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Abstract

The authors establish the boundedness on homogeneous weighted Herz spaces for a large class of rough
operators and their commutators with BMO functions. In particular, the Calderbn-Zygmund singular inte-
grals and the rough R. Fefferman singular integral operators and the rough Ricci-Stein oscillatory singular

integrals and the corresponding commutators are considered.

1 Introduction

Let B.={z€R:"|z|<2"} and Es=B,\B,_, for any k€ Z. Let Xi=1X, for k€ Z be the
characteristic function of the set E,.

Definition 1. 1. Let a€R,0<p<00,1<g<0,w, and w; be non-negative weight
functions. The homogeneous weighted Herz space Ky (w;,w,) is defined by

K:"(wuwz) = (f € L;'“(R'\{O} ’wz)z " f ” K:"('.I"Z) < oo},

where

o

| £l K oy = { Z [w,(B.)-p/- Il 2"‘"2)}”'

A= —co

with the usual modificiation made when p=oo,
Remark 1.1. The weighted Herz space is introduced by Lu and Yang in [1] with 0<

a<oo, Now, we extend the range of a to R.
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For any power exponent r€ [1,00], we denote the conjugate one r/(r—1) by+'. For
any r€[1,00], any nonnegative function w and any Lebesgue measurable function f, we

write
151 oo = {[ 1@ otards) ™.

If wssw,=w,=1, we denote X7’ (w,,w,) and L’(w), respectively, by X;’(R") and
L'(R"). Let T be a linear operator and 4€ BMO(R"). The commutator [#,T] is defined by
[6,T1f(2) = b(2)Tf(x) — T(bS) ().

The properties of the BMO(R") function b are referred to [2].
Stein in [3] proved that if

Tf(z) = p.v. J'rk(x.y)f(y)dy (1.1

is bounded on L?(R*) with some g€ (1,00), and if 2(z,y) satisfies the standard size con-
dition

|k(z.y)| g ' x#y, (1. 2)

—

z—y|"’
for some absolute constant ¢, which is satisfied by a large class of operators in harmonic
analysis, then T is also bounded on L{,;«(R*) for [z|*€ 4,(R*) (the Muckenhoupt weight
class), or equivalently, a€ (—n,n(g—1)). Recently, Soria and Weiss in [4] extended
the Stein’s result to more general cases, where the power weight was replaced by more

general weighted w€ A, satisfying

sup w(x)K¢e inf  w(2), ke Z, (1.3)
igisl<et! £ 51 <t

where ¢, is independent of A€ Z.

Note that Lf,. (R*) = K" (R"), a special case of the general homogeneous Herz
space. Lu-Yang [1] generalized Stein’s result and Soria-Weiss’s result to the case of sub-
linear operators on weighted Herz spaces.

A well-known result of Coifman, Rochberg and Weiss [5] states that if T is a stan-
dard Clader6n-Zygmund operator and 6€ BMO(R"), then [,T] is bounded on L’(R") for
pE€(1,00). Lu and Yang in [6] generalized these results to the case of Herz spaces. In
fact, motivated by [4] and [3], Lu and yang in [6] studied the commutators generated by
BMO(R") functions and the linear operators with kernels % satisfying (1. 2). Recently,
Jiang-Tang-Yang [7] obtained the boundedness on weighted Herz spaces with 0<a<co
for the commutators.

Let 2€ L' (5"") for some r € (1,00] be homogeneous of degree zero. If we replace

(1. 2) by the following “rough” size condition,



Jiang Yinsheng et al: Rough Operators and Commutators on Homogeneous Spaces 53

|0(x — )|

Ik(r,y)l <c lx—yl' ’

rFy, (1. 4)

what can be said about the commutator [6,T] and the operator T satisfying (1. 4) in the
set of Herz-type spaces? Hu-Lu-Yang [8] have investigated the boundedness of the opera-
tors satisfying (1. 4) on homogenous Herz spaces. Tang-Jiang-Lu [9] obtained the bound-
edness of the operators satisfying (1. 4) on weighted Herz spaces with 0<<a<{oo. For their
commutators Lu-Tang-Yang [10] have obtained the boundedness on homogeneous Herz
spaces.

The main purpose of this paper is to generalize the above results to the case of the ho-
mogeneous wieghted Herz spaces with ¢ €R. It should be mentioned that the above results
on homogeneous weighted Herz spaces with 0<{a<Coo are obtained via the central block de-
composition characterization of K;?(see [1,7,9]). However, this characterization is not
true when a<C0. Therefore, the main results in this paper are deduced from the definitions
of K3

We will consider the following operators and their commutators with BMO functions

the rought Hardy-Littlewood maximal operators M, given by

Mof @) =sup [ 106z = 1y, L.5)
>0 P 1y<e
the R. Fefferman singular integral T with rough kernel given by
Taf(z) =p.v. I bz — y)ﬂ(x.— y)f(y)dy, (1.6)
LY [z — yl

and the Ricci-Stein oscillatory singular integral operator T, » with rough kernel given by

Torf @ =p.v. | oren BEZDBE= I a5, .

a lz — yl"
where Q€ L(8™") is homogeneous of degree zero, 1<r<{oo, h is radial and P(zx,y) is a
real polynomial on R*XR*. However, the results for these operators and commutators are
obtained as some corollaries of our main theorems.

For inhomgeneous weighted Herz spaces, we have similar result to all the theorems
obtained in this paper. On the fractional case, we also obtain some theorems parallel to
the non-fractional case. We omit the details here.

Throughtout this paper, ¢,c, and ¢, always mean constants independent of the main

parameters involved, but whose values may vary from line to line.
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2 Sublinear operators

We begin this section with the boundedness of the rough Hardy-Littlewood maximal
operator M, on homogeneous weighted Herz spaces K (w,,w,). We need the following
lemma.

Lemma 2. 199,  Let Q€L (S™™") for some r€ (1,00]. If a>0,0<d<r and —n+
(n—1)d/r<f<oo, then

1d
I Rl IR F R ETPPRN

Theorem 2.1. Let 0<p<o0,1<g<o0,w;,w; € A, and w; satisfy (1.3). Let Q€
L7 (8™™!) be homogeneous of degree zero, 1<r<<co. If My is bounded on L*(w;), then there
exists a positive constant >0 depends only on w, such that Mg is bounded on K3* (w,,w,),
if a,q and r satisfy one of the following

() r>q and min{n(1/r—38/¢)—1/r,0}<a<n(1—1/q); or

(i) " <q and —nd/q<a<n(1/r' —=1/g)+1/r.

Proof. Let fEKY!(wy,w;). Write

f(z) = i‘, f@y(x) = i fix).

jm—oco jm—co

Then ’

D Mol | gotamy= { ) mnBOT™ | WMol | 1y}

A —oco

co A=2
<o 3 m@oI"[ 3 1 Mot e I}

{ z [wl(B‘)]'m[ Zi | uMa(fD) ||y )] }l/f
{ z [wl(B‘)]"I.[,; | Mo () || 11 ):| }1/'

=L+1L+1,.
For the estimate of I;, by the L?(z,)-boundedness of M4, we have

= c{ z [w, (BA)]""[ Z | xaMa(f) |l L'wyp ] }W

Ao — o0 jek—1

A+

<e{ S @[ 151 sy )

A= =00 Jmb=1
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< e D L BOI N fill by}

A= —o00
=c " f " K:"(wl.wz) ’
which is what we want.

For I, since € E;,yEE;and j<k—2, we get |z—y|~|z]. So

Malf) @) <27 18G = 11f)1d3.
g
Therefore, by (1. 3),

Pl 1/q
U 18G = 117 1ds) w,(x)dx}

E, j

" XAMn(f,‘) " L'(.:)< Cz-h{'[

« Y14
], 1 = 1170145 0z}

E, j

—in 1/
< e [supun()] { ]

» q e
gcc,z-“[infw,(:c)]w{ U lﬂ(z—y)Hf(y)ldy) dx} .
2€E, JE LA

/] J

If r>q,j<k—2 and w, € A, satsfying (1. 3), then

. 1/¢
T e I L S

/g
<] 1110 [[_sma] 18,
] Ei 2
w,(B;)
|B;]

< c[esgiﬂnfw, @ T2 il vy | B e,y

E

< Joag=tt et m | fill g | B ey

<MY £, iy 1 0 s
that is,
I XiMalf) | ey < 2N il ey @2n
Note that if @<<0 and 2>, then [w, (B,)]*"<[w,(B;)]*". By substituting (2. 1)

into I, on the case of r>>¢ and a<<0, we obtain

oo Lol
< e 3t B[ 32 299 1 £, sy 1)

A =0 jm o0

<c { Z [ Z 2= oy, ( B,-)]'/' A ooy ]p}!/r

Aem~co jm—oco
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( i [ z 2(;—&)-)/(2()[1”‘ (B )J-'lu " f " S ]

‘-—eo jm=—rco

< X [ ‘iz: z(i—l)ny/(w)]f/)' }l/p > D)

jm—oo

oo A-2
{ [ 22w BT | fill ewp ]} 0<p< D)

\ Am—c0 jm-—oo

<e{ [ BI 1 £ ey}

jm—oo
=c " f ” K:.'('l"z) ’
where for p>1, we have used Holder’s inequality and for 0<<p<{1 we have used the well-
known inequality;

(> 1a1)'< i |a; 2.2)

jm—oo jmm—o0

for any «;ER.
For r>¢ and 0<<a<n(1—1/gq), we also get

S - os/e (B2) oo |
| B { E Z oU ‘)"'/"[w,(B ]r/ "f I '(',)[:1 (B‘)]” }

j-—w,-—uo

<e| 3 31T @ 1 1 e L1}

j--eolu-eo

©o -2

Z [ Z A=D1y (BY]*" | £, | L'(-‘)]

Asm—00 jm—co

N
2

X [ i 2(‘-1)(---/"),!/3]'// }VP (P >

jm—e

z [ z Z(l—i)(t—-/w’)f[wl (B )]-)/- " f ” fremy ]}l/' o< P < 1

\ kw—oc0 jm—oo

<ol 3w BII™ 1 £, 2y

jm—oo

=c " f " K:"(-l.-z)'
Now if r' <q,j<<k—2 and w; € A, satisfying (1.3), then
" XnMa(f,-) " L'(wy)

]

' l
< cz"'[supwz(x)]"'{J “ 18Cz = || F;() ld}') dx}
z€E E, E;

Le2™[ ‘igsf‘w, (z)]"'{L [L‘ |3(z — y) |'dy]'/'[Ll [fi(») I"dy]wdy}m
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" /g /e
< Toggracor ([, le1a] [[ o] g 101 e

et = platinirting | fil Ly 181 e,

S Y A PO o T [P

Therefore, on the case of 7' <<¢ and «<{0 we obtain

oo [ ] . Y1/
1,< c{ Z [20,(B}) ]cp/-[ E QU-mti/e=1r fi I l-'('z)] }

b —o00 jm—co

A—2
< C{ Z [ Z z(l—i)-(l/v"llr‘)[wl (Bi)]./. " f,~ " L'(wz)]'}l”

hws —cp jm—o0

<ef D T BT I £l vy}
jm—c0
=c ” f " K:"(wl,wz)'
For ¥ <q and 0<a<n(1/r' —1/g)+1/r, choose B such that a<—B+n/r' —n/q<n(1/r
—1/¢)+1/r, by Lemma 2.1 and (1. 3), we obtain

" XAMn(ff) ” LYw,)

q l/q
<c2'“[sugw;(x)]"'{J’ U In(x—y)”fi(y)ldy) dr}
z€ N

E

/4
< 2” [mfw (z) ] I |0(1‘ -y l"dy] dx} Wil soam

Ex

q/r g
2“"[w2(B )Jm{j UE |03z — y) |'dy] da:} LE1Y 0 S5 s

1/ or Ve
<cz-'-+~v-'~'-fﬂ[%’j°'|i] { j [j |8 = 17171y ] dx} aAre
] 9 i

1/
K 7N ==y Cessinfw, (:r:)]”'{'[E | I(‘/’H)qd‘t} Wil o 1 BN sy
zéBi X

< Q=D BHnlr=sig) I f,~ I Lo F 21 presse

On this case we obtain

o -2
< C{ Z ['w1 (B‘):]nt/n[ Z z(l—i)(l+n/r—n/¢') " f,‘ ” ooy ]p}l/p

bom—c0 jm oo

o -2
<c { Z [ Z gU= PB4y ( B,-)]"/" A L‘('z)]n}llﬁ

Am—o00 jm—o0

< S [wBI*™ 1 £ ey}

jm—c0

=cl £l eropmp
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Now we turn to the estimate for I;. If >0, since j=2k-+2, by the L(w,)-boundedness of

M,, we have

<ef D tm @I ) 1 £l sy T}

c{,i;[ 2}2[ (B[ gl;.)].,. 1F 0 )];}m
<2 Z,[‘”“B PTLIB I £l iy | N

<e( 5[ 3] B2 1 £yl e T}

Am—co jwmk+42

<¢f P e T A TN

=c lI Il gty
where 8,>>0 such that w, (B,)/w,; (B;)<c[|Bi1/|B;| 11 with c independent of 2<j; see
[12,page 401].
Since w; € A,, for j=>k, we see that for some §>0,

. w,(B,) wz(B ) IBlI 81 & oU=bma-5 :
:ggiw,(x) <c IB.] IB]] (IB |) <e2 essg;fw,(x). (2.3)

If r>q and n(1/r—208/¢) —1/r<a<0, for zEE,,yEE; and j>k, we have [z—y|~|y]|.
Choose & such that a>b+n/r—nd/¢>(n—1)/r—nd/q, by Lemma 2.1 and (1. 3) and (2.

3), we have

I XaMalfD Nl 12wy

<c

P 1/¢
- _ d
<2 "{L‘ [J‘EJ [z — (] y] w,(z)dz}
) /g
—m Vg -
<2 [f;lng(x)] {L‘[Lllﬂ(z Ny ldy] dx}
/g
< cZ"'[‘ig‘f:‘w,(x)]‘/’J.sj [J; |3z — y) |’d:c] | f(y)|dy
< cz(z—l)-(l-l)/'—r+b-/q—h/r[essmfw (I)]mj [J' |Q(x — y) |rdz] lf(y) Idy

j 109Gz — » I le*dx] | £(3)1dy

l.'

< (U IHA=Dle=tinia—tnir= [essmfw, (x)]”'j
)

VA Dlamitiala=inie= [essmfw,(z)]"' I I fn | lyl'*"’dy} 13 ey

e B A L | B sy
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From this, we obtain

I<c { Z [, ( B,)]"/'[ Z gU-Pla=b=sir) || £ | '-'<-;>] }"'

Aw=—co j=k+2

- ke v
< C{ Z [ E 2(1—;)(»3/1—5--/')[,‘”1 (Bi)]-/-[wl Egl) ]./. " f “ ooy ] } ’

b —00 & jembt2

< C{ i [ i Z(l—)')(l—b—l/r*-l'/’)[wl (Bi)]./. " fi " L twy) ]' } "

hw—oco jmi+2

NN A PA P

j=—c0

=c| fl K3y oy
If ' <q and —nd<e<{0, by (1. 3) and (2. 3), we have
" XAMn(f]) " L'(wz)

< cZ""'{L [L {9z — || f(y |dy]'w, (x)dx}m

/¢
< Cz-i-[fgng(x)]l/t{JE‘ [J :, |f)(x -y Iidy] dl'} " fi " FALG )

. ¢ ot Y Ve
ch"'[:éltf.wz(:c)]m{«[ [J’Ellﬂ(.r—y)l dy] } SAFIS

E

74 e
eI P essinfuon (D4 | £, | { [ [f |0z = )1dy] ax}
) (]

qlr 1/q
et Ubmirr =Dl £ L'('g){L [L 10(z — y) Irdy] d.z} |E, |-

" 1/r
= jat G=Bn/g+ (k= Dnd/q+ jn/q — jn/r+kn/, -
<CZ Jat G—Bn/g+ (A= Dnd/g+ jnld — jn. T " fi " ’-'('2) " a “ Lr(su-l)[l[zj-lsl ldS]

<24 3y | £ L (wy)*

Thereofre,

<ef > CnBOT*[ 327 1 Syl e, T}

Aw—oco jeht2

< C{ i [ i 2(!-;)(«4»-0/;) " fi " L'(-,)[wl(Bj)]'l' ], }l/f

Am—oo jembi2

N e PA N e

jm—o0
=Ec " f " K:"(-l ,w,)'

This finishes the proof of Theorem 2. 1.
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Now, let us consider some sublinear operators with rough kernel.
Theorem 2.2. Let Q€ L'(S"™") be homogeneous of degree zero, 1<r< oo, let the
weight functions w,,w, € A, and w; satisfy (1. 3). Assume that T is a linear operator satis-

fying
ITF@| < elz)™[ 106 - »f)1dy
for FEL*R"), suppfSE, and |x| 22" with k€Z, and
ITf)| < cz“'L_ 10z — y) f(2) |dy

for fEL'(R*), suppfCE, and |z|<2"" with k€Z. If 0<p<oo and T is bounded on
L (w,) for some 1<<q<co, then, T is also bounded on K;*(w, ,w,), provided that a,q and
r satisfy one of the following

(i) r>q and min{n(1/r—2/9)—1/r,0}<a<n(1—1/q); or

(ii) r'<q and —nd/q<a<n(1/¥ —1/@)+1/r.

The proof of Theorem 2. 2 is similar to that of Theorem 2. 1 and we omit it. From
Theorem 2. 2 we can obtain the following simple corollary which is convenient for applica-
tions.

Theorem 2.3. Let 0<p<oo,1<g<o0,w,,w, € A, and w;, satisfy (1.3). Let N€
L (S™) be homogeneous of degree zero, 1 <<r<Loo. Then sublinear operat to T is bounded
on K'*(w,,w,) if T is bounded on L*(w,) and there is a constant c, independent of f such
that

{3z —y

|Tf(x)] <cofn_ Tz = yl")| [ f(y) |dy 2.4)

Jfor any f€ L'*(R") with compact support and x#y, and provided that a,q and r satisfy one
of the following

G) r>q and min{n(1/r—30/q)—1/r,0}<a<n(1—1/q); or

(i) ' <q and —nd/q<a<n(l/r —1/q)+1/r.

3 Commutators

We begin this section with the boundedness of the rough Hardy-Littlewood maximal
commutators M, , relative to 5€ BMO(R") and € L'(S"™") defined by

Mof@ =sp Ll oG- i@ -sp1IfDIy. @D
>0 0"J i<

Theorem 3. 1. Let °<P<°°yl<q<°° W 9!016441 and w; satisfy (1.3). Let ﬂe
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L' (8™™) be homogeneous of degree zero, 1<r<<oo,b€ BMO(R"). If the maximal conmu-
tator M, g is bounded on L*(w,) , then the maximal commutator M, 4is bounded on K3’ (w,,
w;) if a,q and r satisfy one of the following

() r>q and min{n(1/r—8/¢)—1/r,0}<a<n(1—1/g); or

Gi) ¥ <q and —nd/q<a<n(l/r —1/9)+1/r.

Proof. Write f as in the proof of Theorem 2.1 and

I My 0l o= { 20 BT | M, , (N | vy J

b= —co

< C{ i [w;(B.)]-'/-[ 22 I M, () | L'('z’]’}l/’

ke —co jm—co

1y

Aw =00

00 [ 13}
+ef 35 [mn BT 2 1 6MoalhD e )
far]

4ol 3 @I 3 104,00 oo T

fm—oo
=H,+ H;+ H,.
Similar to the estimate of I, in the proof in Theorem 2.1, the estimate of H; is easy to get
by the L*(w;)-boundedness of M, 5, thus we omit it.
For H,, since z€ E;,yEE; and j<k—3, we obtian |z—y|~|zx|. Then

M, (f)(x) <e27™ L |0z — y) | 16(z) = b ] f(y)]dy
j
and

q 1
1 0M, o UD  pepy < c2""{ L (Lilﬂ(x = N6 = s Idy) w,(z:)d.z}

/e

q 1/
< cz-h[fgng(z)lm{]“(J‘l |83z — )| 16¢z) — bW |1 f () Idy) d.‘t}

q /g
- . / — —_0.
<oz Ligfme ] (], 106 = 911860 = 81172 1d5) 1z}

E

q 1/¢
—bnp 1/ - — b,
+ cc,2 [sxg‘f.w,(x)] '{I U“ID(x »b(y) — b;) If(y)ldy) dx} ,

5
where and in what follows

1
b |B(0,2) ] z(o.x‘)b(y)dy.

Now if r>¢, for a<n(1—1/g) and w; € A, satisfying (1. 3), then
" x‘M;,“(f l) " Lh(wy
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/g
—hnl / —_ — b.1)*
Le2™ [Sléxiw,(x)]”lef(y)I[L‘(m(x oz — 1) dz] dy

ap Ve s 10z — y) |z Ha
+ 27 [infw,(z)] [ f116Cy) — bl y dy
:SE‘ ‘Ej E&

1/q—1/r

1/r
+ TR 1160 — b1[ ], 106 — ) 17z] dy}w.l’/'-“'
j ]

W, (B,)

<earrerieth = HLEEY[ 1F D13} 16 o 121 s

+ Cz—hﬂn/q[széB_l_i)_]l/v{J.E [ f» |16y — b,-Idy} g\ reh
i i
< CEEEgian'wz (I)]llqz—h-i-h/r"il/f (k -— j) " fi " LGRS " b " BMOR™) " n " L'(S'-l)
+ c[es:ianfwz (z)Jag~tettelatiid | f il e 181 saoam 1| B 1| s,
z€B,

L2 Gk — fill Ly 161 som | B1 sy
LG | f il Lw)e

From this, it is easy to deduce a desirable estimate for H, in the case of r>>¢ and e<<a(1—
/9.

Let us now consider the case of ¥ <q and a<n(1/¥' —1/¢)+1/r. Choose 7 such that
a<—n+n/r—n/qg<n(1/r—1/q)+1/r, by the properties of BMO(R") functions and
Lemma 2.1, for j<<k—3, we have

" XbMp,n(fi) " L'(w,)

<o [supn() 2|
2€E,

L,

7 /g
[L 19z — )| 16(z) — b | 1 () |dy] dy}

<cc,z"'[infw,<x)1“'{ [
:EE‘

E,

[LJIO(:: — »|lez) = b1 | () Idy]’dz}w

E

q 1/q
+ cc;Z_"[‘iélg‘wz (x)]”’{‘[ [L}!ﬂ(x = 6 — &1 1f () ldy] dz}

¢ e 1/q
< CZ-‘.[eigig]‘fwz(I)]m £l L'(R'){J [6(x) — bil'[Lj 13(z — y)| dy] d.r}

E

~[essi “ [ o= p1ibe - svay] e
+ 2 Leagitun 11 £, o, [, 196 = 9011060 13705 ] oz}
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a/r /¢
<™ | £ ’-""'z){L lb6(z) — b,-l'[L |9 = ) 1dy] dx}» P ARG
] ]
o . q/r e
+ cz—ll‘f}"‘l‘/'—ﬂlq II fl " L'(wz){jlt [IE In(x - y) l'dy] d.t} “ b “ BMOR)"
. . N q/r 1/
L g7 fll e ){j lb(x) — bj|°[L |3z — y)|" Iyl"dy:] dz}
R O }
.. . . qlr 1/¢
e T F A PN TY w{j [], 106 = 911517 dx}
E, .
1/g
K cg it == | Al e 181 ey {L |6(z) ~ bjl'lx|(7+n/r)¢dx}
(]

1/¢
T (+nirng
+ 27 HE 1 i | BN =t W6 anos {I 21"z
]
Y el AR AR O )N R Lfwy 180 = 18l saom
g = = i isirbls | £ e | 31 e 161l suoc

()] afr—n/g) N
< e Pt ‘ tk-nI f; Il LI (K2R re™h &1 amocnes-

By this, we can easily obtain another desirable estimate for H,.

For H,, the case of a>>0 is all the same to the equivalent part of I;, we omit it. Now,
let us consider H; on the case of a<<0. The proof of this part is similar to the equivalent
part of I,, so we just give out an outline.

If r>q and n(1/r—38. ¢) —1/r<e<0, for w, € A,,2€E,,yE E; and j=2k+3, choose
b such that a>b+n/r—né/q>(n—1)/r—nd/q; by Lemma 2.1, we have
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1/r
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From this, it is easy to deduce a desirable estimate for H,. Now we consider the case of '
<g and —nd/q<a<{0. For j=k+ 3, by the properties of BMO (R*) functions and

Holder’s inequality, we have
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From this, it is easy to deduce another esirable estimate for H,.

This finishes the proof of Theorem 3. 1.

Now, we state one of our main theorems on the commutators generated by some
rough linear operators with BMO functions.

Theorem 3.2. Let 5€ BMO(R") and Q€ L'(S"™*) be homogeneous of degree zero, 1
<r<oo. Let the weight functions w,,w,€ A, and w; satisfy (1.3). Assume that T is a lin-
ear operator satisfying the size condition in Theorem 2. 2. If 0<p<<oo and the commutator
[6,T7] is bounded on Li(w,) for some 1<q<oo, then, [b,T] is bounded on Ky’ (w,,w,),
provided that a,q and r satisfy one of the following

(i) r>q and min{n(/r—08/g)—1/r,0}<a<<n(1-1/g); or

Gi) ' <q and —nd/q<a<n(1/r' —1/g)+1/r.

The proof of This theorem is similar to that of Theorem 3. 1, we omit the details
here. The following result which is convenient for applications is directly deduced from
Theorem 3. 2.

Theorem 3.3. Let € BMO(R®) and € L'(S*™") be homogeneous of degree zero, 1
<r<oo. Let the weight functions w,w, € A, and w; satisfy (1. 3). Assume that T is a lin-
ear operator satisfying the size condition (2.4). If 0<p<<co and the commutator [6,T] is
bounded on L (w,) for some 1<<q<<oo, then, [b,T] is bounded on Kg*(w, w;), provided
that a,q and r satisfy one of the following

(i) r>q and min{n(/r—38/q)—1/r,0}<a<n(1—1/q); or

Gi) ' <q and —nd/q<a<n(1/r'—1/9)+1/r.

4 Some corollaries

In this section, we will give some corollaries of our main results. We state the corol-
laries only for the case of the commutators; and for the case of the sublinear operators the
same results are hold, we omit them.

For the rough Hardy-Littlewood maximal commutator M, 4, by [13] and Theorem
3.1, we can easily obtain the following corollary.

Corollary 4.1. Lt 0<p<<oo,1<q<0,w,,w, € A, and w; satisfy (1.3). Let €
L'(8"") be homogeneous of degree zero, 1<r<Loo.r' <q and —nd/q<a<n(l/r'—1/9)+
1/r, then the maximal commutator M, 4 is bounded on K3’ (wy,w;).

We point out that the size condition (1. 4) is saitsfied by many operators in harmonic
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analysis, such as Calderén-Zygmund operators, C. Fefferman’s singular multipliers, R.
Fefferman’s singular integrals, Ricei-Stain’s oscillatory singular integrals, the Bochner-
Riesz operators at critical index, and so on. For example, as the special cases of Theorem
3. 3, we have the following corollaries.

Corollary 4. 2. Let 0<p<00,1<q<o0 and —nd/q<a<n(1—1/q). Supposethat b
€ BMO(R") and T be the Calderon-Zygmund operators . Moreover, w,,w;€ A, and w, sat-
isfies (1.3). Then [b,T] is bounded on the Herz spaces K;? (w, yw;).

Corollary 4.3. Let 0<p<00,1<q<<o0 and —nd/q<a<n(1—1/q). Suppose that b
€ BMO(R"), k be a standard Calderon-Zygmund kernel, and I be defined by

If(z) =p.v. Iﬂ_eir("’)k (z — N f(ydy,

where P(x,y) is a real polynomial on R*XR*. Moreover, that w,,w,€ A, and w, satisfies
(1.3). Then, [b,I] is bounded on Ky (w,,w;) with the operator norm independent of the
coefficients of P.

Corollary 4.4. Let 0<p<oo,1<g<00,w;,w; € A, and w; satisfy (1.3). Let D€

L7 (8™7*) be homogeneous of degree zero, 1<r< oo, and L_l()(x’ )do(z') = 0. Assume that

Tais given by (1.6) and h€ L (R,). If ' <q and —nd/q<a<n(1/r'—1/q)+1/r, then
the commutator [b,Tq] is bounded on K3* (w,,w,).

Corollary 4. 5. Let 0<p<oo,1<g<o0,w,,w;€ A, and w;, satisfy (1.3). Let Q€
L'(8™"') be homogeneous of degree zero, 1<<r<<co, assume that Ty pis given by (1.7) and
h is a bounded variation function on Ry. If ¥ <q and —nd/q<e<n(1/r'—1/¢)+1/r,
then the commutator [b,T, p) is bounded on K7 (w,,wy).

Remark 4.1. If the linear operaotr T is bounded on L?(w,), by Theorem 2. 13 in
[14], we know that the commutator (4,7 ] is bounded on L*(w,). Then, by Theorem
3. 3, Corollaries 4. 2 and 4. 3 are obvious; by Theorem 3. 3 and Theorem 1 in [15], we can
easily deduce Corollary 4. 4; by Theorem 3. 3 and Theorem 6 in [16], we obtain Corollary
4.5.

Remark 4.2. If we choose w;=w;=1 in Theorem 3.1 and Theorem 3. 2, then we
get Theorem 2 and Theorem 4 in [10].
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