Analysis in Theory and Applications 20:1, 2004, 58-68

CONSTRUCTION OF SOME

KIESSWETTER-LIKE FUNCTIONS
—-THE CONTINUOUS BUT NON-DIFFERENT-

IABLE FUNCTION DEFINED BY QUINARY DECIMAL

Tie Yong and Yang Guangjun

(Yunnaen University, China)

Received Jan. 30, 2004

Abstract

In this paper, we construct some continuous but non-differentiable functions defined by quinary dec-
imal, that are Kiesswetter-like functions. We discuss their properties, then investigate the Hausdorff

dimensions of graphs of these functions and give a detailed proof.
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1 Introduction

In 1966, Karl Kiesswetter!!] gave a simple example of everywhere continuous and nowhere

differentiable function, namely, so-called Kiesswetter’s function.

Let z € [0,1), its quartenary expansion:

o0
Tk
x:ZF, z; € {0,1,2,3}.
n=1
Then, Kiesswetter’s function is defined as follows:

o0 _ Ny
Kie) = 32 CUVlen)

n=1
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where

Tn -2, z,=1,2,3,
U(zn) =
07 I, = Oa

and N, is the number of z; = 0 only if kK < n.

This is a very noticeable fractal function (see [2],{3]), G.A.Edgar regarded it as one of the
nineteen typical fractal articles that included Weierstrass’s function, Von Koch curve and Cantor

set ctc, and introduced them in the collected papers: “ Classics on Fractal”l4.

Since the continuous but non-differentiable function was proposed for the first time by
Weierstrass in 1872, some other examples have been obtained. A question which naturally arises
is how to construct the class of functions, and what is the relationship between classical fractals

and modern fractals?

Recently, a general method by using the combining b-adic expansion with iterated function
system to define the everywhere continuous and nowhere differentiable functions is found in
papers [5] and [6]. However, their discussion is merely on the situation: f(z) : [0,1] = [0, 1],
while Kiesswetter’s function showed that K(z) : [0,1] = [~1,1]. On the base of [5] and [6], we
extend the Kiesswetter’s function on the situation of quinary decimal and analyse their properties

in this paper. Finally, we have proved that the Hausdorff dimensions of graphs of these functions
log 3

e equal to 2 —
are equal to g5

2 Construction of some Kiesswetter-like functions

Now, we construct some continuous but non-differentiable function defined by quinary dec-

imal, which are similar to Kiesswetter’s functions.

With the same idea of {5] and [6], consider the following five affine-mapping expressions
W;(i =0,1,2,3,4):
J

0 § = .
+ U?]) ’ .7 = 01 172) 3a47 (1)
3

1
—1)% =
(=1)% 2

where U(j) are some constants depending on j and a; = 0 or 1. Let n = f(£) and y = f(z),

I
3
{
[ AN

then (1) can be written as

i) j=0,1,2,3,4. (2)
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We can obtain

i=m, §=I5—2+k_2ﬂ}‘—=%+%, z2€{0,1,2,3,4}, 0<A<1,  (3)
and
(@) = (1)1 2 1) + 1) ()
From (4), using £ instead of z, we have
7€) = (=1 370 + 2L
Hence,
fy 2 V@) | GV U) | ()mres

3 32 32
Repeating the same iteration and so forth

mo @y tetas, — 1)@t otz
f(z):_z( 1) = Uzn) | (1) o f

n=1

Let m — o0, suppose that f(z) is bounded, then

ot Qs+ ta
(-1 1U(zn)
f@) =Y T i (5)
n=1
We note that there are the following two different quinary decimal representations for each
rational point z = 1571—‘,m =12,---,5-11=12,--
e oz .0 L, zm-1 = 4
n 1 n - .
Zg;+y+ Z = and Z§+ o + Z x Ty, -, € {0,1,2,3,4}. (6)
n=1 n=l{+1 n=1 n={+1

Therefore, to insure the function (5) is well defined, for the above two quinary decimal

expansions'®), the corresponding value f (ET) must be uniquely determined.

Theorem 1. IfU(j) and a; are satisfying one of following conditions:

4

2_j3 j=0113213a

U@) =U(4) =
0, j=4
ﬁ (7)
1, j=4,
a(j) = a1 (j) =
L 0, j#4,
. . 0, i=0,
U(J)=U-z(])={ . 254
J— 4 .7: 1, 1y 3
ﬁ (8)
1’ 1_03
a(j) = az(j) =
L 0, §#0,
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{
0, J=0,
UG) = Ua) =
2-7, j=1234,
ﬁ (9)
, , 1. j=0.
a(f) =as(j) =
| 0, j#0,
. . j_27 j=0517273a
U(j) = Ua(j)
0, =4,
< (10)
1, j=4
o) =euli) =4
\ 0, j#4,
then values of function (5) are independent of the representations (6) chosen of z = Ak
Proof. Corresponding to conditions (7)-(10), we obtain four functions:
oc el (z,
flwy =y CHT @] (11)
n=1
2N (=1)on U, Ly
fz(ﬂf):Zu"én—'(*), (12)
n=1
o (—1)* Uy(a,
falz) = Z (—1*3,1—&—1—), (13)
n=1
oG
—1)%4nUy(z
fal) =Y g—)gﬂi‘ﬁ, (14)
n=l1
where
Qyp = Cl](.’L']) + "+al($n—l)7

Qo = Qo) + -+

Q3n = 03(171) +

Qan = aa(z1)+ -

+ (12(:1;11—-1 )7

o+ az(Tp-1),

+ aq(Tn-1)-

We only verify that the value of function f)(z) is uniquely determined, for other functions

fi(z)(@ = 2,3,4) are similar.

By the definition

-1 oG -1 a a '
Tn Iy _ In U| .’L'n) (=1)euUy(zy)
fl(z5n+5/ Z_‘ 3l +Z
n=I n=i+1 n=|\ n={+1
: [
L R | =4 l DevlUay,)  (=1)01U (g - 1)
.fl( F 5u + 3[ .

n=1 n=[{+1 n=1

ﬁl(l+l)

(=1)%w+u -2

k)
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For the following four cases

Mz =1, Ulm Uz -1) =2, ajugy = ay,

(2) .’13[:2, ( |

Ullzi - 1) =1, augr = o,

-1, Uiz -1)=0, a4y =ou,

)
)
(3) I = 3, Ul(.'lI[)
)

(4) zy =4, U(z
it is easy to see

0, Ul((l:]—l):—l, Qy(i+1) 201[+1,

. I I 0 =l I I — 1 4
n n
fI(E 5_n+§+ E 5._;)_—.)"1(2 5._*._5[___*_ § 5;)1
n=1 n=I+1 n=1 n={+1

and this completes the proof of Theorem 1.

The graphs of f;(z)(i = 1,2,3,4) are as follows

initiator generator

(the iterated function’s graph of f(x))
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TE

initiator generator

Y ;,,:"/
\{,ﬁ/ A/

(the iterated function’s graph of f,(x))

L

initiator generator

\ A
/\\\\ J\\v\ / \,\\

(the iterated function's graph of f;(x))
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Y

initiator generator

(the iterated function’s graph of f,(x))

3 Smoothness Analysis

We investigate the Holder continuity of functions f;(z),¢ = 1,2,3,4; this is an important
characteristic of fractal function.

Theorem 2. The function fi(z),i = 1,2,3,4, satisfy the Holder condition with indez
log 3

@= fog5’ speaking ezactly, there exist constants c1,c > 0, such that
-y|* < : - f: < —qle.
alr-y|* < os:??gnsylf‘(f) fi(n)] < clz -yl (15)

Proof. We only give the proof of f1(z). The proofs of fi(z),¢ = 2, 3,4, are similar.

Firstly, we prove that fi(x) satisfies the Holder inequality:

[fi(z) = fily) £ clz - y]°, (16)
where
_log3
z,y € [0,1), a—logS’

where ¢ > 0 is constant.

In fact, for any 0 < £ < y < 1, there exists a positive integer /, such that

There are two cases.
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1. For one positive integer m € {0,1,2,---,5' — 1}, = 5 r<y <z 5 . That is
m T Yn
n
.’I:=gl—+ Z ‘57, + Z ", Ta,Yn € {0,1,2,3,4}.
n=I+1 n=l+1
Thus, we have
o [(=1)*Ui(z,) (=1)P"Ui(ya
@ -fw < Y |EREAE) )
n=Il+1
o0
1 o 9 108
< 30y gom g s B < Sy
n={+1
2. For the certain positive integer m € {0,1,2,---,5' — 1},
m-1 m m+1
—57‘— <z< 31. <y< T
That is . -
m-—1 Iy m Yn
.’L':T'FZF, y'—_-?'f'Z;.
n=l+1 n=i+1
We have
o 0
m (=1)P U1 (yn) 2
fl(gy) - fl(y)‘ < f1(5,) [f1(5,) > —3,,‘1 <> el
n=i+1 n=Il+1
m-—1 m m—1 m—1 2 (-1 Uy (zy) =2
M - 1) < ) - [fl(—s—,—> D B
n=Il+1 1=I+1
m-—1 m-—1 =~ (=) U (z,) > 2
fl(z)—fl(—g,—>|stx(—5,—>+ Yy ) <Y 5
n={+1 =1
Hence,
m -1 m —
@ = A6 < A= A [P - G|+ G - )
< 3 Z 3n =95 UFIER < ojz - y| "R,
n={+1
Consequently, the inequality (16) is valid.
Now, for any z € [0,1), we can get y(z # y), such that
log 3
e-ul< g @) - AW 2 als -yl B, (7
, s log3 . .
That is, the Holder index a = @ in (16) is exact.
In fact, there exists one positive integer m € {0,1,2,---,5' — 1}, such that
LE PP e
5! 5
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1
Ifz= g, we shall select y = Tg—— (it satisfies the condition), because

+1 = 1 1 log 3
A - A2 3 g2 gl -,

n=i+1

|fi(z) - AL(y)| =

Consequently, the inequality (17) is valid.

Now, we only need to consider the case of g <z< "%1 Since one of the two following
inequalities:
m 1 m m+1 1
‘fl(y)‘fl(z)‘Z§|f1(57)'f1( )l=4_—3l
and
m + 1 m+1 1 ™m 1
filz) = fil—F— ’_2’f1 fl(g) =m
m m+1
must be hold. We can select y = TOY= g such that |z —y| < = 51, and we have
o og 3
h@ =A@ Y 52> sle -8,
n=Il+1

Consequently, the inequality (17) is still valid.
By inequalities (16) and (17), we infer that the inequality (15) is valid.

Corollary. The fi(z)(i = 1,2,3,4) are continuous but non-differentiable.

4 Hausdorff Dimension

It is known that it is difficult to obtain the Hausdorff dimension of general self-affine
fractall’), but as a particular, G.A.Edgar{® has shown that the graph of Kiesswetter’s func-
tion has Hausdorff dimension 3/2. However, the argument is complicated. The proof of next

theorem will proceed following the technique in {5].
Theorem 3. The Hausdorff dimensions of graphs of fi(z)(i =1,2,3,4) are

log 3
s = dimy (graphfi) = 2 — % i=1,2,3,4.

Proof. We define that Ey = [0,1] x [~1,1] as an initiator, then generator E; are five
rectangles F; with width 57! and height 37!, and each rectangle is contained in Ep. Through
k-iteration of affine-mapping W;,j = 1,2,3,4,5, 5% rectangles Eji; are obtained with width 5k
and height 3%, (see the above iterated graphs), such that

graphf; = (z, fi(z)) = ﬂEjk, 7=0,1,2,3,4 and k is a positive integer.
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These rectangular collections {Ej;} are the covering of the graphs of function fi(z),7 =
1,2,3,4. Every E;;; can be covered by [ 5 )¥]+ 1 small squares Sj with length of edge 57* ([(g) ‘]
indicates the integer part of (g)").

Suppose that V2 - 57 < §, we have

Hj(graphf;) = irgf{Z]Uﬂs, diam|U;| < &}
5k 1,
< VUG + VR 57y <2F 548 shsThe < 2,
1=]
Consequently,
dim g (graphf;) < s. (18)

Applying the mass distribution principlel’] to estimate its lower bound of the dimension, we
define a measure u on the rectangle Ey, such that
w(Eo) =1,  pER)=57*%  j=01,234 k=123, -,
u(Ee — graphf;) =0, 1=1,2,3,4.
Then, y limited in the graph f;,7 = 1,2,3,4, is a mass distribution.
Let S be squares with length 57%, if S N Ejx = @, then u(Sx) = 0; if Sy N Eji # 0, then
w(Sk) _ u(SkN Ej) < areaS;, 3

— (2
u(Ejk) n(Ejx) 7~ areaEjy 5)

Consequently,
3k —k
u(Sk) < 5% = O .

For any given Borel set U C Eg, let k be a positive intcger, such that
V257D < diamU < V2 5%
Then, there arc at most 9 small squares Sy intersect U, so we have
wU) <9-u(Sy) <9-57% =9.5°. 573+ < 9-3 . 9.5 (diamU)°.

Hence,

Hj(graphfi) > = 2% - 57" p(graphf;) > 0

This implies

dimg(graphf;) > s. (19)
By (18) and (19), we infer
. log 3 )
] F Iy =8=2 - —— 1= .
dim g (graphf;) = s = 2 Tog5’ 1 =1,2,3,4

The theorem 3 is proved.
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