact subgroup I'p of N.
Thus we have the following:

A*(N,N) C A*(N,I) C A”(N,To).

The Nomizu theorem, cf. {13], ensures that H*(N, ) ~ H*(N,N).
The cohomology H*(N,Iy) is the cohomology ring of the oriented
compact manifold To\N, thus HI(N,T)#0. Therefore, as the natural
inclusion

A*(N,T) = A*(N,Ty)
induces a surjective mapping on the level of cohomology H?(N,T)#0,
which means that the foliation is homologically oriented, cf. Corollary
1 of [15].

EXAMPLE 1. A transversely Hermitian foliation for which E; % E,.
Let us consider the 3-dimensional complex Heisenberg group
N = (€3, %) where

(a1, a2,a3) * (b1, b2, b3) = (a1 + b1, a2 + bz, a3 + b3 + a1b2).
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The compact complex nilmanifold G*\C?, where G? is the lattice
of Gauss integers, is the well known Iwasawa manifold for which
E1 ¢ E,, cf. [3,10].

Let T3 be the following finitely generated subgroup of (€3, x):

{(ny + smy, m, m3 + sma)|m;, m; Gauss integers, s ¢ Q}.

The subgroup I'; can be considered as a uniform subgroup of
U = (€°,0) with the following group operation:

(a1,...,a5)0(b1,...,bs) = (a; + b;, as + bs + a1b3, a5 + bs + a2b3).
The submersion u : U — N is given by the correspondence
(a1, 62,03, a4,as5) — (a1 + saz, a3, a4 + sas).

The foliation & (U,T3,u) is a holomophic and transversely
symplectic foliation of complex codimension 3 on a compact complex
nilmanifold T'3\U of complex dimension 5, and it cannot be made
transversely Kihler either, cf. [5]. Its basic forms are in one-to-one
correspondence with the I'3-invariant forms on (@3, ). The same
considerations as in [3,10] ensure that the basic Frolicher spectral
sequence of ¥ (U,T3,u) has the property of being E, # E,.

EXAMPLE 2. A transversely Hermitian foliation for which E; # Es.

Let us consider the group N = €% %) with the following group
operation;

(a1, a2,a3,a4)%(b1, b2, b3,b4) = (a1 + by, a2 + by,

asz + b3+ (az + a@2)b1, a4 + ba — G1b2).

This is a real nilpotent Lie group with a left invariant complex
structure. The compact complex nilmanifold G*\C%, where G* is the
lattice of Gauss integers, has the required property, cf. [3].

Now, let us consider the following finitely generated subgroup I'4
of €*, *):

{(m, m + sma, 3 + sm3, ng + smg)|m, m; Gauss integers, s ¢ Q}.
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I; can be embedded as a uniform subgroup of the group U = (€’,0)
with the following group operation:

(a],---,a7)D(b1,---,b7)
= (a1 + by, a2 + b2, a3 + b3, a4 + bs + (a2 + 32)by,
as + bs + (a3 +a3)by, a6 + b — G1b2,a7 + b7 — a1b3).

It is a real nilpotent Lie group with a left invariant complex structure.
The I'-equivariant submersion u : U — N is given by the formula:

(a1,...,a7)— (a1, a2 + sas,aq + sas, ag + say)

The foliation ¥ (U,T4,u) is tranversely Hermitian. Its basic forms
are in one-to-one correspondence with the I's-invariant forms on (€*, ).
The same considerations as in [3] ensure that the basic Frolicher
spectral sequence of ¥ (U,T's,u) has the property E; % Es.

EXAMPLE 3. A transversely Hermitian foliation for which E; ¢ Ej.

Let us consider the group N = (€%, +) with the following group
operation:

(a1,...,a6) * (by,..., bs)
= (a1 +b1,62+b2,a3+ b3, a4 + bg + (a2 + G2)bs,

as+bs — aibz, a6+ bs +(1/2)(a2 + 52)b% + asb1 + asb1).

The manifold G®\C, where G is the lattice of Gauss integers,
has the required property, cf. [3].

Let us consider the following finitely generated subgroup I's of
€8, %):

{(n1, m+smy, 3, ng+smy, ns+sms, ns+sme)|n;, m; Gauss integers, s ¢ Q}.

As in the previous examples, we can find a simply connected
nilpotent Lie group U containing I's as a uniform subgroup and a
surjective homomorphism of Lie groups u : U — (€%, %) which is the
identity on Tg. The resulting foliation ¥ (U,Ts,u) of the manifold
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[\U is transversely Hermitian. The same considerations as in [3]
ensure that the basic Frolicher spectral sequence of ¥ (U,T,u) has the
property Es % Ea.

The group U can be represented as (€'°,0) with the following
group operation:

(a1,...,010)0(1,...,bi)
= (a; + b, as + bs + (a2 + @2)b1, a6 + bs + (a3 + @3)b1, a7 + by — a1b2,
ag + bg — G103, a9 + by + (1/2)(62 + @2)b3 + asby + Gaby,
a10 + bio + (1/2)(a3 + 33)b% + agby).
The submersion u is the following:

u(at,...,a10) = (a1, a2 + sa3, a4, as + sag, a7 + sag, ag + sayp)-

3. Complex conjugation.

Theorem 1 asserts that for homologically oriented transversely
Kihler foliations the complex conjugation induces an isomorphism
of the basic Dolbeault cohomology. We are going to give a simple
example of a homologically oriented transversely Hermitian foliation
for which this is not true.

EXAMPLE 4. Let us consider the group N = (€%, %) with
(a1,02) * (21, 22) = (a1 + 21,02 + 22 + G121)
and a subgroup I'; of €%
{(m +smi,m +sma+ szpz)ln.-, m;, p2 Gauss integers, s ¢ Q};

I, contains the lattice G of Gauss integers. The manifold G\N is
the Kodaira-Thurston manifold, cf. [1,4,16]. The group I, can be
considered as a uniform subgroup of the group U = @°,0) with the
group operation:

(ala“')aS)D(bla"')bS) =(ai+bi:a-3+b3+albl)

a4+ bs +G1by + 320y, a5 + bs + azhy).
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The T,-equivariant submersion uv : U — N is given by the
correspondence

2
(a1, a2, a3,a4,05) — (ay + saz, a3 + sag + s"as).

The basic forms of ¥ (U,T’;,u) are in one-to-one correspondence
with Ts-invariant forms on N. Since I, is dense in N the basic
forms can be identified with left invariant forms. As I; contains G
the basic cohomology of ¥ (U,I';,u) is isomorphic to the cohomology
of the Kodaira-Thurston manifold. The computations of [1] show that
dimAYG\N) =1 and dimH%(G\N) =2, which means that in this
case the complex conjugation does not induce an isomorphism in the
Dolbeaut cohomology. However its basic Frolicher spectral sequence
collapses at the first level.

4. Formality of the minimal model.

We are going to look at the minimal model of the complex basic
cohomology of a homologically oriented transversely Kéihler foliation.
In fact, as for compact Kéhler manifolds, the minimal model for the
complex basic cohomology is formal, and hence all Massey products
must vanish, cf. [6].

LEMMA 1. The dd¥-lemma is true in the algebra of complex
valued basic forms of a homologically oriented transversely Kdihler
foliation on a compact manifold.

Proof. The identities (3) and Theorem 1 ensure taht we can repeat
the proof of the dd®-lemma for compact Kiahler manifolds cf. [6,
5.11].0

As the theorem on the formality of the minimal model is a purely
«formal» consequence of the dac-lemma, cf. [6, Sect. 6], we have the
the following theorem:

THEOREM 3. Let F be a transversely Kdhler foliation on a
compact manifold M. If F is homologically oriented then the minimal
model of the complex basic cohomology of ¥ is formal and thus
Massey products of complex valued basic forms vanish.
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To show the non-triviality of this result we present a homologically
oriented transversely Hermitian foliation whose complex cohomology
possesses non-vanishing Massey products, thus whose minimal model
of the basic cohomology cannot be formal. The following proposition
for Lie foliations asserts that Examples 1, 2 and 3 have this property.

PROPOSITION 1. Let F be a Lie foliation on a compact manifold
modelled on a nilpotent Lie group N with a left invariant complex
structure, dimgN = q. If the holonomy group T of ¥ contains a
uniform subgroup Ty of N then the following conditions are equivalent:

i) F is transversely Kdihler;

ii) the complex basic cohomology of (M,¥) has no non-trivial
Massey products;

ili) the group N is commutative.

Proof. We can assume that the group N is simply connected.
As the manifold M is compact, the developing mapping is surjective
and has connected fibres. Therefore basic forms on (M, ¥) are in
one-to-one correspondence with I'-invariant forms on N, cf. [17]. On
the manifold N we can consider three complexes of complex valued
forms:

A&(N ,To)-the complex of I'p-invariant forms,
Aé(N ,N-the complex of I'-invariant forms,
Aé(N , N)-the complex of N-invariant forms.

Of couse, Aq‘:(N, N) C Ad‘;(N,l") C Aé(N, I'p). Then Nomizu’s
theorem, cf. [13], ensures that in cohomology we have

C)) HE(N,N) = Hg(N,T) — Hg(N,To)

as HE(N,N) =~ HE(N, To).

Theorem 3 ensures that 1)=pii).

Let us look at the second implication ii)=>iii). Assume that the
group N is not commutative. In [4], the authors proved that in this
case there exist non-trivial Massey products in H{(N,N). In view of
(4), the Massey product of the same cohomology classes considered in
Hé(N ,I) must be also non-trivial. Contradiction.

The third implication is trivial as N is just €7.0
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