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Abstract
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1 Introduction

For each v > 0, let W, (0, c0) denote the space of all locally integrable functions f on (0, o0)
satisfying f (t) = O (™) as t = +oo.

For parameters a € R and € Z we define the summation-integral operators Vn‘a_g by

o]

has(fid) =1 3 buas(@) [ smrs(® f0 & zelo0) (D

v=max{0.-3}
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where

-1 v

and ,
¢ (nt)
Cv+1)
are the Baskakov and the Szdsz-Mirakjan basis functions, respectively.

Snp(t)=e™"

Note that, for f € W, (0,00), the expressions Vy, o4 (f; ) are defined for each integer n > 7,
provided n 4+ a > 0. It is easily verified that the operators (1) are positive linear operators on
the spaces W, (0,00), for all n sufficiently large. We call these hybrid operators generalized

Baskakov-Szdsz-Durrmeyer operators (abbreviated generalized BSD operators).

The special case @ = 0, 8 = 0 which should be regarded as ordinary BSD operators was
studied by Gupta and Srivastaval!3l. They proved, for f € W, (0,c0) bounded on every finite

subinterval of (0, 00) and admitting a derivative of order r + 2, the Voronovskaja-type result

Jim 0 (V30 (f12) - 10 (@) = x“gzﬂf"“” (2) + (L+7(z+1) f+) (2)

See also [15], where a Voronovskaja-type result for simultaneous approximation is derived for

linear combinations of the operators V,, g 0.

The Voronovskaja-type result in the casea =1, =10

Jim n (VYE,TI),O (fiz) = f0 (a:)) = i(_2;—_x)f(,+2) (@) + (r+1) A +2) f) (2)
+T_(T_2i'_1)_f(r) (). (3)

was derived by Gupta and Srivastavall*: Theorem 3.1] ' Ap inverse result for the operators V, ; ¢ is

presented in [9].

Furthermore, we mention that L,-approximation by linear combinations of the operators
Vio,—1 (case @ = 0, B = —1) was studied by Agrawal and Mohammad*l. To be precise, their
definitionl'! Ba- (1] contains an additional term (1+ z)™™ £(0) assuring that the operators

preserve constant functions.

Note that our definition (1) also includes the supposed more general setting

[e o}

Vnavantngs (0= (4 8) 2 basarwian (@) fo Smtrrss () F(8) dt

u=ma.x{0,—aq,—[32}

(z € (0,00)) by a suited shifting of the parameters.
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The purpose of this paper is the study of the local rate of convergence of the operators (1).
We investigate their asymptotic behaviour also for simultaneous approximation. As main result
we derive the complete asymptotic expansion for the operators V,, o s(f; ) and their derivatives

in the form

Vaos (fiz)=f@)+ D c(fiz)n™*,  n-ooo, (4)
k=1

provided that f € W, (0,00) and f possesses derivatives of sufﬁciently high order at z (z €
(0, 00)). Throughout the paper nk resp. n& denotes the rising factorial n* =n(n +1)---(n + k — 1),
nd =1 resp. falling factorial n* =n(n—1)---(n — k+ 1), n2 = 1. Formula (4) means that, for

all g € N,
Vaas (f37) = +ch fig)n™* +o(n”)

as n — 0.

We remark that in [1,3,2,5,8,7] the first author gave analogous results for the Meyer-Konig
and Zeller operators, for the operators of Bleimann, Butzer and Hahn, the Bernstein-Kantorovich
operators, the Bernstein-Durrmeyer operators, and the operators of K. Baldzs and Szabados,

respectively. Asymptotic expansions of multivariate operators can be found in [6,10].

2 Main Results

For g € N and z € (0,00), let K [g; z] be the class of all functions f € W, (0, co) which are ¢
times differentiable at z. Throughout the paper let the numbers Z, 5 (s, k,7), for 0 < j <k < s,
be given by

s 8
Zap(a:k:]) = (])

. k—j .
s—7] i m—37—1 m-—3 1 k—j—i
m:k ( j>(ﬁ+m);(m—k>[m—1—z]“ '
. (5)
The quantities [ { ] in Eq. (5) denote the (signless) Stirling numbers of the first kind defined
by

:}j:[{]f (j=0,1,--). (6)

=0
(see. e.g.. [12. Eq. (6.11)]). We mention that in the traditional notation of the Stirling numbers

of the first kind we have S} = (- 1))~ [ { ]

The following theorem is our main result.

Theorem 1. Let ¢ € N and z € (0,00). For each function f € K[2¢;z], the operators
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Vn.,,‘[g possess the asymptotic expansion

9
Vaas(f;2) = f(@) + D chan(fiz)n ™ +0(n™?), n- oo, (7)

k=1

where the coefficients cx.o 5 (f;2) (k=1,2,---) are given by

2k f(,) ((8) k '
chap (fi2) =) == D 2" Zag (s,k.]) (8)
s=k =0

and the Z, g (s,k,j) are as defined by Eq. (5). Moreover, if f € K[2(q +7);z|, for r € Ny, the

differentiated operators V,S'O)IB possess the asymptotic ezpansion

Vrf.rlz.ﬂ(f z) = f") () + ch aa ( k+o(n9), n — o0o. (9)

Remark 1. It turns out that the coefficients in the asymptotic expansion of V( naglfiT)
are the r-th derivatives of the coefficients cx,q.p (f; z) in the asymptotic expansion of Vn,a,g(f, z),

i.e., in Eq. (7) one can differentiate term by term.

Remark 2. For functions f € ﬂq°°=l K(g;z] and r € Ny, we have the complete asymptotic

eIpansion
(f: + Z CL o ﬁ , n— 0.
Remark 3. For the convenience of the reader, we list the initial coefficients explicitly:

(az+1+8) f’(z)+%z 2+ 1) f'"(2),

Clag(fiz)

Il

e2.ap(fi2) a(l+a)z’ +2a 2+ )z +(1+6)(2+8)) f® (2)

1
5
+é((2+3a)z +3(3+2a+8)z2+6(2+8)z) f9(z)
452 242) f(a)

3,08 (f;7)

]

5 (0% +302 @4 52 + 323+ Az + 3+ B) fO(@)
+

((3+7a+30?) z* +2 (8 + 15a + 3a* + 28 + 3af) °

i‘i ol =

34 8)(4+da+8)a? +6 (3+6)2c) f9(2)

+i (4+3a)z® +(23+ 120+ 38)z* +12(4 + o+ B)z° +12(3+ B) z* ) f¥ ()

24

+55° 2 2+ 2)° FO(z).
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An immediate consequence of Theorem 1 is the following Voronovskaja-type formula.

Corollary 2. Let r € (0,00). For each function f € K[2;z|, the operators V.o satisfy

the asymptotic relation

im0 (Voo (i)~ () = (148 +az) @)+ 52 @+2) (). (10)
Moreover, if f € K[2r + 2;z], for r € Ny, we have
Jim n ( v s (fix) = f) (z)) = %z @2+z) f @)+ (r+a)z+1+8+r) fOH ()

1
+a7 (r—1+2a)f" (z).
In the special case a = 8 = 0, we get back the result (2) by Gupta and Srivastava. Formula
(2) is the special case o = 1, § = 0.
In the special case @ = 0, the expression (5) obviously simplifies to
NS . _1y8—-m §—17 il m -J
Zstki = () 3 o0 () eeme | R2E ]

In the special case o = 1, the inner sum of Eq. (5) becomes

() [t e = B ]
2 <mi—k>[m;j]:[z:iﬂ]’

i=m—k

gt

where we used [12, Eq. (6.16)]. Hence, Theorem 1 implies the following generalization of the

result (2) for the operators Vi | 0.
Corollary 3. In the case a =1 and 3 = 0 the assertion of Theorem 1 holds with

Zro(s,k,j) = <;> S (-1 (;:Jj)mi[ mrl ] :

m=k

Remark 4. Note that in the special case & = 0 and 8 = —1 the right-hand side of Eq.

(10) does not contain f' (z). In this case the initial coefficients are as follows:

e (fir) = 5z(2+2) f(@),
c20-1(f;z) = % (3z + 322 +2°) fO®(z) + éﬁ 2+2)® f(2),
cror (fir) = 77 (2+2)(2+2+7%) fO)
+é1.-‘2 (2+z) (3+ 3z +2%) fO(z) + %ﬁ 2+1)° fO(z).
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3 Auxiliary Results

In order to prove our main result we shall need the following lemmas. As usual, we denote

the monomials by e, (z) = 2™ (m = 0,1,2,---). Furthermore, for each real z, put ¢, (t) =t—z.

Lemma 4. For allm =0,1,2,.--, and = € [0,00), we have the representation
~ m! e~ (n+a+j—1\/m+8
Vn,a.ﬁ(em;z) = ( . 7 )( )

v

—-B-1
n+a+v-1 m T
™ v+B+m)
> (" " e

where the second sum is to be read as zero if B > 0.

Lemma 5. For all m = 0,1,2,---, and = € (0,00), we have the complete asymptotic

erpansion

m . .
N —k j _ m-—j—1 ki
s = S 3 (T wemian 5[50 (70t
n=A-1
+o<_—_),
(1+$)n+a
as n = oc. The O-term can be replaced by zero if § > 0.

Lemma 6. For each integer ¢ > 0 and each z € (0,00), the central moments Vn,a,g(zb;; z)
(§=0,1,2,--) satisfy the asymptotic relation
. g . f(s)
Via,8(¥z:2) = Z - Z szﬁ (s,k,5)2* 7 +0(n79), n — oo.
k=[(s+1)/2] s=k ! j=0

Remark 5. An immediate consequence of Lemma 6 is

Vn‘a,ﬁ(w;;x) =0 (Tl_l'(3+l)/2j) , n - 0.

In order to derive as our main result the complete asymptotic expansion of the operators
Vn,a,ﬁ we use the following general approximation theorem for positive linear operators due to
Sikkema [17, Theorem 3] (cf. [18, Theorems 1 and 2)).

Lemma 7. Let I be an interval. For g € N and fizedz € I, let A, : Loo(I) = C(I) be a

sequence of positive linear operators with the property
An(¥2;2) = O(n~UsHD/2ly (1 o0) (s=0,1,---,2¢+2).

Then, we have for each f € Loo(I) which is 2q times differentiable at = the asymptotic relation

An(fiz) = Zf(s(’”) An(98i2) +o(n™),  n oo, (11)

$=0
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If, in addition, f?9+?) (1) exists. the term o(n™9) in (11) can be replaced by O(n~(9+1)),

Lemma 8(Localization result). Let x > 0 be given. Assume that f € W, (0,00) vanishes
in a neighborhood of . Then for each positive constant q there holds V, o 5 (fi2) = O(n™9) as

n — 00.

Lemma 9. The derivatives of the operators Vn.a,g can be expressed by

d\" - - .
(2.;) Vn,a,/_?(f,‘.’l:) =(n+a) AB‘/'II.(!-FT.ﬁ(f;z)a r=0,1,2,---,

where Ag denotes the forward difference operator of step 1 with respect to 3, defined by

ABVn.a.B = Vn.a,ﬁ+1 - Vn.a,B-

4 Proofs
Proof of Lemma 4. Form =0,1,2,---, there holds
00 o0 pv+8 ™
11,/0 Spwag (8) 1T dt =/0 e”"m (7_1) dt =n"™(w+8+m)™
Therefore, we have
00
Vnaglemz) =0"™ > bnyap(z) (W+B+mE =S5 -5,
v=max{0,-8}
say, where .
Sy =n-m ;’ (n+a—:u 1) (V+ﬁ+m)ﬂm')%m7

and

v

N (n+a+v-1
S = n,mz<n ary )(—I—_F%)M_m(l/-i-ﬂ-i-m)m

v
v=0

(14 )" " Z n+a+v-1y (0 "'yu+d+m
nmyd frd v 3y

(1+z)" " g\ P
nm y (5&) (1 _ y)n+a

y=z/(1+z)

y=z/(1+2)

Using the Leibniz formula we obtain
_ (1+ z)'-(n+al y..u mom g Bt (_1)j (-n - a)l
Sto= nm Jz_:o j (8 +m) y 1- y)n+a+j

y=x/{14c)

= —lr;l-zm:( >ﬁ+m ln+a)z
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This proves Lemma 4.
Proof of Lemma 5 By Lemma 4, we have

Va,a.6(€m;z) = 81 — Sz,

plBl-1-m

say. Since, for § < -1, there holds S, = O (mﬁ

have only to consider the first term

=—lm-zz:0( )ﬂ+m 2 (n+a) sz

> (n = o0), resp. Sz = 0 (0§ € Np), we

Using

S = %i(?)(3+m)mizjz[z]ki (anai—k

3=0 i=0 =0
m 1 m ( ) j ] i -
= Z — Z (B +m)==L g Z [ . a*
k=0 n ¢ i=k J i=k ! k
m k k—] .
S (M)t ] (P
k=0 =o \J =L mTi m—k

This proves Lemma 5.

Proof of Lemma 6. Since

- = 8 8=m Y
Vaos (¥z:2) = (m) -2)" 7" Vaa,8 (€m; ) .

Lemma 5 implies

Vnad( s'l')
: m—j =i\ i
- ferErr (e Bl e

Z n~k Z Zap(8,k,j)z*
k=0 j=0

where the numbers Z, s (s, k, j) are as defined in Eq. (5).

In order to prove Vy, o g(¥2;z) = 0, for k < |(s + 1) /2], we show that Z, g (s, k,j) = 0, for
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2k < 5. We have

s—j ) _. k—j . o
o - ()3 e (oL (2

- ()5 5 e (e () [

and it is sufficient to show that the inner sum vanishes when 2k < s.

Recall that the Stirling numbers of first kind possess the representation

(‘1), [ mnii ] = Zcm—u (L :_77'“), 1=0,--.m, (12)

420
(see [16, p.151, Eq. (5)]). The coefficients C; ;. are independent of m and satisfy certain partial
difference equations ([16, p. 150]). Some closed expressions for C; can be found in {3, p. 113].

Taking advantage of representation (12) we obtain

5 e (et

m=k~j
(s—jL & " b (S —k .
E (Hu’,’(,: il )" "‘( . )(B+m+k)1(m+k-j—i)ﬁ.
1=0 m:O
Inserting this into Eq. (5) vields
-« s—k
Z(s.k.j) = <>Za" Y —1)*‘“’°""< i >ng(k,j,i;r),

m=0

where

i’ (1) Cigop (s — §)52L

Grm) (k=7 i) B+m+k)L(m+k—-j-i)t

P(’(‘/j (k:,j,i;r) =
=0

is a polynomial in the variable m of degree at most j + 1 < k. Thus, the inner sum vanishes if

k < s—k,ie., if 2k < s. This completes the proof of Lemma 6.

Proof of Lemma 8. Let |f (t)] < Me™ and assume that f(t) = 0 if |t — z| < 4, for some
§ > 0. Putting

o

Kn.o.ﬂ ((L‘, t) =n Z bn+a‘u (T) Snw+8 (t) 3

v=max{0.—3}

we obtain

Vn.a.ﬁ (f,x)‘ <M /

oC
Knap(z,t) e dt < M§™>™ / Knap (T, t)W2™ () 7" dt,
[t—z|>6 0

for each integer m > q. Application of the Schwarz inequality yields

x. 1/2 o 1/2
Vunalfil| < 6 ([ noaetiutm ) @) ([ Knaaten) e at)
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By Lemma 6. the first term on the right-hand side is of order O (n™™) as n = oc. By direct

calculation, the second term appears to be equal to

, 1/2
i b (@) n v+3+1 < n (B+1)/2 . Mz ~(n+a)/2
nhay n -2y “\n-2v n-— 2y

v=max{0,-4}

and the observation that the last term tends to €”* as n — oo completes the proof.

Proof of Lemma 9. The identity
b:1+a.k (:L‘) = (Tl + (1) (bn+a+1.u—1 (.’L‘) - bn+a+l‘v (:L‘)) ) v= 0» 1: 25 Y

with the convention bptqa+1,-1 () = 0 implies

= Vnaslfi) = 0+ @) (Vaasn sl fi2) = Vnasr plfi))

and Lemma 9 follows by mathematical induction.

Proof of Theorem 1. In view of Lemma 8, we can assume without loss of generality, that

the function f € K|[2¢; z] is bounded on (0, 00). By Lemma 6 and application of Lemma 7, we

have
R 2 £09) (1)
Vas(fin) = S L0 s wtia) +o(nm)
8=0
¢ 2k ¢(a) ke .
= n~k Z f—;'(i) ZZ,,,;; (s.k,5)2*7 +0(n79)
k=0 s= : Jj=0

as n — oc, which proves Eq. (7).

Now we are going to prove Eq. (9). By Lemma 9, we have, for f € K[2(q +r);z],

( d )r Voas(fiz)

(n+ a)F AEVn.a+r,B (fiz)

dz
qtr 2k k .
= (n+a) Z n=Fk Z £ (z) Z AL Zoasrp (8,k,5) 2 +0(n79).
k=0 s=k j=0

The obvious identity
AG (B +m) == (8 +m)=~
reveals that
AL Zoirp(s,k,j) =0  (k=0,--,r—1).
‘Thus, we conclude that the differentiated operators possess an asymptotic expansion of the form

r q
(&Y Vw5501 = Yol (it o a7).

k=0
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The terms dLr‘]aﬁ (f;x) are linear expressions of f(*)(z), for s = k+r,--- . 2(k + r), where the
coefficient of f*) () is a polynomial in z of degree at most s. In order to prove Eq. (9) it is

sufficient to show that dik"]mﬂ (fiz) = c}:“))'ﬂ (f;z) is valid for all polynomial functions f.

Let m € N. By Lemma 4, there exists a positive constant ¢, such that
Y4 1 Em: m J m-—j m-—j —cn
"n.a.d (em: 1') = . (,B + m)" (n + Q) ™7+ 0 (6 )
nm o 7

as n — oo. Applying Lemma 9, we obtain

a\.
('(E) Vn.a.ﬂ(em;m)

H

(n+ Q)" A4V, a4r.s (€m; T)

- L Z (T]r_l)jﬂ (B+m)=Z(n+a)™" I g™ 4 O (e

= L - (m) (8 + m)l (n+ a)m_j (m=HFz™ 97"+ 0 (e™™)

i
TN
=
&l
~——
-
3
3| -
™M
= =
TN
[N

m) B+m)(n+ a)m g™ 40 (e7")

as n — . This implies d[kr_]aﬁ (em;T) = ckfl‘u (em; ) which completes the proof of Theorem 1.
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