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Abstract: The m-tuplings Morse sequence, as a fixed 

point of a constant length substitution, was discussed. An 

equivalent definition was given by the property of the m-adic 

development of the integers. Using the combinatorial proper- 

ties of the m tuplings Morse sequence, we mainly obtain this 
sequence is an admissible sequence and the other two se- 

quences generated by it are also admissible sequences, which 
extends the conclusion that the ThumMorse sequence is an 

admissible sequences. 
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0 Introduction 

L et us first introduce the m-tuplings Morse sequence. Let 

S = {0, 1} be a two letters alphabet and S* be the free 

monoid generated by S. Consider the following homomor- 

phism on S* ~ 0 1 "  1 , a :  0 ,1~"10 m-1 , where 0 m-1 (respec- 

tively 1'" ]) represents m -  1 consecutive 0 (respectively 1 ) 

digits. Thus d ' (0)  as n-*oo, we define an infinite sequence u 

=uoul " " u , ' "  E {0,1} N , which is called the rn-tuplings Morse 

sequence. Obviously, the case m = 2 yields the Thue-Morse 

sequence and this sequence has been studied intensively by 

many authors E>< . 

It is easy to check that u satisfies the following relations. 

@ uo=0 ,  u,. . ,=u,, ,  u,,,,+k = l - u k ,  where l ~ k ~ m - 1 ;  

@ at position k �9 m" of the sequence occurs d' (0) ,  if uk 

= 0  and d ' (1 ) ,  if u k = l ;  

@ u,., ," =1 for any n ~ 0  and cE { 1 , ' " , m - i } .  

Given two sequences { r/i }'iZ 1 and { ei }i% i, we write r]l 

""<e~ee '"  if there exists an integer n>~l such that rli = ei for 

all l < ~ i < n  but r/,,<e,,. This is a complete ordering. We write 

for brevity s7 instead of l - e l  and also /- instead of Sle2"", 

where e--e~ ee ' "  is a finite or infinite sequence of integers in 

{0, 1, . . . ,  l}. 
Let us first give the concept of a sequence is admissible. 

Definition 1 A sequence ej, se ,"" of integers in {0, 1, 

�9 " , l}  is called admissible if the following two conditions are 

fulfilled: 

e,~le,,+2 '"  < el ee"" whenever s,, <i l (1) 

and 

~,~-l~,,+e "'" ~ ~1~2 "'" whenever s,, > 0 (2) 

It is easy to construct an admissible sequence. For exam- 

ple, if e begins with N>~2 consecutive l digits and if there are 

neither N consecutive l digits nor N consecutive 0 digits later, 
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the sequence ~ is admissible. 

Recently, Komornik [7] et al showed that the Thue- 

Morse sequence is an admissible sequence and in Ref. [8] 

even testified that Thue-Morse sequence is the smallest 

admissible sequence, m-tuplings Morse sequence is a 

more generalized sequence contains Thue-Morse se- 

quence, in this paper we obtain that the m-tuplings 

Morse sequence is an admissible sequence and some other 

two sequences generated by it are also admissible se- 

quences. The following is the main results. 

Theorem 1 The sequence (e~ }~=~ is admissible. 

Theorem 2 If l = 2 p + l  is an odd integer, then the 

sequence {p+e~ }7s is admissible. 

Theorem 3 If l = 2 p  is an even integer, then the se- 

quence {P@~i--Si 1}ix~--i is admissible. 

1 The Property of the m-Tuplings 
Morse Sequence 

The m-tuplings Morse sequence can be defined by a 

property of the m-adic development of the integers. Mo- 

reover this property is simple enough to be recognizable 

by a finite automaton. Let us denote by No (respectively 

N1 ) the set of integers n such that ( n + l ) - t h  letter of the 

m-tuplings Morse sequence is 0 (respectively 1). 

For any integer n, we denote by B,,(n) = # {i,n~9 k 

0}, ifn = ~-~,n~rn ~, n~ ff { 0 , 1 , ' " , m - i } .  
i>~0 

Proposition 1 With the notations above, we have 

No = {n ~ N,B,,,(n) is even}, 

N1 = {r/ ~- N,B,,,(n) is odd} 

Proof Obviously No and N1 form a partition of N. 

It is thus enough to show by induction over r the follow- 

ing property: 

t : E N o a n d n < m ' = > B m ( n )  iseven 
(Pr) ~ N1 a n d n < m ' = > B , , ( n )  is odd. 

Note that Po is obvious. Suppose that Pr is true and con- 

sider n ~  No (respectively N1 ) such that m ' ~ n % m  "+~. 

Then n = k �9 rn ~ + n' with n' ~ N1 (respectively No ),  

where n'<m r and l ~ k ~ m - 1 .  As B,, ,(n)=B,,(k �9 m r 

+n ' )=l+B, , , (n ' ) ,  Pr+l follows. 

In order to prove Theorem 1, consider the m-adic 

expansions 

i =  C~km/~ @ "" @C~o , 
where & , " . , &  ~ {0, 1 , ' " ,  m - 1 } .  

Let i' be the smallest j such that 3t =/: O and 7 be the 

number of j such that at ~0 .  

Proof of  Theorem 1 

@ L e t e i = 0  for some i. Then 7 ~ 2  and we can 

write i = q m  n, +c2m "2 +j  with nt~n2,  0 4  j~m"2 and 

q ,  c2 ~ { 1, ..., m -  1}, thus we have ej =ei  = 0, if j : / :  

0, we will verify that 

ei+l ~i+2 '"  < ei+l et+2 "" (3) 
We discuss it in two cases: 

@ If ;r/1 ~ / /2  -~2,  then we have 

~i+k = ~t+k for 1 ~ k ~ m"~ -- j -- 1, 

and 

r = ~clmnl+<c2@l)mn2 = 0 ~ I = ~mn2 = Ej+mnZ--j. 

Thus (3) is satisfied. 

@ If nl = n 2 + 1 ,  when cz<rn-1  we have 

ei+k = et+k for 1 ~< k ~< m"~ - j - 1, 

and 

e~+,,,~ = eq,,,~ = 0 ~ 1 = e,,"2 = et+,,,"~-t, 

which implies (3) again. When ce = r n - 1  we have 

r = st+, for 1 ~<k<~ 2rn"~ j 1, 

and 

e,+e,,,"~-j = e%+~>,,,",+,,,"~ = 0 < 1 = e2,,,"~ = e t+e, , , "~- j ,  

which implies (3) again. 

If j - - 0 ,  in the same way as above we can prove 

(1),  if not iterating (3) eventually we can also obtain 

(1). 

@ Let ei = 1 for some i, we can write i=c3m"~Tj 

with O~j<m" ,  thus ej = 0  if jg:0.  We can get 

ei+k = et+k for 1 ~ k ~ rn" - j  - 1, 

and 

s:+,,"-t = e%+~),,," = 0 ~ 1 = ~,,,, = et+,,,o_j. 

Hence 

e~+~ e~+e "" < ej+1 s,+2 '" (4) 

If j =  0, in the same way we can prove (2) ,  if not, we 

also can get (2) by combining (4) and (3). 

2 The Admissible Property of the Se- 
quence {p"l-E,}~'=I for 1=2p+1 

Lemma 1 We have 

s E,.-+2 ~176 ~ 61 s .'~ and e,,+l e,,+e ' "  ~ el ee"" 

for all n~>l. 

Proof We can easily get the above relations for n =  

1, 2 , ' " ,  m. When n>/m+l,  considering the m-adic ex- 

pansion of n, 
n -  & i n k + . . . + & .  

Let 
t = &mk + "" + & m .  
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If ~,,=1, then we have e, = 0  and e,,+~e~+e ' " ~ , + , ~ , + 2  

�9 ". ,By the Theorem 1 we have ~,+~ ~,+~ ""<e~se  ' " ,  

hence we have the first relation. The second relation is 

also satisfied directly by Theorem 1 because r = 1 and 

{r }7~ is an admissible sequence. 

If e , ,=0,  then we have ~, =1  and s,,+lS,,~ e ' " ) e , + ~  

e,+e "", that is s,,<r ""~r z ' " .  From Theorem 

1 we know that when ~, = 1, we have e,+~r ' "  < ~ 2  

' "  Combining with this we obtain e,,~te,,+2""~r 

hence we have the second relation. The first relation is 

also satisfied directly by Theorem 1. 

Proof of Theorem 2 

The case l = 1 has already been proved in Theorem 

1, we can thus assume that l ~ 3 .  

In order to prove {p+e~ }/-t is admissible, we only 

need to prove 

p +e,,+, < ( p +  el) and ~ <~ P@ei, 
which equivalent to 

P+e,,-, < P+~i and p +  1-e, ,~i  < P+ei, 
which has been proved in Lemma 1. 

3 The Admissible Property of the Se- 
quence ( p + E - } for I = 2p 

We first consider the case l = 2 ,  set 

k = l + s ~ - s ~  1. 

Then we have two equivalent definitions of the sequence 

2i. 
Lemma2 We have),~ = 2 ,  ;t,,,, . . . .  3-2,,,', for n = 

0, 1,. . .and,a,,  .... " + k = 2 - - a k ,  w h e r e c ~ - { 1 , . . . , m - 1 }  

and l ~ k < m " .  

Proof We have so = 0  and e,," =1  for any non-nega- 

tive integer n. With this two results we have 

21 = 1 @-El --E'O = 2. 

Using the relation 

ai = l + e i - e l  1 = e, +e,,,, 1. 

We have 

�9 L,,"' +2,,," =e,,,'"' +e,, ,"~-i +s,,," +~,,,"+'- 

= l + ( 1 - e , , , , , + ' - l ) + l + e , , , ' " '  l 

= 3  

and 

,~,.,,,"+h. + s  =e,.,,,"+k +e,.,,,"+'+,,~ , +ek +e,,,~ 1 

- - ( 1 - e k ) + ( 1 - e , , •  l )+ek+e , , ,~  i 

= 2  

In order to get another equivalent definition, consid- 

er the m-adic expansions 

i = & m k + ' " + & ,  where & , . . . , & ~  {0, 1 , . . . ,  m - l } .  

Let i' be the smallest j such that a) =/: 0 and ~: be the 

number of j such that c% 4:0. 

[,emma 3 When &, = 1 we have 

0, if i' is even and 7 is even 

L = 2, if i' is even and 7 is odd 

1, if i' is odd 

When & >~2 we have 

j 0 ,  if i' is odd and 7 is even 

2' = /21' i f / ,  if i' is odd and 7 is O d d l s  even 

Lemma 4 We have 

;l,vl),~+2 "'" < a, ;t_~ "" (5) 

for all i ) 1 .  
Proof Let / = & m e + ' " + & ,  w h e r e & , . . . , & C -  

{0, 1 , . . . ,  m - 1 } .  We prove by induction on 7 - -  :~ {j, 

a,r 
Case 1 7 - - 1 ,  that is i=c �9 m" for some n ~ 0  and c 

C - { 1 , ' " , m - 1 } .  T h e n s  1=1 if n--0 a n d L §  if n 

~ 0 .  Hence ;t,+~ < 2  =2~ in all cases. Then we obtain 

(4). 

Case 2 7 = 2 ,  that is i=c~ �9 m"* +c2 �9 m"~ for n~ 

> n 2 ) 0  and el ,  c2~ { 1 , ' . . , m - l } .  

If nl ~ne  + 2 ,  from Lemma 3 we have 

2i+k = ,~k for k = 1 ,"" ,rn"~ - 1. 

But 

t 01, if ne is odd 
L+,;" = L, .,,,", +% ~,},,,"~ = , if n2 is even 

and 

= l l '  i f n e i s o d d  

;t,,,,'~ t 2, if n2 is even 

Then we have L+,,,"~ <dt,,"~ , which proves (5). 
If n l = n e + l ,  when c 2 J - m -  1 we have (5) in the 

same way as above. 

When ca = m - 1  we have 

;ti+k = s for k = 1 ,".,2rn"~ - 1 

But 
= j l '  i f , ,  is odd 

/~i@2m":e = '~('1 q l)m'l {-m"e 10 ,  if n, is e v e n  

and 

= f12, if 111 is odd 
22,,,"~ /1 ,  if nl is even 

Then we obtain 2i+ e,,,"e <;te,,,"~ �9 That testifies (5). 

Case 3 7 > 2 ,  then we can write i=cl �9 m", +ce �9 

m"• + j  for nl>n2~0, l~j<m":~ and cl,  cz ~ { 1 , " . , m  
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- 1 } .  

If n~ ~nz  -1-2, we have 

L+~ =/~+k for k = 1, '",m"~ j 1. 

But 

{01, if nz is ~ 
~i+m "2 j : / ~ c l . m n t + ( c 2 + l ) m " 2  : 

, if nz is even 

and 

,!~+,,"~-; = 2,,"~ = t12  ' if n2 is ~ 
, if nz is even 

That is ,t~+,,,"~ - j  <;b+-,"~ -J .  

If nm =n~ + 1 ,  when cz=/=m-1  we have 

L+~ = 2~+~ for k = 1,'",rn"~ j 

But 

and 

~i4-m "2 j = ,~clm,, 1 + ( c 2 + l ) m " ~  = 

i~j+m'Z_j 7--- /~mn2 7--- i f ' ,  

That is ,t~+,,"~ - j  <;.j+,,"~ -~. 

But 

and 

. . . .  . 

, if n2 is even 

if nz is odd 

if n2 is even 

When c2 = m - 1  we have 

;.i+k =)v+k for k = 1,'-',2m"~ j 1. 

= t 1, if n2 is odd 
2i+2m,,2_ j 7--- / ~ ( c l + l ) m , , l + m , ,  2 O, if n2 is e v e n  

= [2 ,  if nz is odd 

21+2m"~ j = X2,,,"~ ~ 1, if n~ is even 

That is ,~+zm.~ _2 <Aj+z,."~ - j .  

Iterating eventually we can change Case 3 into Case 

1 or Case 2. Thus we can prove (5). 

Lemma 5 We have 

~i4-11~i+2 "'" < ~i~2 " ' "  ( 6 )  

for all i>~1. 

Proof Let i = c  �9 m " + j  with O ~ j < m  ~. We only 

need to prove 

t~i--l l~i+2 ~176 < I~j+l l~j--2 " "  ( 7 )  

combining with the preceding Lemma we can get (6). 

@ I f j = 0 , 2  ..... "+k=~k, f o r k = l , . . . , m ~ - - l ,  but 

= (0, if n is odd 

L,,,"+,,," / 1, if n is even 

And 

= f l ,  if n is odd 
A~" / 2, if n is even 

Thus we have (7). 

@ If j ~ l ,  we have ;ti+k =Xj+k, for k = 1, 

c ) m ' - j - 1 ,  hut 

=_ (0, i f n i s o d d  
/~i+(m c)m"--j ~ -  Am"+l ~ 1, if n is even 

and 

~j+(,, ,  c),,," ~ = ,~(,,, ,-),,," = 

Thus we have (7). 

�9 , ,  ~ ( ; r / ' / - -  

1, i f n i s o d d  

2, if n is even 

Combining the preceeding two lemmas we can easily 

obtain Theorem 3. Set u~ = p + ~ - ~ ; _ ~ .  

Proof of Theorem 3 

By Lemma 4, we have 

).i+1 ;.i+2 "'" < 2122 "'" 
which is equivalent to 

Ui+I IAi+2 "" < Ul U2 "'" 

From I.emma 5, we have shown that 

;~+1 ;t~+2 '"  < ,h,~2 "'" 

thus we have 

IAi+l ui+2 "" < Ul 122 "~ 

Theorem 3 is proved. 
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