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A b s t r a c t  

Let T~,,b,., be the higher order commutator generated by a generalized fractional integral operator T~ 

and a BMO function b. In this paper, we will study the boundedness of T.,~,m on classical Hardy spaces 

and Herz-type Hardy spaces. 
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1 In t roduc t ion  and Main Results  

Fractional integral operator is one of the important operators in harmonic analysis with 

background of partial differential equations. In fact, the solution of Laplace equation Au = f 

for good functions on R ~ can be represented by using fractional integral operators acting on f .  

In [1], the authors introduced a new kind of fractional integral operators, namely, the so called 

(0 - N)-type fractional integral operators, and discussed their boundedness on Hardy spaces, 

weak Hardy spaces and Herz-type Hardy spaces. 
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Ding Yong and Lu ShanzhenI2l have given the boundedness properties of higher order com- 

mutators generated by homogenous fractional integral operators arid BMO functions on Hardy 

spaces, weak Hardy spaces and Herz-type spaces�9 

Definition 1.1.[ 1] Let 19 be a nonnegative nondecreasing function on (0, ~ ) ,  N E NU { 0}, 

and 0 < # < n. T~ is called a fractional integral operator, if there exists a measurable function 

K(x,y) on 11~ n • I~" \  { (x,x) :x  e I~ '~} satisfying 

(1) if O<~lal<~N, IO~1((x,Y) l<~c I x - y l  -n+'- I~l  ; 

(2) if ly-y'l<l~:-ul/2, 
Ily-y'  I I ,~(x,~)- Z ~O:'~'Y'~-~'~ ~ <" ~0( ~_~l)t~_~ln_" 

I~l<g 

such that 
f 

Tt, f(x) = ] K(x,y)f(y)dy 
J R  

for all f E S(l~n), where S (~  '~) is the space of all the Schwartz functions on II~ '~. 

The higher order commutator generated by (0, N)- type fractional integral operator T~, and 

a BMO function b is defined by 

T,,,b,m = f I ( ( x , y ) ( b ( z )  - b ( y ) ) m f ( y ) d u ,  m e N. 

Recently, Zhang Liqin [31,[4] gave the boundedness of Tt,,b,1 on Hardy spaces. In this paper, 

we will study the boundedness properties of Tt,,b,m on classical Hardy spaces and Herz-type 

Hardy spaces.We remark that in this paper we are very much motivated by the work of professor 

Ding Yong in [2], [5]. 

Now, let us give some definitions and show our results�9 

Definition 1.2.[ 21 Let be  BMO(I~'~), m E N and 0 < p _< 1. A function a(x) is said to be a 

(p, r bm)-atom, if 

(1) suppa C B(xo,r) = {x E ~n : I x -  zo I< r} for some r > 0 ; 

(2) Ilall  -<1 B(x0,r)I-l/P; 

(3) . . . . .  = 0. 

A temperate distribution f belongs to the atomic Hardy space H~,,, (ll~), if it can be written 

as f = E Ajaj in the S'-sense, where each aj is (p,c~;b m) -atom, Aj e C and E I )~j I p< c~. 
j = l  j = l  

P n Moreover, we define the quasi-norm on Hb~ ( ~ )  by 

Hfl[H~"(R") = inf ( ~-~" l Aj 

1/p 
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where the infimum is taken over all decompositions of f as above. 

L e t B k = { x E ~ n :  ix 1<_2k},Ck= B k _ B k _ I , X k  = XO~,kE Z. 

Definition 1.3.[ ~] Let a E IR, 0 < p _< c~ and 0 < q < oo. The homogeneous Herz space 

[(~,P(IR n) is defined by 

/q,,,(z,) = {:  ~ LL~(~" \ {o}): II : II;<:,.(~.,>< oo}, 

where oo v ~ l / v  

II S Ili, i..,(R.) = { ~ 2k~ II fxk IIL~:~)) 
k---- -oo 

with usual modifications made when p = oo. 

Definition 1.4.[ 2] Let 1 <  q < co, a > n ( 1 - 1 / q )  a n d b E  BMO. A f u n c t i o n a o n ~ n  is 

called a central (a, q; bm)-atom, if 

(1) s u p p a C B ( 0 , r ) = { x E  II~":[x[_<r} for s o m e r > 0 ;  

(2) If a ltq _<1B(o, , . )1-~ ; 

(a) fa(x)dx = f a ( x ) b ( x ) d x = . . . =  f~(~)bm(~)dz=O 
Definition 1.5.[ 21 Let b E BMO. 1 < q < co, a k n(1 - 1/q) and 0 < p < co. A temperate 

�9 ot~p n distribution f belongs to the Herz-type Hardy space HKq,b.. ( ~ ) ,  if it can be written as f = 
OO 

Z Ajaj in the S'-sense, where each aj is a central (a, q; b m) -atom supported on Bj = B(0, 2J), 
j ~ - - -Oo  

oo 

Aj E C and Z f4[(c~,p (~n) by I Aj ]P< oo. Moreover, we define the quasinorm on ~. q,b-" 

oO 

IIflIH,t:.;:.(R-) = inf(  Z IAJ I ~) ~/~ 

with the infimum taken over all decompositions of f as above. 

In this paper, we obtain following results. 

T h e o r e m  1.1. Let O < /z < n, l < p < n/p,  1/q = l / p -  /z/n, bE BMO. Then there is 

a constant c > 0, independent of f, such that 

i/T.,~,,,,Sjt~ _< cll.:l]~,. 

T h e o r e m 1 . 2 .  L e t O < # < n ,  O<p<_l ,  1 / q = l / p - / z / n ,  N _ > [ n ( 1 / p - 1 ) ] ,  bE BMO 

and 

fo x -(,) ( 1 0m d,+ tO,-,Oq+,,+l \log-~ < oo, 

then Tt,,b,m is bounded from H~,, (~n) into Lq(~n). 



�9 252. Analysis in Theory and Applications 21:3, 2005 

T h e o r e m  1.3.  Let O < # < n, 1 < q: < n/# ,  1/qe = 1/ql - # /n ,  0 < Pl <_ P2 < 

cx~, n(1 - 1/ql) <_ a < ~ ,  g >_ [a + n(1/qt - 1)], b e BMO, and 

fO: tp'Al(a-n+n/v')+l(O(t))V'̂ I ( ~ l)'n(p'̂ l' \ log + dt < 

where px A 1 = min{p:  1}, then T~,,b,m is bounded from ~i"a'P' (IR n) into R~,P2(R'~). ~ ~ ' q l  ,b m 

2 P r o o f  o f  T h e o r e m s  

L e m m a  2.1.D] Let b ~ BMO(I~n), l > 1, then 

JlJ+l I b(x)  - bB I mt dx  ~ e IlbllT~j"'l 2Y+:B I. 

L e m m a  2.2.[ 5] Suppose that 0 < a < n, 1 < p < n /a ,  1/q = l / p -  a /n ,  b E BMO. Then 

for #(x) ,v(x)  e A(p,q) and #(x)v(x) - :  = vm(x) ,  there is a constant c independent of f such 

that M m satisties 1,~,b 

where 

= s.p :_2__/ 
r>O ~ n - a  Jl~-:vl<r 

[ f~(x - y) [I b(x) - b(y) I"I f(Y) [ dy. 

Proof of Theorem 1.1. For x E I~" and e > 0 with 0 < # - e < # + e < n, we choose a ~ > 0 

such t h a t  

52~ = M~n,u+~,bf(X)/M~,v_~,bf(x). 

Write  

T,,,b,,,,f(~) x-v{<* K(x,  y)(b(x) - b(y) )m f (y)dy  

+ flx-vl>_* K(x,y)(b(x)  - b(y))mf(y)dy = I: + 1'2. 

We |:ave 

Ii l l  < -u]<6 ] x -  y ]n-~ ] b(x) - b(y) f (y)  ] dy 

f2 ( 2 - j - 1 6 ) , - n  [b(x) - b(y) ]m I f(Y) l dy 
<-- _i_~<l~_~l<2_j~ j=o 

_< 2"-" ~ (2-J~:)~ i~ I b(x) - b(y)Iml f(y) Idy _< c ~M m1,#_~,bf(x). 
j=o (2-JJ )" -~ '+~  - v l < 2 - ~  
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Similarly, 

Ihl L 1 I,,~1 < -~,1>_~ I z - y In-, ' I b(x) - b(y) f (Y)  I dy  

f~ (2J-~) ' -~  I b(x) - b(y) Iml f ( y )  I dy  
< Z J-~,~<Jx-vl<'2i,~ 

j = l  

(2J6)- '  Jl~ ] b ( x ) - b ( y ) ] m  If(y) ldy<c6-sM~,~+e,bf(x ). _< 2 n - " ~  (2Ja) n-~'-e _~1<9_~,~ 

Thus, by the above selection of 5 we get 

I Tmb,mf(x) [<- c (~e/Vll,v_e,J(x) + ~ Ml,v+.,J(x))-- c (M~._~ ~f(z))~/'2(M2.+, bf(z)) t/'2. 

Noting 1 < p < n/#, there is an e > 0, such that  

Let 1/ql = 1 /p - (# -e ) /n ,  1/q.2 = l tp- (#+e) /n ,  It = 2qt/q, l.z = 2q2/q, then qt,q2 > O, 12 > 1 
and 1/11 + 1/l.2 = 1. Thus, by Lemma 2.2, one has 

IlT.,b,, .fll~ < c 

< C. 

C 

< C 

f lMx,~_,,bf(z) ]q/'ZiMi,~+,,J(z ) I q/2 dz 
n 

(fR,, I M~'#'-e'J(x)Iqt'/2 dx)' /h (fR-[M~'t'+~'J(x) Iq`2/2 dx) l/`2 

( fR,, [ M~""-s'bf(x) ]q' dx)q/2ql ( fR,, I M~'+e'bf(x) 1~ dx)q/2q2 

( ] ~ - I f ( x )  [P dx)q/2P (fR" IS(x) I  v dx) q/2p= ~/Ifll~ �9 

Proof of Theorems 1.2. By a standard argument,  it suffices to show that  there exists a 

constant c > 0 such that  for each (p, co; bm)-atom a, 

Now let us fix a (p, co; bm)-atom a with supp a C B = B(x0, r). Write 

= fl~ ]T~"b'm(a)]qdx + /~-zoi>>-4r]Tmb'm(a)]qdx = Ll + L2' IIT.,b,,,,Ca)ll~ -~ol<4r 

For L1, we choose pl,ql such that  1 < Pi < n/tt, 1/ql = 1/pl - # / n .  Using Theorem 1.1, we 

have that  Tu b,,~ is bounded from Lm ($:~*) into L q~ (IR~). 

L1 <  o<4r b ,a,,x,, ldx)q'qL  o 4rdx) 
~ll~ll~(4r)"C~-~/q~ < ~II~II%IBI~/P'r '~c~-q/q~ ~ ~. 

I---~- ql 
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For L2, noting ix - xol > 4r, by the vanishing condition of a, we obtain 

ITo,b,,,,(a)(z.)l < ~S. K(~,y)- ~ ~0~,K(~,~o)(y-xo) ~ Ib(~)-b(.)l m la(y)ldy 
Isl_<N 

< e 1 
- Ix - yl s I~ - y l " - "  la(y)l(Ib(~) - b. I  m + Ib(Y) - bBIm)dy 

2r 1 ( f .  la(y)llb(z) - bnl m dy+ f .  l a ( y ) l l b ( y )  - -  bB I  m dy)  -< <~ i,_,o1=_. 
2r 1 (Ib(z) - bBImllall~lBI + Ilall~llbll~,lBI) 

2r 1 iBl~_~lP(ib(z ) _ bBl~ + ilbll,m)" 

Therefore, 

L2 r162 f _ m q c ~  0 _.2r 1 r "('-x/')(Ib(x) bnl" + Ilbll, )1 dx 
i--2 

<~ c ZlO(2-i- l-1)(2ir) l l -nri l ' (1-l lp) q (Slx [b(=) - bBlnlqdx -t - i l  x ]lbil,m'qdx). 
i : 2  --xol--<21+lr --Xol <-2i+lr 

n 1 
If 0 < p < - - ,  then 0 < q _< 1. Choose l > - ,  we have 

n + #  q 

i b ( . ) -  b . l - ' d .  _< Ib ( : ) -  dx) 1-1il 
J Ix-zoi_<21+lr 

< c ( l lb l l?q ' imq' (2 '+ ' rF)x i ' (7~+~r)" ( - - i ' )  s c Ilbll?qimq(2~+~r) ". 

7l 
I f . .  

n + ~  
< p_< 1, then q > 1, 

fl~ Ib(x) - bBImqdx <- c liblimqimq(2i+lr) n. 
- - X O i < 2 i + l r  

Thus, we have 

I x  Ib(x) - bBPqdx ~- c Ilbllm, qimq(2i+lr) n 
-xol_<2'+lr 

for all 0 < p < 1, 1/q = 1/p - #/n. Therefore, 

L2 

o o  

e ~ Oq(2-~§ (a IIbH".'qimq(2'§ n + IlbHmq(2i+~r) ~) 
i=2 

<_ e llblp, q ~ o q ( 2 - i + l ) 2 i ( ( " - ' ) q + " ) i  "q < e Ilbll. ~q t(~' n + l  log? + 1 dt  < c .  
i=2 

Combining the estimates for L1 and L2, we finish the proof. 

Proof of Theorem 1.3. Since f E rrfr we may write ~ . ~  q l  ,b  m , 

f =  ~ ~j aj, 
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where each aj is a central (c~, ql; bm)-atom with the support Bj = B(0, 2J) and 

Noting that Pl _< P2, we have 

..[-~ 

j~--(X) 

IT,, (f)[ ~' < 
+ ~  k-3 

c E ~~ Z i~ I It~.,m(O~)~H~) ~l 
k=-~ j=-r162 

+r +c~ 
"t-C ~ 2kaP'( Z I /~J I IlTl~'b'm(aj)xkl[q2) p' 

k=-~ j=k-2 
=c  Jl +c J2. 

For J2, noting that Tu,b,m is bounded from L ql (R n) into Lq2(l~n), we have 

~-<~ E ~~ E I~lll(o~)lt,1)~l--- c E ( E  J~l~'~-~'~ ''. 
k=-c~ j=k-2  k=-oo j=k-2  

I f 0 <  Pl < l ,  then 

+o,~ +cx~ + ~  j+2  + ~  

J~ <-~ S ,  Z I ~ I"' 2,~-~,o,,, <_c ~ I ~ I"' E ~'~-~'~ <_c Z I ~ I p' 
k-----~ j=k-2  j=-c~ k=-oo j=-c~ 

Ifpl  > 1, then 

k=--oo j=k-2  j=k--2 
+c~ j+2  +ec, 

_ ~ ~ I~,J I "l ~ z (~-j)~ __ ~ ~ I,~j I"' 
j=-or k = - ~  j=-oo 

Pl 

For J ~ , n o t i n g j < k - 3 ,  w e h a v e l x - y l _ > 2 1 y l  fo rxECk,  y E B j ,  then 

I Tu,b,maj(x) l 

< fB I K ( x , y ) -  Z 10~ K(x'O)ysll  aj(y)I ( I b(x)-bBi Im "1- [ b(y)-bBj ]m)dy 
lsl<_N " 

$ 

o ( 2 J + l ~ ~ ( f  in  fB <_ c ~,T-U(] I z i -" kJB~ I a~(y) II b(x) - bBj dy + ~ I aj(y) II b(y) - bBj [m dy) 

-< c 0(2J-k+2) 2~('-") ( ( ~ ,  ' aj(Y) lq' dy) l/q' ( f Bj I b(x) -- bBj [mql' dy) Wqd 

+(IBj laj(Y)[qXdy)l/q~(/B Ib(y)-bBj)lmq"dY)l/q~' ) 

< c O(2J-k+2)2k(u-n)2-Ja2Jn(X-~ ) (I b(x) - bB~ I m +llbllY) , 
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therefore 

J1 _< 

< 

< 

+oc k - 3  

c ~ 2k~v'( ~ [Aj l O(2J-k+")2k(~'-'~)-J'~+a"(1-~ ) 
k = - ~  j = - c ~  

• [b(x) - bBj I mq= +llbllm. q'dx) ) 
k 

+oo k - 3  

c E ( E I A~I 0(2~-k+u)2k("-")+(~-~)~ 
k = - c ~  j = - o o  

• (,bllr~=(k - j - ~)m~2~. + ,bl l : ,~ .2~)  ,~)" 
+c0 k - 3  

 ll ll . "' E ( E - 
k=-~  j = - ~  

I f O <  P l_< l ,  then 

J~ <_ c 

< 

< 

+oo k - 3  

~ I ~  I"' O"' (2J-k+~)2(k-~)("-"(~-'/q' ' "  (k - J - 11 ~' '  
k=-~  j=-oo 

+oo +oo 
~ I~ I" ~ o " ( 2 - q 2 ' ( ~  + 11 ~"' 

c E ]AjI  p' (O(t))m log + 1  d t < c  E 
j=_~  tPl(a-n+n/qO+l -- j=-oo 

]Aj [w 

I fp i  > 1, then 

,/1 < 

< C 

<_cE 

+oo k - 3  cZ(Z 
k = - c r  j .=-c~  

J Aj I m O(2J-k+2)2(k-J)(a-n+n/q')(k- j -- 1) m) 

-t-~ k - 3  

k = - c ~  j=-cx~ 

X t a - n + n / q l  +1 

I t j  I p' O(t) +~ t . _ ~ + ~ + l  log + 1  mdt <_ c E [ )~j [ m 

Combining the estimates fox' L1 and L2, we complete the proof. 
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