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Abstract

In this paper we construct bivariate polynomials attached to a bivariate function, that approximate with
Jacksan-type rate involving a bivariate Ditzian-Totik wi=modulus of smoothness and preserve some natural
kinds of bivariate monotonicity and convexity of function.

The result extends that in univariate case-of D. Leviatan in [5—6], improves that in bivariate case of

the author in [3] and in some special cases, that in bivariate case of G. Anastassiou in [1].

1 Introduction

In a very recent paper [3] we proved the following Jackson-type result in bivariate
monotone approximation, by using some natural kinds of bivariate monotonicities.
Theorem 1.1. If f:[—1,11X[—1,1]=R is continuous, then there exists a sequence

of bivariate polynomials (P_l_,z(f) (2,9)), »,ens degree (P~1-':(f )<y +ny, such that
f@) = Py (NG| <Curl 12, 2),
) Rt ] n n,

Y mym €N, 2,y€[—1,1], C>0 independent of f, nysnzsx and y, satisfying moreover
the following shape-preserving properties:
G) if f(x,y) is increasing (decreasing) with respect to x on [—1,1], then so is

P, . (N)(z»y) toos

Gi) if f(x,y) is increasing (decreasing) with respect to y on [—1,1], then so is



S. G. Gal: Shape-Preserving Bivariate Polynomial Approximation in C([—1,1]x[—1,1D 27

P, . (N(zsy) too;

Gii) if f(xyy) is upper (lower) bidimensional monotone on [—1,1]X[—1,1], then so
is P_l,.’(f) (z,y) too;

Gv) if f(zx,y) is totaly upper (lower) motonone on [—1,11X[—1,1], then so is
P, '_2(f )(zyy) too.

In this paper, in Section 3 we improve Theorem 1. 1 in the sense that o, (f; * , * ) can
be replaced by a bivariate Ditzian-Totik modulus of smoothness @{(f; * , * ), and that the
sequence (P, Nz, ¥, mens 0 addition preserve some kinds of bivariate convexity

t00.
2 Preliminaries

In order to extend the results in monotone and convex approximation from univariate
case to bivariate case, obviously we need suitable bivariate moduli of smoothenss and some
suitable extensions of monotonicity and convexity to bivariate functions.

In this paper we consider the bivariate Ditzian-Totik modulus of smoothness (attached
to a function f:[—1,11X[—1,1]>R given by (see [2,Chapter 12])

Wl(f;0,,0;) = sup{ |An,xz).h,y(y)f(-r’y)‘ 1 0Sh<68,i=1,2and 2,y € [— 1’1]} ’
where ¢(t)= vV1—2,

2
A:‘,m,.,,(,)f(x,y) = Z [k] =D+ Q- Rhe(x),y + (1 — BDhp(¥)),

A=0
if (zth@(z),ytheM)E[~1,1]X[~-1,1] ,A:l,(,,,,’,(,)f(x,y) =0 elsewhere, and the
concepts of bivariate convexities of various orders introduced by T. Popoviciu.

Definition 2.1 ([10,p.78]). The function f:[—1,1]X[~1,1]-R is called convex
of order (n,m) (where n,m€ {—1,0,1,,}) if for any n+2 distinct points z, <z, <+ <
Z,., and any m+2 dictint points y, <y, <** <4, in [—1,1], we have

o 120
where the symbol above represents the divided difference of a bivariate function and it is
defined iteratively (by means of the divided difference of univariate functions) as (see [10,
p. 64—65])
[y s Zap s D s Ymsn s F @y )], 0 = Do s dmaas [z s 2ugas G0 1),

here
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?
[11»'",1,;57(')] = Z g(z;)

o (2 — ) (x — zp ) (2 — 2y ) oo (x5 — 2,)

represents the usual divided difference of univariate function g,[g;x, J=g(z,).

Remarks. 1) It is obvious that convexities of orders (—1,0) and (0,—1) means in
fact that f(x,y) is increasing on [—1,1] with respect to y (for any fixed z€[—1,1])
and increasing with respect to z (for any fixed y€ [—1,1]), respectively. Also, convexi-
ty of order (0,0) one reduces to upper bidimensional monotony introduced in [7,p. 33],
simultaneously convexities of order (—1,0), (0,—1) and (0,0) means the totally upper
monotony introduced in [8], convexity of order (—1,1) means in fact that f(z,y) is con-
vex on [—1,1] with respect to y (for any fixed z), and so on.

2) Suppose fis of C****classon [—1,1]X[—1,1].

+m+2
g—aF{a'i;:‘_-:-:ly)>or V (I,y)E[—'lol]X

[—1,1], then f(x,y) is convex of order (n,m) on [—1,1]X[—1,1].

By the mean value theorem we get that if

3) We also need to introduce the following concept similar to that of totally upper
monotony
f(x,y) will be called totally convex on [—1,1]X[—1,1]if f(z,y) is simultaneous-
ly convex of the orders (-1,1),(1,-1),(0,1),(1,0) and (1,1).
4) If f is continuous on [—1,1]X[~—1,1] then the uniform norm of f is defined by
| £II = sup{|flz,y)):x,y € [— 1,1]}.

3 Main result

Our main result can be stated as follows.
Theorem 3.1. If f:[—1,11X[—1,1]>R is continuous, then there exists a sequence
of bivariate polynomials (P, . Nz, ), aens degree (P, Nz y))<ny+nyy such
that
11

"f—P':"x I QC“’;(finl”}z ’ Y n,m €N,

where C>0 is independent of f,n, and ny, satisfying moreover the following shape-preserv-
ing properties:

() if f is convex of order (0,0) on [—1,1]1X[—1,1] (i.e. according to Remark 1 in
Section 2 f is upper bidimensional monotone) then so is P_'.,z () too;

(i) if f is simultaneously convex of the orders (—1,0), (0,—1) and (0,0) (i.e. ac-
cording to Remark 1 of Section 2 f(x,y) is totally upper monotone) then so is P'v": (f) toos
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Gii) if f is convex of order (1,1) on [—1,1]1X[—1,1], then so is P_m(f) t00;
Gv) if f is totally convex on [—1,11X[—1,1], then so is P_l',z(f) too.
Proof. If g:[—1,1]->R, then according to [5, relation (5)], the approximation

polynomials are given by

n—-]

P(g)(@) = g(= D + 2 5a(R;(@) = Ry (2D,
W {GRET (P
Whel‘e s,‘,n_ $j+l,"“ej,,‘

+{¢;,.+j=0,n} suitable nodes in [—1,1] and R, ,(z) suitable

choosen polynomials of degree <n.

According to [5, Theorem 1], we have
lg =PI <Cof{gig]s  VneEN,

where «}(g;d) is the usual Ditzian-Totik modulus of smoothness.

We will construct the polynomials P,,l_,,z(f ) (z,y) by applying the tensor product
method (see e.g., [9,p. 195—1961).

We obtain

P,l,,x(f)(x,y) =f(—1,-1)
iy (f_ 197]51.1,,’) - f(’— 1’77,-

+ 2

ry ”H-l.n, - 7.'..:

)
: [Ri..,(y) - Ri+1..,(y)]

nol f(5j+1_.‘ y 1) - f(e,',nl s

+ 2

1)
[Ri--, (x) - Ri+1.-, ()]

= ei+x,-, - fiv»,
a =lny—1
+ Ezsi:i[Ri.-;(y) - R.’+1.-,(y)][Ri"x (z) - Ri“"l (I)]’
=0 im0
where
Qe — f(ei-H.-) ’ i+!.lx) - f(eiv"n ’77i+1"z) - f(ei'H'.’ ,7]".2) + f(ej'.‘ ’7)‘.'2)
YT (€j+l,nl e Ei-ll)(7i+1"z - 7]-‘..2)
Ej,u 1S it1.m ]
= ! 1;f )
[’7-'..1’ i+l

and {§;, },R;,, (2) yj=0ymy {0 2R, () ,i=0,n,, are constructed as in univariate case
in [5].

Obviously, degree (P,,l,,,2 (N, +n,.

Firstly we prove the estimate in Theorem 3.1.

For any univariate function g, we have

Pl < llgll + 1P()—gll < llgl +Cw§(g;%)<(1+2C) el
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that is passing to supremum with | g || <1, we obtain (for the linear operator P,)
tpPdl <(1+20), Y n€EN,
where C>0 is independent of n.
Applying now Theorem 5 in (4], we immediately get

17 =P D1 <Clan£ik)+ ot (512)]

where «f, and of , are the partial moduli defined in [2 Chapter 12]. Taking into account

that obviously
1 1 11
i i) ot o <t i,
we obtain the desired estimate.
In what follows we will prove the shape-preserving properties.
(i) Suppose f is convex of order (0,0). According to Remark 2 in Section 2, we have

to prove that

2,8,
a ay > 0,

Y z,y€ [_ 191].

We have

(f)(z,y) e e
by = 2 250 Run ) — Ry O R (@) = Ry, (2) 20

j=0 im0

because from univariate case, each from R, () —Rip,, " (y) and R;., (:zc)—RH,,,,.l (z) are
increasing with respect to y and x, respectively, and S;;,20, ¥ i=0 0,73, §=0,m,.

(ii) Suppose f is simultaneously convex of the orders (—1,0), (0,—1) and (0,0). It

follows
- 19 i+1,m - - 1, i )
f( Dig1, ,) S Tion, >0,
’7.‘+1.-: - ’7.',-,
f(ei“'l-ll y — 1) - f(Ej,,.] ’ >0
$i+1.-, - e,',.l =7

and S;;=0,Y i=0,n3,j=0,n,.
Also, R, (—1)=R,, (—1)=0, ¥ j=0,n,, i=0,n,, which implies
Ri-n, (z) - RI-H.-, (z) 20, R,_,’(y) - Ri+1.-,(}') =0,

Y j=0,m,,i=0,n,.
Therefore we obtain

. .(f)(x,y) i ‘f(eyn.’ l)—f(é,_

=, — (R'.

i»
j=0 "“"l Jrmy "

(x) - Rl,'.g.)'.‘ (-t))
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ll‘“ll‘-l
+ ZZ [ 1y omy f] (R, (z) — leﬂ"‘(x))(R,.,,z(y) — Ry, (9 20

j=0 im0 ’7:4-1 nx’,ll »ny

V (17)’)6[‘"1,1])([_1’1].

Similarly we get

aP.. . (f)(xry)
-0, Y z,y € [—1,1],
oy
and finally from the previous point (i), we have
FP, ., (x5
T}O, Vz,y€[~1,1]

(iii) Applying relation (5) in [5,p. 473], we obtain the following form
f("' 1,771,,.2) - f("’ i, — 1

P,V,z(f)(x,y) = f(_ 1, — 1) + 7]1'”1 1 1+ y)
T f(— 1"7.‘4.),.’) - f(— 1"7-‘..,) f(- 1”].‘..,) - f(- l’qi—l.-,)]
t ;[ 77i+1,-, - 77.'.-2 h "7.'..z - 7}."-1..1 Ri"’(y)
+f($1"‘1 "‘1)_f(_19 - 1)(1+ )
&+ 1 *
1l f(ej.ﬂ,, y — 1) —f(e, » 1) f(e s — 1) _f($~_1 y — l)]
1 Jrmy _ iy j~1em R
+ Z,[ Eom — G T o ()
”2—1
+AQ+2)AQA+ S, + A+ x)Z(S,",o - Si.-l.o)Ri..‘(y)
i=1
-‘—l
+ A+ 9D (S~ Se DR, (2)
=1
=181
+ DS = Sty — Sty + SR (DR, (2D,
j=1 =1
where
S' _ f(ej-i-l.ul ’?H»l.-z) - f(ej LN ’171-{-1 L f($1+l L) ’?: "2) + f(e ooy ’7]: "y

" ($j+l.n e; ny )(7]|+1 my 7]| .2)

Let us remark that

f("‘ 1;7;+1_,x) - f(— 1,7,‘,,.2) f(_ 1,?;,,2) - f(_ 1,'7.'_1,.3)

7’-‘+x.-, - 77.',., 7’.',-, T Yim1,

-1
= (?H-l.n: - 7"‘1"2)[’71‘—1.-1’71',.:’ H'l"tff];
f($j+l.l|’ -1 - f(fi.-,’ -1 f(ei-'n’ —b- f(ei—l"" — b
T ¢ -

i+l T Sy ej,l‘ - ej—l.nl
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¢

=1 oy

»§;

= (el"H"'l - El._l'.l)[ J» ui i+l if];

S. S. — l’el-ll f - l’el"l f
00 =10 = "i--,’”‘ﬂﬂz, 7;—1-.,9’7«..23

- l’el.-l
= (77.'+1.,.x - 77.'-1..,) 7 if|s

i=1m, ? r'i.l, ’ ?H-l.l,

ej— n ’E)u i+1.a
SO.) - So.,_ = ($i+1'll - Ei—l.nl) [ " _l_ 1 ; ! ,3 ]
1o,
S

i Sl:}—! -—l Vi + St—l j=1 S_":l' - S".i"l — (S

5_ . ,e,,, %41,
= (eﬂ—l,-, - e}.-l)(7i+1,-, - 77.'..,) [ e e 8f:|

i=1,j S:—l 1-1)

,’i—l.n:”]t.ux’ (220N
We have
P, . (N(z,y) 2w}
. a{ﬁay = ZZ( i+l ei.-,)(”iﬂ.-, - '/-'..,)

jm1 im]

[e}'—l.l| ’ jomy ’$j+l ooy
.

7:‘—1.1& v7i+1.., ’,)l' oy

;f] R, ()R, (z) >

by hypothesis on f and by construction R,f,.’ (y) 20, R},,.l (2)=20,Y z,y€[—1,1] (see
(sD.

(iv) Firstly, let us remark that by construction we have (see [5])

R}.l(-’l?)/ R,-,.‘(x) 0, R;.(x)/Oy Vz€ [—1,1],j=rn1,
R,.»>=0, R,(»P=0, R,(N=0, Vy€[—1,1]i=0,n,.

These inequalities combined with the hypothesis on f, immediately give

P, . (F)(z,y) < P, . (N (z,5) - aP, . (N)(z,y) -
—az’— =0 —'3'::2—5_;_ =0, T At T 0,
ZP, . (N(x,3) FP, . () (xy)

—T——ZOQ W;O’ V.t9y6[_ 111]’

which proves the theorem.

Remarks. 1) The polynomials constructed by Theorem 3. 1 do not preserve the
monotonicity with respect to each variable but still preserve the totally monotonicity, that
is the most natural concept of bivariate monotonicity, because by [8], a totally monotone
function has at most countable numbers of points of discontinuity.

2) Even if the polynomials in Theorem 3. 1 preserve some kinds of bivariate convexity

of higher order, however do not preserve the usual convexity of a bivariate functions, that
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is

f@X 4+ Q-a)KLafXD+AQ —-a)f¥), VYael0,1],

V X=(l'u13z)’ Y=(y“yz)6[—l,1]><[-1,1].

This question will be considered by another paper.
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