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Abstract

The logical dertvattves of p-adic copy-shift and shift-copy generalized Bridge functions are.gtven in this
paper. When p equals 2, they are exactly the logical dertvatives of natural ordering copy-shift and copy-shift
Bridge functions.

1 Introduction

It is well known that exponential functions ¢**, 2=0, 41,42, are the characteristic
functions of linear differential equations of first order constant coefficients y' =A4y. Sine ordi-
nary differential operates on the generalized Bridge functions, this results in that the ordinary
derivative of the generalized Bridge functions are identically zero. So the generalized Bridge
functions do not satisfy above linear differential equation. However, the generaalized Bridge
functions system that is a kind of non-sinusoidal orthogonal functions system is similar to
Chrestenson Chrestenson fuction system in nature. In the literature™, a so-called logical
derivative operator upon Chrestenson functions was derived so that Chrestenson functions are
the characteristic functions of first order logical differential equation. Now we introduce logical
differential operator to generalized Bridge functions and obtain resemble conclusion to
Chrestenson functions. _

Because the construction of generalized Bridge functions is the combination of shift
method of block pulse functions with the copy method of Chrestension functions, they can be
represented as the products of block pulse functions and Chrestenson functions. We have divid-
ed generalized Bridge functions into two types. One is copy-shift, the other is shift-copy. p-
adic natural ordering copy-shift generalized Bridge function is defined as

gt ,(w,j,m,t) = ch,(wmodL), j,p""’t) X blo([w/L],m — j,t) .1
where 0<1<1, L=p'.
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p-adic natural ordering shift-copy generalized Bridge funciton is defined as
25, (w,j,m,2) = blo(w(modL), j, ") X ch,([@/L],m — j,t) 1.2
Where 0<t<1,L=p".
We shall introduce the concept of logical derivative to these two types of generalized
Bridge functions. First we shall give the defintion of logical derivative.

The Definition of Logical Derivative

For any fixed t€G=[0,1), we can represent ¢ by the p-adic form of t = Zt"’p__,_, ,2?

=0

€ {0,1,*+,p — 1}. Now we define the logical derivative of f(¢) on G=[0,1). If the follow-

ing sum
N —1
SH{AfeB ™) 2.1
=0 l=0

converges to a limit while N-—+co, then this limit is called p-adic logical derivative of f(z) at
the point ¢ and denoted by "’ (¢), where complex numbers A,=A,(p), I=0,1,,p—1 sat-
isfy the following equations (2. 2)

—1

zAlyu=k, k=0,1,”"P—1 (2-2)

=0

Y=exp{2ni/p}. 1t is readily verified that complex numbers A, satisfied equations (2. 2) can be

given by [1]
Ao(?) = (P - 1)/2) Ax(P) = 71/(1 - 7‘)9 = 192)"' ’P — 1. (2- 3)

If ¢ admitted of change on [0,1), we can define logical derivative functions as usual.

The Logical Derinative of Generalized Bridge Functions

m~1 .
Set @ = zw(')p-—l-') w(x) E {0’1’_" ’p._ 1},t = zt(:)P-r-l,t(,) E {0’1"" ,P—- 1}’
=0 =0

specify the pseudo-product operator * of non-negative integer number @ and fractional num-

m-1

ber 1(0<:<1) asw o t = zw“"""t“) y thus the p-adic natural ordering Chrestenson func-

=0

tion of the order number w can be expressed as follows;
.m—1 .
chy(w,m,t) = exp{z—;’ng""‘""t"’}-_—.— exp(-zizw . t) 3.1
fd]

We can conclude that p-adic natural ordering copy-shift generalized Bridge functions gb',(w, j,
myi)sw=0,1,2,, are the characteristic functions of first order logical differential equation

¢V =2p Here we shall verify the fact in the following theorem 3. 1.
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Theorem 3.1
m~j
(p"”w(modL) + 2‘—_!) . gb’p(“)yjim)t)v

gyl (@, jmyt) =q t€ [[wfffj’uj']j D

0, t& [[w/LI ]m/L!

-—I ’ --}

\

Proof By virtue of (1.1),
gb ,(n),j,m,t) = Ch’(modL) ,j’P--jt) X blo([{”/LJQm - j’t)-

Since while ¢ & [L""/—LJ Mji_) blo(fw/L]),m— j,t) =0, hence gb',(w,j,m,t) =0.

P g

Thus gb'® (@, jym»£)=0. And wmleze[[“’_/f‘,],&’fﬂ,'*l) for k<m— j 1540

blo(fw/L],m — j,t) X blo(fw/L},m — j,t @Ip~™") =0,
and k=2m—j,
blo([w/L],m — j,t) X blo([w/L],m — j,te @ Ip™*') = blo([w/L],m — j,2).
Hence

N
Sy (®) =Zp‘Aoch,(w(modL),j,p"it) X blo([w/L],m — j,t)

dee@

+ Z # {ZA,ch (@(modL),j,p™*(tilp™ ") X blo([w/L],m — j,2)}

j--—]

= ch,(w(modL),j,p " ’t) X blo([w/L],m — j,t)

{ Z P‘(Z&ch (w(modoL),;,lp'_’_‘_’)} + A, —= p p— },

Amm—j =0

where Ao=e—-. Thus the above expression becomes

N—=m+j

= gt/ (@,j,m, ) ("7 D, (ZA,exm——(w(modL) S1pTH)) + L——}

a=0 =0
N-—m+j

= gb ,((Dy],myt){P-—l E p (w(modL))(--l—u) + 2 }

While N—»oo,sn(z)—»<p'-'m(modf.)+3—2—’—) « gb' ,(w,jym,t), we botain.
_ —
g8 (@, jym,) = (5" wtmodL) + E==Lyg¥ (@, im0,

When j equals m, that is, they are only made to copy not to shift generalized Bridge funcitons
degenerate into Chrestenson functions. For this situation the conclusion from the theorem 3.1
is consistent with the conclusion of literature™!,

For p-adic natural ordering shift-copy generalized Bridge functions we also conclude that
they are the characteristic functions of first order logical differential equation. By virtue of the

formula (1. 2), we know that the mathematical expression of p-adic natural ordering shift-
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copy generalized Bridge function g&,(w,j,m,t) is
E&,(w,j,m,t) = blo(w(modL),j,p"’t) X ch,([w/L],m — j,t).
Since while

' & [w(modL) + ?:_]’w(moil:) +1 + ?.—'), s= 0,10, ™ — 1

blo(w(modL) ,jy -—it) =0,
hence g5, (w, j,m,t) =0. Thus gb" (w,j, m,t) =0. While z € [

w(modL) s
o + ik

w(modL)+41
p.

+P:—j)’ s==0,1, 9P-‘j

blo(w(modL),j,p™'t) = 1.
Because blo(wmodL), j,p™t) is a periodic function whose period is 1, while

w(modL) s w(modl) 4 1 s -—
¥} P ¥ = 0,1,', — ’
P >~ +p" 3) 5 ? 1

te [ +

for k2m—j—1, we have

blo(w (modL),j,p" 't B Ip™ ")) = blo(w(modL),j,p "'t),
for m— j<<A<<m, 150, we have

blo(w(medL),j,p™ 't B 1p™* 7)) = 0,

for k=m,l#0, we have

blo(w(modL),j,p" /(¢ @ 1p™**)) = blo(w(modL), j, p~’t).
Then -

‘S, = ZP SA,gz (w,_;,m,t@lp""l)}
Hence , upon above condition, the sum b:eoomes
Su(t)= blo(w(modL), j,™/t) X ch,([w/L],m — j,t)

M~J—1 -1

{ 3] 10 Awk,([w/L]ym — j,ip7™ )]

im0 1=0
m—1
+ 3 a0+ S5 e, QoL — p77)
A=m— g ke=0 I
= ga (w’]’m,t>{'§ p ZA 7[./14] ip ~k=1 + E___L__ + Z? ZA 7[-/1.] ap b—)}
oy R o &t &
= gE (w,j,m,t) {-—zlj [w/LT—l—l » ., + L__P___ + Z[w/L](-—,—:—A) }
=0 =

= gb,(w,j,m,){[w/L] + Lfff:}.

Therefore above result is summarized in the form of theorem 3. 2.
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Theorem 3. 2
([o/L] + E=L) 38,0 jomat)
odL odL 1
te [“’(";. ) 4 e (m p') t1y pait
~7{ : —
g;, (w’]’m’t) —< s=0’1’“.’Pu—l__1‘
w(modL) s w(modLl) + 1 5
o! — Tm—i/ "
t& [ - +p., e +p")
= 0’1"“, - 1-

Conclusion

As stated above, we confine our discussion to the situation of p-adic natural ordering gen-
eralized Bridge function. In fact, the logical derivatives of other kinds of ordering generalized
Bridge functions can be given by the similar expressions. It is easy to see that while p equals 2
above theorems are still valid, that is, while p equals 2, the logical derivatives of natrusl order-
ing copy-shift and shift-copy Bridge functions can be expressed by formula (3. 1) and (3. 2)
respectively.

Because Bridge function system is a kind of orthogonal function system, it has been found
applications on secret communications, control theory and information transmission™®. In our
laboratory, the device of multiplex system based upon Bridge functions has been developed.
Generalized Bridge funciton system is the generalization of Bridge function system and is also a
kind of orthogonal function system. It contains many kinds of orthogonal function system such
as Bridge functions system, Chrestenson function system, Watari function system and etc. We
are finding its possible applications in signal processing, image processing, mliti-vlaue logic and
other fields, '
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