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Abstract 
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By considering the properttes oj ~ ' u + v  , we show the multiplicity o f  at least two positive 

solutions o f  the elliptic system. 
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1 Introduction 

In this paper we consider the multiplicity of positive solutions for elliptic system of 

the form 

u " ( t )  + f ( t , u ( t ) , v ( t ) )  = O, t E (0 ,1) ,  

v " ( t )  + g ( t , u ( t ) , v ( t ) )  ~- O, t E (0 ,1) ,  

a,u(O) - -  fllu' (O) = O, a~v(O) - -  fl, v'  (O) = O, 

7,u(1) + ~lu'(1) = 0, 7zv(1) + ~ J ( 1 )  = 0, (1) 

where ( u , v ) E C Z [ O , 1 ] X C Z [ 0 , 1 ] ,  a i , ~ i , Z i , ~ i ~ O ,  and pi - - - -Z i f l i+ay ,+a~&>O,  i = 1 , 2 .  

The following condition will be assumed throughout: 

f , g : [ -0 ,1 ]  X [0,oo) X [0,oo) --~ [0,oo) are continuous. 

By a positive solution of (1) we understand a solution (u ,v)  E CZ[0,1] X Cz[0,1] with 

u ~ 0 ,  v ~ 0  and either u ~ 0  or v~0 .  By the maximum principle and above conditions, each 

notrivial component of ( u , v )  is thus positive for tE  (0,1).  
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In recent years it has been proved that for a single equation, superlinearity at one end 

and sublinearity at the other end (zero and infinity) can guarantee the existence of a posi- 

tive solution on an annulus. See [4 ,5 ] ,  for instance. On the other hand, as was shown in 

[3"], superlinearity or sublinearity of the nonlinearity at both ends can imply the existence 

of at least two positive solutions. 

Seeing such a fact, we can not but ask "whether or not we can obtain a similar conclu- 

sion in elliptic systems". Inspired by the above mentioned results, we attempt to establish 

a simple criterion for the multiplicity of positive solutions of (1). 

We introduce the following notation 

f 0 ~  lira f ( t , u , v )  g ( t , u , v )  c,..~-0 u + v  ' g o ~  lim , 
(u,v)~O U -I-  V 

f . . ~  lira f ( t , u , v )  g ( t , u , v )  
~..~-oo u + v  ' goo----- lim (u,v)~ao U "~- V 

By Fixed-Point Theorem of cone expansion/compression type, we prove the following. 

Theorem 1 .1 .  Assume that the follow.ffng cases hold: 

(H1) either f 0 = c o ,  or g0=co ,  

(H2) either f . o = c o ,  or g.o=co,  

and 

(H3) there is a p>O,  such that O~u ,  v ~ p ,  t E  [0 ,1 ] ,  imply 

f ( t , u ( t )  ,v ( t ) )  ~ alp, g ( t , u ( t )  ,v ( t ) )  ~.~ )tzp, 

where 

~ = ( f'oG,<s,s)ds) 

Here G~ ( t , s ) ,  i =  1,2, is the Green's function, 

i = 1,2. 

' , + d i - 7 ~ t ) ( f l , + a ~ s ) ,  0 ~ s ~ t ~ l ,  ! G~(t,s) 
t~[(fl ,  + a,t)(7, + d, -- 7is), 0 ~ t ~ s ~ 1. 

The problem (1) has at least two positive solutions (u l , v l ) ,  (uz,vz) such that 

0 < II (u , , v l )  II < p < II (uz,v2) II. 

~ohere I1 ( u , v )  II = II u II + II v I I ,  and II u II = m a x  l u ( t ) I .  
o ~ t ~  1 

Theorem 1 .2 .  Assume that the following cases hold: 

(H4) fo=go=f**=g**=O,  

and 

(H5) there is a p > O ,  such that a p ~ u + v ~ p ,  t E  [~- ,  ] ,  imply 
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where 

and 

f ( t , u ( t )  , v ( t ) )  ~ 7hp, g ( t , u ( t )  , v ( t ) )  ~ rhp, 

71i= max Gi(t,s)ds L o~ l :§  j ' 

i =  1,2 

al + 4fll a2 "~- 4fl2 71 + 481 ~'2 + 8z } 
a = m i n  4(al + i l l ) ,  4 ( a z + f l 2 ) '  4(71 + 8 1 ) '  4 ( 7 2 + 8 z )  " 

Then the problem (1) has at least two positive solutions (ul , v l ) ,  (uz,vz) such that 

0 < II (ul ,v~) II < p < II (u2,v2) II. 

2 Preliminaries 

It is easy to check (see also [-5]) that for i = 1 , 2 ,  

G,(t,s) ~<G, ( s , s ) ,  ( t , s )  E [0 ,13  X [0,1-1, 

G,(t,s) >/oG,(s ,s) ,  ( t ,s)  E [ ,-~-] X [ 0 , 1 ] .  (2) 

On the other hand,  (1) is equivalent to the system of integral equations 

f[G~(t u(t)  = , s ) f ( s , u ( s ) , v ( s ) ) d s ,  t E ( 0 , 1 ) ,  

f[G2(t ,s)g(s v(t)  = ,u ( s ) , v ( s ) )ds ,  t E (0 ,1 ) .  (3) 

From now on we concentrate on (3).  Indeed,  any positive solution of (3) is a positive 

solution of (1).  

Let 

fiG1 (t A (u ,v ) ( t ) = ,s ) f (s ,u (s ) , v ( s ) ) d s ,  

floG2(t B ( u , v )  (t) = , s )g(s ,u(s )  ,v(s) )ds, 

T ( u , v ) ( t )  = ( A ( u , v ) ( t ) , B ( u , v ) ( t ) ) .  

Then (3)  is equivalent to the fixed point equation T ( u , v ) =  ( u , v )  in the usual Banach 

space X = C [ O , 1 ] X C [ 0 , 1 ]  with the norm II (u ,v)  II = II u II + II v II , where 

II u II = max [u(t)1.  
0 ~ t ~  1 

Let K be the cone in X defined by 

K = { ( u , v )  6 X : u , v  ~ O, min (u(t)  + v( t ) )  ~ a( II u II + II v II ) }. 
1 3 
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Lemma 2. 1. T- K--~K, and T is completely continuous. 

Proof. T o p r o o f T ( K ) C K ,  c h o o s e ( u , v ) E K .  T h e n f o r t E [ - 1 , 3 ] ,  

f, rain A ( u , v ) ( t ) =  rain Gl ( t , s ) f ( s , u ( s ) , v ( s ) )d s  
l 3 1 ~ . . ~  3 J 0  T , ~  - ~  

a ( s , s ) f ( s , u ( s )  ,v(s))ds 

/ -  1 

a max[  Gl ( t , s ) f ( s , u ( s ) , v ( s ) )d s  
0 ~ t ~ l d O  

= a II A ( u , v )  II. 

Similarly, 

min B ( u , v )  (t) >t a II B(u ,v )  II �9 
1 3 

Hence, T ( u , v ) ( t ) E K .  The complete continuity of T is obvious. See also El i .  

Lemma 2. 2 r*3. Let X be a Banach space and K a cone in X.  Assume f2~ ,02 are open 

subsets o f  X with OE 01 ,~xCf] , ,  and 

A : K  N (rJz\I2a) --~K 

be a completely continuous operator such that either 

(1) Ax>/x ,  V x E K ~ a 0 1 ,  A x ~ x ,  V x E K N a O z ;  

or 

(2) A x > / x ,  V x E K l q a 0 2 ,  Ax<~x, V x E K l ' l a o l .  

Then A has a f ixed  point in K [7 (~z\f21). 

3 Proofs of Theorems 

In this section we give the proofs of the theorems 1.1 and 1.2. 

Proof o f  Theorem 1.1. Since (H1) ,  f0----oo, we may choose O ~ 2 H l ~ p  so that 

f ( t , u , v ) ~ 7 1 ( u + v ) ,  for O ~ u , v ~ H ~ ,  where the constant r/~0 satisfies 

3 3 

arl !Gl(--ff ,s)ds >i 1, ~ !G2(~,s)ds >1 1. 
4 4 

Set O~----{(u,v)EK: II ( u , v )  II < H 1 } .  If (u,v)EaO~,  we have 

A ( u , v ) ( 1 ) > ~  f ~ G , ( 1 , s ) f ( s , u ( s ) , v ( s )  )ds 
4 

3 

>I 7} ( ,s)(u(s)  + v(s) )ds 
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Hence 

_3 

II <u,v)II. 

,s)ds 

1 

II T(u ,v )  U ~ A(u,v) ( -~)  ~ II (u ,~)  II for (u,v) E a01. 

An analogous estimate holds if g o = ~ 1 7 6  

Since ( H 2 ) ,  f ~ . = o o ,  we can choose H3~2p,  so that f ( t ,u ,v)~71(uq-v)  for uq-v~.~ 

Ha ,  where the constant r / ) 0  satisfies 

3 

I~G1( 1 
4 

, 
3 

a~7 -~ ,s)ds >~ 1. 
4 

Set 03---{(u,v)EK: 11 (u,v) II < H 3 } .  If (u,v)EO03, we have 

min (u(t) + v(t) ) ~ a( II (u,v) II ). 
1 3 

Hence 

Then 

3 

A ( u , v ) ( 1  ) 9  f~Ga(} , s ) f ( s ,u ( s ) , v ( s ) )ds  
4 

3 

4 

3 

~/(  II u II + II v II ) _ G * ( ~  
4 

II (u,v) II. 

,s)ds 

T(u ,v )  II ~ A(u,..o)<+) ~ II (u,v) II II o 

An analogous estimate holds if g~o=oo. 

If we further assume (H3)  holds,  we set Oz={(u,v)  EK:  II ( u , v )  II < p } .  If (u,v) 

E 002, we have 

Similarly, we have 

fiG l (s ,s) f(s  A ( u , v ) ( t ) ~  ,u(s) ,v(s) )ds 

,~lp IloGl (s ,s )ds 

<~ II (u,v)11 
2 
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Therefore 

B(u,v)(t)  ~ II ( - , ~ )  II 
2 ' 

li Ti~,~ , )II  = II A(u,v)II + II B(u,v)II <~ II ( . , v ) I I .  

Now by [.emma 2.2,  T has least one positive solutions (ul ,vl) in ~2\O], and another 

positive solution (u2,v2) in ~\~2z with O< 11 (ua,vl) [[ < p <  [I (u2,v2) L[ . 

Proof of Theorem 1.2. Since (H4) ,  f 0 = g o = 0 ,  we may choose O<2H~<p so that 

f ( t , u , v )  --~ r + v),  g ( t ,u ,v )  ~ e(u + v) 

for 0 ~ a , v ~ H I ,  where the constant r satisfies 

2Er1G, (s ,s)h (s)ds ~ 1, 2ef~G2 (s ,s)ds ~ 1. 
do ,1o 

Set 

If (u ,v)  E ,~2], we have 

Similarly, 

a~ = {(u,v)  E K: II (u,~,) II < H,}.  

A ( u , v ) ( t ) ~  floGl(S,s)f (s,u(s),v(s))ds 

r oGl(s,s)(u(s) + v(s))ds 

~< ~( II u tl + II v II ) 0G,(s,s)ds 

~< II ( , , ,v)II  
2 

Hence, 

B(u,v)(t) ~ II (u,v) II 
2 

II T(u,v) [I = 1[ A(u,v) II + II B ( u , v )  II ~ II (u ,v )  II 

for (u ,v)  E aO~. 

Let us define two new functions f "  ( I ) =  max f ( t , u , v ) ,  g" (l) = max g( t ,u ,v ) .  

Note that f "  ( l ) ,  g" (l) are nondecreasing in their respective arguments. Moreover, from 

foo=g~ .=0 ,  it follows that 

lim f "  (l_____~) = O, lim g" (l) = O. 

Therefore, there is an H s > m a x { 2 p , - ~ }  such that f "  ( l ) ~ r  g" ( l ) ~ l  for l ~ H 3 ,  

where the constant r  satisfies 
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2e (s,s)h(s)ds <~ 1, 2e Gz(s,s)ds <~ 1. 
o 

Set n3--'-{(u,v)EK: 11 (u,v) 1[ <Ha} .  If (u,v)Eaf23, we have 

I'0G, A( u , v ) ( t ) ~  (s,s)f(s,u(s) ,v(s))ds 

hence  A ( u , v ) ( t ) ~  II ( u , v )  II /2 .  

Similarly, 

<~ IloGl(s,s)f" (Ha)ds 

e (s,s)~,u(s) + v(s))ds 

I'oG~ eHa (s,s)ds 

Ha 
<~-T' 

II (u ,v ) I I  B(u,v)(t)  ~ 2 

Then 

II T(u,v) II 

Since (H5),  we set l'2z={(u,v)EK: II (u ,v )  II < p } .  If ( u , , , ) ~ a a 2 ,  

= II Z(u,~,) II + II B(u,v) II ~ It (u ,~)  II for (u ,v )  E oO,. 

rain (u + v) 
1 3 
- ~ t ~ .  i- 

)ds 

II ( u , v )  II = ap ,  we have 
3 "i" 

II A(u,v) II > / m a x [  Gl(t,s)f(s,u(s),v(s) 
o , ~ t < l d  1- 

4 

3 
u 

>~ ~?,p max[ Gz(t,s)ds 
o~,~ lO ~ 

-- p = II (u,v) II. 

Then 

II T(u,v)  II ~ tl A(u,v)(t)  II > II (u,v) II. 

Similarly, 

for (u,v)EOg'2z, min (u + v ) ) a  II (u,v)II 
1 $ 

[[ T(u,v) 11 >/ [t B(u,v)(t)  11 >~ 11 (u,v)  [[ 

a p .  

Applying Lemma 2.2,  we obtain the multiplicity of positive solution (u,v)  for (1). 
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