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A b s t r a c t  

Let T be the multiplier operator associated to a multiplier m, and [b, T] be the commutator generated 

by T and a BMO function b. In this paper, the authors have proved that [b,T] is bounded from the 

Hardy space HI(R ") into the weak L 1 (R '~) space and from certain atomic Hardy space H~ (R '~) into the 

Lebesgue space Lt(R~), when the multiplier m satisfies the conditions of HSrmander type. 
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1 In t roduc t ion  and S ta t emen t  of Results  

A bounded measurable function m defined on ]R n is called a multiplier. The multiplier 

operator T associated to m is defined by 

( T f ) ^ ( x )  = m(x ) / ( x ) ,  for f 6 8(R'~), (1.1) 

where ] denotes the Fourier transform of f and S(R n) the Schwartz test function class. 

Let a = (cq, c~2,... , an) be a multi-index of nonnegative integers a j ( j  = 1, 2, . . .  , n) with 
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lal = a l  + a2 + . . .  + a,~. Denote by D a the partial differential operators of order a as follows 

D ~ 
01~1 

axtlax  

Definition 1.1 [6]. Let g be a positive integer and 1 < s < 2. We say that the multiplier m 

satisfies the condition M(s,g) ,  and write m e M(s,g),  if 

sup R ~l~l-n ID~m(~)[~d~ < +oo, for all lal _< e. (1.2) 
R>O <I~I<2R 

Condition (1.2) has been known sometimes to be related to multiplier theorems and was 

profoundly studied by Kurtz-Wheeden in [6], see also HSrmander [~] or Stein [l~ for s = 2. It is 

easy to see that  m 6 M(s,g)  implies m 6 M(s l ,g l )  when s _> sl and g > gl. The following 

theorem is the unweighted case of Kurtz-Wheeden's results in [6]. 

T h e o r e m  A [6]. Let g be a positive integer. If  1 < s <_ 2, n / s  < g <_ n and m 6 M(s,~),  

then there exists a positive number C > 0 independent of f such that 

(i) I]TfIILp(R.) < C]IfHLp(Rn), for 1 < p < ~ ;  

(ii) I{x e R" : [Tf (x)  I > A}l < CA-1]]fHLx(R.), for all A > O. 

Let b e B M O ( ~ n ) ,  we denote by [b, T] f  = b T f  - T (b f )  the commutator generated by T 

and the function b. There are a few papers on commutators of multipliers, such as [2],[3],[13], 

and [14]. In 1988, You [13] established boundedness properties of [b, T] on LP(R ") space and got 

the following theorem. 

T h e o r e m  B [13]. Let b e BMO(II~") and g be a positive integer. I f  m E M(s,g),  1 < s < 2 

and n / s  < s <_ n. Then there is a positive constant C > 0 such that 

n[b,T]fIILp(R. ) <_ CHbH.IIflILp(R,), for 1 < p < oo, 

where Ilbll. is the BMO norm of the function b. 

On the other hand, denote by T c z  the Calder6n-Zygmund singular integral with homoge- 

neous kernel and [b, Tcz] the commutator generated by T c z  and the function b. It is well known 

that [b, Tcz]  is neither of weak type (1, 1) nor bounded from H 1 (~n) into L x (lRn), see [8] and [9] 

for instance, where HI(IR n) stands for the Hardy space on ]R n. Instead of the weak type (1, 1) 

and the (H 1, L 2) estimates, Alvarez[q and Per4z [9] studied boundedness properties of [b, Tcz] on 

a kind of subspaces of Hardy spaces. Recently, Chert and Hu [4] proved that [b, Tcz] is bounded 

from HI(IR n) into weak Ll(~n) .  

Motivated by [4] and [9], we consider the same problems for commutators of multiplier 

operators in this paper. More precisely, we shall prove that [b, T] is bounded from the Hardy 

space H 1 (ll~ n) into the weak L 1 ( ~ )  space and from a kind of atomic Hardy type space Hb 1 (IIU ~) 



�9 228. Analysis in Theory and Applications 21:3, 2005 

into Ll(lt(n). We would like to remark that, in [4] and [9], under some conditions imposed on 

the kernels of Tcz ,  the Calder6n-Zygnmnd singular integral operator :Fez can be realized by a 

multiplier. So, we believe that the commutator [b, T] of the multiplier operator T is also neither 

of weak type (1, 1) nor of type (H 1, Lt). To state our results, we first recall the definition of the 

space H~ (~n). 

Definition 1.2 [91. A function a is called a b-atom if there is a ball B = B(XB, r8) centered 

at XB with radius rB such that supp(a) C B and 

(i) [laI[LCC(R~ ) <__ IB[-1; (ii) f a(y)dy = f a(y)b(y)dy = O. 
J J 

The space H~ (II('~) consists of all functions f e L 1 (II~ n) which can be written as f = ~ )~jaj, 
J 

where aj 's are b-atoms and ,~j's are complex numbers with E tail < oo. Furthermore, we define 
J 

the quasi-norm on H~(I~ n) by Ilfllg~(R-) = inf { ff'~ I/~jt},. where the infimum is taken over all 
J 

the above decompositions of f .  

T h e o r e m  1.1. Let b E BMO(Rn), T be defined as in (1.1) and e a positive integer. If 

m E M(s,e) ,  1 < s <_ 2 and n / s  < ~ <_ n, then there is a positive constant C > O, independent 

of b such that for any A > 0 and any f 6 HI(I~'~), 

I{x ~ I~": [[b,T]f(x)l > A}I 5_ CA-~llbll,llfllH~ir~l. 

T h e o r e m  1.2. Let b C BMO(]~'~), T be defined as in (1.1) and e a positive integer. If 

m E M(s,  e), 1 < s _< 2 and n/s  < g < n, then [b,T] is boundedfrom H~(I~ n) into Ll(Rn), there 

is a positive constant C > O, independent of f and b such that 

[I[b,T]fHL~(R~) <_ CIIbH.IIfHH~(R,). 

Our paper is arranged as follows. In w we give some preliminary materials and prove 

Theorem 1.1. In the last section, we prove Theorem 1.2. 

2 P r o o f  of  T h e o r e m  1.1 

As in [6] and [12], we denote by K(x)  the kernel that corresponds to the inverse Fourier 

transform of m in the sense of distribution, this says, K(x)  = mY(x) in the sense of distribution. 

Then for f C $(1~') we have T f ( x )  = ( K ,  f)(x),  where gV denotes the inverse Fourier transform 

of the function g. To prove Theorem 1.1, it is natural to consider how the behavior of K reflects 

tile fact that m E M(s, ~). We have the following estimates for the kernel K from StrSmberg 

and Torkinsky [12] . 
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Denote by Ixl ~ t the fact that the value of x lies in the annulus {x E IR n : at < Ixl < bt}, 

where 0 < a < 1 < b < oo are constants specified in each instance. 

L e m m a  2.1 ([12]m'ls~). Suppose m E M(s,s 1 < s < 2. Given 1 <_ ~ < oc, let r >_ 1 be 

such that 1/r = max{ l / s ,  1 - 1/~} and ~ = e - n / r .  Then K e/?/(g,[), this says that K satisfies 

. _ \ l l ~  

( ft~l~nlD~K(x)l "dx) <_ CRnl'-n-lal ,  (ml) 

for all R > 0 and all multi-indices [51 < ~. And in addition, if # denotes tile largest integer 

strictly less than ~ and e = # + u, 

DaK( x _ z)l~dx ) 1/~ 
>-o-' i f O < u < l ,  

i f u = l ,  

(me) 

for all Izl < R/2, R > O, and all multi-indices 5 with I~l = ~- 

To prove our result, we also need the atomic decomposition theorem of the Hardy space, 

which can be found in [71 and [111. 

Definition 2.1. Let 0 < p _< 1. A function a defined in IR '~ is called a (p, 2)-atom, if 

1) supp a C B(xo,r) - {x E I~ n : I x -  x01 < r}, for some r > 0; 

2) Ilai[L2(Rn) <_ IB(xo,r)ll/2-1/P; 

3) f a(x)x'rdx = O, for all multi-indices 7 with 0 <_ I'/[ < [n(1/p-  1)]. 
JR r l  

L e m m a  2.2. Let 0 < p < 1. A distribution f belongs to HP(I~ n) if and only if f = 
o o  o o  

~a~ in the sense 4 distribution, where a~'s are (p,2)-atoms and ~ e C with ~ I~jl ~ < 
j=-c~ j=-~  
oo. Furthermore, 

[[f[lHn(R") ,,~inf ( ~ [AjlP) lip , 

where tile infimum is taken over all the above atomic decompositions of f .  

In the sequel, for a ball B C I~ '~ and a locally integrable function b, we denote by bB = 

1.~ iB b(x)dx. Now, we are at the position to prove Theorem 1.1. 
IBI 

Proof of Theorem 1.1. For any given f E Hl(l~n), by Lemma 2.2, f = ~ ,~jaj, where aj's 
J 

are (1,2)-atoms with supp(aj)  C Bj - B(xj ,r j )  and furthermore, lifil,~t,(R,) ~ inf { ~"~ I,kjl}. 
J 

Denote by bj = bB~, then 
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[b,T]f(z) 
o o  

= E Aj(b(x) - bj)Taj(x)X2B,(X) 
j ~  - o o  

o o  

+ ~ ~(b(~) -  b~)Ta~(~)X/~i~(~) 
(x) 

:= 11 (x) + h (x) + Ia (x). 

To prove our theorem, i t  suffices to establish the following estimates, 

[{x e N" :  Ih(x)l > .V3}I _< C,X-'llbll.llfllmr i = 1,2,3. (2.3) 

Since b E BMO(IR"), then for any nonnegative integer k and any ball B, there holds Ib2~+tB-- 
bBI <_ C(k + 1)llbll. (see [11], p.141), and then 

( 1 ~  ,b(x) b,3lPdx) x/p - < C(k + 1)l!bll., for all 1 < p < ec. (2.4) 
[2k+lB[ ~+,B - _ 

Since n/s < e <_ n and 1 < s _< 2, by Theorem A, T is bounded from L2(ll~ n) into itself. 

Applying the HSlder inequality, (2.4) and the size condition of aj, we obtain 

Consequently, 

II(b - b j ) T ( a j ) X ' ) l ~ j  IIL,r <_ C( ~uj lb(x) -bjl"dx) ~/211ajllL~(R.) 

< C ( l ~ j l  f2B [b(x) bjl2dx) '/2 _ - _< Cllbll.. 

I{x e w ' :  Ih(x)l  > .x/3}[ 
o o  

3,x -x ~ l~Xjlll(b- bj)T(aj)X2BilIL,(R',) 
Oo 

-< C)<Xllbll, ~ t)~yl-< C)'-IlIblI'IIIIIH'(R"I �9 
j ~ - o o  

By Theorem A, T is of weak type (1,1). Applying the HSlder's inequality and the size 

condition of aj, we have 

o o  

I{z e Nn: l/a(x)l > A/3}I __5 CA -1 ~ IAr bj)ajllL,(~,,) 

<_ CA -1 ~ IAjl Ib(z)- bjl'dx} IIajIIL'(R-/ 
j = _ ~  B.i 

< CIIbH& -1 ~ I:~jl <__ C'~-Xllbll,ll.fllH'(R") �9 
j ~  --(30 
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To check (2.3) f o r i =  2, firstly, we consider the case of 0 < g - n / s _ <  1. Set ~ = s and 

= g - n -  m a x { l / s ,  1/~'}. Noting tha t  1 < s < 2 < s' = ~', we have g = g - n/s. This fact and 

L e m m a  2.1 imply K e .~/(s,g). Denote  by Ifj(x,y) = K(x  - y) - K(x - xj) for simplicity. 

If 0 < g < 1, by (2.2), then for any y E Bj and any positive integer k, 

( f,+,Bs\2kB ' ]Kj(x,y)t,dx)1Is ~ C2-(k+')('-n/s)(2kWlrj) -n/,'" ( 2 . 5 )  

If g = 1, we choose a real number  ~ with 0 < e < 1 such tha t  t 1 -~log(1/ t )  _< C when 

0 < t _< 1/2. Then  by (2.2), for any y E Bj  and any positive integer k, we can obtain 

\1/~ < c ( , Y _ X j , , ~ ( l o g  2 k + l r . \  . _ 
( f2,+XB,\2,B IKj(x,Y)' sdx) - \ \ 2k+lrj ] ,y_x;i')(2k+irJ )n/s n 

( < c ly-~l '~ (2~+~,.,),,/~-,, (2.6) 
-- 2k+lrj J 

< C2-(k+l)~(2k+lrj)-'~/s'. 

Noting tha t  /B laj(y)ldY <- IBJI1/211aj]IL2(R") -< 1. By the cancellation condit ion of a j ,  the  
J 

HSlder inequality, (2.4), (2.5) and (2.6), we have 

= ~2Br [b(x) - bJ]] fBj Kj(x,y)aj(y)dy dx 
oo 

i k = l  

oo  

< Cllbll. s I~s(y)ldy ~ ( k  + 1)2 -'(k+') <_ Ctlbll., 
i k = l  

where ~ is the same as in (2.6) when g = 1 and e = g - n/s  when 0 < g < 1 as in (2.5). 

T h e n  

I{x e ~ " :  Ih(x) l  > ,x13}l 
(3O 

j~- -OO 
oo 

-< C•-IHbH* Z ['~jl -< Ca-lllbll*[[II[H'(R") . 
j = - o o  

This  shows tha t  (2.3) is t rue for i = 2 and 0 < g - n/s <_ 1. 

Next ,  we consider the case o f g - n / s  > 1. Set gx = n / s + l  i f n / s  is an integer, then 

n/s  < gx <_ g and gl - n/s = 1. If n/s is not an integer, we choose g, = g - [g - ~], where [g - s ]  
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is the integer part of/~ n says, [ g -  n] is the greatest integer which is less than or equals to 
- 7 '  n 

- - ,  and it easy to see that  n/s < e: < e and ~: - n/s < 1. Noting that  m E (s,e) implies 
s 

m E M(s, ~:), instead of considering m E M(s, ~), we consider m E M(s, ~:) in the estimates of 

(2.3) for i = 2. So, (2.3) is true when i = 2 and n/s < ~ < n. 

Thus, the proof of Theorem 1.1 is completed. 

3 P r o o f  of  T h e o r e m  1.2 

Proof of Theorem 1.2. We need to prove that  there is a constant C > 0 independent of b, 

such that  for any f e H~(II~n), fR,, [[b,T]f(x)ldx <_ Cllbll,llfllt t(R,,). 

To this end, by a standard argument, it suffices to prove that there exists a positive constant 

C such that  for each b-atom a, the following inequality holds 

fR. I[b'Tla(x)ldz Cllbll*" (3.1) < 

Fix a b-atom a, by the homogeneity, we can assume that a is supported in a ball B = B(0, d) 

centered at the origin with radius d. Then, 

/~. [[b'T]a(x)ldx <- ( ~B + f(2B)C ) I[b'T]a(x)[dx := Jl+ J2. (3.2) 

By Theorem B, [b, T] is bounded from L2(II~ n) into itself. Applying the H51der's inequality 

and the size condition of a, we get 

J1 (f'2B '[b'T]a(x)12dx) 1/2 <- [2B]:/2 <- CHbH*I]a]IL2(R")]B]:/2 (3.3) 

< Cllbll,llallL ( ,,)lBI _< Cllbl],. 

Now, let us consider the second term J2. By the cancellation condition of a, we have 

J2 -< "~f2B)C ..,[D flf (x - y) - K (x)llb(x) - bBIla(y)ldydx 

+ __ f(2B) c / B  , I ( (x-  y ) -  K(x)[Ib(y ) -bBI,a(y),dydx 

:= J~+J .~ ' .  

(3.4) 

Without loss of generality, we assume 0 < e - n/s < 1. Set ~ = s and ~ = ~ - n/s. From 

Lemma 2.1 we have K E /~/(s, ~). Similar to (2.5) and (2.6), there is a real number c with 

0 < : < 1, then for any positive integer k and y E B, 

( f2 ,K (x -y )  - If(x),Sdx) Us <_ C2-S(k+l)(2k+:d) -n/s'. (3.5) 
k+:B\2UB 
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By the size condition of a and using the HSlder's inequality, (2.4) and (3.5), we have 

k = l  

fB ]b(x) - bBlS'dx < la(Y)l 
k = l  

x ( f2~+,B\2~B [K(x - y) - I((x)lSdx) l/S}dY 
oo 

< C[Ib[I*IB[-1/B ~-~(k + 1)2-~(k+~)dy <_ C[Ib[[.. 
k = l  

(3.6) 

Similarly, by the size condition of a, (2.4) and (3.5), we can obtain 

oo 

]B[ -1 ]b(y) bB] 2k+IB\2~B 

k~=l s IK(x-y)- t f (x) lSdx dy < CIB1-1 Ib(y) - bBI[2k+IBI1/s' U+IBX2kB 

oK) 

C y~. 2 -e(k+l) IB[-1/B Ib(y) - bBIdy < CIIbll.. 
k = l  

Thi s together with (3.4) and (3.6) we have J~ <_ C[Ib]l.. And then, by (3.2) and (3.3), we 

obtain (3.1). So the proof of Theorem 1.2 is complete. 
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