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Abstract 

The authors establish the boundedness on homogeneous weighted Her~ spaces for a large class of rough 

operators and their commutators with BMO functions. In particular, the Calder6n-Zygmund singular inte- 

grals and the rough R. Fefferman singular integral operators and the rough Ricci-Stein oscillatory singular 

integrals and the corresponding commutators are considered. 

1 Introduction 

Let Bi~-{xE R . ' I = I ~ P }  and EI-~B,X~Bj_a for any k E 7. Let ;G=Xr for k E Z be the 

characteristic function of the set EL. 

Definition 1.1. Let a E R , O < p ~ o o , l < q ' < o o , w l  and wz be non-negative weight 

functions. The homogeneous weighted Herz space/~'t(w~,w2) is defined by 

K; " (w ,  ,w,) ~ { f  E L~(R"\{O} ,w=): It f U g.,,,.,..,,, < oo}, 

where 

J' 1 llt 
II f l l  x ;"<. , . . ,>-  = { , . . ,  Ew,(B,)  "*/" II fZ, II ec.,>I 

Am --~ 

with the usual modificiation made when p=oo. 

Remark 1.1. The weighted Herz space is introduced By Lu and Yang in rl] with 0< 

a<oo. Now, we extend the range of a to R. 

�9 Project 19871071 supported by Natural Science Foundation of China. 
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For any power exponent rE  [1 ,col, we denote the conjugate one r / ( r - 1 )  by~r'. For 

any rE ['1 ,oo], any nonnegative function w and any Lebesgue measurable function f ,  we 

write 

,, f ,, L.c., ~ l ~  i f (x) i 'w(z)dx}" 

If w-~wl-~'w:~--i, we denote/~q't(wl ,w:) and L'(w),  respectively, by/~q"(R') and 

L'(FI'). Let T be a linear operator and bEBMO(W). The commutator ~b,T'l is defined by 

['b,T]f (x) ffi b (x )T f (x )  -- T(bf )  (x). 

The properties of the BMO(R') function b are referred to ['2~. 

Stein in ['31 proved that if 

p. v. ~ J t ( x , y ) f ( y ) d y  (I. 1) T f ( x )  

is bounded on L'(R') with some qE (1 ,co), and if k(x ,y )  satisfies the standard size con- 

dition 

C 

Ik(x,y)l ~ i x -  yl" x ~ y ,  (1.2) 

for some absolute constant c, which is satisfied by a large class of operators in harmonic 

analysis, then T is also bounded on LT.,.(I:I') for [x[ 'EAt(R') (the Muckenboupt weight 

class), or equivalently, aE ( - n , n ( q - l ) ) .  Recently, Sofia and Weiss in C4~] extended 

the Stein's result to more general cases, where the power weight was replaced by more 

general weighted wE A t satisfying 

sup wz(x)  ~ c i  i d  wz(x), k E Z, (1.3) 
t ' . ; .<~+ ~ t ,~,.</+' 

where cI is independent of k E Z. 

Note that L~.,. (R') ~K~/' ' '  (lq'), a special case of the general homogeneous Herz 

space. Lu-Yang ['I~] generalized Stein's result and Soria-Weiss's result to the case of sub- 

linear operators on weighted Herz spaces. 

A well-known result of Coifman, Rochberg and Weiss ['51] states that if T is a stan- 

dard Clader6n-Zygmund operator and bEBMO(R'), then Cb,T] is hounded on Lt(FI ") for 

PE  (1,co). Lu and Yang in [.61] generalized these results to the case of Herz spaces. In 

fact, motivated by C4] and C3"[, Lu and yang in [.6] studied the commutators generated by 

BMO(R') functions and the linear operators with kernels i satisfying (1.2). Recently, 

Jiang-Tang-Yang C7[ obtained the boundedness on weighted Hers spaces with O<~a~co 

for the commutators. 

Let f2EL'(S "-I) for some rE  ( l ,co]  be homogeneous of degree zero. I| we replace 

(I. 2) by the following "rough" size condition, 
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IO(x - y) l 
ik( ,y) i , x r  y ,  ( i .  4) 

what can be said about the commutator [b,T] and the operator T satisfying (1.4) in the 

set of Herz-type spaces? Hu-Lu-Yang [8"1 have investigated the boundedness of the opera- 

tors satisfying (1.4) on homogenous Herz spaces. Tang-Jiang-Lu [9"] obtained the bound- 

edness of the operators satisfying (1.4) on weighted Herz spaces with 0<a<oo .  For their 

commutators Lu-Tang-Yang [10-1 have obtained the boundedness on homogeneous Herz 

spaces. 

The main purpose of this paper is to generalize the above results to the case of the ho- 

mogeneous wieghted Herz spaces with aE R. It should be mentioned that the above results 

on homogeneous weighted Herz spaces with 0 < a < o o  are obtained via the central block de- 

composition characterization of K~ '~ (see [1 ,7 ,9]) .  However, this characterization is not 

true when a~0.  Therefore, the main results in this paper are deduced from the definitions 

of K;'*. 
We will consider the following operators and their commutators with BMO functions: 

the rought Hardy-Litdewood maximal operators Ma given by 

Mar(z)  = sup 1 [  [O(x -- y ) f ( y ) ] d y ,  <1.5) 
~>o ~UJlyl<~ 

the R. Fefferman singular integral Ta with rough kernel given by 

f h (x  -- y )O( z  -- Y ) f ( y ) d y ,  (1.6) Tar(x )  = p. v. .. L z -  yl" 

and the Ricci-Stein oscillatory singular integral operator Tn.e with rough kernel given by 

e,eC,.,~ h(x -- y)g'l(x -- 
.. [z - yl" Y) f ( y ) d y ,  (1.7) Ttu, f (x) p. v. 

where O E L ' ( S  "-1) is homogeneous of degree zero, l<r~<~ oo, h is radial and P ( x , y )  is a 

real polynomial on FI'XW. However, the results for these operators and commutators are 

obtained as some corollaries of our main theorems. 

For inhomgeneous weighted Herz spaces, we have similar result to all the theorems 

obtained in this paper. On the fractional case, we also obtain some theorems parallel to 

the non-fractional case. We omit the details here. 

Throughtout this paper, c,co and c, always mean constants independent of the main 

parameters involved, but whose values may vary from line to line. 
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2 Sublinear operators 

We begin this section with the boundedness of the rough Hardy-Littlewood maximal 

operator Ma on homogeneous weighted Herz spaces K~q 't (wl ,wz). We need the following 

| e m m a ,  

Lemma 2. 1 ["J. Let DE L'(S "-1) for some rE (i ,oo]. I f  a>O,O<d~r and - n +  

(n-- 1)d/r<fl<oo , then 

(I )'" 
l.,<.t.i l a ( z  - y ) I ' l z l ' d z  ~< c ly l  cp+')" II a II ece- ' ) .  

Theorem 2. 1. Let O ~ p ~ o o , l ~ q ~ o o , w x , w ,  EAl  and Wz satisfy (1.3). Let DE 

L'($ "-a) be homogeneous of degree zero, l ~r~oo.  I f  Mo is bounded on L*(w:), then there 

exists a positive constant ~ 0  depends only on wz such that Ma is bounded on /~"(wl  ,wz), 

i f  a,q and r satisfy one of  the following 

(i) r>q and min{n(1/r--~/q)-- 1/r,O}<a<n(1-- 1/q) ; or 

(ii) r' <q and --n~/q<a<n (1/r' -- 1/q) + 1/r. 

Proof. Let fEI~q'~(wl,w2). Write 

Then, 

s<.,) - ~ s<.),,,<.)- ~ s,<..). 
m / - -  - - *e  ./ 

!l M~(f) II ,;.,,.,..,>-- { ~ E~,(B,)3"" II Z,M,,(f)II '~,,.,, } "  
A - - - - m  

~ E'-' ]} �9 II/, 
< c [w, (B, ) ] ' "  ~ II XjM.(f,) II e,.,> 

t - - - -  j - - - - ~  

~-'~Joo A+I + ~{ e~,,<B,)y,'.[ E, x,~o<s,> ,,,.,,]'}" 
l - - -  j-A--I 

l-- - - m  ,/~l'l ' l  

---- Ii + 12 + I~. 

For the estimate of Iz, by the L q (wz)-boundedness of Ma, we have 

t+l  

~,: ~1 ~ [~,(~,>]',,.[ y , ,  ~,M.(I,> ts,,.,,]'}'" 
A . - - c o  j - - A - - I  

t .  -oo j - - l -  1 
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<{ ~,, [ , . , (B,) ] ' , " ,  4 II ~,<.,> j 

which is what we want. 

For I~, since xE.E,,y6. Eiand j ~ k - 2 ,  we get ix-y['-I=1, So 

Mn(fj)(x) ~ c2-J'[ In(x - y) l lf(y)Idy. 
.sj 

Therefore, by (1 .3 ) ,  

~c2-.[supwi(x)-ii/i~r If, l[J(:c-y)llf(y)ldy)'d=}'/' 

.<<<,r"rinf,<,,<=>::l'"7"l" f; 
�9 ez ,  LJE ,  x 

If r>q,j~k--2 and ~zEAx satsf~ng (L 3), then 
_ x/q 1 

,lXlMa(fs> ii,.,(.i>~c2-"[inflvl(x)]'/'~[ ,f(y) l[f, lig(x-y) lidm j d,~ 

--li'-zui(Blt)'l/il'lzii, J ( r  li s,-Xdsl l/' cZ L ,~-~-r-J / I f ( Y ) I d y  J , ' - '  I II ,,,"i II ,.,<~-,> 

riZ/2 (B j) ~1/I ~-tn+t./l+/./r 
~< CL I T j l  j ,- II Y~ II ~,<~> II ~ II L,@-,> 

c[essinfw,(:c)]'/'2 u-`)'/r I I /~ II ,,<,.> II ,q II ~.<~'-'> 
=~ B i 

c ~.<'-'>'' II f ,  II ,.,<.,> II n II , . .r 

that is, 

II x ~ ( f j )  I1L,<.,> ~< c2 <j-'>-~ II f~ II ,_,<.,,. (z. 1) 

Note that if a < 0  and k>j, then [wx(B,)]'/'~[wl(B~)] "*/'. By substituting (2. 1) 

into I1 on the case of r>q and a<O, we obtain 

t - z  7 '  / 1/, 

o o  " m  ~ 
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<~c, 

{ ~"-'"'/<~"'[w, ( ~ ) ] ' "  II fi II m. , , ]  

l - s ,  

-PIP' ~ l ip  X [ ~--], 2 u-i''//'~:,] i ( p>  1) 

(0<p~<l) 

known inequality: 

(:7 I+I)'<- :7 I=,1, 
I oo 

for any aj E FI. 

For r ~ q  and 0 ~ a < n ( 1 - 1 / q ) ,  we also get 

. | ,-5 , rW~ (Bi) 7w, } ~/p l,~< c{ ~ ~, zu-'>"/"E,,,,(B,]'p/" II fi II '-',",~,(B,~" 
' , i - - , ~ j - - w  

�9 ~o I - - I  BI ~ l ip  , r I I n., / , /  <c{ N N'~ I 
" l - - - - o o j - - - - ~  

A o o  " ~  

2c'-'~('-"/"~"/'J I (P > 11 
J 

I--2 

L ,, , , ~  II . l i ra . , , . ,  ' / ' / ,  7) 
k . - - o o  j . - - o o  

.< ~{ ~; [~.<B,)]-.,-Ir :,, ~.,.+ 
} lip 

. ~  

Now if r'<q,j<~k--2 and wzEAl satisfying (1 .3 ) ,  then 

II X, Ma(f~) 11 e,.,, 

-.If., 
.< c~"C,.~=,<=>]'"~f Ff 

, e  ~j l J zj ~.--j 

( O < p ~ l )  

). }'" 
I,'2(x - y )  l I f , / y ) I d y  dx 

f - i  e l f  '~llq 

In(x-y)l'dy]'/'[I, If,(y), dyJ dy I 

(2.2) 

p ~ l/~ 

j oo 

where for P > l ,  we have used H61der's inequality and for 0 < p ~ l  we have used the well- 
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I I  - lie ,. t 

~< c2 -`"+~'~'-*'/'+'/"+"r II .t'e II ~,(.=~ II 0 II ='(r 

c2 ~'-s~'" j ' - '~ II fs II ~,~.,~ II o II ~.~-'~. 

Therefore, on the case of r'<q and =<[0 we obtain 
/ '-2 

J-z  "1~ / ~/p 
t . - o .  j . - ~ o  

P 11/~ 
~< c{ ~ [w, (B,) ]"" II fj 1t L,,.,,/ 

" g w  I OO 

= c II f II ,~;"~.,,,.p. 

For r p <q  and O~a<n (1/r' - 1/q) q- 1/r , choose # such that a<~-- #+n/r  I -- n/q<n (1/r' 

--1/q)-t-1/r, by Lemma 2. 1 and (1.3), we obtain 

tl Z, Mo(fi) II v,.,, 

(sis t'" c2-"[supw=(z) ]a/, IO(x - y) l l f  i(Y) lay) dx 

I ely I lie 
" c g 2 - k E i n ' w ' ( x ) ' ] ' / '  [I IO(x-y) ICdy]  dx / IlfiHt"m=' 

fIEI " 

~< c2--+J./r (x)'lm {I Ix I c'/ '+"dz}'/ ' ,l f ,  II L,c,., II OII L.cs.-., 
B 1 

<~ cz c=-'~'p+"-'~e' II f~ II L,~,.,~ II a II ~.,~-'. 

On this case we obtain 
At-I 

I,g - . 0  j .  -=o 

~< c{ ~ [~ , (B , ) I " "  II f~ II o,.,, 
3 

c II f I1 g.,~.,.,.,, 
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Now we turn to the estimate for I~. If a>0,  since j>/k+2,  by the L'(wO-houndedness of 

Ma, we have 

i----oo j - -A+|  

' '%-'~ P ~ '1  . . . .  ..1#, r%Ul ( ,~ j )  -I,1. ac.,)lP / ]/' J ,  ~<c/ 2,  / 2,  L~,~,~,JJ L ~ J  II L il 
A----oo t-j.A+Z 1 ] 

F 2 , ,, .. ,,.,,]'}'" 
l "  Il/, 

a.--oo j--A+| 

< ~{ ~, V~,(~,)l", s,, :,,.,, }'" 
j i  --oo 

- =  c In f II ~;"<.,..,,, 

where t~a>0 such that wa (B~)/wa (Bi)~<e[IB, I / IBsl]  ~, with c independent of k < j ;  see 

E12,page 401]. 

Since w2EAx, for j > k ,  we see that for some ~>0, 

~< c ~ ~ - ~ - ~ )  ~< essinfw,(x). (2.3) 
IB, I JcE~ I ~s l  IDsl  �9 e~ s 

If r > q  and n ( 1 / r - ~ / q ) - l / r < a ~ O ,  for xEE~,y~E s and j > k ,  we have l x - y l  ~" ly l .  

Choose b such that a > b + n / r - n ~ / q > ( n - 1 ) / r - n ~ / q ,  by Lemma 2. 1 and (1.3) and (2. 

3), we have 

U X, Ma(f i )  II ~,<., ,  

t 1] /q 

�9 eJcj x~ s .  

<.~2"-"'"-""-'+"-'"-'[ess~.~-,(.~]'"f Ff la(. - ,~r1.1"d.]'"I/~,~Id, 
.eros Js~ LJ~j 

~< c2CS-'"~ ]m//o`, f If(Y) I lYI '+'dY} II a II ~,,s'-'> 

< cZ ( ' - '= ( ' / ' - ' - ' '  II Y's II m-=> II a II ,_,~--,>. 
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From this, we obtain 

I----~o j-- I"~I 

~<~12 [ 5-:, ~"-'~"-'-"+"'E,,,,<~,~l" ~,',, ~.,.,,]'}"' 
j . - o o  j - i + l  

< c{ ~ rw,(~,)?,'. It f, u L.,.,, p } lip 

"m-- 

- -  c II f II ~;',c.,..,,. 

If r'<q and -nd<a~O, by (1.3) and (2. 3), we have 

II Z, Mn(fs) II ,,c.., 

~ ~,-,.~su,,=.<=,~.,.~ r rs ,o<=- , , , .d,] '~}'" ,, +, ,, ~.~... 
q/r ~ l/q 

�9 ~ ,  Ias, L s 

<~cZ-~+o-'""-~/'[essinfw,(z)]",ll/,ll,,,,., l a ( = -  y ) l 'dy]  dz~ 
�9 Esj ~, 

~c2-~+~176 lla, c. . , ,  I O ( x - y )  l"dy] dx~ iE, I ' 'r 

<~ cz c'-'~"*' 11 a II L,,~-'~ II f~ 11 a,.,,>. 

Thereofre, 

I ~ - - ~  j -- l - t - |  

C " ~ ~.( l- . i )(a+,, l lq) ,ft. np ~ l ip  

<~{ ~ E,,.,,<B,>]'" It f , ,  ~,,.,, P } l ip  

This finishes the proof of Theorem 2. 1. 
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Now, let us consider some sublinear operators with rough kernel. 

Theorem 2. 2. Let 0 E L" (S'-l) be homogeneous of  degree zero, 1 < r  <~ ~ ,  let the 

weight functions wl ,wz E AI and wz satisfy (1.3). Assume that T is a linear operator satis- 

fying 

I r f ( x )  l <~ c l x l - ' l  IO(x - y ) f ( x ) I d y  
J R* 

for f E L:(8") , suppf~_.Et and Ix[>/2 I+1 with kE Z, and 

[T f (x )  l <~ c2- fai la(x - y ) f ( x ) I d y  

for f E La(W) , suppf___E, and [x[~2 *-2 with kE Z. I f  O<p<oo and T is bounded on 

Lq(wz) for some l < q < ~ ,  then, T is also bounded on K'q'~(wl,wz), provided that a,q and 

r satisfy one o f  the following 

(i) r>q and m i n { n ( 1 / r - ~ / q ) - l / r , O } < a < n ( 1 - 1 / q ) ;  or 

(ii) r' < q  and --  n~/q<a<n (1/r' -- 1/q) + 1/r. 

The proof of Theorem 2. 2 is similar to that of Theorem 2. 1 and we omit it. From 

Theorem 2. 2 we can obtain the following simple corollary which is convenient for applica- 

tions. 

Theorem2.3. Let O<p<oo, l<q<oo,wl ,w~EA~and  wz satisfy (1.3). Let OE 

L ' (S  "-a) be homogeneous o f  degree zero, l <r~oo .  Then sublinear operat to T is bounded 

on K"~q't(wl ,wz) i f  T is bounded on Lq(wz) and there is a constant co independent o f  f such 

that 

IT f ( x )  I ~ Col," 
la(  Y) I 

T ~ - y ~  If(Y)Idy (2.4) 
I 

for any f ELl(R ") with compact support and x:~y, and provided that a,q and r satisfy one 

o f  the following 

(i) r ) q  and min{n(1 / r - -d /q ) - l / r ,O}<a<n(1- -1 /q ) ;  or 

(ii) r ~ <q and -- nd/q<a<n (1/r' -- l /q) q- 1/r. 

3 Commutators 

We begin this section with the boundedness of the rough Hardy-Litthwood maximal 

commutators M~.a relative to bEBMO(W) and OEL'(S  "-a) defined by 

M, af(x)  = s u p  I f  I O ( x - y ) i I b ( x ) - b ( y ) l l f ( y ) l d y .  (3.1) 
�9 p>o ~ lYI<.P 

Theorem 3. 1. Let O<p<oo,l<q<f. oo,wl ,wsE Al and w: satisfy (1.3). Let OE 
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L'(S "-1) be homogeneous o f  degree zero, l < r ~ o o  ,bE BMO(R'). I f  the maximal commu- 

tator Mb.a is bounded on Lq(wz), then the maximal commutator Mb.a is bounded on l~q'* (wl,  

w:) i f  a,q and r satisfy one o f  the following 

(i) r>q and min{n(1 / r - -# /q ) - l / r ,O}<:a<n(1-1 /q ) ;  or 

(ii) r' <q and - n #  / q < a < n  (1/r' - l /q) ~" 1/r. 

Proof. Write f as in the proof of Theorem 2. 1 and 

e ~ t i e  
!1 Ms~a(f) II <.,,.,..ffi, ffi { ~,,  C,ot<B,)] ",+" II xaMb.nCf) II :,,.ffi, s 

~<c [ w t ( B , ) ] " [  ~ IIxN,,:(/~) II ~.,.,,j t 

~.0 ~+t I p / t/~ [~,(B,)]"[ ~ II X,M,.,,(.f,) II ,,(.,,.j t -t- c{j._ ,~-i-z 

e=,<.,>r"E 
j , , -os / - J+ l  

m H; + H, + H,. 

Similar to the estimate of I: in the proof in Theorem 2. 1, the estimate of H: is easy to get 

by the L'(w:)-boundedness of Mbm, thus we omit it. 

For Ha, since x E E l , y 6 E j a n d  j ~ k - 3 ,  we obtian I z - y l  ~ Izl .  Then 

Mb,a(/~)(x) <<. c2-J'[ In(z  -- y) I Ib(=) - b(y) l l / ( y )  lay 
Jz~ 

and 

f r t r  
[[ ZtM, a(f~). ]l U~.j> ~ c2-'=~Jz.[Jzj I~(x -- y) llb(x) -- b(y) l l f ( y ) Idy ) '  ~ wz (x)darj 

+ '~zl+ 

�9 + t, laS, ~ -+ 

where and in what follows 

b~ = iB(0,2j) I (o,~)b(y)dy. 

Now if r>q, for a<n (1 -  l/q) and wm E At satisfying (1.3) ,  then 

II ~M,~</j) II ~,(.,, 
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I -fly 

~c2-"ff infw=(x)] ' / ' f  If(y)l ( lO(x-y) l lb (z ) - -bs l ) ' dz ]  dy 
~e~l a~j E, 

-e~, L"5 
, . .wz  ( B,  ) m/,  I .,/. ,- r - <c,-,.~_. j,,,s<.,,>,[I,~,i~<=-,:,."% Lj. I~-~,,~'<'-"d~]'" '% 

If(y) llb(y) - b:l I'dx] dy IE, I '/'-'/" 

"'rwi(Bs)m/'{S., I / (y) ldy}  llbll ~om-, O O II L.,s--', ~< c2-"+~/'(k - J) L i T i l  J 

+ c 2 - " + " / ' [ ~ ] ' / ' { I  I f (y) l  lb(y) - b, ldy} ll O ll e,e.-, , 
�9 E~ 

<~ c E e s s i n f w i ( x ) ] X / ~ 2 - " + i ' / q + J ' l r  k - -  J) II L II ~,<,., II t:, II ..o<,-> II O I1 e<~-'> 

+ cEessinfwi(.r)]wl2-i'+~'/q+i'/r II f j  II a<e> II b II ,,,o<.-. 11 O II e<~'-', ~e~j 

<~ cz <j-')'/~ (k - j )  II f j  I1 ,..~,) II b II ~o<~.> II a 11 ,.@-,> 

<~ c~ <~-')"-~/')(k - j )  II f~ II ,...~. 

From this, it is easy to deduce a desirable estimate for Hi in the case of r>q and a < n ( 1 -  

l/q). 
Let us now consider the case of r l<q  and a<n(1/rP-1/q)+l /r .  Choose r/such that 

a < -- 7#+ n/r' -- n /q<n (1/r' -- l /q) + l / r ,  by the properties of BMO (R') functions and 

Lemma 2.1, for j ~ k - -  3, we have 

II x~M~,~(/j) II ~,<.,> 

q } lie 
~< c~.-"l-supwi(x)]i" Ir rf..o<= - . ,  , , . : , -  ~<.>, ,s<.,,~.] ~. 

=e E~ t J~, " " ,  

q 'sl/q 
~< cc'2-~[ inf wi (z' ] u ' ~ r . e  ~-, ly,i ,- ., r ,~<= - . , ,  , . = , -  ,,,,, s < , , , ~ , ]  ~} 

{s is ]' 7" + cct2-"Einfw,(x)]m !O(x -- y) llb(y) - bjl If(Y)Idy dz 

{S '/' lx/' 
~< c2-i'[essinfwi(z)]w' II f ,  II a m . , . , . ,  ", I b ( x ) -  b , l ' [ I ,  I O ( z - y ) l C d y ]  d.r~ 

{s,.[s,, " ' '  +c2-~'l'essinfw,(x)]'/'ll f s l l , ,m '> : ,~ j , ,  ( l O ( z -  y) l lb(y) - b, I)edy] ~ ~ 
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(f [f ." 
, I~(x-y) l ' dy]  dx t lEvi "jr 

+c2-'.+~'-~'/.-~';,llf~llL,<.,, ~, ,IO(z-y)l'dy] dx~ Ilbll,,,o,,,,. 

Ib(x)--bjl' la(x-y) l'lyl'dy] dx~ < c2 -'+~'/r II L II ,-,~,,,, ", , 

~,o,,', IO(z y)l'lyl"dy 3 dx~ 

{f 'b(x) - b,l'lxl('+'/')'dx} l/' ~< c2 -'+~'zr II f i  II ~,,.,, II a II e,~'-', ~, 

{ I  Izl"+""d=} '~' + ~2 -~'+~'le-i ' j '- '~ II f i  II ,.,~.,, II a II ,..or-', II t, II ,~,o,,., ,, 

~< c2-"+~w-~' / ' - '~+"+"/ '+~ ' / ' (k  -- j )  II f ,  II ~.,~.,~ II a II ~',s'-'~ II b II =,o,.', 

+ c2 - '+~'je-~'j '-j '+' '+'~'+'~' II L II ~,,.,, II a II , , ,r- ' ,  II b II =,o,,., 

< c2 C'-'~''+'j'-'~r - j )  II fi II v,..,, II a II ~ ' , r - ' ,  II b II ~ , . . , .  

By this, we can easily obtain another desirable estimate for H~. 

For H~, the ease of a > 0  is all the same to the equivalent part of Is, we omit it. Now, 

let us consider H~ on the ease of a~0.  The proof of this part is similar to the equivalent 

part of Is, so we just give out an outline. 

If r>q and nO~r--& q ) -  l/r<a~O, for wl E Al ,x~ E~, y~  E~ and j>/k q-3, choose 

b such that a>b-l-n/r--n~/q>(n-1)/r-nd/q, by Lemma 2. 1, we have 

II Z,M,,a(f~) II L,~.=~ 

[I ] ' '  ~c2-~'[supw,(x)] ' / ' l [  IO(z-y)llb(x) - b(y) l l f (y) ldy dx[ 

[I ]' }'" ~cca2-~'[in{w=(x)] If  IO(x y) l l b (x ) -b j l l f ( y ) ldy  dx 

+ ~,,-'ci~..,~-'~'"{I., ,, I ' ~ - - , ' 1  I ~ , ' - ~ , 1  I '~ , ' l  ~, ~. 

- " -'~",f -- Ib(x) -- b , I ) 'dx]  dy ~c2-'[in~w,(x,j j, lf(y)l[I,(lO(x y)l - '" 

+c2-~'[infwdx)]u' r If(Y) llb(x)-b,l[I IO(x-y) l'dx]mdy 

.,w.. r I'W~'-'~dzqW~- w. d ~c2-J'[infw,(x,]w,I_..,, ",If(Y'l[I"lO(z- y)l'd-] LL,b<.>-b, ] . 
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I I  "nllr 
q- c2-J'+~'/q-t'/'Einf'wz(x)'pl*f I f (y) l  Ib(x) --bjl  I O ( x -  y) I 'dz/  dy 

J 

~< c2-~.-~+ c~-~.c~-a~/,+,./~-,./. ( j  _ ~) Eessinfwz (x) "1 ~/' II b II ~,oc.'~ 

• f lf(y)lIIx lO(z-  y)l'lxl'*dx]'/'dy 

+ c2-i'-'*+~J-')'~x-~vf+"/'-"/'Eessinfw~(x)'lm 
zE B h 

I .slit 
• I~,lf(Y) llb(x) - b~l E, lO (x  - y ) l ' l z l '*dzJ  dy 

c2-J'-~+ci-t~'ca-*)/q+i'/q-J'/~ ( j  -- k) 

)< Eessinfw2(x)'] t/q II b II II 0 II ccs'-'~[ I f (y)  I lyl~+'/'dy =EB/ BMO(R~) Js 

+ c2-i'-++cJ-+~'cx-*)/'+"i+-+'/'Eessinfw z (z)]:]+[ I f (y)  l I b(z) - bjl l y I++']'dy 
xE Bj ./s 

<~ c2<'-+~<'~]*-+-'/'>(j - 10 II f i  II ac.,~ II b II ~,~,.> II 0 II ,.+~,--,>. 

From this, it is easy to deduce a desirable estimate for/-/+. Now we consider the case of r '  

< q  and -- nS/q < a ~ O. For j ~ k -t- 3, by the properties of BMO (FI') functions and 

Holder's inequality, we have 

II z,M,,a(fi) II at., ,  

{L[f J' }'" c 2 - J ' E i n f w f ( z ) ] m  l a ( z  - y)  l lb ( z )  - bil I f (Y)ldy dz 

q ~*l/q 

,,m+(j t)~(l l)/q l/q < ~ c 2 -  - - Eesesinf~=(x)'] I I f ,  ll,,,,,., 

+ c2-~'+u-'~'"-lV'Eessinfwz ( z ) ]  '/' II f j  II L,,.'~ 
.e~ 

(I;)" + c2 -~+u-')'"-~z'+~"-~z'-'z')+'z" I I /~ II ,_,~.,) _,s" ' ~  II b II m,o~n') II a II , , ,e-,,  



Jiang Yinsheng et al: Rough Operators and Commutators on Homogeneous Spaces 65 

~< cz<t-'~'~/'(j - k) II L II ~,<w,> Ii b II ~Mo<,-~ II a II ,.~s~-,,. 

From this,  it is easy to deduce another esirable estimate for H3. 

This finishes the proof of Theorem 3. 1. 

Now, we state one of our main theorems on the commutators generated by some 

rough linear operators with BMO functions. 

Theorem 3. 2. Let b E BMO(R') and g] E L r (S "-l) be homogeneous of  degree zero, 1 

<r<~oo. Let the weight functions wl ,w, E Al and w2 satisfy (1.3).  Assume that T is a lin- 

ear operator satisfying the size condition in Theorem 2. 2. I f  0 < p < o o  and the commutator 

[b ,T ]  is bounded on Lq(w:) for some l < q < o o ,  then, [b,T] is bounded on K'q't(w~ ,w:) ,  

provided that a,q and r satisfy one of  the following 

(i) r>q  and min{n( / r - -~ /q) - - l / r ,O}<a<n(1- -1]q)  ; or 

(ii) r' <q  and - n ~ ] q < a < n  (1/r' - l /q)  + 1/r. 

The proof of This theorem is similar to that of Theorem 3. 1, we omit the details 

here. The following result which is convenient for applications is directly deduced from 

Theorem 3.2. 

Theorem 3. 3. Let bE BMO(R') and fJE L ' (S  "-l) be homogeneous of  degree zero, 1 

<r<.OO. Let the weight functions wl ,wtEAa and w: satisfy (1.3).  Assume that T is a lin- 

ear operator satisfying the size condition (2. 4). I f  0 < p < o o  and the commutator [b,T]  is 

bounded on Lq(w2) for some l < q < o o ,  then, [ b ,T ]  is bounded on K~'*(wl ,w:) ,  provided 

that a,q and r satisfy one o f  the following 

(i) r>q  and min{n( / r - - t~ /q ) - l ] r ,O}<a<n(1- -1 /q ) ;  or 

(ii) r' <q and - -n~/q<a<n (1/r s -- 1/q) + 1/r. 

4 Some corollaries 

In this section, we will give some corollaries of our main results. We state the corol- 

laries only for the case of the commutators; and for the case of the sublinear operators the 

same results are hold, we omit them. 

For the rough Hardy-Littlewood maximal commutator M~.o, by [13] and Theorem 

3. 1, we can easily obtain the following corollary. 

Corollary 4. 1. Lt O < p < o o , l < q < o o , w l , w z E A 1  and w: satisfy (1.3). Let DE 

L" (S "-1) be homogeneous of  degree zero, l <r<~ oo. r' <q and --n~ /q < a<n (1/r' - l /q)  + 

l / r ,  then the mammal commutator Mj.a is bounded on I~q'~ (wl ,w2). 

We point out that the size condition (1.4) is saitsfied by many operators in harmonic 
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analysis, such as Calder6n-Zygmund operators, C. Fefferman's singular multipliers, R. 

Fefferman's singular integrals, Ricci-Stain's oscillatory singular integrals, the Bochner- 

Riesz operators at critical index, and so on. For example, as the special cases of Theorem 

3. 3, we have the following corollaries. 

Corollary 4. 2. Let 0 < p < o o , l < q < c o  and - n ~ / q < a < n ( 1 - 1 / q ) .  Supposethat b 

E BMO (R') and T be the Calderbn-Zygmund operators. Moreover, wl ,wz E Az and wz sat- 

isfies (1.3). Then [b,T]  is bounded on the Herz spaces K'q't(wx ,w2). 

Corollary 4. 3. Let 0 < p < o o , l < q < o o  and - n ~ / q < a < n ( 1 - 1 / q ) .  Suppose that b 

E BMO(8"), k be a standard Calder6n-Zygmund kernel, and I be defined by 

I f ( x )  = p.v. f emC~'Y)k(x - y ) f ( y ) d y ,  
dR" 

where P ( x , y ) is a real polynomial on R'• Moreover, that wa , w~ E Al and wz satisfies 

(1 .3) .  Then, [b,I] is bounded on I~,'t(wx,wz) with the operator norm independent o f  the 

coefficients of  P. 

Corollary 4. 4. Let O<p<co , l<q<oo ,w l  ,wzEA1 and wz satisfy (1.3). Let /~E 

L ' (S  "-1) be homogeneous o f  degree zero, l<r<~oo,  and f s._ n (x ' )do(x ' )  = O. Assume that 

To is given by (1.6) and hE L| I f  r' <q and - -nS /q<a<n(1/r ' - -  1/q)+ l / r ,  then 

the commutator [b,Ta] is bounded on I~q'~ (wl ,wO. 

Corollary 4. 5. Let O<p<oo , l<q<oo ,w t ,w tEAx  and wz satisfy (1.3). Let n E  

L' (S  "-l) be homogeneous o f  degree zero, l<r~<oo,  assume that Ta.e is given by (1.7) and 

h is a bounded variation function on 8+. I f  r '<q and - - n ~ / q < a < n ( 1 / r ' - - l / q ) +  1/r, 

then the commutator [b,Ta.e] is bounded on K~'t(wx,wt). 

Remark 4. 1. If the linear operaotr T is bounded on Lq(w2), by Theorem 2. 13 in 

[14],  we know that the commutator [b,T] is bounded on L'(wz). Then, by Theorem 

3. 3, Corollaries 4.2 and 4.3 are obvious ; by Theorem 3. 3 and Theorem 1 in [15], we can 

easily deduce Corollary 4.4; by Theorem 3.3 and Theorem 6 in [16], we obtain Corollary 

4.5.  

Remark 4. 2. If we choose w~=w,~l  in Theorem 3. 1 and Theorem 3. 2, then we 

get Theorem 2 and Theorem 4 in [10]. 
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