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Abstract

Let T, b,m be the higher order commutator generated by a generalized fractional integral operator T,
and a BMO function b. In this paper, we will study the boundedness of T, p.m on classical Hardy spaces

and Herz-type Hardy spaces.
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1 Introduction and Main Results

Fractional integral operator is one of the important operators in harmonic analysis with
background of partial differential equations. In fact, the solution of Laplace equation Au = f
for good functions on R" can be represented by using fractional integral operators acting on f.
In [1], the authors introduced a new kind of fractional integral operators, namely, the so called
(@ — N)-type fractional integral operators, and discussed their boundedness on Hardy spaces,
weak Hardy spaces and Herz-type Hardy spaces.
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Ding Yong and Lu Shanzhen!? have given the boundedness properties of higher order com-
mutators generated by homogenous fractional integral operators atid BMO functions on Hardy

spaces, weak Hardy spaces and Herz-type spaces.

Definition 1.1.11  Let 8 be a nonnegative nondecreasing function on (0,00), N € NU{ 0},
and 0 < p < n. T}, is called a fractional integral operator, if there exists a measurable function
K(z,y) on R* x R*\ { (z,z) : 2 € R"} satisfying

Dif 0glal<N, 9K (z,y)|<c|z—y[mHrmlely

@if ly-y [<le-yi/?2

Iy—y'l) 1
|z —y»®

yd 1 &3 ! ! @
K@y = 3 0Ky -v)%) < eo(E=0
la|<N

such that

T, f(z) = / K(z,4)f(y)dy

n

for all f € S(R™), where S(R™) is the space of all the Schwartz functions on R™.

The higher order commutator generated by (8, N)-type fractional integral operator T}, and
a BMO function b is defined by

Tt = [ K(@0)0(a) - 66" Fw)dy men,

Recently, Zhang Ligin P14 gave the boundedness of T, 5,1 on Hardy spaces. In this paper,
we will study the boundedness properties of T}, on classical Hardy spaces and Herz-type
Hardy spaces.We remark that in this paper we are very much motivated by the work of professor
Ding Yong in (2], [5].

Now, let us give some definitions and show our results.

Definition 1.2.2]  Let be BMO(R"), m € N and 0 < p < 1. A function a(z) is said to be a
(p, 00; b™)-atom, if

(1) suppa C B(zg,r) = {z € R* : { & — zg |< r} for some r > 0 ;

(2) llalleo <| B(zo,r) [71/7;

(3) /a(w)dx = /a(z’)b(a:)dx == /a(w)b’"(w)dm =0.
A temperate distribution f belongs to the atomic Hardy space H}..(R"), if it can be written

oo o0
as f = Z)\jaj in the S'-sense, where each a; is (p,00;b™) -atom, A; € C and Z | Aj |P< o0.
Moreover, we define the quasi-norm on H}..(R™) by

i/p

o0
1 £llsrz,, ey = inf [ D1 A5 P
=1
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where the infimum is taken over all decompositions of f as above.
Let By = {z € R": |z] <2F},Cx = By — Be—1, Xk = XCu, k € Z.

Definition 1.3.2] Let a € R, 0 < p < o0 and 0 < ¢ < oo. The homogeneous Herz space
K +P(R™) is defined by

Ke? ) = {1 € Lo ®\{0D) ¢ | £ llggoe< o0},

where
x

. 1/p
17 lggogny={ 2 2% I Fxi o |

k=—occ

with usual modifications made when p = 0.

Definition 1.4.2) Let 1 < ¢ < 00, @ > n(1 = 1/q) and b € BMO. A function a on R" is
called a central (a, g; b™)-atom , if

(1) suppaC B(0,r)={z € R*:|z|<r} for somer >0;
@) alle <IBO)™=;

(3) /a(x)d:c = /a(w)b(x)dw == /a(m)b’"(m)dm =0.

Definition 1.5.121 Let be BMO.1< g< o0, a>n(l —1/g) and 0 < p < c0. A temperate
distribution f belongs to the Herz-type Hardy space HK®” (R"), if it can be written as f =

q,b™
oo

Z Aja; in the S'-sense, where each a; is a central (@, g; b™) -atom supported on B; = B(0, 27),
j=—o0

fe )
Aj € C and Z [ Aj [P< oo. Moreover, we define the quasinorm on H K:Z;,’;(R") by

j==—c0
. s 1/p
”f”Hk:'_'b’In ®") = mf( Z | Ay |p)
j=—oc0

with the infimum taken over all decompositions of f as above.

In this paper, we obtain following results.

Theorem 1.1, Let0<pu<n, 1<p<n/p, 1/g=1/p—p/n, b € BMO. Then there is
a constant ¢ > 0, independent of f, such that

”T;z,b,mf”q <cellfllp -

Theorem 1.2, LetO<pu<n, 0<p<1, 1/g=1/p—p/n, N> [n(l/p-1)], b€ BMO

1
6°(t) 1 \me
/0 mmerr (log 7 +1) dt < oo,

then Ty, pm is bounded from H}.(R") into LY(R").

and
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Theorem 1.3. Let 0 < p<n, 1 < q <nfp, /g2 =1/¢s —p/n, 0 < p; < p2 <
n(l - l/ql) S a < o0, N 2 [a+n(1/q1 - 1)]’ be BMO: and

Al (a—n+n/g)+1 log z +1 dt < oo,

/‘ (0(t))» ™ ( 1 )m(pml)

0

where py A1 = min{py, 1}, then T, 4, is bounded from H I'(;”’,',‘.,. (R") into I‘{;'z”"2 (R™).
2 Proof of Theorems

Lemma 2.1.0  Let b € BMOR™), | > 1, then

/ | b(z) - bg ™ dz < ¢ P™5™ | 2B
2i+1 g

Lemma 2.2.%)  Suppose that 0 < a <n, 1 <p < nfa, 1/g=1/p—a/n, b€ BMO. Then
for p(z),v(z) € A(p,q) and p(z)v(z)™! = v™(z), there is a constant c independent of f such
that M7, , satisties

([ rss@neirae) ™ <o [ 1 s@mer) ",

where

Mgl f (@) = sup

r>0 ,,.n—a

[, 19 =010 =) 7] 1) .

Proof of Theorem 1.1. Forr € R® ande >0 with0O< p—e < pt+€ <n, wechoosea d >0
such that

525 = ]V[{?u+s,bf(x)/M1",lu-s,bf(x)‘

Write
Toomf(@) = / K(z,y)(b(z) - b(y))™ f(y)dy
|z~yl<d
+ / K (z,y)(b(z) - b)) fw)dy = I + L.
[e-y|28
We have
1 m
Ll < é_y,«slw——ﬁ“’(“’"”(y)' |7 |y
—-j—1 —-n _ m
< 2 /Z)_j_lm gy T ) =) M 1) |y

IA
"é
t
‘M
l\D

= 2 ]5)5 b m dy < c &EM™
Giaynnte o) = b(w) I F () | dy < ¢ 6" MY, ey f(2)-
je—y|<2~38
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Similarly,
1
bs [ e e P
RS [ Ty 0 0 L
< Z/ ' (Qj‘lé)ﬂ‘nlb(z) —b) ™ fly) | dy
j=1 ZJ‘1<5<l1 yi<2is
<

7 "Z e L T = M) 71 £0) |y € 057D 1),
Thus, by the above selection of  we get

| Tsum () 1< ¢ (OF M, F(&) + 6~MP o F(@)) = € (Mo F(@) V2 (MTy e o f @) Y2.
Noting 1 < p < n/pu, there is an € > 0, such that
p<n/(p+e).

Let 1/q1 = 1/p—(u—¢)/n, 1/g2 = 1/p—(pte)/n, L =2q1/q, l2 = 2q2/q, then g1, ¢2 > 0, [ > 1
and 1/l; + 1/l3 = 1. Thus, by Lemma 2.2, one has

ITwomfll; < ¢ /R" | M, f (@) |2 MY o f(2) |97 da

< o ([ 1Mn @1 )" ([ MIeat @) 10 do) e
= ¢ (/ | Miumenf (2) I dz>q/2q (/ | MTyepf(2) 1% dw) .
< c(/' 1@ e ([ e a) =y

Proof of Theorems 1.2. By a standard argument, it suffices to show that there exists a
constant ¢ > 0 such that for each (p, co; b™)-atom a,

ITwbm(allly <

Now let us fix a (p, 00; b™)-atom a with supp a C B = B(zg,r). Write

IIT, ,bdn(a)”g = /l | | Ty p.m(a)]*dz + / | Ty p,m(@)|*dz = Ly + La.
T—xp|<4r

|x—zo|>4r

For L, we choose p;,q; such that 1 < py < n/p,1/q1 = 1/p1 — p/n. Using Theorem 1.1, we
have that Tu,b,;n is bounded from L¥'(R") into L7 {R*).

1—1

4/m 1)
/ Tum@@dz) ([
jz—xo|<4r |z—zol<4r

cllall?, (4r)n~9/@) < c”a”wqu/m prl-a/a) < ¢

Ly

IA

IN
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For Ly, noting |z — zo| > 4r, by the vanishing condition of a, we obtain

1
Tom@@] < ¢ [ K@~ 5 50K (e a0 - 0] 1) - o)™ alo)ldy
[si<N
< o [ 0(L) e wIbte) = bol™ +160) - bol™)y
< — m _ m
< (zgzol)m—ﬂiol"‘”(/gla(y)“b(z) bs| dy+/B|a(y)||b(y) bsl™ dy)
r
< (i) o (60 = bl lalleelBI + el 1)
2r
< 1—1/1’ — m my
< (o) B (06 - ol + )
Therefore,
Ly < ci/ 0( 2r ) 1 . 7'n(1~1/p)(|b(w)"bB|m+||b||f‘) qdz
r“Z 2irg|z—zo| <2+ r |(L’—lIJO| Iw—zolll‘”

IA

c Z|0(2°‘i+1)(Qir)u—n,,,n(l_l/p) \q (/
=2

jz—zo|<2i+1r

lb(z) — bp|"™*dz + /

|z~zoj<2i+1r

Ibilz7dz)

Ifo<p< ——n—,then0<q§1.Choosel>l,wehave
n+pu q

/1 1-1/t
/ Ib(l') - bBIqu.'l: < (/ Ib(z) _ bBImqldz) (/ d:v)
oozl sz 1/1 le—zols2tttr jz—zo|L2i+1r
< (Jlfmatimat @ity ) (@ )R < o pbmaime (24 ),

n
If —— <p<1,theng>1,
n+pn P> 9

/ 1b(z) — bs|™dz < ¢ [B™4im(2+ )",
le—zo| <241

Thus, we have

| |<ai+ |b(z) — bp|™dz < ¢ ||b‘|Tqimq(2i+1r)n
£—xo|<2'Tir

for all 0 < p<1,1/q = 1/p - pu/n. Therefore,

o0
Ly < e 87 ) (@in)umman=t/ea (o | mema (2 inyn 4 |y2e(2+1r)" )

i=2

= . L g 1 \me
¢ Bllme 3 go (2=t 2ile-matmma < ¢ |jpjma / ———~(10g; + 1) dt<e.
0

t{u—n)g+n+l
=2

iA

Combining the estimates for L; and Ly, we finish the proof.

Proof of Theorem 1.3. Since f € H K;’ fom, We may write

f=) Xa;

j=—co
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+00

where each a; is a central (o, g1; b™)-atom with the support B; = B(0,27) and Z | AjPr< o0,
j=—o00
Noting that p; < p2, we have
[Teom Do < Z ke ( S I Tasmeshodn)”
=
3 298 (S | [ Tsm(@i)xelles)” = i+ .
k=-0 j=k=2
For Jp, noting that T}, p m is bounded from L9 (R") into L% (R™), we have
+oo +00 n +00
Rge Y (Y Inllal) e Y S |2tk )”
k=-o0 j=k-2 k=—00 j=k-2
If0< py €1, then
400 4+ i+2
J<e Z Z | A [Py 2U—dlen < ¢ Z | A 7 Z glk—dlar < ¢ Z [ AP
k=—o00 j=k-2 j=—00 k=—o00 j=—o0
If p; > 1, then
+0o0 400 ] +00 ' g'l_
ho<cy ( T 2<k-1)a)( 3 2(k—:)a)p,
k——oo j=k—2 _-k 2
i+2
< CZ | Aj [P Z 9lk— J)0<c2 LA P .
Jj=—o0 k=-~o00 j=—o00
For Ji, noting j < k—3,wehave |z —y |> 2]y | for 2 € Cy, y € By, then
| Tup,maj(2) |
1
< [ 1 KEw- T 50K |16 (156 b, 1" +160) = bs, I")dy
i ls|l<N

se / g(lzlilm)lx ;ln_p‘aj(y)i(lb(x)—ij)|m+|b(y)—-ijl"‘)dy
2]“) - (/ | a;(y) || b(z) — b, |'"dy+/ | a;(y) || b(y) — b, Imdy)

AR e B;
2

. 1/ 1 ' 1/ !
< ¢ f(i=k+7 )kt (( [ ra e a) ™ ([ v b, e ay) "

+(/B. |l a;(y) | dy)l/ql (/ [ by) — b, [ dy)x/ql')

< ¢ (2~ k+2)gkmgmiagiU =30 (| i(a) — b, ™+ |

<c9(
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therefore
+oc k—3
Jl < ¢ E 2’90[)1 ( z l ’\J I9(2j"k+2)2k(l£“ﬂ)~ja+j1l(1_‘_}l_)

k=—co j=-c0 .
P

([ 16a) - ba, ™ +lplzedz) * )"

Ch
+00 k—3
< ¢y (Z | ) | B(2i-k+2)gklu=nrt(k=atin(i=)

k=-00 j==-00

(10l (5 = = ymosgen 4 menzin) % )
+oo k-3
< ceirm Y (T 1 ekt )"

k=—00 j=-00

If0 < p; <1, then

400 k-3
Ji < Z Z | Aj [P 6P (27— R +2)glk—ida—n(=V/aDpy( _ j 1)mm

k——-oo]——oo

< ¢ Z I)\ IPI ngm 2*(0 n(l1- 1/41)?1(2+1)mm
]—-—OO

(6(2))” L. \™ =

< CZ I/\lel/om(log't--f'l) dtsc.z |/\j|p1 .

j=—o0 j=—o0

If p; > 1, then

+00 k-3
AREDY (Z |y [P g(gi—k+2)2(k'—j)(a—ﬂ+n/qx)(k_j_1)'")

k=-00 j=—00
(3§

X (Z;;iw (2t k2 2k —i)a=ntn/u) (| — j — 1)m) P}
+o k~-3

c Z (Z | Aj P 9(21 k+°) (k=j)a— n+n/q1)(k ]_1)"1)

k:——ool Jj=-o0
(6(¢) 1 m
x /0 T (108 -+1) dt

m I®
< ¢ 2 By |m/ —(ﬁg—)—?(log%+l) at<e S [P

j=—00 j=—o0

(VAN

Combining the estimates for L, and L», we complete the proof.
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