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ON THE HYPERGROUPS
WITH FOUR PROPER PAIRS
AND TWO OR THREE NON-SCALAR ELEMENTS(*)

MARIO DE SALVO - DOMENICO FRENI - GIOVANNI LO FARO

In this paper one continues the study of hypergroups with for proper
pairs. In particular one considers the case when the scalars group is not
empty and the set of non-scalar elements has size two or three.

1. Introduction.

We recall that a hypergroup H is a nontempty set equipped with
a hyperoperation such that the following two conditions are satisfied:

1.1. ¥(x,y,2) € H?, (xy)z = x(yz) (associativity);
1.2. Vx € H, Hx = xH = H (reproducibility).

In this paper, the authors continue the study of the hypergroups
H, such that:

13, [P(H)| = {(x, y) € H?||xy| 2 2}| = 4.

In [5], [6], [7], one had solved the same problem, when
|P(H)| <3, while in [3], the authors had examined the previous hy-
pergroups when the scalars group S(H) = §1(H) N S, (H) is empty,
where:

Si(Hy={xe€ H||[xy| =1, Yy € H} (the set of left scalars);
S,(H) ={x € H||yx| =1, Yy € H} (the set of right scalars),

(*) This work is produced by support of the Italian M.U.R.S.T. (quota 40%). No
version of this paper will be published elsewhere.
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succeding in determining their structure.

Here we suppose that the scalars group S(H) is not empty and
that the set of the non-scalar elements M(H) = H — S(H) has
size two or three. We denote by C(H, S(H),t) the class of such
hypergroups, where ¢t = |M(H)| € {2, 3}.

We observe that S(H) is a closed sub-hypergroup of H (see
[5]), thus, we have S(HYM(H) = S(H)(H — S(H))=H — S(H) =
M(H), and the map ¢ : S(H) x M(H) — M(H) defined by
¢(x,a) = xa, Y(x,a) € S(H) x M(H) is an action to the left on
M(H). In fact, we have (xy)a = x(ya) and ea =a (as Vx € S(H),
Va € M(H), we have |ax| =1, in order to simplify the writing, we
shall put ax = b instead of ax = {b}). In consequence we obtain
that S(H) operates to the left on M(H).

Clearly, S(H) also operates to the right on M(H), and we have
the following:

PROPOSITION 1.4. If H is a hypergroup such that S(H)#0,
M (H)#@, then S(H) operates on M(H).

In the following we shall suppose that S(H) operates on M (H)
by the action just defined in proposition (1.4), and Va € M(H),
Staby(a) (respect. Stabg(a)) will indicate the stabilizer of the ele-
ment a, under the action to the left (respect. to the right) of S(H)
on M(H).

Note that, given a hypergroup (H, o), it is possible to consider
the hypergroup (H, ») equipped with the hyperoperation * such that
Y(x,y) € H?, x %y = yox. (H,») will be called the symmetric
hypergroup of (H, o).

2. The class C(H, S(H), 2).
In this section the set M(H) will be denoted with {a, b}. We
begin with some examples of hypergroups belonging to the class
C(H,S(H),2).

EXAMPLE 2.1. Let G be a group, let g be a subgroup of G of
index [G : g] = 2 and let a,b be two distinct elements such that
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GN{a,b}=40.
We set H = G U {a,b} and define on H the following two
hyperoperations oj, o;:

H = (H,0)) =

[ x 01 y = {xy)} if (x,y) € G%
xoja={a},x o b= {b} if xeg;

{ xoya = {b}, x o0 b={a} if xeG-—g;
aoyx = {a},bo; x = {b} if x € G;
lacja=ao1b=GU{b},boya=boyb=GU/{a)}

zopyw=zoyw if (z,w) € H*—{a, b}%;
Hy=(H, o) = .
zoow=H if (z, w) € {a, b}?

It is easy to show that H, and H, are hypergroups. In parti-
cular, in order to prove the associativity, it is useful to observe that
(G-g)G—-g)=3s.

We denote with H| and H, respectively the symmetric hyper-
groups of H; and H,.

EXAMPLE 2.2. In the same hypotheses of 2.1, by setting K =
G U {a, b}, we can define the hyperoperations o; (i € {1,2,...,9})
in the following way:

Ki=(K,¢) =
'xoiyz{xy} if (x,y)er;

xoia=ao;x={al,xo;b=bojx=1{b} if xeg;

xo;a=ao; x={b},xo;b=bojx={a} fxeG-g;

‘ao;a=b<>,-b=X,a<>,~b=b<>,~a=Y

where:

X =g and Y = G — g under the hyperoperation ¢;
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X =G — g and Y = g under the hyperoperation ¢;;

X =gU{a} and Y = (G — g) U {b} under the hyperoperation ¢3;

X =gU{a,b} and Y = (G — g) U {a, b} under the hyperoperation
45

X =(G—-g)U{a,b} and Y = g U {a, b} under the hyperoperation
055

X =(G —-g)U{a} and Y = g U {b} under the hyperoperation ¢g

X =Y = G under the hyperoperation ¢7;

X =GU/{a} and Y = G U {b} under the hyperoperation ¢g;

X =Y = K under the hyperoperation ©g;

For K| and K, we suppose that G has at least three elements.

We observe that, X = gU {b} and ¥ = (G — g) U {a}, or
X =(G-g)U{b} and Y = gU{a}, or X = GU{b} and Y = GU{a},
then we obtain hyperstructures which are isomorphic, respectively to
K3, K¢ and Kg.

In this case one can also prove that the hyperoperations ©; defi-
ne on K a structure of hypergroup. We denote by K, the symmetric
hypergroups of the hypergroups K;.

EXAMPLE 23. Let G be a group, let g;, g» be wo distinct
subgroups of index [G : g1] = [G : g2] = 2 and let a,b be two
distinct elements such that G N{a,b} = B. We put T = G U {a, b}
and denote with »;, »; the following hyperoperations:

I =(T,x) =

(x %y = {xy} if (x,y) € G%;
xxya = {a}, x x b= {b} if x € g1;

lx*laz{b},x*lbz{a} if xeG—gy;
ax; x ={a},bx; x = {b} if x € gy;
ax; x = {b},bx x = {a) if xe G- g
laxya=axb=bxya=bxb=GC
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zoow=zxqw if (z,w)e T?—{a,b)%
L=(T )= )
zxqw=T if (z, w) € {a, b}?

T, and T, are hypergroups. To verify the associativity, it is use-
ful to observe that (G — g1)(G — g1) = g1, (G — g2)(G — g2) = g3,
G — (81U g2)#98 and [G — (g1 U g2)][G — (81U g2)] C g1 Nga.

As usual T{ and T, denote the symmetric hypergroups of T| and
T;.

EXAMPLE 2.4. Let G be a group and let a,b be two distinct
elements such that G N {a,b} = @. We put M = G U {a, b} and
define on M, 24 hyperoperations ®;, as follows:

x®ry={xy},V(x,y) € G2, Vk € (1,2,...,24};

x®a = a@x = {al,x®%b = b&x = {b},Vx € G,
Vke(l,2, ... 24);

a®a=1{a,bl,a@b=b® a=GU{{b},b® b=M,;
a®a=1{a,bl,a®b=GU{b},b&ra=bQb=M,;
a@a=1{a,bl,a@:b=bR:3b=M,b®ia=GU{b);
aQ®ia=bQsb=1{a,b},a@;b=bQ@sa=M;
a®sa=1{a,bl,aQ®sb=bQsa=M,bQ®sb=GU {b};
a®sa=1{a,b},aQ®b=bQsa=>bR®¢b=M;

a® a=GU{a},a@1b=b®,a=M,b®;b =1{a,b),;
a®@a=GU{a},aQ@sb=bQsa=M,b®sb=GU{b};
a®a=GU{a},a®b=bQa=bRQ¢b=M;
a®pa=GU{b},a®ob=b®pa=1{a,b),b®ib=GCGU{a};
a®@1a=GU{b},a®nb=bQna=1{a,b},b@®ub=M;
a®pa=GU{b},a®12b=bQa=GUla},b®2b={a,b};
a®3a=GU{b},a®@3b=b@3a=GU{a},bQi3b=GU {a};
a®ua=GU{(b},a®ub=bRua=GU{a},b®sb=M,
a®isa=GU{b},a®isb=b®isa=M,bQsb=GU{a};
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a®ea=GU{bL,a®isb=bRsa=bRisb=M,
a®ra=a@nb=GU{bL,b@ra=bR11b=M;
a®iza=b®ga=GU{b},aQ@isb=bR®3b=M,
aQua=bQpub=M,a®b=>b®9a=/{a,bl

a®a=b®ub=>bRpwa=M,a®b={a b}
a®1a=b®@ub=M,a®b=>b®ya=GUl{al;
a®pa=b@®nb=bQpa=M,a®;»b=G_GU{al;
a®p3a=b@3b=>bQpa=Ma®3b=GCGUIb};

a®ua=aQub=b®ua=bQub=M.

’

Remark that for every k € {1,2,...,24}, M = (M, ®;) is a
hypergroup.

We denote by M, the symmetric hypergroups of the hypergroups
M.

We establish the following:

LEMMA 25. if H € C(H,S(H),2) and M(H) = {a, b}, then
Vx € S(H), we have:

1) ax = {b} & bx = {a};

2) xa = {b} & xb = {a);

3) ax = {a} & bx = (b},

4) xa = {a} & xb = {b};

If there exists x € S(H) such that:

5) ax = {b} and xa = {a}, then aa = ba and bb = ab;

6) ax = (b} = xa (respect. xa = {b} = ax), then aa = bb and
ab = ba;

7) ax = {b} and ax = {a}, then aa = ab and ba = bb.
Proof. (1) Suppose ax = {b}. If bx = {b}, then we obtain

H=Hx=(SH)UM(H))x = S(H)xUaxUbx = S(H)U{b}, which
is impossible. Therefore bx = {a}. It is easy to prove the converse.
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Analogously, one can prove the (2), (3), (4).

(5) Suppose now ax = {b} and xa = {a}. We have aa =
a(xa) = (ax)a = ba and, using (4), bb = (ax)b = a(xb) = ab.

In an analogous way, one can prove the (6), (7).

PROPOSITION 2.6. If H is a hypergroup such that S(H)#0,
M(H)#9, then:

1) If H € C(H,S(H),2), then S(H) operates transitively to the
left on M(H) (respect. to the right on M(H)) if and only if
da € M(H) such that StabL(a)gS(H) (respect. StabR(a)gS(H));

2)If He C(H,S(H),2) and a € M(H) we have:.
Staby(a)G S(H) if and only if (S(H) : Stab(@)] =2

(respect. StabR(a)gS(H) if and only if [S(H) : Stabg(a)] = 2).

Proof. (1) Let M(H) = {a, b}. If S(H) operates transitively to
the left on M(H) and - denotes the action, then S(H).a = M(H),
whence 3x € S(H) such that x.a = b. Therefore x ¢ Stab;(a) and
StabL(a)gS(H). On the converse, Vx € S(H) — Staby(a), x.a=b

and x~1.b = a. Finally S(H).a = S(H).b = M(H) and the action is
transitive,

(2) It results, from (1), because the index of the stabilizer of an
element in S(H) is equal to the size of the orbit of the element.

Remark 2.7. Before stating the next theorems, we observe that if
H e C(H,S(H),2) and M(H) = {a, b}, then, by lemma (2.5) (4),
we have xa = {a} & xb = {b} and so, Stab;(a) = Stab,(b).

THEOREM 2.8. Let H € C(H,S(H),2) and M(H) = {a,b}.
If Stabg(a) = S(H) and Stab,‘(a)gS(H) (respect. Stab;(a) =

S(H) and StabR(a);:S(H)), then H is isomorphic to one of the
hypergroups of example (2.1).

Proof. By proposition (2.6), we have [S(H) : Stabi(a)] = 2
and Yx € S(H) — Stab;(a), xa#{a} whence xa = {b}. Besides
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Stabgr(a) = S(H) implies that ax = {a}, Vx € S(H), and so, by
lemma (2.5) (7), we have aa = ab and ba = bb.

Moreover S(HY U {b} ¢ H = aH = aS(H) U aM(H) =
aStabr(a) UaM(H) = {a}UaaUab and thus S(H)U{b} C aa = ab.
Analogously one can prove the inclusion S(H) U {a} C ba = bb.

Besides, if a € aa, then {b} = xa C x(aa) = (xa)a = ba and
conversely, if b € ba, then {a} = x~'b C x~'(ba) = (x"'b)a = aa.
Then a € aa = ab <& b € ba = bb.

Consequently, only the following two cases are possible:

(i) aa =ab = S(H) U {b} and ba = bb = S(H) U {a};
(ii) aa =ab =ba =bb=H.

Therefore H is one of the hypergroups presented in example

(2.1).

COROLLARY 29. If H € C(H, S(H),2), M(H) = {a,b} and
{e} = StabL(a)gS(H) = Stabg(a), then |H| = 4 and H, unless

isomorphisms, is one of the following hypergroups:

ole|x| a b ole|x|alb
e|le|(x| a b elelx|alb
x|x|e| b a x|x|e|b]a
alalal| &xb| exb alala|lHH
blb|b|exa] gxa b|b|b|H|H

Proof. Since Stab;(a) = {¢} and [S(H) : Stab(a)] = 2, we
have S(H) = Z,, and setting S(H) = {e, x}, the theorem (2.8)
completes the proof.

We prove now the:

THEOREM 2.10. Let H € C(H, S(H),2) and M(H) = {a, b}. If
Stab;(a) = Stabr(a)C S(H), then H is isomorphic to one of the
hypergroups, which are constructed in example (2.2).

Proof. For proposition (2.6), we have [S(H) : Stabp(a)] =
[S(H) : Stabg(a)] = 2, and Vx € S(H) — Staby(a) = S(H) —
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Stabg(a) we have ax = {b} = xa. By using lemma (2.5) (6), we
obtain aa = bb and ab = ba. Then, if we denote Stab (a) =
Stabr(a) = N and S(H) = §, we establish the following properties:

1) NNaa#¥ & N C aa;

2) S—NNaa#d < § — N C aa;

3) NNab#0 < N C ab;

4) S—NNab#p & S — N C ab;

5) NCaa <& S— N Cab;

6) S— N Caa< N Cab;

7 acaa < beab and b€ aa & a € ab;

8) aa=N&Sab=S—-N.

() If xe NNaa, then N =xN C aaN = aa.

2 If ze S—NnNaa, then Yw € § — N, we have {z ', w} C
S — N. Besides [S : N] = 2, hence (S — N)(S — N) =N and so
wz~! € N. Denote wz™! = {x}, we obtain {w} = xz C x(aa) =

(xa)a = aa, whence S — N C aa.
(3) and (4) can be proved, respectively, as (1) and (2).

S If NCaa,then S— N = NS —N) C aa(S — N) = ab.
Conversely if S — N C ab, as (§ — N)(§ — N) = N, we deduce
N C ab(§ — N) = aa.

6) If S—N C aa, then N = (S~ N)(S—N) C aa(S—N) = ab,
while if N C ab, then S~ N = N(S — N) C ab(S — N) = aa.

(7) Taking x € S — N, from a € aa, we obtain {b} = ax C
(aa)x = a(ax) = ab. In the same manner, one can prove the other
implications.

(8) Suppose aa = N. For (7), we have that ab N {a,b} = @.
If ab N N+#@, then taking x € abN N, we obtain, for (5), {a, b} =
a(S§— N)Uax = a((S — N)U {x}) C a(ab) = (aa)b = Nb = (b},
which is absurd and so ab=§ — N.
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On the converse, let ab = S— N. For (7), we have aaN{a, b} =
@. If aanN S — N+#@, then using (2), we obtain § — N C aa. In
consequence we have {a} = (S—N)b C (aa)b =a(ab) =a(S—N) =
{b}, which is a contradiction. Therefore aa = N.

Lastly, we observe that (5), (6), (7), (8) allow us to prove easily
the following implications:

9 aa=8S—N&ab=N;

10) aa = N U {a} & ab= (S — N)U {b};

11) aa = NU{b} & ab= (S — N) U {a};

12) aa = NU{a, b} < ab= (S — N) U {a, b};
13) aa=(§ - N)U{a} & ab= N U {b};

14) aa = (S — N)U {b} & ab= N U{a});

15) aa = (S - N)U{a,b} & ab= N Ul{a, b};
16) aa =S & ab = §;

17) aa = SU{a} & ab =S U {b};

18) aa =SU {b} © ab= SU{a};

19) aa=H & ab=H.

COROLLARY 2.11. If H € C(H,S(H),2), M(H) = {a,b} and
{e} = Stab;(a) = StabR(a)gS(H), then |H| = 4 and H, up to

isomorphisms, is one of the following hypergroups:

Olelx] aif b Olelx] a b
ej{ejx| al| b ele|x| a b
x|x|ef b | a x|x|e| b a
alal|lb| gaf xb alalb| gab| xab
bi{bla| xb| ga blblafxab| gab
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Olejx| a | b Ole|lx| a b
ele|lx| a b elelx] a b
x|x|el| b a x|x|e b a
ajal|lb| xa| &b alajb| xab]| gab
blbla| &b| xa b|bla]| &ab| xab
Oleix] al b Plelx| a b
ele|x b ele|lx| a b
x|x|e| b | a xjxle| b a
alalb| ex| ex alalb| exal exb
bl|blal| ex| &x blblal| exb | egxa

|l |xfm|o
ola|x|ole
8o o ||
o] s J S N IS
RIS

Remark 212, If H € C(H,S(H),2), M(H) = {a,b} and
Stab; (a) U StabR(a)gS(H), then, from proposition (2.6), we ob-

tain [S(H) : Staby(a)) = [S(H) : Stabgr(a)] = 2. In consequence,
Stab;(a) and Stabg(a) are maximal subgroups of S(H) and it is
impossible that StabL(a)gStabR(a) or StabR(a)gStabL(a).

Therefore, in order to determine the structure of the hypergroups
in the class C(H, S(H),2) we have to examine only the following
two cases:

D) Stabg(a) U StabL(a)gS(H), with Stab; (a) — Stabg(a)#9 and
Stabg(a) — Stab(a)#9;

II) Stab;(a) = Stabr(a) = S(H).
Now, we prove the

THEOREM 2.13. If H is a hypergroup in C(H,S(H),2) and
H satisfies the conditions (I), then H is isomorphic to one of the
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hypergroups described in example (2.3).

Proof. We have that Stab;(a) U Stabr(a)#S(H). Then, taking
x € S(H) — (Stabg(a) U Stab;(a)) and x’' € Stab;(a) — Stabg(a),
we obtain ax = {b} = xa, bx = {a} = xb, x’a = {a} and ax’ = {b}.

For lemma (2.5) (5), (7) we also have aa = ab = ba =
bb. Moreover S(H) C aa and aa N {a,b}#8 & {a,b} C aa.
Consequently, aa = ab = ba = bb = S(H) or aa = ab = ba =
bb = H and so H is, unless isomorphisms, one of the hypergroups
of example (2.3).

The next lemmas allow us to determine the hypergroups H €
C(H, S(H), 2) such that |P(H)| = 4 and Stab;(a) = Stabr(a) =
S(H). Besides we observe that the cases |P(H)| =2 and |P(H)| =
3 have been studied and solved in the papers [7], [5].

LEMMA 2.14. Let H be a hypergroup and h be a subhypergroup
of H such that H — h = {a,b}, ah = ha = {a}, bh = hb = {b} and
|P(H)| = 4. Then we have:

1) Y(z,w) € (H = h)?, zwNh#0 & h C zw;
2) Y(z,w) € (H—h)?, zw e {{a,b},hVU{a}, hU (b}, H};

3) If aa = {a, b} (respect. bb = {a, b}), then ab € {H, hU{b}} 3 ba
(respect. ab € {H, h U {a}} > ba),

4) If aa = hU{a} or bb = hU{b}, then ab = ba = H and bb#aa.

5) If aa = h U {b} (respect. bb = h U {a}) then:
1) beab & b e ba (respect. a € ab & a € ba);
II) hCab < h C ba;
IIl) ab = {a, b} & ba = {a, b};
IV) ab = hU{a} ©& ba = hU{a} (respect. ab=hU{b} & ba =
h U {b});
V) ab € {aa, H} <& ba € {aa, H} (respect. ab € {bb,H} &
ba € {bb, H}).

Proof. (1) If we take x € zw N h, then we obtain A = xh C
zwh = zw.
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(2) Since |P(H)| =4, Y(z, w) € (H — h)?, one has |zw| > 1. If
zw N h =@, then one obtains zw = {a, b}. Otherwise, if zw N h#0,
then, from (1) one has A C zw. If zw = A, then {z} = zh = z(zw) =
(zz)w and so Vu € zz, uw = {z}. Since w € {a, b} and |P(H)| =4,
one has u € h, whence zz C h and {z} = )w C hw = {w},
ie. z=w. If z =w = a, then aga = h with a ¢ ab, because
if a € ab, then h = aa C a(ab) = (aa)b = hb = {b}. Besides
H=aH =ahVUa(H — h) = {a}VaaUab = {a} Uh Uab and so
b € ab, with a ¢ ab. Moreover |ab| > 1, and thus ab N h#@ and,
from (1), ab = h U {b}. Finally, we obtain (aa)b#a(ab) which is
impossible.

If z = w = b, reasoning in a similar way, we obtain again an
absurdity. Therefore one has h C zw.

(3) Suppose aa = {a, b}, we have H = aH = {a}UaaVUab =
{a, b} Uab and analogously H = {a, b} Uba. Then h C ab Nba.

If ab = hU{a}, then we obtain h C hUbb C abUbb = {a, b}b =
(aa)b = a(ab) = {a, b}, which is a contradiction. Thus, from (2),
ab € {hU{b}, H}. In the same way, one proves that ba € {hU{b}, H}.

(4) Let aa = hU{a}. We have H =aH = hU {a} Uab and so
b € ab, whence, from (2), we obtain ab € {{a, b}, h U {b}, H}.

But if ab € {{a, b}, h U {b}}, one has (aa)b#a(ab) and thus
ab = H. In an analogous way, one sees that ba = H.

Finally, if bb = aa = h U {a}, then we obtain (ab)b#a(bb).
Thus aa#bb. We arrive at the same conclusions, if we suppose bb =
h U {b}.

(5) If aa = h U {b}, then we have:

{a}Uab = a(h U {b}) = a(aa) = (aa)a = (h U {b})a = {a} U ba,
whence (I) and (II) follow.

From (2), we also obtain (III) and (IV). Finally, (V) is a conse-
quence of (I) and (II).

LEMMA 2.15. Let H be a hypergroup and h be a subhypergroup
of H such that H — h = {a,b}, ah = ha = {a}, bh = hb = {b},
|P(H)| = 4. Then we have:

1) [aa = {a, b}, ab = ba = H] = bb#h U {a};
2) [aa ={a,b}, (ab=hU{b} or ba=hU{b})] = bb=H;
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3) [aa =h U {b},ab = ba = {a,b}] = bb € {hU {a}, H};

4) [aa = h U {b},ab = ba = hU {a}] = bb € {{a, b}, h U {a}, H},
5) [aa =hU{b},ab=ba =H] = bbe{hU{a), H},

6) [aa =hU{b},ab € {hU{b}, H} > ba, ab#bal = bb = H.

Proof. (1) If bb = h U {a}, then (ab)b#a(bb).

(2) Suppose ab = h U {b}. If bb = h U {b}, then (aa)b#a(ab),
while if bb € {{a, b}, h U{a}}, then (ab)b#a(bb). So, for the lemma
(2.14) (2), obtain that bb = H. An analogous reasoning can be done
when ba = h U {b}.

(3) Certainly & C bb and supposing that bb = h U {b}, one has
that (aa)b#a(ab), whence, for lemma (2.14) (2), one obtains that
bb e (hU{a}, H}.

4) If bb = hU{b}, then (aa)b+#a(ab) and so, taking in account
the usual lemma (2.14) (2), we obtain that bb € {{a, b}, h U {a}, H}.

S) If ab = ba = H and bb € {{a,b},h U {b}}, one has
(aa)b# a(ab) and using again lemma (2.14), we deduce that bb €
{h U {a}, H}.

(6) Let ab = h U {b} and ba = H (analogously, one can treat
the case ab = H and ba = h U {b}). We obtain H = Hb =
hbU(H —h)b = {b}UabUbb = hU{b}Ubb, whence a € bb, and, for the
lemma (2.14) (2), bb € {{a, b}, h U {a}, H}. Finally, if bb = {{a, b},
then (aa)b#a(ab) and if bb = h U {a}, then (cc)c#c(cc).

Remark 2.16. The lemma (2.15) can be stated and proved again,
exchanging a with b.
In the end of this section we establish:

THEOREM 2.17. If H € C(H, S(H),2), M(H) = {a, b}, Staby(a)
= Stabg(a) = S(H) and |P(H)| = 4, then H is isomorphic to one
of the hypergroups described in the example (2.4).

Proof. In virtue of the lemma (2.14) (2), aa € {{a, b}, S(H) U
{a}, S(H)U {b}, H}.

If aa = {a, b}, as a consequence of lemmas (2.14) (3) and (2.15)
(1) (2), we can affirm that, up to isomorphims, H € {M,, ..., Mg}
(see example (4)).
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If aa = S(H) U {a}, from lemma (2.14) (4), H is unless iso-
morphisms one of the following hypergroups M7, Mg, M.

If aa = S(H) U {b}, by using lemmas (2.14) (5) and (2.15)
3), ), (5), (6), we obtain that H is isomorphic to one of the
hypergroups M; of the example (2.4), for i € {10, ..., 18}.

If aa = H and bb € {{a, b}, S(H) U {a}, S(H) U {b}}, taking
in account the remark (2.16), the possible hyperproducts zw, with
(z,w) € M(H)?, can be represented by one of the following ten
tables:

® a b ® a b ®| a b
a H S(H) fa)j a H H a| H|S(H)fa]
b | S(H)fa)] {a,b} b | S(H)Vfa} |{ab] b| H {a,b}
®|al| b b ®| a b
alH| H H a|l H {a,b]
b| H|{ab] S(H)U(b} b |f{ab}| S(H)Jfa}
® a b ®| a b ® a b
a H S(H)u{b] al H H a H H
b | S(H)u(b} | S(H)LUfa} | b | H|S(H)Ofa)| b |S(H)O(a} | S(H)Ofa}
®| a b
a| H|S(H)fa)
b| H|S(H){a}

The ten corresponding hypergroups are respectively isomorphic
to the hypergroups M, My, M3, Mg, My, My, M4, Mys, M7 and
Ms.

Finally, supposing that aa = bb = H, it is easy to verify that
one obtains hypergroups which are isomorphic to the hypergroups M;
for i € {19,...,24}.

COROLLARY 2.18. The hypergroups of the class C(H, S(H),?2)



44 MARIO DE SALVO - DOMENICO FRENI - GIOVANNI LO FARO

such that |\P(H)| = 4 are those constructed in the examples (2.1),
(2.2), (2.3), (2.4).

Proof. The hypergroups given in examples (2.1), (2.2), (2.3),
(2.4) are hypergroups which belong to the class C(H, S(H), 2), with
|[P(H)| = 4.

On the converse, if H € C(H,S(H),2) and StabL(a)gS(H)
or StabR(a);:S(H), then, from the theorems (2.8), (2.10), (2.13),

H is isomorphic to one of the hypergroups described in examples
(2.1), (2.2), (2.3). On the other hand, if H is such that Stab;(a) =
Stabr(a) = S(H) and |P(H)| = 4, then H is isomorphic to one of
the hypergroups of the example (2.4).

3. The case C(H, S(H), 3).

In this section we shall indicate with C(H, S(H), 3) the class of
the hypergroups H, such that S(H)#9 and {M(H)| = 3.

We begin by giving some examples:

EXAMPLE 3.1. Let G be a group, let g be a subgroup of G of
index [G : g] =2 and let a, b, ¢ be three distinct elements such that
GNi{a.b,c}=90. If we put H=GU({a,b,c}, we can define on H
the following hyperoperation o:

(H,o0) =
[ x 0y ={xy) if (x,y) € G%
xoa=agox={al,xob=>box ={b} if x €g;
xoa=aox={bl,xob=box = {a} ifxeG-g;
<,toczcoxz{c} if x €G;
aca=bob={a},aob=>boa = {b}and
| coc={cl,aocc=coa=cob=boc=H.

It is easy to verify that (H,o) is a hypergroup. Moroever if
Y(z,w) € H?> — {(a,a), (a,b), (b,a), (b,b)}, we put z+w = zow



ON THE HYPERGROUPS WITH FOUR PROPER PAIRS AND TWO OR THREE .. 45

and axa =bxb = (b}, axb = b xa = {a}, then the hypergroup
(H, «) is isomorphic to (H, o).
We denote with H' the symetric hypergroup of H.

EXAMPLE 3.2. In the same hypothesis of example (3.1), we can
define on K = G U {a, b, c} the hyperoperation @, in the following
way:

(K, Q®) =
[ x®y = {xy} if (x,y) e G%
a®x={a},b®x ={b) if x €G;
x®a={a},x®b={b} if x €g;

{ x®@a=1{b},x®b={a)} if xe G—g;
x®@c=cQ®x ={c} if x € G;
aQRa=a®@®b={a},b®a=bQ®b = {b}and
[ c®c={c},a®c=cQa=cR®b=bQc=K.

One can easily prove that (K, ®) is a hypergroup.

We denote with K’ the symmetric hypergroup of K.

We give some preliminary results, which will be very useful for
determining the hypergroups H in the class C(H, S(H), 3), such that
|P(H)| = 4.

PROPOSITION 3.3. If H is a hypergroup such that S(H)#0#M (H)
and (x,a,b) € S(HYxM(H)xM(H) is a tern of elements such that
xa = {b} (respect. ax = {b}), then, Y7 € M(H), one has |az| = |bz|
(respect. |za| = (zb]).

Proof. If a = b, then the thesis is obvious. Hence we suppose
that a#b and let f, :az — bz and f,-1 : bz — az be the functions
such that:

fx@) = xu, f-1(v) = x ', VYueaz VYvebz.

The two functions are well defined, because xu C x(az) =
(xa)z = bz and x 'v c x7V(bz) = (x~'b)z = az.
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Besides we have (f,-1 0o fi)(u) = fi-1(fi(w)) = fi-1(xu) =
xY(xu) = (x"'x)u = eu = u and analogously (f; o f.-1)(v) = v.
Therefore f, and f,-1 are bijective and |az| = |bz].

We prove now the following:

PROPOSITION 34. If H € C(H,S(H),3) and |P(H)| = 4, then
Ya € M(H), |S(H)a|#3 and |aS(H)|#3.

Proof. If there exists a € M(H) such that |S(H)a| = 3, then
S(H)a = M(H) and so there exists {x, y} C S(H) such that xa =

{b}, ya = {c}.

Owing to the proposition (3.3), we have |ba| = |aa|l = |ca|
and if |aa] = 1, then a € Sp(H) = S(H) (see [5]) and this fact
is impossible. While, if |aa] > 1, since |P(H)| = 4, we obtain

b € Sg(H) = S(H) or ¢ € Sg(H) = S(H) and this is again
impossible. Consequently [aS(H)|#3.
In the same manner, we can prove that |aS(H)|#3.

PROPOSITION 3.5. Let H € C(H, S(H),3), M(H) = {a;, az, a3}
and |P(H)| =4. If 3i € I = {1,2,3} such that S(H)a;#{a;} then
Yo € 83, Ir € I such that |a,a.| = 1.

Proof. Let x € S(H) such that xa; = {a;} with is#k. Assuming
that {a;} = M(H) — {a;, a}, by proposition (3.3), we have |a;q;| =

laxa;|, laiax] = laxail, laiaj| = lara;|. If there exists o € S3 such
that |a,as()| > 1, Vr € I3, then, supposing that o is the identity of
S3, we obtain la;ai| = |laxai|l > 1, laja;| > 1, |aar| = |a;ar] > 1.

Hence |P(H)| > 5, which is a contradiction.

We obtain the same conclusions, if we change in all the possible
ways the permutation o in Ss.

As an immediate consequence of the previous proposition, we
have the following:

COROLLARY 3.6. Let H e C(H,S(H),3), M(H) = {a, a3, a3)
and |P(H)| = 4. If there exists o € S3 such that Vi € I3, |a;aq)| >
1, then S(H)a; = {a;}, Vi € Is.

PROPOSITION 3.7. Let H € C(H,S(H),3) and |P(H)| = 4.
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If a € M(H) is such that |S(H)a| = 2 (respect. |aS(H)| = 2),
then aS(H) = {a} or aS(H) = S(H)a (respect. S(H)a = {a} or
aS(H) = S(H)a).

Proof. By proposition (3.4), we have |aS(H)|#3.

If |aS(H)| = 1, then, obviously, aS(H) = {a}. Then, suppose
laS(h)] =2 and aS(H)#S(H)a.

By hypothesis, we can suppose that M(H) = {a, b, c}, S(H)a =
{a,b} and aS(H) = {a,c}. We have S(H)c = {c} and bS(H) = b,
so there exists {x,y} C S(H) such that xa = {b}, ay = {c} and
therefore {c} = xc = x(ay) = (xa)y = by = {b}, that is a
contradiction. Consequently aS(H) = S(H)a.

Remark 3.8. If H € C(H,S(H),3), |P(H)] =4 and M(H) =
{a, b, c} then proposition (3.7) allows us to distinguish the following
four cases:

) S(H)a =aS(H) ={a,b} and S(H)c =cS(H) = {c};
2) S(H)a ={a,b}, S(H)c ={c} and zS(H) = {z}, Yz € M(H);
3) aS(H) ={a, b}, ¢S(H) =(c} and S(H)z = {z}, Yz € M(H);
4) S(H)z = zS(H) = {2}, Yz € M(H).
In the following, we shall deal with the cases (1), (2). The case
(3) can be treated as the case (2). The authors will study the case

(4) in a paper in preparation (see [4]).
We begin this study with two lemmas:

LEMMA 3.9. Let H € C(H, S(H), 3) such that M(H) = {a, b, ¢},
|P(H)| =4, S(H)a = {a, b} (respect. aS(H) = {a, b}) and S(H)c =
cS(H) = {c}). Therefore we have:

1) ca = cb (respect. ac = bc) and |aa| = |ba| = |ab] = |bb| =
fccl =1, lac| = |bcl > 1, |ca] = [cb] > 1;

2) cc ={c);
3) S(H)U{a, b} Cca=cb (respect. S(H)U {a,b} C ac = bc);
4) S(HYNaa = S(HYNab = S(H)Nba = S(H) N bb = @&;
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5) {c} ¢ {aa, ab, ba, bb};
6) ca =cb = H (respect. ac =bc = H).

Proof. 1) There exists x € S(H) such that xa = {b} and so
ca = (cx)a = c(xa) = cb. Moroever, by proposition (3.3), we have
|aal = |ba|, |ab| = |bb|, lac| = |bc|.

If |aa|l = |ba| > 1, since |P(H)| = 4, we obtain |ab| = |bb| =
lac] = |bc] = 1, |cb] = Jcc| > 1 and |cal = 1, but this is an
absurdity, because ca = cb.

Analogously, we obtain a contradiction, if we suppose that
|ab] = |bb| > 1. Therefore, we have |ac| = |bc| > 1, |aal = |ba| =
lab| = |bb| = |cc| =1, |ca| = |cb| > 1.

If we assume that aS(H) = {a, b}, one can show that ac = bc
and that the same equalities on the sizes of the hyperproducts are
valid.

2) Clearly [S(H) : Stab;(a)] = |S(H)a| =2 and so |S(H)| = 2.
Now, if x € ccNS(H), then we have S(H) = S(H)x C S(H)cc =cc
and this is impossible because, by (1), |cc| = 1.

Besides, if cc = {a}, taking x € S(H) such that xa = b we
obtain (xc)c#x(cc); while if cc = {b}, we have (x~'¢c)c#x~!(cc). In
both cases, we arrive at a contradiction and consequently, cc = {c}.

An analogous proof can be done, if aS(H) = {a, b}.

3) From (1), ca = cb, and thus we have
S(HYUla,b} C H=cH =c¢(S(HYUM((H)) =

=cS(HYUcaUcbUcc={c}UcalUchbU{c} ={c}Uca,

and finally S(H) U {a, b} C ca = cb.
In a similar way, it is possible to prove that if aS(H) = {a, b}
then S(H)U {a, b} C ac = bc.

4) As a consequence of (3), we have {a,b} C ca = cb and if
we suppose that S(H) Naa#0P, taking in account that |aa| = 1, we
obtain aa C S(H), whence aa C (ca)a = c(aa) C cS(H) = {c}.
Therefore {c} =aa C S(H), which is impossible.

Thus S(H) Naa = @. Analogously, one can prove that S(H) N
ab=S(H)Nba=SH)Nbb =0.



ON THE HYPERGROUPS WITH FOUR PROPER PAIRS AND TWO OR THREE .. 49

S) From (3), S(H) U {a,b} C ca = cb and if we suppose that
aa = {c}, then obtain {a,b,c} = S(H)aUaa C (S(H) U {a})a C
(ca)a = c(aa) = cc.

If ab = {c}, then {a,b,c} = S(H)bUab = (S(H) U {a})b C
(ca)b = c(ab) = cc.

If ba = {c}, then {a,b,c} = S(H)aUba = (S(H) U {b})a C
(cb)a = c(ba) = cc.

If bb = {c}, then {a,b,c} = S(H)b Ubb = (S(H) U {b})b C
(cb)b = c(bb) = cc.

In every case, we obtain a contradiction, since |cc| = 1.

6) From (5), {¢} N (S(H)a U aa U ba) = @ and, since ¢ €
H =Ha = (S(HYUM(H))a = S(H)a Uaa U ba U ca, we obtain
¢ € ca and, by (3), we deduce ca = cb = H. Under the hypothesis
aS(H) = {a, b}, one proves that ac = bc = H.

We need another lemma:

LEMMA 3.10. If H € C(H, S(H),3), M(H) = {a, b, ¢}, S(H)a =
{a, b} and S(H)c = {c} (respect. aS(H) = {a, b} and cS(H) = {c}),
then Stabp(b) = Stabp(a) (respect. Stabr(b) = Stabg(a)). Proof.
If x € Stab;(b), then xb = b, xc = ¢, and, since a € xH =
x(S(HYUMH)) = xS(HYUxaUxbUxc = S(H) U xa U {b, c},
we have xa = {a} and so x € Stabp(a). Therefore Stab;(b) C
Stab; (a). In the same way, one can prove the other inclusion and
thus Stab; (a) = Stab,(b).

If aS(H) = {a,b} and ¢S(H) = {c}, then we obtain, with
similar reasonings, Stabgr(b) = Stabg(a).

Using the previous lemmas we get:

THEOREM 3.11. If H € C(H,S(H),3), M(H) = {a,b,c},
|[P(H)] =4, S(H)a = aS(H) = {a,b} and S(H)c = ¢S(H) = {c},
then H is isomorphic to one of the hypergroups of example (3.1).

Proof. By Lemma (3.9), aa € {{a}, {b}}, cc = {c} and ca
¢ch=H =ac = bc.

Let aa = {a}. There exists (x,y) € S(H)? such that xa =
{b} = ay, and so ab = a(ay) = (aa)y = ay = {b}, ba = (xa)a =
x(aa) = xa = {b}. From lemma (3.10), y ¢ Stabgr(b) = Stabg(a)
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and thus bb = (xa)(ay) = (x(aa))y = (xa)y = by = {a}. Besides if
Stab; (a) — Stabgr(a)#9, taking x € Stab;(a) — Stabg(a), we obtain
xa = {a} and ax = {b} and so {a} = aa = a(xa) = (ax)a = ba =
{b}, which is impossible. In consequence Stabj(a) — Stabg(a) = 0.

Analogously one can show that Stabg(a) — Stabi(a) = @, and
so, Staby(a) = Stabg(a). If we put g = Stab;(b) = Staby(a) =
Stabgr(a) = Stabgr(b), as [S(H) : g] = |S(H)al = 2, we can
affirm that H is isomorphic to one of the hypergroups constructed
in example (3.1).

We arrive at the same conclusion if we start from aa = {b}.

At last we prove

THEOREM 3.12. If H € C(H,S(H),3), M(H) = {a,b,c},
|P(H)| =4, S(H)a = {a,b}, S(H)c = cS(H) = {c} and aS(H) =
{a}, bS(H) = {b}, then H is isomorphic to one the hypergroups of
example (3.2).

Proof. We prove in successione the following points:
1) aa = ab = {a}, ba = bb = {b}, cc = {c};
2) ca=cb=ac=bc=H.

(1) From lemma (3.9) (1), (2), (4), (5), we have |aa| =1, cc =
{c}, S(H)Naa =@ and aa#{c}. If aa = {b}, taken x € S(H) such
that xa = {b}, one has ab = a(xa) = (ax)a = aa = {b}, and, using
the lemma (3.10), it follows that ba = (xa)a = x(aa) = xb = {a},
whence (aa)a#a(aa), which is absurd. Therefore aa = {a}, and
consequently ab = a(xa) = (ax)a = aa = {a}, ba = (xa)a =
x(aa) = xa = {b} and bb = b(xa) = (bx)a = ba = {b}.

(2) By lemma (3.9) (6), we have ca = cb = H. Moreover, for
(1, H=aH =a(S(HYUM(H)) =aS(H)UaaUabUac = {a}Uac
and so S(H) U {b,c} C ac. In the same way, one can prove that
S(H) U {a,c} C bc. Besides, if ac = {b,c} U S(H) and bc =
{a, c}US(H), we obtain respectively (aa)c#a(ac), and (bb)c#b(bc).
Therefore ac = bc = H.

Finally, assuming that g = Stab;(a) = Stab;(b), we have
[S(H) : g] = |S(H)al] = 2 and H is isomorphic to one of the
hypergroups of the example (3.2).



ON THE HYPERGROUPS WITH FOUR PROPER PAIRS AND TWO OR THREE .. 51

REFERENCES

{1} Bruck R. H., A survey of binary systems, Springer-Verlag (1966).

[2] Corsini P., Prolegomena of hypergroup theory, Aviani Editore, Udine,
(1993).

[3] De Salvo M., Freni D., Lo Faro G., On the hypergroups with four proper
pairs and without scalars, to appear in Annales Mathématiques Blaise
Pascal.

[4] De Salvo M., Freni D., Lo Faro G., On the hypergroups with four pro-
per pairs and three or four non scalar-elements. To appear in Scientific
Annals of Al J. Cuza, University of IASI, Romania.

[5] Freni D., Gutan M., Sureau Y., Sur le groupe des scalaires d’un hyper-
groupe, Atti del Convegno di Monteroduni New Frontiers in Hyperstruc-
tures, Handronic Press, U.S.A. (1996), 103-124.

[6] Gutan C., Gutan M., Hypergroupes commutatifs infinis, Atti Sem. Mat.
Fis. Univ. Modena, 33 (1984), 155-159.

[7] Gutan M., Hypergroupes infinis ayant un nombre fini d’hyperproduits pro-
pres, Rendiconti del Circolo Matematico di Palermo, 43 (1994), 107-118.

Pervenuto il 9 giugno 1995,

Mario De Salvo
EMAIL:DESALVO@IMEUNIV.UNIME.IT
Giovanni Lo Faro
EMAIL:LOFARO@IMEUNIV.UNIME.IT
Dipartimento di Matematica

Universita di Messina

Contrada Papardo, Salita Sperone, 31
98010 Sant’Agata - Messina (lialia)

Domenico Freni
EMAIL:FRENI@DIMI.UNIUD.IT
Dipartimento di Matematica

e Informatica

Universita di Udine

Via delle Scienze, 206

33100 Udine (ltalia)



