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A b s t r a c t  

In this paper, the authors study the boundedness of the operator [pn, b ], the commutator generated 

by a function b 6 Lips(R")(0 < fl < 1) and the Mareinkiewicz integrals #n, on the classical Hardy spaces 

and the Herz-type Hardy spaces in the case fl 6 Lip~(Sn-t)(0 < ~ < 1). 
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1 I n t r o d u c t i o n  

Suppose that  S a-1 denotes the unit sphere of II~"(n >__ 2) with Lebesgue measure da = 

da(x').  Let fl be homogeneous of degree zero on Rn satisfying 12 6 L l (S '~-t) and 

f s  f~(z')da(x') = 0, 
n - !  

where x' = x / Ix  ] for any x # 0. The higher-dimentional Marcinkiewicz integral #n is defined by 

~ ( f ) ( x )  = IF~,t(f)(x) l  2 -~  , 

where 

f ,  f~(x - y) F~,t( f)(x)  = _yl<t [x-~ .~ff-~-I f (y)dy .  
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�9 216. Analysis in Theory and Applications 20:3, 2004 

The operator pf~ was first defined by Stein [I]. Meanwhile, Stein proved the following result. 

If f~ is continuous and satisfies a Lip~(sn-1)(O < c~ _< 1) condition on T h e o r e m  A. 
S n-l ,  then 

when p = 1, 

II~(f)(x)llp _ cpllfllp, 1 < p < 2; 

AI(#~(f) > ~X}[ ~ ellflll, WN > 0. 

In [2], Benedek, Calder6n and Panzone proved that if f~ E CI (Sn- I ) ,  then #~ is bounded on 

LP(R n) for 1 < p < co. Ding, Fan and Pan [3] proved the weighted LP(R n) boundedness with Ap 

weights for a class of rough Marcinkiewicz integrals. Recently, Ding, Fan and Pan [4] improved 

the results mentioned above and showed that if f~ E HI(Sn-1) ,  the Hardy space on the unit 

sphere(see[5]), then #~ is still a bounded operator on LP(R '~) for 1 < p < c~. In [6], Chen, Xu 

and Ying proved the same result as [4] a using different method. 

On the other hand, in 1990, Torchinsky and Wang [r] considered the boundedness for the 

commutator  of #~. Let b E BMO(Rn),  then the commutator [#~, b] is defined by 

(f0 1Cr )[ ~)1/22 [#,,b](f)(x) = Ff2,b,t(f)(x , 

where 
~ f~(z - y) 

ff~'b't(f)(x) = _yl<t IX--_ ~:-'-1 [b(x) - b(y)]f (y)dy. 

In [7], Torchinsky and Wang proved that if f2 is continuous and satisfies a Lip~ (S '~- i) condition 

for 0 < a <_ 1, then the commutator [#f~,b] is bounded on LP(w) for 1 < p < oc, w E Ap, the 

Muckenhoupt weight class. Recently, in [8], the authors improved the above result and proved 

the weighted L p (1 < p < ~ )  boundedness of the commutator [#n, b]. In [9], Wang considered 

the commutator  generated by a Lip~(R n) (0 < ~ _< 1) function and #n, and proved the following 

theorem. 

T h e o r e m  B. Suppose 1 < p < oc,O < ~ < 1,1/q = l / p -  Bin. Ifb E Lipa(Rn), then 

[l[#~,b](f)llq 5_ cllbllLip~llfllp. 

Here, for ~ > 0, the Lipschitz space Lip~(II~ '~) is the space of functions f satisfying 

[[f]lLioa = sup If(x) - f(Y)[ < ~ .  

Obviously, Lip~(R n) contains only constant if ~ > 1 and [#a,  b] = 0 in this case, so we will only 

concentrate our discussion to the cases 0 < ~ < 1 in what follows. 

The organization of the paper is as follows. In Section 2, we will study the boundedness 

of the operator [#~, b] formed by the Marcinkiewicz integral pf~ and a LipB(• n) function b on 

Hardy spaces. In Section 3, we consider the boundedness of the commutator [#~, b] on Herz-type 

Hardy spaces. 
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2.  B o u n d e d n e s s  o n  H a r d y  S p a c e s  

In order to study the boundedness of [#n,b] on Hardy spaces, let us first introduce the 

atomic decomposition characteritions of Hardy spaces. 

Def in i t ion  2.1. For 0 < p < 1, a function a on ~'~ is called a (p, 2) atom if it satisfies 

1) supp a C B(xo,r)  = {x E ~'~ "Ix - .~:ol < 7'} for some xo E ~n and some r > (}: 

2) 1[~112 < IB(x0,r) l~/2-1/P," 

3) f a(x)dx = O. 
JR n 

The following lemma can be found in [10, Chapter 3] or [11, Chapter 2 ]. 

L e m m a 2 . 1 .  Let O < p < 1. A distribution f on ~'~ is in HP(~ n) if and only if f can be 

written as 
oo 

f =  ~ Ajaj 

oo  

in distributional sense, where each aj is a (p, 2) atom and ~ lay]" < ~ .  Moreover, 
j ~ - - o o  

oo 

Ilfllgp ~ inf{( Z [AJlP)'/P} 
j z  - r  

with the infimum taken over all decompositions of f as above. 

Our result concerning the boundedness on Hardy space for #f~,b can be stated as follows. 

T h e o r e m  2.1. Suppose that f /E  Lipa(Sn-1)(0 < c~ <_ 1),b E Lip~(~'~)( 0 < ~ < a /2) .  If 
n nu < P < 1 and 1/q = 1 / p -  f3/n, then [#~,b] maps HP(~ n) continuously into Lq(~n). 

Proof. By Lemma 2.1, we only need to prove that for any (p, 2) atom a, ll[#~,b]allq < C 

with the constant C independent of a. Suppose that supp a C B = B(x0,r).  Write 

I1[~., b ]all~ _< (i~-~ol<~ I[~., b ]a(x)lqdx) 1/q -q- (/x_xol>2r I[#f~, b ]a(x) lqdx)  a/q -=- I1 + 1.2. 

Choose 1 < Pl < rain(2, n/~)  and ql satisfying 1/ql = 1 / p l - 8 / n .  By the (L p' , L q~ ) boundedness 

of [#~, b], the size condition of a and HSlder's inequality, we get 

I1 < Cll[#~),b]a[Iq~r n(1/q-l/q') < Cllallp~r n(1/q-1/q') < Cllall2r 'm/p-~/2) < C. 

For/2 ,  since Ix - Xol > 2r, we have 

. [~ ,b ]a ( z ) l  < (f01~-~~ f ~ ( x -  y) dt~ l/2 _ i ; - ~ . _ -  ~ [b(~) - b(y) ]a(y)dyl  ~ t~ / 

�9 _ i x : ~ - -  ~ [b(x) - b(y)]a(y)dyl2-~] 

:= Jl + J2. 
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O b s e r v e  t h a t  f r o m  Ix - xo[ > 2 r  a n d  y 6 B = B(xo,r), i t  fo l lows  t h a t  [x - y[ ,,- Ix - xo[ ,-, 

[x - Xol + 2r. By the Minkowski inequality and Lipo(S n- l )  C L~(S '~-I ) ,  we obtain 

f~ dy (2) 
la(y)l lyl,/2 

< Cl lb l lu . .  . I~ - W I ~ -  yl "-~ I~ - ~ol 3/= 

fR dy (3) 
ta(y)l My 2 

_ CIIbl lup,~ ,. Ix  - x~ Ix  - xol  ' ' -1  }x - xop/2 
= CIIbllu,,, I~ - :~ol '~-'~-~/2 f .  la(Y)IlYI~/~dY (4) 

< CIIbllL~,,,Iz- Xol~-"-l/2r 1/2+n0-1/') (5) 

< CIIbll,.~,,, I~ - xol - ' ' ~+" (~ -~ / ' )  Ix - :~ol"-"/~r t/2-~ (6) 

_< CI Ib l l u ,~ l z -  xol-~, "~+~<'-'/p)- (7) 

In the third inequality from the bot tom above we used HSlder's inequality and the size condition 

of a. 

Notice that  from t _> Ix - xol + 2r and y e B, it follows t _> I x -  Xo} + } y -  Xo} _> Ix - y], 
and by the vanishing condition of a, we obtain 

[5 J~ < I t~. -~._--  ~ [b(x) - b(y)]a(y)dyl 2 
- z o l + 2 r  

I L s - y) b(y)]a(y)dy 1 
< c ,  .,,:, I~ - ~ ~  [b(z)  - I~ - ~ol + 2,- 

< C l [b (~ ) -  " J B ~ l x - y l  "-~ - I  ~ ]~ (~)d~ l l~ -~o l+2 , "  

+ C I / 8  ~(~ - y) [b(y) - b(~o)b(y)dyl 1 
I ~ :  ~h'-:-i Ix  - Xol + 2r 

< Cl lb l lL ip~ (ix-zoI~/B 'y--x~ , 
- I~ - ~ o P  - ' + ~  - #1 " -~  ] I~ - ~ol + 2 r  

_< CIIbllL,o, (Iz - xol a zoPla(y)ldy + f lY -~_olala(Y)l,dy~ 
Iz-xol ~+~ ~B Iz--yl" ) 

___ CIIbllup~(Iz - zo l~-n-~r  "+"(~-~/~) + Iz - zo l - " r  ~+~u-~/~)) 

<_ CIIbllLipslZ- Xol-nr ~+n(~-l/p). 

So when Ix - Xo[ > 2r, we have 

Therefore, 

12 <_ CIIbHLiparJ3+n(1-1/P)( f I x -  xol-nqdx) l/q <_ CIIbllLip~.  
J]x-xol>2r 
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Combining the estimates for Ii and I2, then leads to the desired result. 

It is well-known that the dual space of H 1 (R n) is BMO(II(n). From this and Theorem 2.1, 

by a dual argument, we easily deduce the following conclusion. 

C o r o l l a r y  2.1. Suppose that fl E Lipa(Sn-1)(0 < a < 1),b E Lip~(l~n)( 0 < ~ < a) .  

Then [ pf~ , b ] maps L n/ ~ (R n) continuously into BMO(Rn). 
n 

In general, the (HP, L q) boundedness of [#f~,b] fails when p = n + 3" To be precise, we 

have the following characterization theorem. 

Theorem 2.2. Suppose that f~ E Lipa(Sn- l ) (0  < ct < 1),b e Lip~(IR")( 0 < fl < c~/2). 

Then the following two statements are equivalent: 

(i) [#o,b]  maps Hn/("+J~)(l~ ") continuously into Lt(Rn); 

fl - 0 or f b(y)a(y)dy = 0 holds for any (n/(n +/~), 2) atom a. (ii) 
JR n 

Proof. By Lemma 2.1, [#~,b]  is bounded from H"/("+~)(R ") to L l (R  '`) if and only if 

II[#~,b](a)[[1 _< C holds for any (n/(n + 3),2) atom a with C independent of a. We only need 

to consider the behavior of [#f~, b] on (n/(n + ~), 2) atom. 

Let a be such an atom with the support B = B(xo, r). For u E B, let 

and 

Then 

vl (x) = X2B(x)[/~O, b]a(x), 

v2(x) = ~(28)o(z){ fo 'x-~~ fl* fl(x - y) dt }1/~, 
I - ~ ,  I ; -  ~"---' [b(,) - b(y)]~(y)dyl 2 i~ 

v3(x) = x(2t3)c(x){ /x~_xol+2,. I /z_ul<t [xl2(x - ~-S-1 [b(x) - b(y)]a(y)dy]'2~ } 1/~ 

[~,b]a(x)  = vl(x) + v2(x) + va(x). 

By a method similar to the estimate for I1 in proof of Theorem 2.1, we can prove [Iv1 [[1 _< C. 

To estimate v2, we note that Ix - x0[ > 2r and y E B = B(xo,r) implies [x - y[ ,,, Ix - x0[ "- 

Ix - x0[ + 2r. For v2, by a method similar to the estimate for J1 in Theorem 2.1, we get 

<_ C][b[[Lip, X(2BV(X)Ix - Xo]~3-n-1/2r|/2-i~. 

Here we have used f~ E Lip~(S ' ' - I)  C L'~(S"t) (O < a < 1). So we have 

Ilv2111 _< CIIblliiPort/'~-~_f~uB),, Ix- .~ol~- ' " - l /2dx  

/: < Cllb]lLip, r x/2-a p~-"-l /2p"-ldp 
r 

_ _ _  CllbliL~p,. 
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Thus we see that [[[/=n,b](a)lll _< C is equivalent to I[v3111 ~ C. 

Note that t >_ Ix - Zo] + 2r and y E B implies that t _> Ix - Zol + lY - xol >_ Ix - Yl. Thus 
we get 

VS(X) = X(2B)=(X){ fx~176 [ fR" ,Xf~(X: ~'n----Z - y )  [b(x) - b(y)]a(y)dy,2~3 }1/2 

= X(2B)=(z)[/B f~(x--Y) b(y)]a(y)dy oo dt~ 1/2 
I ; : y T  n':'-I [b(x) - (ftz-zo,+2r t3] 

~-- CX(2B)=(X)I /B "(z-y) b(y)]a(y)dy 1 I ; :  ~ "n'~'-I [5(27) -- I x -- ~0l -~ 2r 
C X(2B)~(z)[b(x) I v  f~(x - y) 1 = - b(xo)] Ix-- ~Z=--, a(y)dy Ix - Xo[ + 2r 

B f l ( x -  y) f~(x-  u) 1 
--X(2B)o(x) [ i x :  ~--2-_ 1 Ix--- u--~ -1][b(y) -- b(z~ - Xol + 2r 

f~(x - u) /B 1 

--X(2B)c(X) ix_--u-in_---- l b(y)a(y)dy Ix - xo[ + 2r 

:= Clul(z) - u2(x) - u3(:c) I >_ C[ul(x) - u2(z) - u3(x)]. 

Write K(x)  = ll(z)/[z[ n-1. By the vanishing condition of a, we have 

[Ul(Z)] < CllbllLlpaX(w)=(z)lx-xol ~ 

x I K ( x  - y)  - K ( =  - x o ) l l a ( v ) l d y  I= - =ol + 2= 

1 
_< CIIbllLipsX(2B)=(z)lz - Z o [ ~ - " - l - %  ~ - ~  tx - Xo[ + 2r 

< C[[bHLip.X(2B)o(x)Ix - Xo[~-"-% ~-~. 

Therefore, Itulllz ___ C. Using fl E Lipa(S"- l ) (0  < a < 1), we also get 

Ilu2(.,t0l,, < e l (  2 /B ly-ul~ " ' "  1 - s)o I z : y ~  ff'~'ffl~ - b(x~ I x - Xo[ + 2r 

< - c f c = B ) o f ~  Iv-u l '~  . . .  I~ :-  ~,]-;;~ iot~,) - b(~:o)l la(~,)Idyd= 

-'% C[}bllLipar~ ~(2B)~ Ix - Xol-("§ = C[[bllL~p~ 

The estimates above shows that the estimate Iiv3[[i _< C is equivalent to the estimate [[u3 (., u)[Ix _< 
C. Set 

/ ,  

L(b,a) : / ~  b(y)a(y)dy. 

�9 We see that 

f3 [f~(x - u)l 1 2rdX C _ Hu3(.,u)H1 ___ IL(b,a)[ =<l=-~l<~= ~ = ~ " - - ~  I x - x o l  + 

_> CllL(b,a)l f3r<l=--l<Nr ]n(xlx _--y[n u)[dx 

-- CllL(b,a)[ If~(x)lda(x)dp = Cllog(N/3)IL(b ,a)ll[~l[L,(S.-,), 
*1--| 
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where N > 3 can be any large positive integer. Letting N -~ ~ ,  we obtain 

IL(b,a)lllf~llL~(S,-~ ) = O. 

Thus, f~-- -0or  L(b,a) = O, that is , f~ =- O or f b(y)a(y)dy = O. 
JR n 

Hence, it follows from the above that (i) is equivelant to (ii). This finishes the proof. 

Though (H n/(n+~), L ~) boundedness fails except for the trivial cases, we can prove an esti- 

mate of weak type. 

T h e o r e m  2.3. Suppose that f~ e Lip~(Sn-~)(0 < a < 1),b e Lip~(Rn),0 < ~ <_ a/2 ,  

then [#~, b] maps H n/('~+~) (~n) into weak L ~ (~"), that is, [pf~, b] satisfies 

[(x e I~ n : I[#~,b]f(x)l > A}I <_ CA-'IIfIIHo/,.+a), 

where C is independent of f . 

Proof. By Lemma 2.1, we write f = 

~ o  

E )~jaj with each aj an (n / (n  + ~), 2) atom and 

E 
o o  

I[l~,,b]f(x)l  < C I , a (  
j ~  --OO 

o o  

+ c  
j ~ - o o  

9 o  

+ C  ~ [Ajllb(z) - b(xj)llX(2Bj)~ 

:= Yl(x) + J2(x) + Ja(x) + J4(x). 

A trivial computation shows that 

< o0 Suppose that supp a t c Bj = B(x j , r j ) .  Write 

OO 

At(b(.) - b(xj))ay)(x)l + C ~ I~X~IIx2B~IIb(~) - b (~ ) l l~ ( a ~ ) (x ) l  
j ~  - - (x)  

iAyliX(.z~,>r - b(zj)! l -ul<t I ~  ~ x  (a j ) (y)oy  I F )  

f 
Ib(x) - b(xj)lP~(a~)(x)lll = ],~, X2Bjlb(x) - b(x~)[Itt~(aj)(x)ldx 

<_ IIb[ILip~ f I x -  xjlBIptf~(aj)(x)[dx 
sis -x~l<2J+ a 

- ~ dx)l/2 < C[IbiILiP~2J~IIp'c~(aj)II'2( -~jl<2,+~ 

_< CllbllLipo2J~lBjl 1 / 2 - ~ 2  j'~/2 = C, 

where in the last inequality, we use the (L 2, L 2) boundedness of #n and the size condition of aj. 

By a method similar to the estimate for Jx in the proof of Theorem 2.1 and the estimate for ul 

in the proof of Theorem 2.2, we get 

- 
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By a method similar to the estimate for J2 in the proof of Theorem 2.1, we have 

I (/,]'_.,.+.,+, I S,=_..<,_ <~ ..l' 
Thus, we obtain 

I {x ~ u~" : IJ~(x)l > A/4} I  _< CA -* 
o o  

I,Xjl, i = 2,3,4. 

Noting that 

L IICb -':- b(xj))ajlN < C 
.J 

by the weak (L l, L l) boundedness of pc, we obtain 

r~l~(y)ldy < c, 

oo 

I{x e 2 " :  I&(x) l  > ,V4}I < CA-~II IAjlCb - b(xs))ajll, < CA -~ 

Therefore, 

I{:~ e .P." ~ I.[~ri,b]SCx)l > A}t 

1/2 I, ~ c 

o o  

j=-~  

4 

<_ C ~ l { ~  e ~'~: IJ~(:~)l > A/4}t 
j=l 

< cJ, -~ ~ I,~,1 
j~- - - -oo 

<_ c~-~( ~ IAilnl("+~)) ('+~)/', 

where in the last inequality, we have used the fact that n/(n + B) < 1, and the constant C is 

independent of f .  Taking the infimum over all the decompositions of f as in Lemma 2.1, we 

obtain the desired estimate. This finishes the proof. 

3 B o u n d e d n e s s  o n  Herz - type  H a r d y  Spaces 

In this section, we consider the boundedness of [#Q, b] on Herz-type Hardy Spaces. Let us 

now begin with some notations. 

Defini t ion 3.1. LetBk = { x E R " : i x  l < 2 k } , E k  =Bk /Bk-1  andxk =XE~ f o r k E Z .  

Let a E IIr and 0 < p, q _< oo. 

(i) The homogeneous Herz space is defined by 

K~'P(II~ ") = { f :  f e L~oc(~")/{O } and [[SilR~.P < ~ } ,  

where 
O0 

I l f l lg; , ,  -- ( ~ 2~ vp 
k ~ - - ~  
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with usual modifications made when p = cr 

(ii) The inhomogeneous Herz space is defined by 

Kq'P(~ n) : { f :  f 6 L" r oo}, I,,c, ) and IIflIKz" < 

where 
O C  

II.t'llK~',,' = (~--~ 2~P/"l l.fxkll~ + IIL~0 IlqP) ' / "  
k= l  

with usual modifications made when p = oo. 

D e f i n i t i o n  3.2. Let a 6 IR and 0 < p, q < ~ .  

(i) The homogeneous Herz-type Hardy space H/f~'P(lr n) is defined by 

Hkq,~(R") = {f :  f ~ Y(R-): c ( f )  �9 k~"~(R~)} 

and 

IIflI.Kz,~ = IIG(f)IIKz*. 

(ii) The inhomogeneous Herz-type Hardy space HK~'P(~ n) is defined by 

HK~'P(R ") = { f :  f 6 S'(lI~n): G(f) 6 K~'P(I~n)} 

and 

Ilfll.~z,p = IIC(f)llK;,.. 

Here, S ' (~ n) is the space of the tempered distributions on I~ '~ and G(f)  is the grand maximal 

function of f ;  see [10,p.90] for the definition of G(f). 

Obviously, H/~~ '~) = HK~ '') = Hv(~n). Thus, the aerz- type  Hardy spaces is an 

extension of the classical Hardy spaces. In addition, Herz-type Hardy spaces link closely with 

Herz spaces. If 1 < q < ~ ,  it can be proved that H /~ 'P ( I~  ") = /~'~'P(~") and HK~,~(~n) = 
K~,P(llr n) when - n l q  < ~ < n(1 - 1/q), but HK~'P(~ n) C K~'P(~ n) when ~ >_ n(1 - l /q);  see 

[12], [13]. 

The Herz-type Hardy spaces have central atomic decomposition characterizations stated as 

follows. 

D e f i n i t i o n  3.3. Let a 6 R'~ and 1 < q < oc. A function a on ll~" is called a central(a,  q) 

atom if a satisfies 

1) supp a C B(0, r) for some r > 0; 

2) Ilallq < IB(O,r)l- ' : ' /";  

3) f a(x)dx = O. 
JR n 

L e m m a 3 . 1 [  13] . Let O < p < cr < q < oo and a >_ n ( 1 - 1 /  q). A distribution/ on l~ n 
o o  

belongs to H/~'~'.P(I~") if and only if it can be written as f = E )uaJ in distributional sense, 
j = - - ~  
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(20 

where each a I is a central (a, q) atom on Bj and y~  
j=-oo 

[Aj] p < oo. Moreover, 

oo 

[IfilHk~,, "~ inf{( y ~  [AjIP) l/p} 

with the infimum taken over all decompositions of f as above. 

In what follows, we only give the results for homogeneous I-Ierz-type Hardy spaces. It should 

be pointed out that the results for inhomogeneous spaces is similar�9 And we omit it. 

Theorem 3.1. Suppose that 12 E Lip~(S"-I)(0 < 3' _< 1),b E Lip~(l~n),0 </3 _< 7/2. If 
0 < p < e~,l < ql,q2 < ~ , l /q2  = 1/ql - ~/n and n(1 - 1/ql) < c~ < n(1 - 1/q~) +/3, then 
[#n, b] maps H/~/P(R n) continuously into K~2,P(Nn ). 

OD 

Proof. By Lemma 3.1, we write f = Z Akak, where each a~ is a central (c~, q) atom 
k-----oo 

oo 

supported on Bk and Z IAkl p < oo. Then we have 
k - - - - - ~  

II[ ~ ,  b]fll~ i, <_ 2 l=p ~ IAkli[[~c~,b](ak) " Xlllq2 
1 = - o o  k = l - 1  

+l=-oo 2t'~P k=~-cclAkl[l[l~n'b](ak)" Xlllq= 

:= I1 + 12. 

By the (L  ql , L qa) boundedness of [p~, b], it is easy to verify that 

I1 < Cllb[l[~p. ~ 2 ̀ =' IAkll[akllq~ 
l = - o o  k = l - 1  

W h e n 0 < p < l ,  

oo k + l  (3o 

Ix < Cllbllf~p= ~ IAkl" ~ 2('-k)'~" < Clfbll[~.= ~ IAkl p, 
k = - o o  l----'-oo k : - o o  

I fp  > 1, by HSlder's inequality, we get 

11 

k-----oo 
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Let  us now e s t ima t e /2 .  Note tha t  

i[#mb](ak)(x)l < g t ( x -  y) dt 
- -~I_<, Ix - yl "-~ [b(x) - b(y)]ak(y) -~ 

+ ~(x - y) 
I+~ ~+' -~I_<~ I~-~"---I [b(x) - 

: =  J1 + J 2 .  

U2 

112 

When  x E El and Ix - Yl < t with t < Ix[ + 2 k+l , it follows from I >_ k + 2 tha t  Ix - yl "" Ixl "~ 

Ixl -t- 2 k+l. Then  by the Minkowski inequality, 

JfR ? + '  dt Ib(x) - b(y)llak(y)l 
J1 <_ C . ~ Ix - yl n-1 dy 

Izl~lak(y)l IyI~:- dy 
< CIIbllu,, ~ izln_ 1 ixl.V~ 

< C]lbllLip~lxl-"2 kl:~§176 

By a me thod  similar to the est imate  for J2 in the proof  of Theorem 2.1, we also get 

J2 S CllbllLipB Ixl-~2 k(~+nu-llq~)-~) 

This  gives 

I1[ P~, b]akxtllq~ <_ CIIbllLip~2-~2 Ct-kx~-'m-llq~)-~) := CIIbllLip~2-U~W(l, k). 

Thus,  

When  p _< 1, 

). 
12 <_ CIIbll~p, ~ =~_ool,XklW(l,k) 

l ---- - o o  k 

1 - 2  oo 

I2 < CIIbll[~,o ~ ~ IAkl'W(l.k)" < CIIbll[~,~ ~ IAkl p. 
l------oo k ~ - c ~  k = - c ~  

I f p > l ,  then 

I2 <- t=-~ \k=-~ W(l. 

oo 

<_ CllblL[~po ~ I,Xkl p. 
k = - o r  

PlI~' 

The  es t imates  for I1 and I2 lead to 

[l[#n,b]fHRg: <_ C]lbllLipB IAk[ p 
k-~--- 
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and the desired estimate follows from taking infimum over all decompositions of f .  

This kind of boundedness fails when a = n(1 - 1/ql) + t~. 

T h e o r e m  3.2. Suppose that f / E  Lipa(S n-~) (0 < a < 1),b E Lipa(Rn),0 </~ < a/2.  Let 

0 < p < ~ ,  1 < qt,q2 < eo, 1/q2 = 1/ql - l~/n.  Then the.following two statements are equivalent: 

(i) [?tfl,b] maps Ht(~:I-'/q')+~'PCR n) continuously into t(q:'-'/q')+a'P(Rn); 

(ii) ft --- 0 or for any central (n(1 - 1/qt) + B, ql) atom a, there is [ b(y)a(y)dy = O. 
JR n 

Proo I. Suppose that  a is a central (n(1 - 1/ql) + B,q~) atom. Without loss of generality, 

we may assume that  a is supported on some Bk. For u E B~, let v~,v2,vz,u~,u2 and us he the 

same as in the proof of Theorem 2.2, but with the ball Bk instead of B. It follows from the 

(Lq', L q') boundedness of [t to, b] and the size condition of a that  

Ilv~ ll a . ,  , -  , ,o, ,+~., 
~ r  

< 2Jl"c~-~lq')+a)Pl lx j ( [m~,b]a) l l~ ' 
l, j=-~ 

< 2J("('-l/q,)+OlPllall~, < C. 

For v2, by Theorem 2.2, we see that 

Iv21 _< CIIblILIp~X(2B), (z)lx -- xola-"- l /22  ~(ln-a) .  

If I~1 -> 2 k+~, then 

{ }'" 
- ~ 2(~ -~)(~-I/2)p < CllbllL~po = Cllbllc~po. 

j=k+2 

From Theorem 2.2, it follows that  

lull < Cllbllt,~p~ lzla-"-'~2 ~<'~-~) 

i f  Ixl _> 2 k+' �9 T h u s ,  

< Cllb[lLip. 2 (k-j)(a-B)p "- CIIbl]LipB. 
j=k+2 

i/p 
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Concerning the term u2(x, u), we have 

~q2 
_< CIIbllup~ (8) 

< CllbllL~po 2 (k-~)p = CllbllL~po. 
V=k+2 / 

If (ii) holds, we get IIv311K;j,-,/q,)+~., < C. So (i) holds. 

If (i) holds, since IlallHk~(~-~/~,,+a.p < 1, we have II[P~, b]allk,'~(2'-~/q,)+a.~ <- C. This implies 

Itv3 I1~( ' -  ,/q~ ,+~.~ <-- C. Combining the above estimates, we get 
"'q2 

11,~3(.,u)ll,~;,~,-,~,,)+,,.,, < c. 

Let 

Then we see that 

L(b, a) = /B b(y)a(y)dy. 

cp _> 2 j(n(1-1/ql)+#)p L(b, a)lz--: u-I "-~ Izl + 2k+1 

( r , / s  ,.., 0) 
P/q2 

2 j('*~l-1/q')+")" IL(b,a)l q~ ~2' 
j = k + 3  J~2J  . - 1  

C(N 2)15(b,a P D ~ - )1 I1 IIL,2(s--,)" 

j=k+2 

k+N 

j=k+3 

It is easy to verify that  (ii) holds, that is, L(b, a) = 0 or fl - 0. 

In the extreme case of Theorem 3.2, we also have an estimate of weak type which is similar 

to Theorem 2.3. Let us first introduce the weak Herz spaces which was first introduced in [14]. 

De f in i t i on  3.4. L e t a E ~ a n d 0 < p , q < ~ .  

(i) A measurable function f is said to belong to homogeneous weak Herz space W/'(q'P(IR n) 

if 

llfliwRg.p = supA 2 kap [tx E Ek : If(x)! > A}! p/q < oo. 
A>O k 

(ii) A measurable function f is said to belong to inhomogeneous weak Herz space WK~'P(R ") 
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if 

II/llwKz" supA{l{x �9 Bo: If(x)l > A}I p/~ 

+ E 2kap l{x �9 Ek: I/(x)l > A}I"/~} ~/p < oo. 
k = l  

Obviously, W/~~ n) = WK~ n) = WLP(~ n) and W[~;/P'P(~ ") = WL~zlo(Nn ) for 

0 < p < c~ and a �9 R. That  is, weak Herz spaces include weak LP(II~ n) spaces as special cases 

and homogeneous weak Herz spaces are a generalization of the weak LP(II~ n) spaces with power 

weights. 

T h e o r e m  3.3. Suppose that 12 �9 Lip~(S n-~) (0 < a _< 1),b �9 Lip~(ll~n), 9 < fl _< q/2.  If 

1 1 ~ HR~,O-~/q')+~'P(~ n) continuously 0 < p _< 1, 1 < ql,q2 < oo, - -  - , then [#n ,b]  maps 
q2 ql n 

into W I(~(1-t/q~)+~'P (N"). 
o o  

Proof. By Lemma 3.1, we write f = E Akak, where each ak is a central (n(1 - 1/ql) + 
k = - o o  

(3O 

B, ql) atom supported on Bk and E l'~k[P < ~"  Write 
k=-cx3 

< 

, m  
. m  

b ]/llw 

G1 +G2.  

By the (L q~ , L q2) boundedness of [#n, b], and an estimate similar to that for I1 in Theorem 3.1, 

we obtain 

_< C 2 t(nO-1/q~)+~)p [#n,b] Akak (x)Xl 
l=-oo k=l -  3 

oO 

< CIIbllL,~ ~ IAkl p. 
k = - o o  

That  is 

G1 _< C)]b]lup~( s I,~klP) l ip .  

k ~ - o o  

To estimate G2, let us now use the estimate 

I[#n, b ]ak(x)l <_ CIIb[Iaip~ Ix[ -'~2k(~+n(1-1/q~)-(~} 



Lu Shanzhen et al : Boundedness of Commutators Related to Marcinkiewicz Integrals �9 229 �9 

which we get in the proof of Theorem 3.1. Note that  when x E Et, 

A <  
1--4 1 - 4  co  

I;kll[,a.bl(~)(=)l _<CIIbll~,o ~ lak12-'" <_ CIIbll~.~,,2-'~( ~ I~1') '/' 
k = - c x ~  k = - o c  k = - ~  

Here we used a = n(1 - l /q1) + fi and 0 < p _~.1. For VA > 0, let lx be the maximal positive 

integer satisfying 
�9 OO 

21~" _< CIIbllLipo,~-~( ~ i~l ' )  */', 
k - - = - ~  

then if I > Ix, we have 

{ )1 z ~ E, : [~n,b] ,~kak >,~/2 = 0. 
\ k - - - o r  

So we obtain 

G2 <_ sup,k 2 trip <_ CsupA2 lx'~ <_ CllbllLips ( I)%,lP) 1/p. 
~>0 I, l_---Y- ~ x>0 k = - ~  

Now, combining the above estimates for Gl and G2, we obtain 

II[#n.b]Yllwk~.-./q.~+o.. <- CIIbllr.,ip,~( '~ laklP) '/', 
k = - c ~  

and Theorem 3.3 follows by taking the infimum over all central atomic decompositions of f .  

A c k n o w l e d g e m e n t .  The authors would like to express their deep gratitude to the referee 

for his/her very valuable comments and suggestions. 
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