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Abstract
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By considering the properties of / + we show the multiplicity of at least two positive
solutions of the elliptic system.
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1 Introduction

In this paper we consider the multiplicity of positive solutions for elliptic system of
the form
w’ (t) + f&u®),v@)) =0, t€ (0,),
v () + g(t,ut),v(t)) =0, t € (0,1),
au(0) — B’ (0) =0, a,v(0) — B,v' (0) = 0,
Yu() + 0’ (1) =0, You(l) +68,Q) =0, )
where (u,v) €C?[0,11XC*[0,1], a;,f:,7:,8:220, and p;)=7;B;+a¥.+ad >0, i=1,2.
The following condition will be assumed throughout:
f,g:[0,1] X [0,00) X [0,00) ~ [0,0) are continuous.
By a positive solution of (1) we understand a solution (u,v) € C*[0,1]XC?[0,1] with
=0, v>=0 and either #30 or v=0. By the maximum principle and above conditions, each

notrivial component of («,v) is thus positive for t€ (0,1).
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In recent years it has been proved that for a single equation, superlinearity at one end
and sublinearity at the other end (zero and infinity) can guarantee the existence of a posi-
tive solution on an annulus. See [4,5], for instance. On the other hand, as was shown in
(3], superlinearity or sublinearity of the nonlinearity at both ends can imply the existence
of at least two positive solutions.

Seeing such a fact, we can not but ask “whether or not we can obtain a similar conclu-
sion in elliptic systems”. Inspired by the above mentioned results, we attempt to establish
a simple criterion for the multiplicity of positive solutions of (1).

We introduce the following notation

—_— 1 f(t’uvv) -1 g(t,u,‘v)
fo = (ul.trt;}—o u+v ? B0 = (ul.lvr)x—l-o u+t+v i

o SfGu,v) . 8Ctu,v)
feo - (u!!ll;’?ooo u + v ’ 8= = (u!:)m-ooo u + v

By Fixed-Point Theorem of cone expansion/compression type, we prove the following:
Theorem 1. 1. Assume that the following cases hold :
(H1) either fo=0o0, or gy=co,
(H2) either foo=120, or go=00,
and
(H3) there is a p>>0, such that 0<u, v<{p, t€[0,1], imply
Su(),v(®)) < Ap, g(t,u(t),v(t)) < Ap,

where
1 -1
A= (2_[ Gg(s,S)dS) , i=1,2.
0
Here Gi(tys), i=1,2, is the Green’s function,
7408, = Y)(B + as), 0<s<tk 1,
Gitys) = —
i (ﬂi+ait)(7i+8:_7is)9 0<t<5<1.
The problem (1) has at least two positive solutions (uy,v)s (uz5v;) such that
0< |l Goyso) | <p < || Cuguw) Il
where || (uyv) | =llull + vl and | || =max|u(e)].
0=r<1
Theorem 1. 2. Assume that the following cases hold ;
(H4) fo=go=fm=gw=0,
and

(H5) there is a p>>0, such that op<u+v<ip, t€ [%‘,—i'], imply
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S@u@®),v(t)) = 7p, gt u(®),v(2)) = 1,0,

where
3 -1
= maXJ"G,-(t,S)ds] , i =1,2
o<1 %
and
G = min{ a + 45 a, + 46, Y, + 48, 7, + &,
4, + ) 4, + B, 4V + 6" 4, + 0 |

Then the problem (1) has at least two positive solutions (uy,v,), (uy,v;) such that

0< “ (uy,vy) " <p< “ (uy,v,) " .
2 Preliminaries

It is easy to check (see also [5]) that for i=1,2,

Gi(t95) <Gi(595)9 (t,s) € [091] X [0,1]»
Gt 2 oG,y ) € [H,31x [0.1], @
On the other hand, (1) is equivalent to the system of integral equations

1
u(t) = JoGl(t,s)f(s,u(S),v(S))ds, t € (0,1,

() = J:Gz(t,S)g(S,u(S),"U(S))ds, t€ (0,1). (3)

From now on we concentrate on (3). Indeed, any positive solution of (3) is a positive
solution of (1).

Let

AGu,0) (@) = fclu,s)f(s,u(s),v<s>)ds,
0

B(u,v) () = Jle(t,s)g(s,u(s) »0(s))ds,
[

T(u,v)(t) = (A(u,v)(#),B(u,v)(@)).
Then (3) is equivalent to the fixed point equation T (u,v) = (u,v) in the usual Banach
space X=C[0,1]XC[0,1] with the norm || (zsv) | =« |l + | v ]l » where
el = max|u(e)].
(U
Let K be the cone in X defined by

K = {(u,v) € qu,v>0,lmin3(u(t) +oN =Za(llull + o))
TLT
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Lemma 2.1. T: K—+K, and T is completely continuous.
Proof. To proof T(K)CK, choose (u,v)€ K. Then for t€ [%,%],

min A(z,v) ()= min IlG‘(t,s)f(s,u(s),'v(s))ds
<<t 1acddo

> alel(s,s)f(s,u(s) »v(s))ds
0
>0 maerl (2150 f(s,2(s) y0(s))ds
01 0
=0 " A(uyv) ” .
Similarly,

min B(u,v)(¢) =0 || B(u,v) | .
<<t

Hence, T (u,v)(¢) € K. The complete continuity of T is obvious. See also [1].

Lemma 2.2,  Let X be a Banach space and K a cone in X. Assume (2,,0; are open
subsets of X with 0€ 2,,{,CN,, and

A:K N (3,\2) +K

be a completely continuous operator such that either

(1) Az=>x, ¥ x€KNARy, Az<z, Y zEKNA;;
or

(2) Ax=2x, ¥ zE€EKNA2,, Ax<x, ¥V xEKN ..
Then A has a fized point in K[| ({3,\2,).

3 Proofs of Theorems

In this section we give the proofs of the theorems 1.1 and 1. 2.
Proof of Theorem 1.1. Since (H1), fo=o00, we may choose 0<<2H,<p so that
Syu,v)29(utv), for 0<Su,v<<H,, where the constant 7>>0 satisfies

3 3
(G =1, o Gudiods>1
K 1

Set 2, ={(u,v)EK: || (u,v) | <H,). If (u,v) €N, we have

w2

A (52 [[6i(F 92 £(5,u06),0()ds

3
> ?J:Gl(—;-,s)(u(s) + 0(s))ds
T
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3
>arChul + Iol)[1Gi(E 0
3
= ” (u,v) " .
Hence
| T(u,v) | >A(u,v)(—;—) > | (u,v) || for (u,v) € A,.

An analogous estimate holds if g,=o0.
Since (H2), fo=oc, we can choose H;>2p, so that f(¢,u,v)=9(u+v) for u+v>=

H,, where the constant 7>>0 satisfies

Gz( $)ds =

P AT

3
G”J:G1(%9S)d5> 1, UJ
1

Set 2,={(u,v)EK: || (u,v) | <H;}. If (u,v)€E A, we have
min (u(¢) + v(@)) = o || (u,v) ).

rest
Hence
3
A(u,-u)( = JxG‘ =,5)f(s,u(s),v(s))ds
n
%
771101(—,5)(u(s) + v(s))ds
N
3
Sarcllul + 1ol)[[GiG0ds
N
=2 | G, |-
Then

I T o) | >A(u,v)(%) > 1 () |l .

An analogous estimate holds if g =o0.
If we further assume (H3) holds, we set 2,={(u,v) €K || (u,v) | <p}. If (u,v)
€ 3,, we have

1
Alu,v)(O J' Gy (5,8) f(suls),v(s))ds
0

1
< /IIPLGI (s,5)ds
< " (uév) ” .

Similarly, we have
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B(u,v)(t)<"Lév)l—l,
Therefore
| T | = | AGw,o) | + | Bo) | < || (so) |

Now by [Lemma 2.2, T i1as least one positive solutions (u;,v;) in 2,\{2,, and another
positive solution (u;,v,) in 3,\(2, with 0< || (uy,2y) || <p< |l Cuzsva) |l .
Proof of Theorem 1.2.  Since (H4), f,=g,=0, we may choose 0<<2H,<(p so that
ftu,v) <elu +v), gtyu,v) < elu+ v)

for 0<lit ,u<<H,;, where the constant €0 satisfies

1
2¢| G5, 0h()s <1, 26| G,(5,)ds < 1.
0 0

0, = {(u,v) € K: || (u,v) | < H,}.
If (u,v)€ 32, we have

Alw,0) (< fc, (535 f (5, (5) y0(s))ds
0
1

< EJ.OG’ (5,8) (u(s) 4+ v(s))ds

1
<eCllul + 191)[ G6s,92ds

| Ceyo) |
< 5 .
Similarly,
By < L& L
Hence,
N T, || = | Aw,o) | + | Bu,o) || < || (uy0) ||

for (u,‘v)eaol.
Let us define two new functions f* (/)= max f(t,u,v), g* (/) = max g(t,u,v).
OKu+ vt outv!

Note that f* ({), g* ({) are nondecreasing in their respective arguments. Moreover, from

fo=gw=0, it follows that

lim 20 _ o, lim 8- _

l—+oco l {—~co l

0.

Therefore, there is an H3>max{2p,%} such that f* ()<el, g* ()Kel for (= H,,

where the constant €0 satisfies
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Ze'rGl (s,8)h(s)ds < 1, ZeJ’]Gz(s,S)ds <1
[} 0
Set 2,={(u,v)EK: || (u,v) || <H;}. U (u,v)€ A5, we have

ACu,v)(O)K J G (ss5) f(s,u(s),v(s))ds
1
Jcl(sss)f. (H3)dS
< ej‘a(s,s)(u(s) + u(s))ds
0

1
Haj G, (s,s)ds
[

hence A(u,v) (OO || (uyv) || /2.

Similarly,
Bu,0)(®) < J(szl'—'
Then
| TG,v) | = lAG,v) || + | Bu,v) || < || (u,) || for (u,v) € ;.
Since (H5), we set 2,={(u,v)EK: || (w,v) || <p}. U (u,v) €A, 1min3(u+'o) =
T<SY
ol (u,v) || =op, we have
3
| ACu,v) || = maxJ':G (t,5) f(s,u(s),v(s))ds
n
=np maxJ G,(t,5)ds
=p= | (o).
Then
I T || =2 | A@v® | = | o).
Similarly,

I T, | = I B,o)@) |} = | (w0 ||

for (u,v)E A2,, min (u +v) =0 | (w,v) | = op.
Lg‘(i
4 4

Applying Lemma 2. 2, we obtain the multiplicity of positive solution (u,v) for (1).
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