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A Property of m-Tuplings Morse Sequence
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Abstract: The m-tuplings Morse sequence, as a fixed
point of a constant length substitution, was discussed. An
equivalent definition was given by the property of the m-adic
development of the integers. Using the combinatorial proper-
ties of the m-tuplings Morse sequence, we mainly obtain this
sequence is an admissible sequence and the other two se-
quences generated by it are also admissible sequences, which
extends the conclusion that the Thue-Morse sequence is an
admissible sequences,
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0 Introduction

et us first introduce the m-tuplings Morse sequence, Let
S={0, 1} be a two letters alphabet and S* be the free
monoid generated by S. Consider the following homomor-
phism on S*, g : 0—>01""1,1—>10""", where 0""! (respec-

tively 17" ') represents m — 1 consecutive 0 (respectively 1)
digits. Thus ¢*(0) as n—>c0, we define an infinite sequence u
=uou; - u, € {0,1}N, which is called the m-tuplings Morse
sequence. Obviously, the case m =2 yields the Thue-Morse
sequence and this sequence has been studied intensively by
many authorst ™,

It is easy to check that  satisfies the following relations:

D uo=0,

@ at position & * m" of the sequence occurs ¢" (0, if u,
=0 and ¢"(1), f u, =1;

® u,.,» =1 for any n=>0 and c€ {1,+*,m—1}.

Given two sequences {5 };=) and {g; };Z,, we write g7

=Uys Upmir=1—u,, where 1<<b<m—1;

+<grep*++ 1f there exists an integer n2>1 such that =& for
all 1<<i<<n but 7<e,. Thisisa complete ordering, We write
for brevity ; instead of /¢ and also ¢ instead of ge, -,
where e =¢je, *** is a finite or infinite sequence of integers in
{0y 1,00, [},
Let us first give the concept of a sequence is admissible.
Definition 1 A sequence ¢, &, ,*** of integers in {0, 1,
+«+, [} is called admissible if the following two conditions are
fulfilled
Er1Eni2* < €162 Whenever g, <[ (D
and
Ert16ai2 < €160 whenever g, > 0 (2)
It is easy to construct an admissible sequence. For exam-
ple, if ¢ begins with N>>2 consecutive { digits and if there are
neither N consecutive / digits nor N consecutive 0 digits later,
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the sequence ¢ is admissible,

Recently, Komornik'™ et al showed that the Thue-
Morse sequence is an admissible sequence and in Ref, [ 8]
even testified that Thue-Morse sequence is the smallest
admissible sequence, m-tuplings Morse sequence is a
more generalized sequence contains Thue-Morse se-
quence, in this paper we obtain that the m-tuplings
Morse sequence is an admissible sequence and some other
two sequences generated by it are also admissible se-
quences. The following is the main results.

Theorem 1 The sequence {g; }i=, is admissible,

Theorem 2 1f /=2p+1 is an odd integer, then the
sequence { pte, iz, is admissible,

Theorem 3 1f /=2p is an even integer, then the se-
quence { pte —e—1 )iz is admissible,

1 The Property of the m-Tuplings
Morse Sequence

The m-tuplings Morse sequence can be defined by a
property of the m-adic development of the integers. Mo-
reover this property is simple enough to be recognizable
by a finite automaton. Let us denote by N, (respectively
N1 ) the set of integers n such that (n+1)-th letter of the
m-tuplings Morse sequence is 0 (respectively 1),

For any integer n, we denote by B,,(n)=# {i,n;7#
0}, ifn= Enl—mi, n;, € {01, ym—1}.

>0

Proposition 1  With the notations above, we have
N, = {n € N,B,,(n) is even},
N, = {n € N,B,(n) is odd}

Proof Obviously Ny and N; form a partition of N,
It is thus enough to show by induction over r the follow-
ing property:

P) n€& N, and n <m" = B,,(n) is even
. n€ Nyand n<<m" = B, (n) is odd.
Note that Py is obvious. Suppose that P, is true and con-
sider n€ N, (respectively N;) such that m" <<n<<m'"'.
Then n="F « m" +n" with n' € N, (respectively N, ),
where n’ <m” and 1<k<m—1. As B,,(n)=B,,(k+m"
+n')=1+B, (), P,+; follows.

In order to prove Theorem 1, consider the m-adic
expansions

Z. == 6kmk —I_”. +809
Boseresp € {0, 1,00, m—1},

Let i’ be the smallest j such that §; %0 and 7 be the
number of j such that §; £0.

where
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Proof of Theorem 1

@ Lete; =0 for some 7. Then 7 >2 and we can
write i=c¢;m" +c,m™ +j with m >n, , 0 j<<m™ and
a1y 2 €{1, ++, m—1}, thus we have ¢; =¢, =0, if j#
0, we will verify that

I MPLLLE Eit1&+2 " (3)
We discuss it in two cases:
@ If n,>n, +2, then we have
€ire = g for 1 hm™ —j—1,
and
Eitm'— j = € +ietDm = 01 =gy = gjp,m .
Thus (3) is satisfied.
@ If ny=n, +1, when c,<<m—1 we have
€t = g for 1 <R —j—1,
and
Eipm'2—j T & m" oAD' T 0<l=¢,m = Ejtm’™ —j »
which implies (3) again. When ¢; =m—1 we have
€ith = g for 1 <A< 2m™ —j—1,
and
Eitom'2—j = &\ +Dm" 4m"™ = 0<l=g,m = Eitam'z—j 9
which implies (3) again.

If j=0, in the same way as above we can prove
(1), if not iterating (3) eventually we can also obtain
(D.

® Let &;= 1 for some 7, we can write i=cym" + ]
with 0<{j<<m", thus ¢; =0 if j540. We can get

e = g fOor L <A —j — 1,
and

=9 < 1= & = Ejtm"—j

Eitm"—j = e(t‘3+1)mn
Hence
Eit1€it2 """ <Ej+1€J+2"' 4)
If 7=0, in the same way we can prove (2), if not, we
also can get (2) by combining (4) and (3).

2 The Admissible Property of the Se-
quence {p+e¢;}iz, for I=2p+1

Lemma I We have
Ert1€nrz < €162 and g, 16,42 < gr6r
for all n2>1.
Proof We can easily get the above relations for n=
1, 2,++, m. When n2m+1, considering the m-adic ex-
pansion of n,
n=0um" + -+ 8.
Let
t= 5kmk + -|-é‘1m
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Ife,=1, then we have ¢, =0 and e,+ €tz *** €141 €12
-+, By the Theorem 1 we have g4 &4z <eres s
hence we have the first relation. The second relation is
also satisfied directly by Theorem 1 because ¢, =1 and
{€;}72, 1s an admissible sequence.

If ¢,=0, then we havee, =1 and g,+ 6,12 =€+

€42y that i e 16,r2 " <&+162 From Theorem
1 we know that when ¢, =1, we have ¢, 6,12 <e&
+«», Combining with this we obtain €,+ €,<5"*<lees***»
hence we have the second relation. The first relation is
also satisfied directly by Theorem 1.

Proof of Theorem 2

The case /=1 has already been proved in Theorem
1, we can thus assume that [>>3,

In order to prove { pte, };=, is admissible, we only
need to prove

p+€rﬁ1 < (p—l_ E,') and p: Etbi < P+€i’

which equivalent to

pteni <pteand p+1l—e. <pte

which has been proved in Lemma 1,

3 The Admissible Property of the Se-
quence {p+e;—¢;-1}ix for I=2p

We first consider the case [=2, set
A= 14e —en.
Then we have two equivalent definitions of the sequence
Ai.
Lemma2 We have };, =2, ,»' =3—A, for n=
0, 1, and A, v s =2—Ax» where c€ {1,+e,m—1}
and 1<k<<m".
Proof We have e, =0 and e, =1 for any non-nega-
tive integer n. With this two results we have
A =1+e
Using the relation
A =1+4e —e =& Teu.

— €& — 2.

We have
At F A =er Femio e et
=1+ —ewr) +1+e,
=3
and
Acontsr T At =€eum'r T Ecom™ o 1 T e T e
=(1 —Ek) + (1 T €k -1 ) +5k +€mk—~l
=2
In order to get another equivalent definition, consid-
er the m-adic expansions
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i=8um* ++8, where 8,0 € {0y Lyoe+y m—1}.
Let i be the smallest j such that §; 70 and 7 be the

number of j such that §; 7#0.
Lemma3 When §- =1 we have
0, if /' is even and 7 is even
A =122,if /' is even and 7 is odd
1, if 7 is odd
When §; 22 we have
JO, if /' is odd and 7 is even
Ai 2, if /' is odd and 7 is odd
]1, if /' is even
Lemma 4 We have

Arct Azt < AjAgee (5)
for all i>>1.

Proof Let i=gm"+++38, where §,,0, €
{0y 1,y m—1}. We prove by induction on 7 = #{;,
8701,

Case 1 =1, thatisi=c * m" for some n=>0 and ¢

€{1,+,m—1}. Then ;s ,=1if n=0and A;+, =0 if n
>0, Hence Ax) <<2=), in all cases. Then we obtain
4.
Case2 7=2, thatis i=c, » m" +¢,  m% for m
>n,>20 and ¢ ¢, € {1y ym—1}.
If n,>n, +2, from Lemma 3 we have
iy = A for b = 1,000 m™ — 1.
But
0, if n, is odd
Akt == Aejom ey blom’s. = {1 TN
, if m, 1s even

and
1, if n, 1s odd
2, if n, 1 even
Then we have A2 <A, s which proves (5),
If n,=n,+1, when ¢, Zm—1 we have (5) in the
same way as above,

/L”nz =

When ¢, =m—1 we have
e = A for b= 1,+,2m" —1
But
1, if n, is odd
10, if n, 1s even

/11'4*2111”2 = A(r] 1" " —

and
_— JZ. %f m 19 odd
11 if n, is even
Then we obtain A;4 2,2 <Az, . That testifies (5).
Case3 i>2, then we can write i=c, * m" +¢, *
m'" +j for n, >ny 20, 1<j<lm™ and ¢;y ¢, €{1,**vm
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—1}.
If ny=n, +2, we have
Aire = Ajys for k= 1,00 ym™ —j—1.
But
(0, if m, 1s odd
Astnte—j = Aepon eptiom's = {1, if n, is even
and
B (1, if ny is odd
Aitule = = Aute = {2, if n, is even
That is Az —; <&jms —;.
If n,=n,+1, when c;#m—1 we have
Atk = Aja for k= 1,eeeym™ —j— 1.
But
(0, if n, is odd
Aitu's =5 = Ay ey tDmi"s = {1, if n, is even

and
B ~ 1y if ny is odd
e {2, if n, is even
That is Aitme —; </1j+,,,”2 —je
When ¢, =m—1 we have
Aite = Aj+k for b = Lyeee 2m™ —] —1.
But

Aitom'—j = /\((]H)m"l +m'? T . .
0, if n, is even

{1, if ny is odd
and
B (2, ifnp is odd
A {1, if n, is even
That is Aitom's —j </1,‘+2m"2 —je
Iterating eventually we can change Case 3 into Case
1 or Case 2. Thus we can prove (5).
Lemma 5 We have
A Az s < Adgee- (6)
for alt 11,
Proof Let i=c « m"+; with 0<{;<lm". We only
need to prove
m<ﬂj+1ﬂj+z'" (N
combining with the preceding l.emma we can get (6).
@ Hj=0, X e=h» for k=1,+,m"—1, but
. {0, if nis odd

o = o
o 1, if n is even

And
1, if nis odd

2, if nis even

Aot = {
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Thus we have (7).
@ 1f j=>1, we have Aips =A;44» for k=1, (m—
am'—;—1, but

0, if nis odd
A‘-H o = ), 1 = . .
H+Cm—c)m —j m 1, lf n 1S even

and
. (L, il nisodd
Avim-ont=y = Aot = {2, if 7 1s even
Thus we have (7).
Combining the preceeding two lemmas we can easily
obtain Theorem 3. Set u; = p+e —&—1.
Proof of Theorem 3
By Lemma 4, we have
Air1Aaz s < Ajdp e
which is equivalent to
Uity Ui ™ < Up g™
From Lemma 5, we have shown that
m < Aidgee
thus we have
m <ty Uy
Theorem 3 is proved.
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