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Abstract

In this note we study the local behuviour of the multi-variate Bernstein polynomuais 5, un the d-dimen-

sional simplex S Z RY. For function f admitting derivatives of sufficient high order in xS S we deriv the
complete asymp:otic expunsion of B.f us n tends o infinity. All the coeffictenss uf n™* that onlv depend on
and x are calculated eaplicaly. It curns out that combinatorial numbers piw: i imperronr role. v resuds

zeneralize recen: formulae due to R. Zhang tn u wax.
& g ;

1 Introduction

For each function f defined on [0, 1]. the classical Bernstein polvnomials B, (n=0.1.

2,++) are given by
Bifi )= Z(t)x"(l — r)"‘”f(%). r€ 0. 1] (D
y=1

Bernstein'™ already proved that, for g€R and f€C%[0,1], the univariate Bernstein poly-

nomials satisfy the asymptotic relation

NT,(2) 4, -
B,(fi 2) = f(2) + 2 ~ES5f0(a) + on™) . m oo, (2)
sum] .

where
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T,..(z) = Zo:(v — nx) Z)x”(l - )", §=0,1,2".

The drawback of formula (2) is that the terms T,,(x) contain the parameter n in a very
implicit manner, The Bernstein polynomials B, possess a complete asymptotic expansion of
the form

B,(fi ) ~ f(@) + > alf; 2n™,  n—»oo, 3

k=]

provided f admits derivatives of sufficiently high order at z€ [0, 1]. All coefficients ¢; (f;
z) are independent on n. Foumula (3) means that for all m=1,2,+, there holds

B, (f; z) = f(z) + zct(f; nt 4 o(n™™), n— 0o,

k=1

In a very recent paper®? R. Zhang presented a pointwise asymptotic expansion for Bern-
stein Polynomials on a triangle in terms of the two-dimensional generalization of
T..(z).

The aim of this paper is to derive a multi-dimensional version of Eq. (3) for multi-
variate Bernstein polynomials. All the coefficients of n™* that only depend on f and z are
calculated explicitly. It turns out that combinatorial numbers play an important role.

Let S C RY“(d€N) be the simplex defined by

S={XERz,=0G=1,-,d),1— |x| =0}
Throughout this paper, for x=(z,,**,z,) €R?and k= (%;,+**,k;) €EN?, we denote as usu-
al

d d
x| = >z,  x*= ]z,

tm) pa=}

d
ik}=ik,, k!=Hkx!

1=l 1=l

and, for k, mERY, we write k<{m iff there holds < m;(i=1,+,d). For n€N,, KENZ,

we put (;)=nm/kl , where 22=z(zx—1)+**(z—m—+1), %=1 denotes the falling factori-

al.
For each n€N, and f; & —R, the multivariate Bernstein polynomial on the simplex

& is defined by

k
B(fix) = > pu()f(=),  XE, 4)

kl<n
where p,,(X)= (;:)x“(l-- [x])"™and ax=(ax,,*,ax,), for a€R.

It is obvious that in the special case d=1 we obtain the well-known univariate Bern-
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stein polynomials (1). The case d=2 are the Bernstein polynomials on a triangle which
studied by Zhang®

We mention that analogous results for the Bernstein-Kantorovich operators, the Mey-
er-Konig and Zeller operators and the operators of Butzer, Bleimann and Habn can be

found in [4,1,3.2,5]. Similar results on a certain positive linear operator can be found in

L10,7].

2  Main Results

Let gEN. For a fixed x=(z,,,z,) € &, let K9 (x) be the class of all bounded
functions f; ¢ —R such that f and all its parrial derivaties of order <(q are continuous in
X.

Theorem 1. (Complete asymptotic expansion for the operators B,). Let ¢gEN, x€
S, and fEKYI(X). The multivariate Bernstein polynomials on the simplex & satisfy the

asymptotic relation

4 15 |
B, (f5x)=f(x) + Zn'* Z L(ﬁf@()
ARE Yy )

k=] 3

bl s K2k

Za(k,s,v)x“’ + o(n7%), n —> oo,
s
where the coefficients a(k.s.v) are given by
d )
s '
asydy = > (= DETASCr — v L r —k)H({rx)d(r,. P (8

r r=]
sGrls. iri ek

Remark 1. If fEK™ (x)= ﬂ K% (x), the multivariate Bernstein polyncmials on
g=1

f'd

the simplex % possess the complete asymprotic expansion

B.(fiX) ~ f(X)+ D a(f; xnt. n-soo,

k=1
where

GOF x) = Z llax, fu)\ 2atkes, vix™,

L]
&84 r<3

and a(k,s,v) is as defined in (5).
The quantities S{n,£) and o(x.k) denote the Stirling numbers of the first and second

kind, respectively. Recall that the Stirling numbers are defined by the equaticns

2= > Skt resp. 2" = D o(nk)zt, n= 0.1, (6)

k=0 k=9
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Furthermore we put S(n,k)=0c(n,k)=0if k>n.

Remark 2. In the univariate case d=1 we obtain the well-known formula
2k

B,(fs @) = f(@) + 2on™ 2 2fO (@) Dalkis )z + o).

k=1 sk y==(0

as n—~oo, where

- l—fs — — —
alkssy) = 25 (= DTS v, r = Dalr, 1 =),

remax{v.k}

provided f is bounded on [0,1] and admits a derivative of order 2¢ at z€ [0,1] (cf. {2,
Lemma 17]).
In the special case g=1 Theorem 1 reveals the féllowing Voronovskaja-type result.
Corollary 2. (Voronovskaja theorem for operators B,). Let X€ S, and f€ K1 (x).
The multivariate Bernstein polynomials on the simplex S satisfy the asymptotic relation

d d
Ff(x) Ff(x)
(Z"' =R ar.-axf]'

=] 1, =]

limn (B,(f; X) — f(X)) = —

aec0 2

8l is obtained in the special case d=1.

The classical theorem of Voronovskaja

For the convenience of the reader we list the explicit expressions for the initial terms
of the asymptotic expansion. In order to simplify the notation we restrict ourself to the
case d=2.

Let (z,y)E€ S, and f€ K (z, y). The bivariate Bernstein polynomials on the sim-

plex & C R?satisfy the asymptotic relation:

B.f= f+ %(x(l —2)f— 22yf, + vy — NS,

1 [2Q = 2)A = 22) fare + 32922 — D f oy
Rl
6n + 32yQ2y — D f oy + (1 — 3)A = 2900 f,,,
22 (1 — ) fs — axly(l — 2) fop
+ §}TZ 42291 — 2 — y + 3z fuy
— 4xy* (1 — ) fa, + A — y)ify
(1 — z2)(1 — 6x — 628)f» — dxy(l — 6x — 62%) f 3,
+ L — 62y(1 — 2z — 2y + 6zy) fay
24n
\ —dzy(l — 6y — 6y fop + y(1 — y)(1 — 6y — 65X fp
221 — )1 — 22)fs — 528y (1 — 2)(1 — 220 [,
L + 2y(1 — 6z — y + 152y + 52° — 202%y) f,2
12n° + zy(1 — 2 — 6y + 15xy + 5y — 20xy*) f2p
— 5xy*(1 — y)(1 — 290 fo0 + (L — ¥ (1 — 2y) f
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(1~ z)fs — 62°y(1 — 2)'f s,
+328y(1 — 2)(Q — = — y + 5zy) faep
— 4x*y*(3 — 3z — 3y + Sxy) fap
+ 3zy?(1 — (1 —x — y + Szy) fap
— 62y (1 — oy + ¥ (1 — 9y

+ o(n™?) n—> oo,

The corollary contains a result due to D. D. Stancul*3(c¢f. [12, Eq. (5.87),P. 68]).

l'_‘

48n°

3 Aucxiliary results

For each multi-index r= (r;,+**,7s) ENZ, we put e,(x)=x".
Lemma 3. For all v==(r',**,r;) EN§, the monents of the Bernstein polynomials pos-

sess the representation

d
Bies x)= >t >, xSUvl,Irl =& ]Jetnw). xES.
=1

vsr, IV;';!A‘!—‘
Proposition 4.  For ull s=(s;,***,5,) EN§, the central monents of the Bernstein poly-

nomials possess the representation
isl
B (te—x);x) = Zn“Za(lz,s,v)x’"”. xe s, (7
k=0 V;l
where the coefficients a(k, s. v) are given by Eq. (5).
In order to show Theorem | we use a general approximation theorem for positive lin-

ear operators®,

Lemma 5. Let gEN und X€E . Moreover, let L,; K™=(x)—>C(S") be a sequence of
positive linear operators. If, for k=2q and k=29+2,
L} «—x “ ;; X) = O(n~T@rv2ly s (2)

then we have, for each FEK~"(x),

. I Fx)
L(fix)= 2 i‘ﬁ}[’”((’_ms‘ X) +o(n7*). n-—>oo,

$IC29

The special case d=1 is due to Sikkema cf. [15, Theorems 1 and 2.

Remark 3. For r=0,1,2,*, we have
4
t—xit=(>w -2 = > Ou-x=

=1 is]=r

In order to apply Lemma 5. we have to check whether the Bernstein polynomials sat-

isfy condition (8). By Remark 3, we have to show that
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LACG=x)*x) =00n™"), n—>oo,
for all sENj. In the following Lemma we shall prove a slightly more general result.
Lemma 6. For each X€ S and all SEN3, the central moments of the Berstein polyno-
mials satisfy the estimation
B,((+—X)*%; X) = O(n~HBIHV2) | 5 > oo,
For the proof we shall make use of the following well-known representations for the

Stirling numbers of the first kind
2k

S(n,n-—k)=z j}s;)(]v]_k)y k=0,1»'"n;n=0,1,2,"' (9)
J=k
resp. second kind
24
U(n,n_k)=2(j)az(jy]""k)y k=091y"‘ﬂ;ﬂ=0y1,2y“' (10)
J=*

(see [9, p. 2277, cf. [11,pp. 149—153]). The quantities S,(n,£), 0;(n,k) denote the as-
sociated Stirling numbers of the first resp. second kind. Recall that the associated Stirling

numbers are defined by their double generating function

208 (nkdrut/ny = e (1 + 0"

n.kz0

resp.

Zaz(n,k)t"u‘/n! = exp(u(e — 1 — 1)),

n.k20
(see [9.p. 295 and p. 222]).

4 Proofs

Proof of Lemma 3. By definition (4) and (6), we have

B,(e:;x)

= M > P (0K = n“"'ZP s ] l(Za(r,,v)k )
11 1] =0
k<<n

= 2> Ewa - ixl)»_mZH(a(r,,w( )x,,,)
Iki v (-]
A

!
t

Application of the bmomlal formula leads to

B, (e,; x) =n"" Zn*—x Ho’(r,,u)

a ., n —
a(r,,u,)<£>:J Z(k)xku — |y,

k<A

-]

1=l
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and the assertion follows since, by Eq. (6),
ivl

= > S(|v],&)nt,

k=1

Proof of Proposition 4. There holds

B, ((+—x)*; x) = ZB (ers x)H( )(— )T,

jm=]
r<s
and, by Lemma 3, we have
B, ((+—x)*;x)
I8} 4 g
=3 3 (T[] =
=0 r = Vi
r<s, el A
4
X Z 2S(vl,|r] _—k)Hd(ri9Vi)
vr, ]vv];r—& =
isi s:
DYDY (H() | (= 0
r\s.[rl;b

d
x> wSrl = il = B Jotn —w

v jm=]
v |vIE
ist
-t - : si=irl — iyl e
= DX S (= DTSl = vl el — B
b=, v r
Vs s r iz
d
Si i
X I | 0'(7','77',' — V,‘)}
f=] rx/

which completes the proof of Proposition {.
Proof of Lemma 6. According to Proposition 4 it is sufficient to show that a(&,s.v) =
0if 0<<h<<[(is|+1)/2]. An index-shift replacing r by r+v yields
alk.s,v) = > (= DETMEES el e+ (v] — &)

r
r<Ss—uv.lr, ;b-— v|

S;
X H(( BRI

=1

Using Formula (10), we obtain, for i=1,,d,

riiv)2(1.+v'a(]'+ i0Ji)

=Q

v Si T Y; 7, i T My Ji) g
=Ty ) g

\ r; G=0 (]: - V,‘)!

( 5 )U(r-}- Yiyr) =

VT Y

Inserting the formulae and the use of Eq. (9) yields
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A= |v| _
aCk,s,v) = >, S, +4 lV!’I)Zb(k,s v l,])H

az(]z 19]1 4')

21 TAFE = vD1 =50
with
d
b(k,s,v,0,j) = 1yl v el | MR ((S;—V.-) {-,.)
(k,s,v,0,7) >, (=D i 1:[ .

r<s—ve[F1 2k vl
Note that, if |r|{<t—|v| and /=20, then lrleﬂ— “=0. Therefore, b(%,8,v,I,}) can also

be written in the form

bk VL D= 3 (= DF| (L ymimigin]

r =1
sV
: Si— W 3\,
<TI0 )|
a
3 (—)H-‘_"l ( . — 1)' . o i
& ayl :'l;l[zy l! (Qyrs1),2m=]
= (H(s ) )I-H—Ivl (2W (z — 1ymi=m-uly|

=]

One can immediately see that 6(k,s,v,!,j)=0if 2<|s|—I—|jl. Since 4 |jI<k, it fol-
lows b(k,s,v,l,j)=0if 24<|s|. This completes the proof of Lemma 6.
Proof ¢,” Theorem 1. Combining Lemma 5 with Prop. 4 and Lemma 6, we obtain

B.(f;x)

1 Fic} - - -
) > alk,s W) + o(n9)
s! T+ al‘d' ={sl+10/2] Z
lsl<2q <

e f(x) — -
=2 2 SI(aI,“_ 2270 28 (s X 07

0 e Vs
as n—>o0, A close lock into formula (5) reveals that a(k,s,v)=0if |s|=4k and 2EN. This

Is{

completes the proof of Theorem 1.
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