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Abstract 

In thts note we ~tu,iy the local behavtour o.r zhe mul t t -var ia te  Bernstein polvnomtai.s ~,  ~,~: :h~ ~t-dzme:z- 

sional s implex  S ~ R z, For J'ttZlction 2" admittzn~ deriz,atiz,es o f  suf f ic ient  high order in z ' 5  S we  d,  ,,~ , .  th,, 

complete asym,~:otic expansion o f  B , f  us n tend.~ to in f in i ty .  A l l  the coefficiem~ o f  ,'l-: that only d~'pe,~d ,,n f 

a~l,Z x are cal~:ti~teJ eapJi,~t[5'. [~ :',,l'~z,, out that combtnatortal t~z,m/,ers ki , ' .  :n imp, ,'~;~tr role. , ds" re~z,'iz 

gelleralize re~e~i: for~,tl lae due to 12. Zhallg tr a zc, ay. 

1 Introduction 

For each function f defined all [0, 1]. the classical Bernstein polynomials B , ( n = O .  1. 

' by _, . . ' )  are given 

" 11 

FJ,(.f; .z') = E (  )x"~[ --x)"-'f('--%'),,, x E  [0. t5. cl~ 

Bernstein :8~ already proved that, for qER and fEC2q[0,1] ,  the univariate Bernstein poly- 

nomials satisfy the asymptotic relation 

22 T " " ( x )  ff'~(2") + o(n -~) n - ;  o~. (2) B,,(f~ ~') = f ( x )  + T ' 
s--1 S,1l 

where 
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' (;) T, . , ( x )  = ~_a(u -- nx) '  x ' (1  -- x ) " - ' ,  s = 0 ,1 ,2 " " .  

The drawback of formula (2) is that the terms T . , , ( x )  contain the parameter n in a very 

implicit manner. The Bernstein polynomials B, possess a complete asymptotic expansion of 

the form 

B . ( f ;  x )  ~ f ( x )  + 2 c ~ ( f ;  x )n  -~, n - . .  oo, (3) 
k--I  

provided f admits derivatives of sufficiently high order at x E  [0,  1]. All coefficients c~(f;  

x)  are independent on n. Foumula (3) means that for all m = l , 2 , . . . ,  there holds 

B , ( f ;  x )  = f ( x )  + 2 c i ( f ;  x )n  -j + o (n -= ) ,  n ---- oo. 
k--1 

In a very recent paper cm R. Zhang presented a pointwise asymptotic expansion for Bern- 

stein Polynomials on a triangle in terms of the two-dimensional generalization of 

T, . , ( x ) .  

The aim of this paper is to derive a multi-dimensional version of Eq. (3)  for multi- 

variate Bernstein polynomials. All the coefficients of n -~ that only depend on f and x are 

calculated explicitly, It turns out that combinatorial numbers play an important role. 

Let S ~ FV(dEN) be the simplex defined by 

S = {x E Rd:x, ~ 0 (i = 1 , . . . , d ) ,  1 -- Ixt ~ 0}. 

Throughout  this paper, for x =  (x~, ... ,xd) E FI ~ and k =  (kl,  "'" ,k~) E Ndo, we denote as usu- 

al 

d d 

Ixl = ~_~x,, x~= ~-~x~,,, 

d d 

and, for k,  mEFI d, wo writo k ~ m  iff :here holds k i ~ m i ( i = l  ,"" ,d) .  For nENo,  kENo d, 

(k)----nJki/kI, where x=--=x(x--1) .." ( x - - r e + l ) ,  x ~  denotes the falling factori- w e  put 

al. 

For each hEN0 and f: .g~--~R, the multivariate Bernstein polynomial on the simplex 

&P is defined by 

x ) =  x e <4) 
Ikl<n 

where p,,.k (x) = ( k ) X k ( 1  - b x l )  "-~ and a x =  (ax~ ,... ,axe) ,  for aEFt. 

It is obvious that in the special case d =  1 we obtain the well-known univariate Bern- 
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stein polynomials (1). The case d----2 are the Bernstein polynomials on a triangle which 

studied by Zhang E197. 

We mention that analogous results for the Bernstein-Kantorovich operators, the Mey- 

er-Konig and Zeller operators and the operators of Butzer, Bleimann and Hahn can be 

found in [4 ,1 ,3 ,2 ,5~ .  Similar results on a certain positive linear operator can be found in 

D.o,7]. 

2 Main Results 

Let qEN.  For a fixed x = ( : q , " ' , x a ) E . ~ ' ,  let KCq~(x) be the class of all bounded 

functions f :  5/--~R such that f and all its partial derivaties of order ~ q  are continuous in 

X .  

Theorem 1. (Complete asymptotic expansion for the operators B, ) .  Let q E N ,  x E  

.fr , and f E K c:q3 (x). The multivariate Bernstein polynomials on tDe simplex .9" satisfy the 

asymptotic relation 

1 / <j,,t ) i(x  + Z,,-',_, E 
k <  ~ < z l  

. ~ j a ( k , s , v ) x  "-~ + o(n-q),  n --~ oe, 
r 

v~s 

where the coefficients a (k ,s ,v) are give~z by 

= - -  - -  - -  . ( 5 5  

Remark 1. If f E K : ~ ' : t x ) =  N K M i x ) ,  the multivariate Bernstein polynomials on 

the simplex .9" possess the complete asymptotlc expansion 

B~(f :  x) ~ / ' l x )  + 2 c , ( j " ;  x)n -~. n- -~oo ,  

where 

0 i l l  

i 

and a(k , s ,w)  is as defined in (5). 

The quantities S (n ,k )  and a(n .k )  denote :he Stirling numbers of the first and second 

kind, respectively. Recall :hat the Sriz-!ing numbers are defined by the equations 

4 n 

x'-' = n , k ) •  resp. x ~ = a(n.k)x~-, n = 0,1, ' -"  (6) 
k~O k~O 
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F u r t h e r m o r e  we put  S (n ,  k) = a (n ,  k)  = 0 if k > n .  

Remark 2. In the univar ia te  case d =  1 we obtain  the wel l -known formula  

B . ( s ,  = S ( x )  + _ + o ( n - ' ) .  

as n--~oo, whe re  

a(k , s ,u )  = 2 ( - -  1 ) ' - ' ( S ) S ( r -  v, r - -  k )a(r ,  r - - v ) ,  
r--maxl~.k} r 

provided f is bounded  on [0,1"] and admits  a der ivat ive  of order 2q at x E  [ 0 , 1 7  (cf. [ 2 ,  

L e m m a  13).  

In the special  case q= 1 T h e o r e m  1 reveals the f611owing Voronovska j a - t ype  resul t .  

Coro l l a ry  2. (Voronovska ja  t h e o r e m  for opera to r s  B.) .  Let x E &  ~, and f E  K i n ( x ) .  

The multivariate Benzstein polynomials on the simplex &~ satisfy the asymptotic relation 
d d 

- -  =" E xz Xi  ' 

l l , , , ,4 , ,~  I ,  j-- 1 

T h e  classical  t heorem of Voronovska j a  cm is obta ined in the special case d =  1. 

For  the  convenience of the reader  we list the  explicit  expressions for the initial t e rms  

of the a s y m p t o t i c  expansion.  In order  to s impl i fy  the notat ion we restr ic t  ourse l f  to the 

case d = 2. 

Let  ( x , y ) E . Y ,  and f E  K c~] ( x ,  y) .  T h e  bivar ia te  Bernstein polynomials  on the s im-  

plex �9 Y ~ Ft z sa t i s fy  the a sympto t i c  re la t ion:  

B . f  = f +  1 C r ( 1  - -  x ) f =  i 2 x y f . ,  + y ( 1  - -  y)fy~) 

1 [ x ( 1 - - x ) ( 1 - - 2 x ) f = . + 3 x y ( 2 x - - 1 ) f = ,  ] 

+ ~ -4- 3xy (2y  -- 1)f=yy -I- y ( 1  - -  y ) ( 1  --  2y)fyy~ Ix~(i - x)~f=, - -  4xZy(l - x ) f~ , ,  ] 

1 -t- 2my(1 -- x -- y + 3xy)f~:~z I I 

- -  4xy2(1 - -  y ) f . ~  + y"(1  --  y / f c J  

1 Ix (1  --  x ) ( 1  - -  6x --  6xZ)f.,  -- 4xy(1  --  6x --  6xZ)f.~y 

+ ~ [ - -  6 x y ( 1  - -  2x --  2y + 6xy)f..~2 

- -  4 x y ( 1  - -  6y - -  6yZ)f;, ' + y ( 1  --  y ) ( 1  - -  6y - -  6yZ)fr  

xZ(1 -- x)Z(1 - -  2x)f~s  - -  5xZy(1 -- x ) ( 1  -- 2x ) f~ , ,  

1 -4- xy (1  -- 6x -- y + 15xy + 5x ~ -- 20xZy)f2y ' 

+ ~ --{- xy (1  -- x -- 6y -5 15xy -5 5y z -- 20xyZ)f~'~ 3 

- -  5xyZ(1 - -  y ) ( 1  --  2 y ) f . r  + / ( 1  --  y)Z(1 - -  2 y ) f p  
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1 

+ o(n -3) 

The corollary contains a result due to D. D. Stancun72(cf. [12, Eq. 

rx3(1 -- x ) S f 2  -- 6xay(1 -- x ) Z f ,  

+ 3xZy(1 -- x ) ( 1  -- x -- y + 5 x y ) f . r  

-- 4xZyZ(3 -- 3x -- 3y -Jr- 5 x y ) f ~ : /  

+ 3xyZ(1 -- y ) ( 1  -- x -- y + 5xy) f~zr  

_ 6xy3(1 _ y)2f~r + ya(1 _ y ) 3 f r  

(5 .87)  ,P. 683). 

3 A u x i l i a r y  r e s u l t s  

For each multi-index r =  (rl ,""  , rd)ENo e, we put e~(x) = x q  

Lemma 3. For all r =  ( / , " ' , r d )  E Nao, the monents o f  the Bernstein polynomials pos- 

sess the representation 

ir~ d 

B,,(e~; x ) =  ~ - ]n - '  ~ x ' S ( I v l , l r t - - k ) ~ - ~ a ( r , . u , ) ,  x E S .  

Proposition 4. For all s =  Ox ,"" ,s~) E No a, the central monents o f  the Bervzstein poly- 

nomials possess the represerztation 

isl 

B,,(~..-- x) ' ;  x) = Z n - ~ 2 a ( k , s , v ) x  '-~, x E  S, ~7) 

where the coefficients a(k ,  s.  v) are given by Eq. (5). 

In order to show Theorem I we use a general approximation theorem Eor positive hn- 

e a r  o p e r a t o r s  c63. 

Lemma 5. Let q E N  and x ~ , ~ .  Moreover, let L,: K:Zq-'(x)-"C~.~ ~) be a sequence o f  

positive linear operator's. I f ,  for  k = 2 q  and k=_q-r '2  

i L, ( I "-- x tl ~; x) = O(n-E(*-<~/z2). n--~ >~, (8) 

they we have, for  each J'E K :/~ (x ) ,  

s l . ~ " q  

The special case d = l  is due to Sikkema cf .  [15, Theorems 1 and 2]. 

Remark 3. For r = 0 , 1 , 2 , ' " ,  we have 
d 

: [ t - x  :ig ' -=  (~1( t . - - .~ '~)2)  r :  E f r ) f t  - x) z'. 
s 

In order to apply Lemma 5, we have to check whether the Bernstein polynomials sat- 

isfy condition (8).  By Remark 3, we have to show that 
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L , ( ( . -  x)2'; x) = # ( n - I ' l ) ,  n-- , -oo,  

for att s E  N~. In the following Lemma we shall prove a slightly more general result. 

S d Lemma 6. For each x E . Y  and all E N0, the central moments o f  the Berstein polyno- 

mials satisfy the estimation 

B , ( ( . - -  x)'~ x) = ~(n-m' l+~m~),  n--* oo. 

For the proof we shall make use of the following well-known representations for the 

Stirling numbers of the first kind 

S ( n ,  n -- k) = ~ (  ~ ) S ~ ( j , j - -  k ) ,  k = O , l , . . . n ,  n = O,1 ,2 , . . .  (9) 

resp. second kind 
~k 

E n . . a(n,  n - - k )  = ( . ) a x ( j , / - - k ) ,  k = 0 , 1 , . . . n ~  n =  0 , 1 , 2 , ' . .  (10) 
j--~ -1 

(see ['9, p. 227"], cf. [ - l l ,pp.  149--153"]). The quantities S , ( n , k ) ,  az(n ,k)  denote the as- 

sociated Stirling numbers of the first resp. second kind. Recall that the associated Stifling 

numbers are defined by their double generating function 

E S x ( n , k ) t " u ~ / n l  = e -" (1  + t)" 
..k~O 

resp. 

az (n ,k)t"u*/n l 
n.k~O 

(see [9. p. 295 and p. 222]). 

= exp(u(e '  -- 1 -- t ) ) .  

4 Proofs 

Proof  o f  Lemma 3, By definition (4) and (6) ,  we have 

B , (e , ;x )  

d rl 

= n - ' * '  = 

lit] IM I--1 ~i--O 
k~n k ~  

Ikl , .~ I , ~ , ) ( ~ - ~ )  ,x,;,) 
k~,, d r  

d 

v~r ',M~n 

Application of the binomial formula leads to 
d 

' r '  n ~ ! X  v O ' ( r ,  ,V B~ x) = ,,- Z ~]~ ,) 
v 1~1. 

v<~r 
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and the assertion follows since, by Eq. (6) ,  

[ v l  

n-~ = ~ S (  Ivl ,k),r 
k = l  

Proof of Proposition 4. There holds 

B, , ( ( ' - -  x)'; x) = '~-]B.(e~; x) (--  scl)';-';, 
r r l  

r<~s 

and, by Lemma 3, we have 

B, , ( ( . - -  x)';x)  

= ~-~Az-~ ~-] k=ol'I ~ (~=~(s;) ( -  sc;)';-'; 

d 

v i = 1  
v ' ~ r ,  I v [ ~ r - - I  

= r ,  k = 0  �9 

4 

• ~ x'-'s(Irr- lvi,lri--k)I-I~(r;,r;--~,) 

= Z"-~Z x'-" Z (-l'~'~-r~s(,r!- IvE,i~i-k~ 
k ~ b  v r 

• ~(r; ,r; - v;) ) 
Iv" l ; 

which completes the proof of Proposition 4. 

Proof of Lemma 6. According to Proposition 4 it is sufficient to show that a(k , s . v ) =  

0 if O<~k<[l !si+1)/2]. An index-shift replacing r by r + v  yields 

a(k.s,v) = Z (-- 1)!'l-]'l-!'!S(!r!'ir'! + Jvl - - k )  

k 

X 1-]((  s;. )a(r~ + ~:.r , ) ) .  
i =  i U~ --- '~i 

Using Formula (10), we obtain, for i=l,'",d, 

r ; + ~ ;  r , + v ;  = j , +  

Inserting the formulae and the use of Eq. (9) yields 
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with 

d 

- 1 - I (<" (s '  ,,1 ' -"I  S ' ( l  + t lvl ' l )  ~ b ( 1 , s , v , l , D  - - - - -  s r  

a ( k , s , v ) =  ~,.0 ( z + k - l v l ) l  j , . , ,  ~ , + v , ) i  ] 

d 

b(k,s,,,,,,i> = ~ ( -  ,>l'l-I"-I'l I," I'+~-'~'~( ( , i -  ~'/ '/ 
r 

r~s-v, lrl~i- lvt 

Note that, if I r l < k - - [ v [  and l ~ 0 ,  then [r[ '+t-I ' l=0. Therefore, b ( k , s , v , l , j )  can also 

be written in the form 

= ( )~+~-,I (zyl - 1)'~-" 1~-~1..-.1~.,-1 

k 

i - -1  

One can immediately see that b(k ,s ,  v , l , j )  = 0  if k <  Is [ - - l - -  [j t. Since l +  ]j t ~ k ,  it fol- 

lows b(k ,s, v,l  , j)  = 0 if 2k~  Is I. This completes the proof of Lemma 6. 

Proof c f  Theorem 1. Combining Lemma 5 with Prop. 4 and Lemma 6, we obtain 

B , ( f ;x )  

i-[cl~,l+l)/z3 

q I__(al'lf(x) ) ~ a ( k , s , v ) x ' - "  + o(n -q) - -  

-7- 

as n --~oo. A close look into formula (5) reveals that a(k , s , v )=O if Isl = k  and k E N .  This 

completes the proof of Theorem 1. 
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