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Abstract

In this peper sufficient conditions for mean convergence and rate of convergence of Hermite-Fejér

type interpolation in the L norm on an arbitrary system of nodes are presented.
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1 Introduction

In engineering applications, data collected from the field are usually discrete and the physical
meanings of the data are not always well known. To estimate the outcomes and, eventually,
to have a better understanding of the physical phenomenon, a more analytically controllable
function that fits the field data is desirable. In application and theory, it is very important to
investigate the convergence of Hermite-Fejér type interpolation on an arbitrary system of nodes.
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Although there have been many papers on mean convergence of Hermite interpolation of higher
order, almost all of them discuss only interpolation based on special system of nodes and special
measure. Only recently, after J. Szabados!!l, Y. G. Shi, in the paper [6] , gave a very important
result dealing with the Hermite interpolation of higher order on general nodes. In this paper,
we distinguish two cases: about arbitrary measures and special measures, the corresponding
mean convergence of Hermite-Fejér interpolation will be discussed in the following two sections,

respectively. For more recent papers on these topics we refer the reader to (3}, 5], {7], {8], [10].

Let u(z) be a nondecreasing function on [-1, 1] with infinitely many points of increase such
that all moments with respect to du(z) are finite. We call du a measure . du is said to be the
Jacobi measure if du(z) = w(®f)(z)dz, where w(*#) (z) = (1 - z)*(1 + 2)? and (o, > -1).

Let N3={2,4,6,---} and Ng=N; |J{0}. Let my, > 1 beintegers, k = 1,2,...,n,n =1,2,...,
and X denote a triangular matrix of nodes

l=0on 2 T1n > Tan > . > Tpp 2 Cptin=—1, n=12,..-. (1.1

n
Throughout this paper let N := Zmlm -1,m = 1r<nl?2c Mpn < +00 . In the following
SESN

k=1

discussions, we denote Txn,(k = 1,2,...,n) and mgn, (k = 1,2,...,n) by z4,(k = 1,2,...,n) and
mg, (k = 1,2,...,n). Denote by Py the set of polynomials of degree at most N and by A;i(z)
the fundamental polynomials for Hermite interpolation, i.e., Ajr € PN satisfy

A (3q) = 8ipbkg, P=0,1,smg=1, j=0,1,mp—1, kqg=1,2,..,n. (1.2)

Then for a fixed integer r, 0 <r <m — 1, and for f € C"[-1, 1], the unique truncated Hermite
interpolatory polynomial is defined by

n o
Humre(£,2) = > > fO(@r)Aj(z), 7=0,1,2,... (1.3)
k=1 j=0
Here we agree Az = 0if j > my. In particular, when r = 0 and r = m -1, Hpp,r will be denoted
by Hnm and H},,, respectively. We recognize that Hp,; is the classical Lagrange interpolation
and Hp is the classical Hermite-Fejér interpolation. Hnn, is called Lagrange type interpolation
if my, is odd and Hermite-Fejér type interpolation if my is even, respectively.

To obtain an explicit formula of A;x(z) we set

n T - mg
Lk(w) == I l <‘x—k-——;‘> 3 k = 1,27 ey 1y
q

g=1,q5#k

b '—l L v =0,1 1, k=12
U/C_UI Lk(I) . v=ul,...,my 3 =140,

j—1

Bir(z)= Y

=T

byr(z — z4)", i=0,1,...,my—1, k=12 ..,n

v=0
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Then by {5,(1.5)] we have

1 4
Aji(z) = ﬁ(x —z) Bjg(z)Le(z), 0<j<me—-1, 1<k<n. (1.4)

The most special case is my = m. In this case we have the simple formulas for k = 1,2,...,n,
that is

Li(x) = ()™,
where

bie) = =2 @) = [z -

wn(zk)(z — zx)’ pate]
We also need the following notations (0 < p < +00)

1/p

law = Wi, = { [ 11 fOPuE)

I7llr == max ||[f9, feCT[-1,1],

0<j<r
| Hnmr (X Mapp = sup | Hnme (X, F)lldp,ps
IAl-<1

anr‘(Xafv 33) = |Hnmr(Xa f,.’t) - f(x)la

In the following the sequence ¢, ¢y, ¢3, ... will stand for positive constants , being independent
of variables and indices unless otherwise indicated, their value may be different at different

occurrences , even in the subsequent formulas.

2 An Arbitrary Measure

First we list some known results needed later. Let d = max{|zr — ze+1], |2k — 2611}, k=

1,2,....,n,and D, = max dj.
gLy ooy by n ISkSnk

{ 8,Theorem2.1]

Lemma A If my —j is odd and j < i < my — 1, then

i—
T — Ty

di
|Aik(z)] € a1dy 7 |Aj(z)l, T€R, 1<k<n,

Bjk(z) > ¢ J | Bk (2)],

where ¢, ¢y are positive constants depending only on m.

Lemma Bl ®Lemmal]l  rop o =m, Ifm —j is odd and

1Bjk (@)L (2)|| < pny  k=1,2,...,m,
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then
di < cAp(ze) In*(npy), k=1.2,..,n,
1=~ 1.2)1/2 1
where A, () = A=) ™ o
Lemma Cl6Lemma23]  for 4,.(z) we have
T (=1) o 1 d
3 G m Male) = 5 Y (~1 ()7 Home(fir )
i=0 k=1 J ’ J: i=0
1 o
= S D P Rumelfi2), 15N,
i=0
Here we let 1/r! by 0 if r < 0.
Lemma DI5:Theorem4.1] 1ot both m and m — r be even integers. Then for an arbitrary

system X of nodes,

anr()(a fr+1az) + anr(X; fr+2_a :l:) > CZSn,m,r+l(Xv 1:),

where co depends only on m.

From Lemma D, if
1 ([ (X, £) = fllgup = 0 (2.1)
holds for every f € C"[-1,1], then

”Hnmr(}()”du,p S c3 < 00 (22)
and
nlLIIgo ”Sn,m,r+l(X)”du,p =0. (2.3)

This shows that Sy, m r+1(X, ) plays an important role in the mean convergence of Hermite-Fejér
type interpolation.

Now let us prove some lemmas. Following [ 6, Lemma 2.3}, the first lemma below is easily

proven.

Lemma 1. For Aj;(z) we have

. n mi—1 (_1)]+l o n ]
1Y Y e - k) T An(e) = Y (2 - 2k Aok (a). (2.4)
k=1 j=1 (1—'1)' k=1

Lemma 2. Letmy € Np, 1<k<n, 7€Np,r<g<m-~1, 0<p<oo andletdu be
o measure on {~1,1]. Assume that (2.1) holds for f = f, with j =7+ 1,r + 2,.... M, where

m—2, r<m-—4,
M =

m, r>m-2,
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then (2.1) holds for every polynomial f.
Proof. If g =m — 1 then Hyy,, = H,, is a projector operator and the lemma is trivial.
Now we assume that ¢ < m — 2 and hence 7 <m — 2, since r € Ny and m € No.

First we observe that Rom.(fj) =0, j=0,1,2,..,r,and thus (2.1) holdsfor f = f;, j=
1,..., M. Hence by Lemma C

r n ( 1 i
lim (z — zx) " A () =0 (2.5)
n—o0
i=0 k=l dp.p
holds for every j < M.
Now for j > M + 1 let us estimate the term
Z Z (€ — ) 7 Aun()] - (2.6)
i=r+1lk= 1
Clearly
] n j-—l n n
)< D Dle—my M Au@| < Y0 Yol -z Aul@) + ) 1An@] (@)
i=r+l k=1 t=r+1 k=1 k=1

We separate two cases. Recall that j > M + 1, implies j > m — 1.

Casel. j=m—-1.1In this case M + 1 < j =m ~ 1 implies that M < m — 2 and so we
have M = m — 2 and hence r < m — 4. By Lemma A and (2.7)

3(z) < zz,z—zk’"] Ai(z '+Z|(z-—zk) Am-s,k(z)|

i=rdl k=1 k=1
<cs(14 Dy + oo + D73 )8 ri1 (X, T).

Case 2. j>m. By (2.7), Lemma A and recalling that A;;(z) = 0, we have

-1 n

S{z) <es Z Z d;'c—r*I [Ars1e(@)(2 — 2i)| < CSnm,r41(X, 7).
t=r+1 k=1

By Lemma D and condition of this lemma, this leads to
Tim [18(2)l4up = 0, (28)

which coupled with (2.4) implies that (2.5) holds for every § > M + 1 and hence holds for every
720

Now (2.8) with j =r + 1 gives

n
Z Ar+1,k
k=1

lim
n—oo

du,p
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By Lemma A and (2.3) we see that

n
Jim Z z - T¢)" A (2) =0 (2.10)
k=1 du,p
holds for every v > 1 and every ¢ > r + 1, since
n
Y (z - ze)" Au(z)| < CZ| € — 2k)Ars1 £(2)] = cSpomrr1(X, 7). (2.11)
k=1

Again applying Lemma C, (2.8) and (2.9) and using induction on j we conclude that (2.10) holds
for every v > 0 and ¢ > r + 1. Using the inequality |a + b|P < 2P(|a|? + |b|?) we have

1F + gllaup < 221 fllap + lgllanp), 0 <p < oo, (2.12)

Now for any f € Py, applying the mean value theorem for the derivatives it follows from (2.10)
and (2.12) that as n — o©

”Hnmq(f) - f”du,p

m—1 n m— n
3 Y 9 (ae) Aula) Z > {196 - (19@) - D@0} An(z)
1k=t

i=q+1 k=1
¢ dp,p dp.p

{” Z|($—$k)f1ik(l‘)| } - 0.
o du,p

k=1
Lemma 3. Letmg, k=1,2,...,n and r be even integers. Then for an arbitrary system of

ik(z + [ FEH)

nodes (1.1), we have

”Sn.m,r+1(X).“du.p < C”Hnmr(X)“du,p’ n21, (2.13)
where ¢ > 0 depends only onm and p .

Proof. By Lemma C and (2.4) for j = r + 2 we obtain

n r+2
> @ =20 Ari1k(2) - Aras(e TH),Z (F3)e™ " Hume(fiy). (2.14)
k=1

On the other hand owing to B4y x(z) — Bry2k(z) = bmk—r—lk(”’ — @)™ 77% 2 0, we have
n
Z [(:v - zk)A,+1_k($) - Ar+2,k(x)]
k=1

Z z — 24) " Li(z) [’G_Tll—)EBr+l,k(x) - (T:—2)!Br+2,k(x)}

e - o) ) [Br+1.k(z) -
1

Il
[\/]:s i

rgBeante)

MR
+»—-

Z (z = zk)Ars1,6(2),
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By Lemma A, Sp, m r41(X, 2) so by Lemma C and (2.14)

n
Z T — l'k T+1,k(m) 3
k=1

Z(z — zp) Ar g1 () <ec Z{(m = ) Arg1,k(T) = Ary2k(z)}
k=1 du,p k=1 dp.p
r+2
<o ) Hnme(fo)llanp < csll Hpmr (Xl dup
i=0

since
“Hnmr(fi)“du,p < HfiHrHHnmr(X)“du,p < 2‘!HHmn'r(X)“d,u,p'

This proves the lemma.
An immediate consequence of Lemma 2 is the following theorem.

Theorem 1. Let my € No, 1 <k <n,r € Ng, 0 < p < x and du be a measure on
[~1,1]. Then (2.1) is true for every f € C"[—1,1] if and only if (2.2) is true and (2.1) holds for
f=Ff i=r+1Lr+2,.,M

Lemma 4. Letmp € Ng, 1<k <n,m>4,7 € Np, 0 <p< oo and dp be a measure in
[-1,1]. Then '

“H:Lm(X)“du,p < c“Hnmr(X)Hdu,m (215)

where ¢ > 0 depends only on m and p.

Proof. It is easy to see that

WHomllauwpy < ¢ sup [ ZZJ‘(’) o) Ajk (2 Z Y (@) Al

1l —2 <111 520 k=1 j=r+l k=1

du‘p]

T n m-1 n
SC[ sup 1D f@Ap(@)] o+ sup || DD fD (k) Asu(z) }
du,p

lfllm -2 <1 k=1 J N lm—r S| jrt 1 k=1

0 P
m—1 T
=c|S+ ) 5.
j=r+1
Clearly

T n

S < sup F9 (1) A k(T < [ Hame (X dp,p-
fifll-<1 §=0 k=1

d,p

In order to estimate S; for r +1 < j < m — 1, we separate the cases forr +1 < j <m —1 and
J=m-1
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Casel. 7+ 1< j<m- 1. By the mean value theorem for derivatives one has

;= sup_ 3" {9(@) - [fV(@) - f9 ()]} Asulz)

”f”m—ls1 k=1
duJ

n
[ ‘: Z A]'k
k=1

Also by Lemma A, we have

du.p

Z [(z — zx)Ajx(2)]
P

do,p

n

Sl -2 an@]| <X le - i@l < ASmmest(Dllasp:  (216)
k=1 du.p k=1 dp.p
So by (2.14) and Lemma A we can get
j-1 n ;
—1)f
) I D DD T EEERE
k=1 du.p =0 k=1 ' du,p
r n (_l)i o
<c ZZ(,—_—T)'(x—xk)J_zAik(m) Z Z( _1 z—IL)] 1Azk( )
1=0 k=1 J ) du,p i=r+1 k=1 ] du,p

i
<c Z 1 Hamr (fi)llaw,p +
=0

Z [(z = zt) Art1,k(z)]
k=1

du,p:I

”Hnmr(fi)”dp,p < H.fi”r”Hnmr( )”du p > < l'”H,,m,-( ”du P

<c Z ”Hnmr(fi)“du,p + ||Sn,m.r+l(X)”du.p] .

Li=0

Since

it follows that
SJ' < C(”Hnmr(X)”du.p + ”Sn‘m.r+1(X)”du,P)'

Case 2. j=m-—1. By Lemma A and (2.16)

> 1Am-14(z)]

k=1

n

Y (@ =z Arrin(2)

k=1

Sm—l < <c

dp,p

< C“Sn,m,r-f-l (X)”du,p~

dp,p

Therefore the estimate (2.15) follows from Lemma 3.
By this lemma it is easy to obtain the following theorem.

Theorem 2. Letm; € Ng, 1 <k <n, 7€ N, 0<p< oo and let du be a measure on
{=1,1] . If (2.1) holds for every f € CT[-1,1] then

Jim || H () = fllgy = 0

holds for every f € C™}[-1,1].
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3 The Special Measure

For the special measure the main results in section 2 can be improved . To do this, we

first list some known results and prove an auxiliary lemma needed later. Let

I' .= max{a,B}, 7v:=min{a,f}, I :=max{2I'+2,1}, ~*:=min{y,0}.

Lemma El 4 Lemma 3.1] - [ () < p < 400 and du be a measure on [~1,1] satisfying
d/;(z) > Cow'®P(z), a.e. z€ [-1,1], (3.1)
Then
I|Pll < en” /?||Pllagup, P € Py, (3.2)

where ¢ = c(w®? Cy,p) > 0.

Lemma F( 4 Lemma 33| [ 4= max ]{I:ck —zp|}. If
=uU, b, n—
w
Cy S w("*ﬁ) S C2 (33)

and &, = (€ — h,E + h), where h=dn~T"/0"+1) or h = d(1~€)~""n~1", then

L) (g = €)P(2) | ps
1Pl < cn Iz — &) P(z)|lw, (3.4)

(1= &) 2 (@ = OP@)lhw.p-
where ¢, and cy are positive constants.
Lemma Gl4Lemmad.a] - 1ot £ c[—1/1], ¢ =cosh, and P € P,,. Then
enfll(z = O P(z)ll + | PE)I]

1Pl < =

, <, (3.5)

and
1P| < en®|l(z - €)P()]]. (3.6)

For simplicity let R{y,p,7) = |Rumr(fre)lapwp + |1 Ramr(fre2)llau,p- To give the main
result of this section, we prove following lemma.

Lemma 5. Letmy=m € Ny, r € Ng, P€ P,,, 8 < p < and dy be a measure on
(~1,1]. If (3.1) is true , then

I Rme (P)ldp < cll PllmR(mp,){L 40" P In'%[n(1 + 0" /PR(p,p, 7))} (3.7)
If du(z) = wiz)dz and (3.3) is true , then

Hanr(-‘Da x}ndu,p < CHPHmR(ﬂ:P, '*"){1 + nn\ax{["—2,{"/(1—%—’7')——4} 1n10{n(1 + nf‘/pR(“’p’ 7')}}},
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where ¢ = c¢(du,m,p) > 0.
Proof. By definition of Ry (P)

m—1 n m-—1
IRame(Plllaws < ¢ 3 |Y. POai)Aj()| =¢ > S;
j=r+1 [lk=1 du,p j=r+1

We separate the three casesfor j=r+1,j=r+2and j > r +3.

Clearly

= ”anr(frH)de.p
du,p

r+1.k

by Lemma = Sp,m.r+1(X), so we have

A7 Z(z - zk)Ar-f-l,k(m)
k=1

n

Z(z - xk)Ar-f-l,k(z)

k=1

= ”Sn,m,rH(X)”d,,_p-
du,p
Thus by the mean value theorem for derivatives one has

n

Srr = |2 {PU(@) - [PU (@) - PU (@)} A 4(2)
e dpp (3.8)
< df|Pllm [“anr(fr+l)”du,p + ”Sn.m.r+l(X)”du,p] -
Now let us estimate S,42. We have
Sz = |3 {Pr (@) - [Pr4D)(z) - PU*D(24)]] Arsan(z)
£=t dup (3.9)

A

Z Ar+2,k (iL‘)

+ 1Sn,m,r+1 (XM dup
dp,p

cl|Plim
k=1

n
Let us estimate || Z Ary2.5()|ldp,p- By Lemma C and (2.4) (for j = r + 2) we have

k=1
Y Arak(®) =D (2~ 2k) Argr 4 (2)
k=1 k=1
0 Rms (fr41) = s R (frs2)
(1‘+1)! nmr\Jr+1 (T+2)! nmr\Jr+2/s
so by Lemma D and (2.12)
Z Aryz,x(z)
k=1 du,p
i 1 1
<c (22 - zk)Ar+l,k(m) +c ———'anmr(fr+1) - '—‘_anr(fr+2)
= i (r+1)! (r +2)! dup

S C{Ianmr(fr+l)I|du,p + ”anr(fr+2)”du.p}-
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For j > r+3, Lemma A gives

n
S < IIPYIY 14(e)] <cuP<“n r41.4(2)]
k=1 du,p du
= P Y @A)+ Z &} Ari1 (2)] (3.10)
| —zk|>ds 1I~1k|<dk P
< AdIPOY | ISnmrtt(Xllawp + || D, dilAri k()]
L jz~zi|<dp du,p
Now let us estimate the term
= Z dk‘AT+lk z)|
le—zp|<dr du,p

Let z), = cosfy,k =0,1,...,n+ 1. Then By Lemma G and [6 Lemma 4.1],we get
enfll(@ — 2) Arr k(@ + [Ars1k(@i)l] o enllSnmrer (XN

|Art1,6(2)]] < Sin by < sin 6y (3.11)
1 Ar1 k(@) < en®(|Sn,m,rr1 (X (3.12)
On the other hand using
Spmr+1(X,T) > CZ AT (2 - )l ()™ > CZ l(z = k)l (2)|™
k=1 =
we have |(z — 2)lk(2)] < ¢l|Snm.re1(X)||Y/™ . Hence by (3.6)
(@) < en?(|Snm e CONY™, k=1,2,..,n. (3.13)

By an estimation of Erdds!l as in [ 6, proof of Theorem 4.1(Claim 2)] we obtain

(Inn) In()|Snmr 1 () 0L+ [1Sn,mr 1 O]

n - n

‘9k+1—'0kl S c k= 1,2,...,77,, (314)

and the maximum number N, of the set {k : |z — zx] < di} with z running over the interval
[—1,1] satisfies

Nn S c(ln n) ln(nHSn,m,H-l(X)“) S 61n2[n(1 + HSn,m,r+l(X)“)]' (3'15)

Similarly as in [6, proof of Theorem 4.1(Claim 2)], from (3.14) we get

4, < (L I nmesa (1)) fsnty In’[n(1 + ISum s 0O

n n

(3.16)

The final preliminary step in the proof is to show that

[1Sm,m,r 1 (O < 27 PS04 (X o (3.17)
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In fact, since Bry1,% > 0, by [ 5, Theorem 2.1], we get

Snmr+1(X,x) = Zl —Zk)Arg1,k ()] = ?Bri1,k (@)l (2))
k=1 =]
wn z r+2 o
= r+1 ,Z ) Bry1,k(z)li(z)™ ?
r+2
r+1 i Z | ) By k(@) (z)™ 773

Here the function

wn(z)" .
r+1'2| n(2) |,+2 Br i1 4l (@)™

is a polynomial. Thus by (3.2) we get (3.17).

Now we distinguish two cases.

Case 1. dulz) >cw@B)  ae.
dx

In this case by applying Lemma E, (3.11), (3.12), (3.15) and (3.16) we obtain that

Y dilAr k@)l < e Snm e OB [R(L + [Sn.m 1 (X)D)]

|z—zi|<ds

and hence by (3.17) we have

$ < llSnmrst(X)laupn” 7~ 10 [01 + 07 Y Sp st ()] - (3.18)

Case 2. C]’w(a’ﬁ) S w S C2w(01v3) .

If sin 6 > In*[n(1 + ||Sn.m.r+1(X)||)]/n, then by Lemma F, (3.16) we have

dk”Ar+l k(T )”du P
2 2
< of POt Brmeer W g, ) (5in 00 " 2 - 20 @l

n

< c”Sn m r+1( )”du p(snlek) (4" ) -z ln4 [n 1+ “Sn m r+l(X)”)]

< cllSnmrs1 (X4, 0" 210t (001 + |Snmrr s (OID];

and if sin 6 < In® [n(1 + [|Sn.m.r+1(X)[)] /7, then by Lemma F, (3.16) we have

. ln2n 14 |1Sh,mr+1(X
G| Ari1 (@) lapp < { n(+] = 1l )””} O (e - z) Arsr k(@)

S c ”Sn,m.r—i-l( )“d F. /(4r7)-4 1n8 [n 1 + ”Sn m,r+1 (X)”)]

Therefore by (3.15) and (3.17) we have

S < cliSnmptilly, , n T2 /14771 =4) 10 [n(l + np:/p||5",m,r+1“d”,p)] _ (3.19)
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Now by applying (3.8), (3.9), {3.10), (3.18), (3.19), (2.12) and Lemma D we finish the proof of
this lemma.

Theorem 3. Letmy =m € Na, r € Np, I'* < p < +00 and du be a measure in {-1,1}
satisfying (3.1). If (2.1) holds for the polynomials f = fr41 and f = fryo , then (2.1) holds for
every polynomial f; more (2.1) holds for every f € C"[-1,1] if and only if (2.2) is true and (2.1)
holds for the polynomials f = fry1 and f = fryq .

Proof. This is a direct application of Lemma 5.

Developing and properly modifying P. Vértesi®!, Y. G.Shil”l, we can give the rate of con-
vergence in term of the modulus wy,(f,t) of Ditzian and Totik in {11] for truncated Hermite
interpolation on an arbitrary system of nodes.

First we assume that ¢(z) = (1 — 2%)!/2. The weighted modulus of continuity defined by
Ditzian and Totik is given by

wo(fit) = sup Wf(-+he()/2) = f(- = ho(}/2)]},
0<h<t

where the expression inside || - || is taken to be zero if ¢ + hp(x)/2 ¢ (-1,1).

As usual we set

En(f) = g If - PI.

We need the following known result.

Lemma H[ 3, Lemma 8.3]

P, such that for all x € [-1,1]

For every f € CT[-1,1](r > Q) there exists a polynomial P, €

fO2) = PO (2)| < cAn(a) T Bur(f7), 0<j<, (3.20)
PO ()] < cnla) g7 2), > (321
_ W2\1/2
where Aq(z) = i-29)7 + —12—
n n

d
Theorem 4. Let dp be a measure in [—1,1] satisfying ﬁ > cw'@B) ge.  0<p< oo,
my = m € Ny, and let

Z | Aok (

, (3.22)

dpu,p

l‘nl ‘\’

n

Z A (z)(z — 24)

k=1

pn2(X) = (3.23)

dp.p
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Let In[n(1 +n""/Ppuge(X))] = u(I*,p), then for f € C"[-1,1]

”Hnmr X f f”du P
en”"wo(f75 1) {11 (X) + nptna(X) (I, p)P™2) } 0<r<m-2,

cnl—mEn(f(m—l)) {ﬂnl(X) + n,“n?(X)[p’(Ftyp)]AZ(m_”} ) r=m-—1
(3.24)

Proof. Let P, € P, be given as in Lemma H . Then (3.20) and (3.21) hold. Clearly
P,(z) = H},,(Pp, ), thus

”Hnmr(f) - f”du,p = ”Pn - f + Hnmr(f) - ‘ (Pn)”dy P

SC{”Pn—f”du.p'*‘ }

o 5

n

3 [f(zx) — Pazi)] Aok

k=1

._.

5 [f(j)(xk) - Pf(;j)(zk)] Aji(z) > PO (zh)Aje ()

dum}

Jj=1k=1 du,p j=r+1 k=1
= 6{50 +8 +0:+ (53}
(3.25)
If r =m — 1 then §; = 0.
Since
Enr(f7) € cEn(f™). (3.26)

it follows from by Lemma H and (3.26) that
8o < el An(@)|I"En-r(f7) < en™"Ea(f7).
By this estimation, (3.26) and Lemma H, similarly we have
81 < en”"En (7)) s ().

To estimate d; and d; we need to estimate dg. By (3.23) and Lemma A we have

n
P2 > Czdi_ml(fv =z )l (z)|™
k=1
which gives |(z — zx)lg(z)| < c[pns]'/™. Similarly as (3.16), using [5, Theorem 4.1(Claim 2)] we
have

ln2[n(l + pn2)]

Case 1. If sinf < , then

n
de < c M_(l;fl‘z)_] (3.27)
n
2
Case 2. If sinfy > l—n—[na%&ﬂ, then
2
de < CM, (3.28)

n
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Let us estimate di'l in the first case. If j is odd then

d' = dw;z_l < cln2(j_”[n(1 +/~‘n2)]
k - Yk =

oy , 1<j<m-1 (3.29)

and if 7 is even, then

=2 In¥n + pa2)]

a7 =diTE <o . 2<ji<m-2 (3.30)

nJ

Then by Lemma H, (3.28), (3.29), (3.30) and Lemma A we obtain

(52 S Czr:
i=1

< en " g (OB [ (1 + o0

n
Y An(@k) T Ensp (f7)d T AL
k=1

du,p

and
m-—1 n ] 1 ]
S3<c Y, 1D An(m) uwp(f7 ~)d T Awl
j=r+1 ||k=1 du,p

. (m-2)
< en ™™ o (X we (£ %) [ln ["(1 +al /p“""’(X))]r 2 ’

respectively. Substituting the estimates of §;,7 = 0,1,2,3 into (3.25) and using the relation in
[ 10, Theorem 7.1.1]

Ea(7) < (£ 2)

we obtain (3.24).
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