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Abstract 

In this paper we construct bivariate polynomials attached to a bivariate function, that approximate with 

Jacksan-typr rate involving a bivariate Ditzian-Totik o~--modulus of smoothness and preserve some natural 

kinds of bivarlate monotonieity and eonvexlty of function. 

The resuLt_extends that in univariate ease-of D. Leviatan in 1"5-6], improves that in bivariate ease of 

the author in [3] and in some special eases, that in bivariate ease of G. Anastassiou in I-1]. 

1 I n t r o d u c t i o n  

In a very recent paper [3 ]  we proved the following Jackson-type result in bivariate 

monotone approximation, by using some natural kinds of bivariate monotonicities. 

Theorem I. 1. I f f : [ - -1 ,1]  X [--1,1]--*R is continuous, then there exists a sequence 

o f  bivariate polynomials (P.~,.: ( f )  (x ,  y)  ).,,.,EN, degree ( P ' l , ' , ( f ) )  ~ n l  +n2 ,  such that 

[ f ( x , y )  - P , . . , ( f ) ( x , y ) l  ~ C o J ~ f f ; 1 , 1 t ,  
' ~ nl nz ! 

V n l , n z ( N ,  x , y E  [ ' - I , 1 1 ,  C ) O  independent o f  f ,  na,n: ,x  and y ,  satisfying moreover 

the following sha~e-preserving properties: 

(i) i f  f (x  , y ) is increas&g (decreasing) ~ith respect to x on [--1,1"] ,  then so is 

P.~..~ ( f )  ( x , y )  too ! 

(ii) i f  f ( x , y )  is increasing (decreasing) with respect to y on [ ' - - l , l ' l ,  then so is 
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P' l" ,  ( f )  (x ,y )  too ; 

(iii) i f  f (x , y) is upper (lower) bidimensional monotone on [-- 1,1 ] • [--  1,1 ] ,  then so 

is P.,,. ( f ) ( x , y )  too; 

(iv) i f  f ( x , y )  is totaly upper (lower) motonone on [ - - 1 , 1 ] X [ - 1 , 1 1 ,  then so is 

P.v.2(f)  (x ,y)  too. 

In this paper, in Section 3 we improve Theorem 1.1 in the sense that oJ~(f; �9 , �9 ) can 

be replaced by a bivariate Ditzian-Totik modulus of smoothness ~ ( f ;  �9 , �9 ) ,  and that the 

sequence (P'v ' ,  ( f )  ( : r 'Y)) ' ," ,  EN' in addition preserve some kinds of bivariate convexity 

too.  

2 Preliminaries 

In order to extend the results in monotone and convex approximation from univariate 

case to hivariate case, obviously we need suitable bivariate moduli of smoothenss and some 

suitable extensions of monotonicity and convexity to bivariate functions. 

In this paper we consider the bivariate Ditzian-Totik modulus of smoothness (attached 

to a function f :  [ -1 ,1" ]  • [ - 1 , 1 ] - * B  given by (see F2,Chapter 12]) 

(o~(f;(~,(~ z) = sup{ ] '~ lK~ .h~ f (x ,Y )  ] : 0 ~ h, ~ ~ ,  i = 1,2 and x , y  E [ -  1 ,1 ]} ,  

where ~ t ) =  1qr~z-ti--t 2 , 

'{:I z~l,~.~,A:~.,,J'(x,y) = ~ (-- 1 ) ' f ( x  + (1 - k ) h ~ x ) , y  + (1 - k)h,~(y) ),  
t--0 

if (x'4-h~(x) , y:t:h2~( y) ) E [-- 1,1 ] • [--  1,1"], Z~:t,~.~,A:~,~f (x  , y) = 0 elsewhere, and the 

concepts of givariate convexities of various orders introduced by T. Popovieiu. 

Definition ~.. 1 ([10,p.  781). The function f : [ - 1 , 1 " l •  is called convex 

of order (n ,m) (where n,m E { -  1 ,0 ,1 ,  ''o , }) if for any n + 2 distinct points x~ <x2 < " "  < 

x.+ 2 and any m + 2  dictint points yl~y2~~176 in [ - -1 ,11 ,  we have 

[ x x ' x ' ' " " x . + :  f i f o ,  
Yl  , Y z ,  " " ,  Y.,+: 

where the symbol above represents the divided difference of a bivariate function and it is 

defined iteratively (by means of the divided difference of univariate functions) as (see [10, 

p. 64-65]) 

[.z, ,... ,x.+:; [y,  , " "  ,y.+, I f ( x ,  �9 )1,]. = [Y, ,"" ,Y.+, ! Ix, ,... ,x.+: ; f ( .  ,Y) ]~1~ 

here 
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" g(x,) 
[ x ~ , . . .  ,x,;g(.)] = ~ ( x ,  - x O ' " ( x ~  - z , _ ~ ) ( x ,  - z , + ~ ) . . . ( x ,  - x , )  

i-- I 

represents the usual divided difference of univariate function g ,  [g ix1 ] = g  (xl). 

Remarks. 1) It is obvious that convexities of orders ( -  1,0) and (0, - 1) means in 

fact that f ( x , y )  is increasing on [ ' -  1,11 with respect to y (for any fixed x E  [ ' -  1,1"]) 

and increasing with respect to x (for any fixed y E  [ ' - 1 , 1 ] ) ,  respectively. Also, convexi- 

ty of order (0,0)  one reduces to upper bidimensional monotony introduced in E7,p. 33"l, 

simultaneously convexities of order ( -  1 ,0) ,  (0,  - 1) and (0,0) means the totally upper 

monotony introduced in ES], convexity of order ( - 1 , 1 )  means in fact that f ( x , y )  is con- 

vex on [ -1 ,1"1 with respect to y (for any fixed x ) ,  and so on. 

2) Suppose f is of C "+=+: class on l ' -  1,1"] X [ -  1,1]. 

O'+'+:f(x,y)~a By the mean value theorem we get that if ~ ~ , , ,  V ( x , y ) E [ ' - l , 1 ] •  

[ ' - 1 , 1 ] ,  then f ( x , y )  is convex of order (n ,m)  on [ ' -1 ,1]X1"-1 ,1"] .  

3) We also need to introduce the following concept similar to that of totally upper 

monotony: 

f ( x , y )  will be called totally convex on 1"-- 1,1 ] X E - 1 , 1 ]  if f ( x , y )  is simultaneous- 

ly convex of the orders ( - 1,1 ) ,  (1, - 1 ) ,  (0 ,1) ,  ( 1, O) and (1,1).  

4) If f is continuous on E--1 ,1IX I ' - -1,1]  then the uniform norm of f is defined by 

II f II = sup{ I f ( x , y )  l : x , y  E I ' -  1,1]}. 

3 Main result 

Our main result can be stated as follows. 

Theorem 3. 1. / f  f :  [ - - 1 , 1 ]  • [ - 1 , 1 ] - * B  is continuous, then there exists a sequence 

of  bivariate polynomials (P't,'z ( f )  (x ,y )  ).t..#N, degree (P'v ' :  ( f )  ( x , y ) )  ~ n l  + n : ,  such 

that 

II f - P~,.: II ~< c, , /  f ;  n'~' ' 

where C>O is independent of f ,nl and n:, satisfying moreover the following shape-preserv- 

ing l~'operties, 

(i) i f  f is convex of  order (0 ,0)on  I ' - - I , I ' IX[ ' - - I , I ' ]  (i.e. accordingto Remark 1 in 

Section 2 f is upper bidimemional monotone) then so is P.t..2(f) too; 

(ii) i f  f is simultaneously convex of the orders ( -  1,0),  (0, -- 1) and (0,0) (i. e. ac- 

cording to Remark 1 of Section 2 f (x , y ) is totally upper monotone) then so is P .~..s ( f )  toot 
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(iii) i f  f is convex o f  order (1,1) on [,-- 1,1] X [ ' -  1,1"], then so is P.,.., ( f )  too; 

(iv) i f  f is totally convex on [,--1,1"]X[,--1,1"], then so is P .c ,z ( f )  too. 

Proof. If g : [ , -1 ,1 ] -*FI ,  then according to ['S, relation (S)],  the approximation 

polynomials are given by 

P . ( g ) ( x )  = g ( -  1) + ~-~jsi,,(Ri.,(x) -- Ri+l, . (x)) ,  
j--0 

g (~i+1,.) --g(~j,.) 
where si,.= ~i+1, _~i," , {~i , . , j=O,n} suitable nodes in [,,-1,1] and R~,.(z) suitable 

choosen polynomials of degree ~n .  

According to [.5, Theorem 1], we have 

l l g -  P.(g)11 ~ Cto ' (g ;1 )  , ' v ' nE  N, 

where r is the usual Ditzisn-Totik modulus of smoothness. 

We will construct the polynomials P.I,.= ( f ) ( z ,  y) by applying the tensor product 

method (see e. g. , [9,p. 195-196]).  

We obtain 

P , r . ~ ( f ) ( z , y )  = f ( -  1, - 1) 

+ ":-~,-o ( f  - 1,71,+a,. ' )rL+t., ' --  r/,..:f(- 1,7/,,, ) [R, . . (y )  - R,+~... (y)'l 

" - '  f(~i+a,.,' -- 1) -- f(~i, . , '  -- 1) 
+ ~ ~i+,,., _ ~j.., [R~.., (x) - R,+,.., (x ) ]  

where 

j - o  

Jl--l:*2--1 

�9 q- E~_~S[.i[R,..(y) -- R,+,..(y)][Rj.., (z) -- R,+,.. (z ) ] ,  
i 'O  i--O 

f(~i+l. ,  '711+l,,,,) -- f(~i,., 'r/,'+h.:) -- f(~i+l., dl,,.,) + f(~i  ,,, '~'.',) 
S :  = ' ' " '" (~i+~,., - ~J,., ) (~,+,,., - ?,,-,) 

= [~i'" : ~'~+'"' ;f] 
kr]i,.: r~i+ 1.. z j '  

and {~j,., } ,R/ , . , (z) , j=O,nl ,  {r/,..=} ,R,.. (y) , i=O,nz,  are constructed as in univariate case 

in ['57. 

Obviously, degree (P'l"~ ( f ) )  ~na +n: .  

Firstly we prove the estimate in Theorem 3. 1. 

For any univariate function g, we have 

<~ Ilgll + I I P . ( g ) - g l l  <~ Ilgll +C~o|[g,_-l I~< (1 + 2C) I lg l l ,  II P.(g)II 
I n l  
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that is passing to supremum with II g II we obtain (for the linear operator P.)  

IIIP.III ~(1+2C), V nE-N, 

where C > 0  is independent of n. 

Applying now Theorem 5 in [4],  we immediately get 

where aJ~., and w~., are the partial moduli defined in [2 Chapter 12]. Taking into account 

that obviously 

/ 1 ' P h i  n i l  ' 

we obtain the desired estimate. 

In what follows we will prove the shape-preserving properties. 

(i) Suppose f is convex of order (0,0). According to Remark 2 in Section 2, we have 

to prove that 

We have 

i~P.~,., ( f )  (.z: ,y) 
a~ay O, V ~r,y E [-- 1,1]. 

~P'~,', (f) (z ,y )  . , - l . , - ,  
azay = ~-~, )-~,8,:~ (R',,. ( y ) .  - R' ,+z. . (y))(R'~.(x) .  - R'~+~,., ( z )  >i O, 

j--O i--O 

because from univariate case, each from Ri,,: (y) --~+I,.:(Y) and Ri,. ! (x )  --Ri+~,. ' (x)  are 

increasing with respect to y and x ,  respectively, and ,Si;i~0, '4 i--0,nz ,j=--0,n~. 

(ii) Suppose f is simultaneou sly convex of the orders ( - 1,0),  (0, - 1 ) and (0,0). It 

follows 

f ( - -  1 'qi+h.,) -- f ( - -  1 'qi,,,,) 
>10, 

q i + l , a  s D qi,J,s 

f (~ ,+ , . . ,  -- 1) -- f<$i. . , ,  -- 1) 

~ j + l , =  t D ~J'=1 >10, 

and S~;j~0,V i = O , n : , j = O , n l .  

Also, Ri., ( -1)=R~. , : ( - -1)=0,  V j---0,nl, i=O,nz, which implies 

Rj,,, (z) -- Rl+ 1,., (z) ~ 0, Re.., (y) -- R~+ 1,,~ (y) ~ 0, 

V j=O,n l  ,i=O,ns. 

Therefore we obtain 

i~lP.v. ( f ) ( z , y )  ",~_.~ f(~ei+,.. ,, -- 1) -- f(~e i . ,  -- 1) 
= - R ' '  ,.,.., 
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+ 2 ~  " (R' i . ' , (x)  - -  R'i+l . ' , (x))(Ri  ",(Y) - -  Ri+' ":(Y)) ~ 0, 
j - o  i - o  L r ] i + l , , , , r ] ; , , ,  ' ' ' 

V (z,y) E [ - - I , I ]  X [ - - I , I ] .  

Similarly we get 

aP,, ,, ( f )  (x,  y) 
�9 >10, aS 

and finally from the previous point ( i ) ,  we have 

a~P.,.., ( f )  (z ,  y) 

azas 

V x , y  E [ --  1,1:], 

(iii) Applying relation (5) in [5,p.  473-], we obtain the following form 

P,,., ( f ) ( x , y )  = f ( -  1, -- 1) + 

where 

f ( - -  1 , r / a . , , )  - -  f ( - -  1 ,  - -  1 )  

(1 + y) 
r/l., ' + 1 

" ~ f ' f ( - -  1,r/,+~,, ) - - f ( - -  ldL,. ) f ( - -  1,'L.,,) - - f ( - -  1,'h-,..,)]R,..(y ) J  
'I,.., r/~-l.., 

+ f(~,. . ,  -- 1) -- f ( - -  1, -- 1) 

~,,., + 1 
(1 + x) 

"•[f(•i+,.,,, - -  i )  - -  f(~i..,, 
+ , . , ,  G , T . ,  - 

- 1 )  _ f(~i,,,' --_~,,, - -  f(~i-I ,,' -- 1 )  ]Ri.,, (z) 

s2--1 

+ (1 + z)(1 + y)So., + (1 + x)~-'](S,:o - S;_~.o)R,..(y) 
i--1 

RI--1 

+ (1 + y)~__~(So.j - S ; .~_~)Ri , . (x )  
J-1 

ml--l~:--I 

+ ~ ' ~ j ( S , :  i -- S [ . i _ , -  S[_,. i + S:_, . i - , )R, . . , (Y)Ri. . , (x) ,  
j --I  i--1 

f (~i+l.,, ' ~i+ 1.,, ) --  f (~i.,, ' ~i+,.,, ) -- f (~i+,.,, ' r/i.,, ) + f (~i.,, ' 71i.,, ) 
S,'.~ = (~j+~. . ,  - ~ , . , )  O/;+~.., - 7 / . . )  

Let us remark that 

f ( - -  1,rh+l.. ) -- f ( - -  1,rh.. ) f ( - -  1,r/i.. ) -- f ( - -  1,~/,-1..,) 

~,+:,., - 7/i,. ' 7/,.., - ~- l , . ,  

--1 f )[ , ], 
= (~,+l.,, - ~-, ,. I , ,  . ,,, . 

' L ' I I - - I , N  I t ' l i , j  I " l i + l , s  I . I  

f(~i+~,., ' -- 1) -- f (~i . . , '  -- 1) f (~i . . , '  -- 1) -- f(~i-a.. , '  -- 1) 
- - 

>I  o, V x , y  E [ -  1,13. 
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We have 

= ( ~ / + i  , , -  ~i i , , ,) [  ~j-i' ' ' '~j' 'r ; f ] ;  

_ _ F - ' " , ,  d 
= 

r - , , , , . ,  1 = (T]I+I,= i - -  ~ i - - l , j  I )  ) ,' I f  l Lv,-,.., v,.., v,+,.., J 
s L -  s:,_, = (e,+,., -e,_,.,) -e,_,..,,e,,.,,e,+,.., f] 

. . . .  - -  I '~/1,,, ; ; 

S,'.j - S, : j_~ - S/_~.j  + S/_~,j_~ = S;. j  - S;.j_~ - (S /_ , . j  - S /_ , . j_~)  

"ej_,..,, ej..,, e,+,..., 1 
= (~j+,.., - ~j..,) ('1,+,.., - ~/,.. ) t f  I. 

)~i,m i ) l'~i,,t. 1,11 d 

a ' P . , , , , ( f )  ( x , y )  ~ - ~ ' , - ~  
~ ,  = ~ E ~ E ( e , + , . , -  t , . , ) (v ,§  - v,..,) 

j - - I  i--I 

[~,-,.-,' ~,..,' ~,+,.., ,lo. �9 ,, _ Is i~, .  (y)R;,.,(x) >I0,  
LT]I-I..: "li+z.., "h.,, g ' 

by hypothesis on f and by construction P~.,, ( y ) ~ 0 ,  R;.,, ( x ) ~ 0 , V  x , y E  [ -  1,1] (see 

I s ] ) .  
(iv) Firstly, let us remark that by construction we have (see [5]) 

R'j,.,(=) >I o, Rj..,(x) >i o, r ; , . , (x) >I o, v x E [ -  l , l ] , j  = O,n,, 

R;.,.(y) >i O, R,..,(y) >i 0, R;.,:(y) ~ 0, V y E [ - -  1,1 l , i  = O,n2". 

These inequalities combined with the hypothesis on f ,  immediately give 

, ~P. , . . ,  ( f )  (x  ,y)  ~sp.,..: ( f )  (x ,  y) 
~P,, , ( f ) ( x , y )  >i O, >I O, >t O, 

az J az~y az:~y: 

o~P,,,.,. ( f )  (x,y)  OaP,,,,,, ( f )  (xy) >1 O, 
ay: >I O, ayi~ 

which proves the theorem. 

V x,y  E ['-- 1,1], 

Remarks. 1) The polynomials constructed by Theorem 3. 1 do not preserve the 

monotonicity with respect to each variable but still preserve the totally monotonicity, that 

is the most natural concept of bivariate monotonicity, because by [8], a totally monotone 

function has at most countable numbers of points of discontinuity. 

2) Even if the polynomials in Theorem 3.1 preserve some kinds of bivariate convexity 

of higher order, however do not preserve the usual convexity of a bivariate functions, that 
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is 

f (aX + (1 -- a)Y) ~ af(X) + (1 -- a)f(Y),  

V X=(x, ,xz) ,  Y = ( y , , y , ) 6 [ - 1 , 1 ] X [ - 1 , 1 ] .  

This question will be considered by another paper. 

V a E [ 0 , i ] ,  
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