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A b s t r a c t  

In this paper sufficient conditions for mean convergence and rate of convergence of Hermite-Fejdr 

type interpolation in the L p norm on an arbitrary system of nodes are presented. 
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1 In t roduc t ion  

In engineering applications, data collected from the field are usually discrete and the physical 

meanings of the data are not always well known. To estimate the outcomes and, eventually, 

to have a better understanding of the physical phenomenon, a more analytically controllable 

function that fits the field data is desirable. In application and theory, it is very important to 

investigate the convergence of Hermite-Fej~r type interpolation on an arbitrary system of nodes. 
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Although there have been many papers on mean convergence of Hermite interpolation of higher 

order, almost all of them discuss only interpolation based on special system of nodes and special 

measure. Only recently, after J. SzabadosB], Y. G. Shi, in the paper [6] , gave a very important 

result dealing with the Hermite interpolation of higher order on general nodes. In this paper, 

we distinguish two cases: about arbitrary measures and special measures, the corresponding 

mean convergence of Hermite-Fej@ interpolation will be discussed in the following two sections, 

respectively�9 For more recent papers on these topics we refer the reader to [3], [5], [7], [8], [10]. 

Let #(x) be a nondecreasing function on [-1, 1] with infinitely many points of increase such 

that  all moments with respect to d#(x)  are finite�9 We call d# a measure,  d# is said to be the 

Jacobi measure if dp(x)  = w(~'~)(x)dx,  where w(~ ,~) (x )=  (1 - x)(~(1 + x) ~ and (a,f~ > -1) .  

Let N2={2, 4, 6 , . . .  } and N0=N2 U{o}. Let mk,~ _> 1 be integers, k = 1,2, ..., n, n = 1, 2, ..., 

and X denote a triangular matrix of nodes 

l = Xon }2_ Xln > X2n > ... > Xnn >_ Xn+i,n = -- l ,  n = 1 , 2 , . . . .  (l.i) 

n 

Throughout this paper let N := ~ mkn -- 1 , m = max mkn < 4-00 . In the following 
l < k < n  

k = l  

discussions, we denote xk~, (k = 1, 2, ..., n) and mkn,  (k = 1, 2, ..., n) by xk, (k = 1, 2, ..., n) and 

m~, (k = 1, 2, ..., n). Denote by P~r the set of polynomials of degree at most N and by Ajk (x) 

the fundamental polynomials for Hermite interpolation, i.e., ASh E PN satisfy 

A~Pk)(Xq)=hjphkq, p = O , l , . . . , m q - 1 ,  j = O , 1 , . . . , m k - - 1 ,  k , q = l , 2 , . . . , n .  (1.2) 

Then for a fixed integer r, 0 < r < m - 1, and for f E C~[-1, 1], the unique truncated Hermite 

interpolatory polynomial is defined by 

r 

H n , ~ , . ( f , x ) =  Z f ( S ) ( x k ) A s k ( X ) ,  r = 0,1,2,.. . .  
k----1 S=0 

(1.3) 

Here we agree Ajk = 0 i f j  _> ink. In particular, when r = 0 and r = m - 1 ,  Hnmr will be denoted 

by Hnm and H*,~, respectively. We recognize that Hnl is the classical Lagrange interpolation 

and Hn2 is the classical Hermite-Fej@ interpolation. Hnm~ is called Lagrange type interpolation 

if mk is o(id and Hermite-Fej@ type interpolation if mk is even, respectively. 

To obtain an explicit formula of Ask (x) we set 

Lk(X) = " "  \Xk-- - -~  / ' 
q = l , q ~ k  q 

1 r• bv~ = ~ [ L k ( z ) j . = x  ~ , 

m ~ - j - 1  

Bjk(X ) = bvk(X - Xk) 
vmO 

k = 1,2,�9 

v = 0, 1,...,ink -- 1, 

j = 0, 1,...,mk -- 1, 

k = 1, 2, ..., n, 

k = 1,2, . . . ,n.  
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Then by [5,(1.5)] we have 

Ajk(X) =~. (X- -Xk)JBjk (x )Lk(x ) ,  O<_j<_mk--1 ,  l < k < n .  (1.4) 

The most special case is mk =- m. 

that  is 

In this case we have the simple formulas for k = 1, 2, ..., n, 

Lk (X) = lk (X) m, 

where n 
~n(x)  ~n(x)  = 1- [ (~  - xk). 

k---1 

We also need the following notations (0 < p < +cr 

Ilflldt~,p :--IIfNL~,,.p :'~ { f l  I If(x)]Pd#(x) } l /p  

Ilfll~ :=  m a x  [If(Y)ll f e c r [ - 1 ,  1], 
O<j<r 

IIHn~(X)lld~,,p := sup IIH~m~(X,f)lld~,,p, 
Ilfll~_<l 

R,~m~(x,f,x) :=  IHnm~(X,f,:~) - f ( z ) l ,  

S,m, . (X,x)  := ~ I(x - xk)A~k(x)[, 

f i(x) := x', i = 1 , 2 , . . . .  

In the following the sequence c, cl, c2, ... will stand for positive constants,  being independent 

of variables and indices unless otherwise indicated, their value may be different at different 

occurrences, even in the subsequent formulas. 

2 An Arbitrary Measure 

First we list some known results needed later. Let dk = max{[xk -Xk+l  I, IXk - -Xk- l l } ,  k = 

1,2, . . . ,n,  and Dn = max dk. 
l<k<n 

L e r n m a  A[ 6,Theorem2.1]. I f  m k -  j is odd and j < i < mk -- 1, then 

IX -- X k i - j  
Bjk(x) > c ~ tBik(x)h 

Idik(x)l <_ Cld~-Jldjk(X)l, x e R, 1 < k < n, 

where c, cl are positive constants depending only on m. 

L e m m a  B[ 9,Lemmal]. Let mk =_ m. I f  m -- j is odd and 

I[Bjk(X)Lk(X)[I ___ #~, k = 1,2, . . . ,n,  
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then 

dk < cAn(x~.)ln4(n#n), k = 1,2 .... ,n, 

where An(x) (1 - x2) 1/2 1 
- "  n + ~ - "  

L e m m a  C[ 6J'emma2"3]. For Aij(x) we have 

xk)J-iAik(X) = ~ E(-1)i(~)xJ-iHnmr(fi, x) 
i = 0  k = l  3" i = 0  

�9 1 ~ �9 

" i = 0  

Here we let 1/r[ by 0 if r < O. 

L e m m a  D [s,Th~~ 

system X of nodes, 

Rnrnr(X, fr+l, Z) -t- Rnmr(X,/r+2~ x )  _ C2Sn,rn,r+l (g, x), 

where c2 depends only on m .  

From Lemma D, if 

I < j S N .  

Let both m and m - r be even integers. Then for an arbitrary 

lira t IH.m~(X,  Y) - f t l~ . ,p  = 0 (2.1) 
n - - - + ~  

I I H . ~ ( X ) l l d . , p  <~ c3 < 

l i r a  ] tS , , ,m,~+~(X) l la . ,p  = 0. 
n -.-~.oc 

(2.2) 

proven. 

L e m m a  1. 

This shows that Sn,,n,~+l (X, x) plays an important role in the mean convergence of Hermite-Fej~r 

type interpolation. 

Now let us prove some lemmas. Following [ 6, Lemma 2.3], the first lemma below is easily 

For Ajk(x) we have 

m~_~, (_l)j+ , 
i! (x - Xk)i-J Ajk(X) = E ( X  -- Xk)iAok(X). 

L e m r n a 2 ,  Letmk  E N2, l < k < n ,  r E N o ,  r < _ q < m - 1 ,  0 < p < ~  and le td# be 

a measure on [ -1 ,  1]. Assume that (2.1) holds for f = f3 with j = r + 1,r + 2 ..... M,  where 

m - 2 ,  r < m - 4 ,  
M :  

m ,  r > _ m - 2 ,  

(2.4) 

and 

holds for every f E c r [ - 1 ,  1], then 

(2.3) 
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then (2.1) holds for every polynomial f .  

Proof. If q = m - 1 then  Hnm~ = H~m is a pro jec tor  ope ra to r  and the  l e m m a  is tr ivial .  

Now we assume tha t  q <_ m - 2 and hence r _< m - 2, since r E No and m E N2. 

Firs t  we observe t ha t  Rnmr(fj)  = 0, j = 0, 1, 2, ..., r, and thus (2.1) holds for f = f j ,  j = 

0, 1, ..., M.  Hence by L e m m a  C 

n - ~ o o  i = 0  k = l  ( j  - -  i ) ! "  d.,p 

holds for every j <_ M.  

Now for j _> M + 1 let us es t imate  the t e rm 

S ( x )  : i=r+l k=l ( ~ ) ~ i ( . T  -- .Tk)3-'Aik(gg) 

Clearly 

(2.6) 

j n j - - 1  n n 

s(~)_ ~ ~l(~-~k)J-'A,~(~)l_ ~ ~l(~-~)A,k(~)l+ZlAjk(~)l. (2.7) 
i----r+l k = l  i - = r + l  k = l  k = l  

We sepa ra t e  two cases. Recall  t ha t  j _> M + 1, implies j >_ m - 1. 

Case 1. j = m - 1 .  I n ~ i l i s c a s e M + l _ < j = m - l i m p t i e s t h a t  M <: m -  2 and  so we 

Case 2. j _> m.  By (2.7), L e m m a  A and recalling t ha t  Ajk(x) = 0, we have 

j - - 1  n 

S(~) < e~ ~ V ' d  i-'-1 - Z-, k tA~+l,k(X)(x -- xk)l <_ cSn,m,r+1(X,x). 
i=r-t-1 k = l  

By L e m m a  D and condit ion of this lemma,  this leads to 

lim tlS(x)lid,,p = O, (2.8) 
n---~ oo 

which coupled with (2.4) implies tha t  (2.5) holds for every j _> M + 1 and hence holds for every 

j > _ 0 .  

Now (2.8) with j = r + 1 gives 

1-1  i Ar+l,k = O. (2.9) 
dD,p 

have M = m - 2 and hence r <_ m - 4. By L e m m a  A and (2.7) 

rn- 3-r <_ c4(1 + Dn + ... + Dn )Sn,m,r+l(X,x). 
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By Lemma A and (2.3) we see that  

lim x - xk)'Ai~(x) = 0 (2.10) 
rt----~ (x~ 

dlJ,P 

holds for every v _> 1 and every i >_ r + 1, since 

(x - xk)VAik(x) <_ c E I(x - Zk)Ar+l,k(X)l = CSn,m,r+l(X,3c). (2.11) 
k = l  

Again applying Lemma C, (2.8) and (2.9) and using induction on j we conclude that  (2.10) holds 

for every v > 0 and i > r + 1. Using the inequality la + blP < 2p(lal p + Ibl p) we have 

IlY + glld.,p < 2'+l/P(llflld.,p + Ilglla.,p), 0 < p < or (2.12) 

Now for any f E PN, applying the mean value theorem for the derivatives it follows from (2.10) 

and (2.12) that  as n --r 

[ I n n m a ( f )  - flldu,p 

= ~ 1  ~f(i)(xk)Aik(X ) = ~ 1  ~{f( i)(x)_[f( i)(x)_f( i)(Xk)]}Aik(X ) 
i.~q.'bl k = l  dp,p i=q+l k = l  dlz,p 

< c ~ 1  { f(" k=~ dup+l]f(i+l'l' ~=~l(x-xk)gik(x)l dup}-'+O" 

L e m m a  3. Let mk, k = 1,2, . . . ,n and r be even integers. Then for an arbitrary system of 
nodes (1.1), we have 

IIS.,.~,~+,(X)lld.,v < clln.m~(X)lld.,v, n > 1, (2.13) 

where c > 0 depends only on m and p.  

Proof. By Lemma C and (2.4) for j = r + 2 we obtain 

n r+2 

+ 1 2)! Z ( - 1 ) '  (r+2)xr+2-'Hnm~(fi, x). (2.14) E {(X -- xk)Ar+l,k(X) -- Ar+2,k(X)} =(r  
k = l  k i=0  

On the other hand owing to Br+l,k(x) - B.+2,k(X) = bm~-.-2,k(x - Xk) m~-r-2 >_ O, we have 

[(x - x~)A~+l,k(x) - Ar+2,k(X)] 
k = l  n 

= ~ ( x  - xk)'+2Lk(~) B,+l,k(~) (r ~: 
k = l  

[ 1 ] = ~ 1 (x - Xk)~+2Lk(x) B~+l,k(x) -- B~+2,k(X) 
k=X (r + i)! 
r + l  n 

> E ( X  -- xk)Ar+l,k(X), - r + 2  
k = l  
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zk)A +l,k(z) , By Lemma A, Sn,ms+l(X,x)  = k~=l(x - so by Lemma C and (2.14) 

. . , ,  

k~=l(x - xk)A~+l,k(x) <_ c x - za)A.+l,k(x) - A~+2,k(x)} 

r+2 
<_ co ~ llH~m,.(fi)lld.,p <_ cdiH.~m~(X)lld.,p 

i=O 

dlz,p 

since 

HHnm~(fi)Nd.,p <_ ]lfill~llHnm,~(X)llap,p <_ i!NH~m~(X)lld.,p. 

This proves the lemma. 

An immediate consequence of Lemma 2 is the following theorem. 

T h e o r e m  1. Let mk E N2, 1 <__ k <_ n, r E No, 0 < p < c~ andd#  be a measure on 

[ -1 ,  1]. Then (2.1) is true for every f C Cr[-1,  1] if and only if (2.2) is true and (2.1) holds for 

f = f i ,  i = r + l , r + 2 , . . . , M .  

L e m m a  4. Let mk E N2, 1 < k < n, m >_ 4, r E No, 0 < p < ec and d# be a measure in 

[ -1 ,  1]. Then 

liH m(X)lid.,p cliH.m (X)lid.,p, (2.15) 

where c > 0 depends only on m and p. 

Proof. It is easy to see that  

H* II   lle.,p <_ c 

~C 

:~---C 

sup 

sup 
Ifl[m-~-<l j=0k=l d#,p 

m-1 ] 
S +  ~ $3 

j=r+l 

y(J)(xk)Ajk(x) + y(i)(xk)A3k(x) 
j=O k=l j = r + l  = d#,p 

+ sup ~ f(J)(xk)Ajk(X) 
llfil.,-~<x j=~+l k=l I dp,pJ 

Clearly 

S < sup Z f ( J ) ( x k ) A j k ( x )  <_ HHnm~(X)lld.,,. 
llf11~<l k=l d,,p 

In order to estimate Sj for r + 1 <_ j < m - 1 , we separate the cases for r + 1 _< j < m - 1 and 

j = m - 1 .  
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Case 1 . r + 1 < j < m - 1. By the mean value theorem for derivatives one has 

Sj = Ilfll-~-,_ <1sup ~ {f(J)(x) - [f(J)(x) - f(J)(xk)]} Ajk(x) d.,p 

Also by Lemma A, we have 

So by (2.14) and Lemma A we can get 

1~=1 ~ ~ (-1)` (x-zk)j-iAik(x) Aj~(~) = ( ] - i j !  
dlt, p k----1 d/J p 

<_ C E HHnrn~(fi)lld.,p + [(x - xk)Ar+l,k(X)l 
i = 0  dt~ pJ 

~C [~-~"Hnmr(fi)"dt"P+"'n'm'r+l(X)"d"'P] " i = 0  

Since 

(2.16) 

" I }  - -  (X - Xk)3-~Aik (X) 
dlJ,p 

IIH.mr(A)lld.,p ~ Itfdl~llHnm~(X)lld.,p <_ i!llH.m~(X)lld.,p 

it follows that 

Sj < c(JtH,,,~r(X)JJd.,p + tlSn,m,~+*(X)lld.,p). 

Case 2. j = m - 1 .  By Lemma Aand(2 .16)  

k=~lAm_l,k(x), c ~ ( x  xk)A~+l,k(X) S i n - ,  < < - < c l lSn ,m ,~+a (X) l ld . , . .  

dgt,p k = l  dp,p 
Therefore the estimate (2.15) follows from Lemma 3. 

By this temma it is easy to obtain thc following theorem. 

T h e o r e m  2. Letrnk E N2, 1 <_ k_<n,  r E No, 0 < p <  co and letdlz be a measure on 

[ - 1 ,  1] . ff  (2.1) holds for every f e C~[-1, 1] then 

lira HHim(f) - f H d • , p  = 0 n -'4 00 
holds for every f c Cm-l[-1,  1]. 
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3 The Special Measure 

For the special measure the main results in section 2 can be improved . To do this, we 

first list some known results and prove an auxiliary lemma needed later. Let 

Then 

F : = m a x { a , f l } ,  7:=min{c~,fl},  r* := max{2F + 2,1}, - , /*:=min{7,0 }. 

L e m m a  E[ 4, Lemma S.l] Let 0 < p < +oe and d# be a measure on [-1, 1] satisfying 

where c = c(w (~'~), Co,p) > O. 

L e m m a  F[ 4, L e m m a  3.31. 

dp(x)  
> Cow(~ 'm(x) ,  a . e .  x e [-1,1], (3.1) 

dx - 

IlPll _< cnr*/VllPlld,.,p, P e P n ,  (3.2) 

Let d = n,ax {[xk - Xk+, I}. I f  
k = 0 , 1  . . . . .  n -  1 

W 

cl < w(~3 ) <c~ 

and 5.  = (~ - h ,r  + h), where h = dn - r ' / ( ' <  +l) or h = d(1 - ~2) - ' r  then 

< 
c(1 - ~2)~ 'nc"  tt(x - r 

where c~ and c2 are positive constants. 

L e m m a  G [4'LemmaaA]. Let ( E [-1, 1], ( = cos0, and P E P n .  Then 

IIPll _< cn[ll(x - r + [P(5)l] 
sin0 , I r  

and 

(3.3) 

(3.4) 

(3 .5 )  

IIPIL ~< c n " l l ( x  - r (3.6) 

For simplicity let R ( # , p , r )  = IIRnm~(fr+~)ll~.,p + IIR~m,'(Y~+2)lld.,~- To give the main 

result of this section, we prove following lemma. 

L e m m a  5. Let m k  =- m C N2 ,  r E No, P E P,~, 0 < p < oo and d# be a measure on 

[-1,1].  /](3.1) is t r u e ,  then 

IIR,~m,.(P)lldt,,p <_ c l lP l l ,~R(p ,p , r ) {1  + n r*/p-1 lnl~ + n r ' / P R ( p , p ,  r))]}. (3.7) 

I f  f l t ( x )  = w ( x ) d x  and (3.3) is true , then 

IIR+.+~iP, x)lid,,,p < c l iP t I . ,R (# ,p , r ) {1  + n "~x{ r . -2 , r . / ( t++. ) -4}  lnt~ + n r ' / P R ( # , p , r ) ) ] } ,  
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where c = c(d#, m, p) > O. 

Proof. By definition of P ~ m r ( P )  

m - 1  

I IP~(P) I I~ . ,~  < e 
j = r + l  

I k=~ P(j) (xk)Ajk (x) 

r n - 1  

: = C  E 
d~,p j=r + 1 

We separate  the three cases for j = r + 1, j = r + 2 and j _> r + 3. 

Clearly 
n 

E Ar+Lk = I I R , - ~ ( L + I ) I I a . , ;  
k = l  d~,p 

I~=1 xk)Ar+l,k(x) by L e m m a  A, (x - = Sn,m,r+l (X), so we have 

[~__x(X-zk)A,'+l,~,(z)=lS.,.~+~(X)[dup �9 
d# ,p 

Thus  by the  mean  value theorem for derivatives one has 

< cllVllm [IIR..,~(L+I)IIa.,. + IIS,,,m,,+a(X)lla~,,v]. 

(3.8) 

Now let us est imate St+2. We have 

St+2 = [k=~ {P(r+2)(X)--[P(r+2)(x)--P(r+2)(Xk)]} Ar+2,k(X) d.,p 

< cllPlim A~+2,k(x) + IlSn,m,r+a(X)]lau,p �9 
kll k= l  dv,p 

n 

Let  us est imate II ~ Ar+2,k(x)lh~,p. By Lemma C and (2.4) (for j = ~ + 2) we have 
k = l  

n 

y~ A~+2,~(x) = 
k= l  

so by L e m m a  D and (2.12) 

Ik=~lAr+2'k(X) d#,p 

n 

E ( x  - xk)Ar+l,k(X) 
k=l 

1 1 
+ (r + 1)! xRnmr(fr+l) (r + 2)! Rnmr(fr+2)' 

n 
< C E(X- -  Xk)Ar+l,k(X) 

k = l  d~,p 

+c] 1 

(3.9) 

t R~mr(L+2)] 
(r + 2)! ~.,p 

~_ c{lIR~r~r(h+l)lld.,p + IIR~mr(L+2)lld~,p). 
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Ford >_r+3, 

Sj < 

< 

Lemma A gives 

IIPU)II s IA~l,(z)l < cllPU)ll s 
Ilk=l IId~,p IIk=l IId~ p 

c"P(J)" Z d2'Ar+Lk(x)' q- E d~'Ar+l'k(x)'ll 
I11:L.-x,~ I_>d,, Ix-x~ I<d~ Ild,~ p 

c"P(J)" ["Sn,m,r+,(X)"d.,p + E d~'Ar+,,k(X)' ]" 
L IIIx-~,l<d~ d.,p..J 

Now let us estimate the term 

S =  ~ d~lA,.+,,k(X) I . 
x--x~ <d~ d#,p 

Let Xk = cosOk,k = 0,1, . . . , n +  1. Then By Lemma G and [ 6 Lemma 4.1],we get 

I IA, .+, ,k(z) l l  < cn[l l (x - xk)Ar+l,k(x)ll + IA, -+ l ,k(zk) l ]  < cn l lS , , ,~ , , -+ , (X ) l l  
- sin Ok -- sin Ok 

IIA~+l,k(x)l[ _< c n 2 1 1 S n , m , ~ + x ( X ) l l  �9 

(3.10) 

( 3 . 1 1 )  

(3.12) 

On the other hand using 

n n 

Sn,m,~+,(X,X) > c~__, 2 + r - m  _ _ d k I(z - xk)lk(X)l TM ~ c E I(x - xk)lk(X)l TM 

k=l  k=l  

we have I(x - Xk)lk(x)l <_ c[ISn,m,r+l(X)NUm . Hence by (3.6) 

I l l k ( x ) t l  _~ cn2llSn,m,r+~(X)ll ~/m, k = 1,2,.. . ,n. (3.13) 

By an estimation of ErdSsb] as in [ 6, proof of Theorem 4.1(Claim 2)] we obtain 

IOk+l--Okl <_ c(lnn) ln(nl[Sn'm'~+l(X)[I) <__ c ln2[n(1 + HS'~'m'r+I(X)II)], k = 1,2, . . . ,n ,  (3.14) 
?~ n 

and the maximum number Nn of the set {k : Ix - Xkl < dk} with x running over the interval 

[-1,  1] satisfies 

Nr, _< c(lnn)ln(nllS,~,,~,,--+-l(X)ll) ~ cln2[n(1 + II&,m,,,+l(X)ll)]. (3.15) 

Similarly as in [6, proof of Theorem 4.1(Claim 2)], from (3.14) we get 

dk _< c ln2[n(1 + I[Sn'm'r+l(X)ll)]n {sin 0k + ln2[n(1 + [ISn'm'r+l(X)l[)]}n " (3.16) 

The final preliminary step in the proof is to show that  

IISn,rn,r+l(X)l I <_ nr*/PllSn,m,r+l(X)lld,, ~. (3.17) 
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In fact, since B~+l.k >_ O, by [ 5, Theorem 2.1], we get 

n 

s.,..,.+,(x,~) = ~ l ( x  - xk)A~+I,k(X)I - 

Here the function 

k = l  

1 n 

(r + 1)[ Z I(x - xk)~+2B'+l,k(x)l'~(X)l 
k = l  

(r + 1)! k = l  Odn(Xk) 

1 ~ w,(xy+2 i 
(r + 1)! Iw'.(x, .)[  ~ + ' 2 B r + l ' k E x ) z k ( x ) m - r - 2  " 

k--I  

1 ~ OJn[X ]r+2 
~ ] m - r - 2  

(r + 1)! I~'.(xk)l  r + i B r + ' ' k ( x ) l k ( = )  
k = ,  

is a polynomial. Thus by (3.2) we get (3.17). 

Now we distinguish two cases. 

Case 1. d#(x) > cw(~,~), a.e.. 
dx - 

In this case by applying Lemma E ,  (3.11), (3.12), (3.15) and (3.16) we obtain that 

Z d2k[Ar+l,k(x)[ ~ cn-lHSn,rn,r+i(X)H lnl~ + ][Sn,rn,r+i(X)H)] 
Iz--zkl<dk 

and hence by (3.17) we have 

<_ cllS.,m,~+,(X)lld.,pn r'/p-~ In 1~ [n(1 + nr'/PllS,.m.~+,(X)ild,,.p)]. (3.18) S 

Case 2. Cl w ( a ' / 3 )  < W < C2 w(c~J3) . 

If sinOk _ ln2[n(1 + I[S,~,,n,r+l(X)][)]/n, then by Lemma F, (3.16) we have 

d~llA.+l,k(x)lldv,p 
{ ln2[n(1 + (X)H)] }2 

< C [[Sn,m,r+l sin0k (sin 0k)2"~'n r" [[(x - xk)Ar+l,k(X)[[du, p 
n 

<_ c[[Sn,m,r+l(X)[]du, p (sinOk)20+'~')n r'-2 In 4 [n(1 + [[Sn,m,~+l(X)[[)] 

<_ c IIS.,~,r+,(X)lld~,,~ n r ' - ~  In 4 [n(1 + IIS.,m,~.§ ; 

and if sinOk < In 2 [n(1 + [[Sn,m,r+l(X)[[)]/n, then by Lemma F, (3.16) we have 

~ 4  �9 �9 

d~llA~,l,,,k(x)lh.,p <_ c § IIS.,,,,,~§ j n  ~ nr /0+'~ )ll(x -xk)A~.l.l,k(X)]ld~,,p ln2[n(1 

_ ~ II~.,..,~,l,, ( x ) L . , ~ ' ~ r ' / ~  In s [,~(1 + IIS. ,~ ,~+,  (x ) ID]  �9 

Therefore by (3.15) and (3.17) we have 

S < Clt~nm,r,l,l""C 11 d.p"~max{I"-2'F'/(t§ In'~ t.[u(1 + nr'/PllS,,,.,,~+,lld.,p)].j (3.19) 
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Now by applying (3.8), (3.9), (3.10), (3.18), (3.19), (2.12) and Lemma D we finish the proof of 

this lemma. 

T h e o r e m  3. Let mk ~ m E N.~, r E N2, F* < p < +oc and d~ be a measure i n [ -1 ,1 ]  

satisfying (3.1). If  (2.1) holds for the polynomials f = f~+l and f = f r + 2  , then (2.1) holds for 

every polynomial f ;  more (2.1) holds for every f E Cr [ -1 ,  1] if and only if (2.2) is true and (2.1) 

holds for the polynomials f = fr+l and f = fr+2 �9 

Proof. This is a direct application of Lemma 5. 

Developing and properly modifying P. V6rtesi [31, Y. G.Shi [7], we can give the rate of con- 

vergence in term of the modulus w~( f , t )  of Ditzian and Totik in [11] for truncated Hermite 

interpolation on an arbitrary system of nodes. 

First we assume that ~(x) = (1 - x2) ~/'2. The weighted modulus of continuity defined by 

Ditzian and Totik is given by 

w~( f ; t )  = sup [If(' + hqo(.)/2) - f( .  - h~(-)/2)l I, 
0<h_<t 

where the expression inside I1' II is taken to be zero if x + h~o(x)/2 q~ ( -1 ,  1). 

As usual we set 

En( f )  = rain I l l -  P[I. 
P E P ~  

We need the following known result. 

L e m m a  H[ a, [,emma 8.3]. For every f E Cr[ -1 ,  1](r _ 0) there exists a polynomial Pn E 

P n  such that for all x E [ -1 ,  1] 

f (J)(z)  - P(~J)(x)[ <_ cAn(x ) r - JEn- r ( f ( r ) ) ,  0 <_ j <_ r, (3.20) 

j > r, (3.21) 

( 1  - x2) 1/2 1 
where An(x)  - n + -~" 

d~ 
T h e o r e m  4. Let d# be a measure ,in [-1,11 satisfying -~x >- cw('~2)'a'e" ' 0 < p < oc, 

mk = m E N2, and let 

k=l  dl~,p 

# n 2 ( X )  : A l k ( x ) ( x  - x k ) [  �9 

dl~,p 

(3.23) 
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Let ln[n(1 + nr'/P#n2(X))] = #(F ' ,p ) ,  then for f e Cr[ -1 ,  1] 

IIHnm.(X, f )  - flld.,p 

< 
[ en~-'~E,,(] r {U, . (X)+  nu,,2(X)[u(F',p)]2~m-2) }, 

Proof�9 Let Pn E P n  be given as in 

Pn(z) = H~m(Pn,x),  thus 

0 < r < m - 2 ,  

r = m - 1 .  

(3.24) 

Lemma H . Then (3.20) and (3.21) hold. Clearly 

IIH.m.(f) - flld~,,v = liP,, - f § Hnmr( f )  - H~,m(Pn)lldu,v 

<-c{l[Pn-f'[au'~'+l~[f(z')-Pn(x')]A~ } 
k = l  d#,p J 

I, IlJ =1 k=l dt~,p j=r+l du p 

:= c{,~o + 6~ + ~ + ,~3}. 
(3.25) 

I f r = m - 1  then 63 = 0 .  

Since 

it follows from by 

En_r(f (~}) <_ cEn(f(~)). 
Lemma H and (3.26) that  

60 < clIA,,(z)II'E,,-.(f (~)) _< cn-rEn(f(')). 

(3.26) 

By this estimation, (3.26) and Lemma H, similarly we have 

61 < cn- 'E.(yr 

To est imate 62 and 63 we need to estimate dk. By (3.23) and Lemma A we have 

~ 2  > c ~  d~-"l(z - z k ) l k ( z ) l  "~ 
k = l  

which gives [(x - x~)lk(x)] <_ e[#,~21 l/re. Similarly as (3.16), using [5, Theorem 4.1(Claim 2)] we 

have 

Case 1. If sinOk < ln2[n(1 + #n2)], then 
n 

dk _< c ln4[n(1 + #n2)] 
n2 (3.27) 

Case 2. If sin Ok > ln~[n(1 +#n2)]  then 
n 

dk < c ln2[n(1 +#n2)]  
n 

(3.28) 
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Let us estimate d j-1 in the first case. If j is odd then 

In 2(j-I [n(1 + #n2)] 
d~-' =d~ ~ < c  1 < j < m - 1 ;  (3.29) 

- -  n j -  1 ~ - -  - -  

and if j is even, then 

�9 z z:2 ln')J[n(1 + #n2)] 2 < j < m - 2. 
d~-I =d~'-  ~ <_c nJ ' - - (3.30) 

Then by Lemma H, (3.28), (3.29), (3.30) and Lemma A we obtain 

r l ~-" ~ )~-JE,~_r(f(r))dJ-l~Alkl 
j - - - - I  k = l  dtz,p 

~ C.a-r+l#n2()()En(f(r') [hl [n(l-l-.al+l"/P#n2(X))]] 2(r-2) 

and 

53 < c E A'~(xk)~-Jw:(f(~); )dJk-llAlkl 
j=r.4-1 k----1 dp,p 

n 

respectively. Substituting the estimates of 6i, i = 0, 1,2, 3 into (3.25) and using the relation in 

[10, Theorem 7.1.1] 

rt 

we obtain (3.24). 
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