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Abstract 

In the present paper we introduce a random iteration scheme f o r  three random operators de f ined  on a 

closed and convex subset o f  a uni formly  convex Banach space and prove its convergence to a common f i x e d  

point o f  three random operators. The result is also an extension o f  a known theorem in the corresponding 

non-random case. 
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1 Introduction 

There  have been efforts to construct  general fixed point iterations for different types 

of nonlinear operators in linear spaces. Ishikawa iteration ~gn is one such general iteration 

which and variations of which have successfully been applied to a number  of cases of non- 

linear operators E13,Ez3,E33 and E10-]. 

Random iteration schemes have been defined and their convergences to random fixed 

points or to solutions of random operator  equations have been considered in l-4-1, E5-1 and 

E6-]. In particular random Ishikawa iteration scheme has been defined in [4-]. 

In this paper we introduce a random iteration scheme involving three random opera- 

tors and consider its convergence to a common random fixed point of the three operators.  

These operators are defined on closed and convex subsets of a uniformly convex separable 
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Banach space. This iteration is based on the same idea as that of Random Ishikawa Itera- 

tion t4J. The corresponding result in the non-random case is a generalization of a theorem in 

[ i 0 ] .  

The following concepts are essential for our discussion in this paper. 

Unless otherwise s tated,  throughout this paper ( • , ,S )  stands for the measurable 

space, B denotes a uniformly convex separable Banach space and C denotes a non-empty,  

closed and convex subset of B. 

Any function f:a"2--*C is said to be measurable if f - l  (C N E ) E - ~  for all Borel subset E 

of B. 

T:OXC--*C is said to be a random operator if T (  �9 ,x )  :O--*C is measurable for all x 

EC.  

A random operator T : I 1 X C - ~ C  is said to be continuous if T ( t ,  �9 ) :C-*C is continu- 

ous for all t f f n .  

Definition 1.1. Random Iteration: 

Let R , S , T :  ~XC--~C where C is a non-empty convex subset of a separable uniformly 

convex Banach space B. Starting with an arbitrary measurable function 

go: O--~C,  (1 .1)  

we define a sequence o[ functions {g.} as in the following: 

g.+l (t)  = a . R ( t , g . ( t )  ) -t- f l . S ( t , g . ( t )  ) -t- 7 . T ( t , h . ( t )  ) ,  (1 .2)  

where 

h . ( t )  : a ' .R ( t , g . ( t ) )  + t~ .S ( t , g . ( t ) )  + Y . T ( t , g . ( t ) ) ,  (1 .3)  

0 < a ~-~ a. ,  f t . ,7.  ~ b < 1 (a and b are given),  (1 .4)  

O ~ a ' . , y . ,  ~'. ~< 1, (1 .5 )  

a. + #. + z. = W. + y.  + y'. = 1 (1 .6)  

and 

0 ~ g. ~ M, < 1 (341 is given). (1 .7)  

The following result was proved in [7]. We state the result in the following lemma. 

Lemma 1ET?. I f  {x. } and {y. } are sequences in the closed unit ball o f  a uniformly con- 

vex Banach space B and i f  z . =  (1--a . )zc .+a,y .  satisfies 

where 

then 

lira II z. II = 1, (1 .8)  

0 < a ~ a . ~ b < l ,  ( I .  9) 
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lim i[ x, -- y. l[ ---0. (1.10) 
n ~ o o  

A quasi non-expansive mapping [1~ is a mapping A :C--*C which has at least one fixed 

point and further 

A p = p i m p l i e s  [ [Ax--  p[[ ~ I i x - -  p[] for a l l x � 9  C. (1.11) 

We denote by F ( A )  the set of all fixed points of a mapping A. The following result is 

quoted as a lemma. 

Lemma 1.217]. I e t  C be a non-empty closed convex subset o f  a uniformly convex Ba- 

nach space and T :C-~C be a quasi-nonexpansive mapping. Then 

F ( T )  = { x : x  E C and T x  = x}  

is non-empty closed and convex on which T is continuous. 

The lemma was actually proved for strictly convex spaces. Uniformly convex spaces 

being strictly convex, the lemma also holds for the former. We have stated it for uniform- 

ly convex Banach spaces. 

For three mappings A1, Az, A3 : C - " C ,  we write F = F (A1) N F (A2) N F (Aa), that is, 

F is precisely the set of all common fixed points of A~,Az and A3. 

Condition- * Three mappings A1, Az,  Aa: C--*C satisfies 'condition- * ' if 

F = F ( A ]  ) N  F ( A z ) ~  F(A~)  is non-empty and there exists a non-decreasing function f :  C0, 

oo)--~[-0,oo) with f ( 0 ) = 0  and f ( r ) > O  for rE  (0,oo) such that 

II (1 -- 2)A~x + AAzx --  A3y [I f ( d ( x , F ) ) ,  (1.12) 

where 

and 

x E C,  y = aAlx  -k flA2x + YAax,  

d ( x , F )  = inf{ ]1 x -- z II :~ �9 E l ,  

O ~ 7 ~ M z ( I ( M 2  is given), 

(1.13) 

(1.14) 

(1.15) 

a + f l + Y = l .  (1.16) 

The following condition was introduced in El0]. 

Condition-At'~ A mapping T : C - " C C  B with F ( T ) ~ : ~  is said to satisfy 'condi- 

tion-A' if there exists f : [0 ,oo ) - - , - [0 ,oo )  with f ( 0 ) = 0  and f ( 0 ) > 0  for all r E  (0,oo) 

such that 

II x - T y  I[ >-~ f ( d ( , F ) )  for all x E C, (1.17) 

where 

y = (1 -- t ) x  q- t T x ,  (1.18) 

and 

0 ~ t ~ M3 ~ 1 (M~ is given). (1.19) 
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It may be noted that  if we put A1 = A 2 = I  (identity mapping) then 'condition- ~ ' re- 

duces to 'eondi t ion-A' .  It may be noted that 'condition-A' in EIO'] is a further generaliza- 

tion of 'condition-I '  in [-11~. 

2 Main  Results  

In this section we prove that under certain conditions the random iteration in defini- 

tion 1.1 converges to a common random fixed point of the three random operators R , S  and 

T. 

Theorem 2. 1. Let R , S , T : f 2 X C - - ~ C  be three continuous random operators def ined on 

a non-empty closed convex subset C o f  a separable uni formly  convex Banach space B such 

that fo l lowing conditions are satisfied 

(a) for  all t e n ,  R ( t ,  ~ ) ,  S ( t ,  �9 ) ,  T ( t ,  �9 ): C--~C are quasi non-expansive. 

(b) f o r  all t E O ,  the set F ( t )  o f  common f i x e d  points f o r  R ( t ,  �9 ) ,  S ( t ,  �9 ) and 

T ( t ,  �9 ) is non-empty. 

(c) for  all tEJ'2, R ( t ,  ~ ) ,  S ( t ,  �9 ) and T ( t ,  �9 ) satisfy 'condition- ~ ' 

Then the random iteration in definition 1.1 converges to a common random f i x e d  point 

o f  R , S  and T.  

proof.  The construction ( 1 . 1 ) - - ( 1 . 6 )  along with the fact that C is nonempty con- 

vex shows that g . ( t )  El2  for all t E O  and n = 0 , 1 , 2 .  

Since B is separable, for any continuous random operator A:g2)<C--~C and any mea- 

surable function f : f2- -~C,  the function h ( t ) = A ( t , f ( t ) )  is a measurable function c~j. Since 

go is measurable and C is convex, it follows that {g.} constructed in the random iteration 

(definition 1.1) is a sequence of measurable functions. 

For fixed t e l 2 ,  let k ( t ) E F ( t ) .  This is possible since by condition (b) of the theo- 

rem, F ( t )  is non-empty. 

For fixed tEg2,  n = 0 , 1 , 2 , ' " .  

I] g .+l ( t )  --  k ( t )  I] 

= ]l a . R ( t , g . ( t ) )  + f l . S ( t , g . ( t ) )  + 7 . T ( t , h . ( t ) )  --  k ( t )  ]l (by (1 .2 ) )  

a. ] 1R( t , g . ( t ) )  - -  k ( t )  1] + ft. l] S ( t , g . ( t ) )  - -  k ( t )  1[ + 7. I[ T ( t , h . ( t ) )  --  k ( t )  I[ 

a. ] lg . ( t )  - - k ( t )  ]l + f l . ] l g - ( t ) - - k ( t )  1] + 

7. II h . ( t )  --  k ( t )  II (by condition (a))  

= a . I ] g . ( t )  - - k ( t )  ]l + / 3 . ] l g . ( t ) - - k ( t )  l[ + 7. I I d .R( t , g . ( t ) )  + 

f f . S ( t , g . ( t ) )  + ~ / . T ( t , g . ( t ) )  --  k ( t )  II (by (1 .3 ) )  
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(a .  + t3.) I1 g . ( t )  - -  k ( t )  II + 7.{a'. II R ( t , g . ( t ) )  - -  k ( t )  t[ + 

ft. [ [ S ( t , g . ( t ) )  - -  k ( t )  I[ + 7 " . l ] T ( t , g . ( t ) )  - -  k ( t )  ][ } 

(a. + f l , , )  Hg,,(t) - -  k ( t )  [I + Y.{a'. + 

fl'. + 7".) II g , , ( t )  - -  k ( t )  tl } (by condition (a ) )  

= I[g.( t)  - -  k ( t )  ]I (by (1 .6 )  

If follows that for t E g ] , n = 0 . 1 , 2 , " "  

d ( g . + ~ ( t ) ,  F ( t ) )  ~ d ( g , , ( t ) , F ( t ) )  

or 

{ H g , , ( t )  - -  k ( t )  i] } and { d ( g . ( t ) , F ( t ) ) }  

are decreasing sequences and hence are convergent. 

I.et for t E I'2, 

Then for all t E g2, 

l i m d ( g , , ( t ) ,  F ( t ) )  = a ( t ) .  

lim ][g.( t)  - -  k ( t )  [I ~ l i m d ( g . ( t ) , F ( t ) )  = a ( t ) .  

We next show that a ( t ) = O  for all t E ~ .  

If it is not t rue ,  let a ( f ) ~ O  for some t ' E ~ .  

Then 

lira Hg . ( t ' )  - -  k ( t ' )  ][ = b ( t ' )  ~ a ( t ' )  > 0 .  

For t E ~ ,  n = l , 2 , - - ' ,  let 

and 

x , , ( t )  - -  
a . R ( t , g . ( t ) )  § f l . S ( t , g . ( t ) )  - -  (1 -- 7 . ) k ( t )  

y . ( t )  = 

Then [or all t E g ] ,  n = l , 2 , - " ,  

(1  - -  Y,,) II g . ( t )  - -  k ( t )  l] 

T ( t , h . ( t )  ) - -  k ( t )  
H g. , ( t )  -- k ( t )  11 " 

][ a . ( R ( t  ,g , , ( t )  ) - -  k ( t )  ) + f l , , (S ,  ( t , g . ( t )  ) - -  k ( t )  ) [1 
II x.,(t) I1 = (1 - y,,) II g . ( t )  - k ( t )  II 

(a.  @ ft .)  I[ g , , ( t )  - -  k ( t )  I[ 
(a.  --}- f t . )  H g , , ( t )  - -  k ( t )  II ~'~ 1 (by condition (a) ) .  

For tEg2,  

II T ( t , h . ( t )  ) - -  k ( t )  ]1 
y , , ( t ) =  II g . ( t )  - k ( t )  I1 

ll h . ( t )  - -  k ( t )  II 
[[ g . ( t )  - -  k ( t )  [I (by condition (a ) )  

II a ' . R ( t , g . ( t )  ) + f l ' . S ( t , g . ( t )  ) + Y . T ( t , g . ( t ) )  -- k ( t )  II 
II g . ( t )  - -  k ( t )  II 

(2 .1)  

(2 .2)  

(2 .3)  

(2.4) 

(2.5) 

(by (1.6)) 

(2.6) 

(by ( 1 . 3 ) )  
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(<  + ft. -b 7',) II g . ( t )  -- k ( t )  [I 
II g , ( t )  -- k ( t )  II 

For t = t '  , 

II (1 - A)x.(t ' )  + Y.y.(t') II 

<.1. 

II a . (R( t '  , g . ( t ' )  ) + f l . (S( t '  , g . ( t ' )  ) + 7 .T( t '  , h . ( t ' ) )  -- k ( t ' )  II 
II g . ( t ' )  -- k ( t ' )  II 

II g .+, ( t ' )  --  k ( t ' )  II b( t ' )  
= II g . ( t ' )  - -  k ( t ' )  II "~ b(t"----) = 1 a s  . - - ~  oo (by ( 2 . 3 ) ) .  

(2. 6) ,(2.  7) and (2.8) imply by virtue of lemma 1.1 that 

But 

1[ x . ( t ' )  - -  y . ( t ' )  II 

lim II x.(t ')  - y, ,(t ')  l[ = 0. 
n o o  

a. f l . )R(t ' ,g . ( t ' ) )  + II (a. + P o ) . S ( t '  , g . ( t ' ) )  -- T ( t , h . ( t ' ) )  ]] (a. + 

(2.7) 

( 2 . 8 )  

(2.9) 

(by (1 .6) )  
- II g .  ( t ' )  - -  k ( t ' )  II 

f ( d ( g , ( t '  ) ,F ( t '  ) ) )  
II g , ( t ' )  --  k ( t ' )  [I (by (1.5) -- (1 .7))  and condition (c) of the theorem) 

f ( b ( t ' ) )  > 0 ( s i n c e f ( r )  > O for r > O). 
b(t' ) 

This contradicts (2.9).  Hence we have proved that for all t E D ,  

l i m d ( g . ( t ) ,  F ( t ) )  = O. (2. 10) 

From (2.1) and (2. 10) it follows that for tEg2, given r  there exists N ( t , r  and 

y ( t , r  E F ( t )  such that 

[I g , ( t )  --  y ( t , r  [I < r [or all n > N ( t , e ) .  (2. 11) 

Let r 21-~ where p is any positive integer. Then for all t E D ,  there exists a positive inte- 

ger N ( t , p )  and y ( t , p ) E F ( t )  such that 

Ep 
l[ g , ( t )  --  y ( t , p )  II ~ -~- for all n > N ( t , p ) .  (2.12) 

The constuction in (2. 12) shows that for all t E D ,  

N ( t , p )  ~ N ( t , p  q- 1). (2. 13) 

Again for all tEg2, and any positive integer p,  and n > N ( t , p - ] - l ) ,  

]] y ( t , p ) - -  y ( t , p  + 1) ]1 

= [[ y ( t , p )  --  g . ( t )  + g . ( t )  -- y ( t , p  + 1) [[ 

] [ y ( t , p ) - - g . ( t )  [[ + [ [ g . ( t ) - - y ( t , p  + 1) [[ 

<.~Znu~_t!+1~1( 1 21_~} 3 1 3e,+, (2.14) 
4 4 2-/ + ~ 4- 2 p+----q = 4 
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S ( y , E )  = {x E B: II x -- y II = ~) 

is the closed sphere of radius E and centre y. Let zE  

S ( y ( t , p + l )  ,~p+~), then 

II y ( t , p )  -- z II ~< II y ( t , p )  -- y ( t , p  + 1) 11 -+- II y ( t , p  ~- 1) -- z II 

3E~T ~ I~p+l 
�9 + T < ep. (by (2.14)) 

Therefore, z E  S ( y ( t ,  p ) ,ep). 

This establishes the fact that 

S ( y ( t , p  + 1),ep+~) ~_~ S ( y ( t , p ) , e p ) .  (2.15) 

1 But e p = ~ " ~ 0  as k---~oo, then by Cantor's intersection theorem for tEg2, 

5 S ( y ( t , p )  ,ep) 

contains exactly one point q( t ) .  Then for t E D ,  

lim y ( t ,  p ) = q( t ) .  (2.16) p~r~ 
Again by lemma 1.2, F ( t )  is closed. It follows by virtue of (2.16) that for all t E D ,  

q( t )  E F ( t ) .  (2.17) 

(2.12) and (2.16) jointly imply that for all tea"2, 

limgn(t) = q( t ) .  (2. 18) 
n~oo 

Again {g,} is a sequence of measurable functions and hence q ( t )  being the limit of a se- 

quence of measurable function is also measurable. This fact along with (2.17) and (2. 18) 

establishes that {g,} actually converges to a common random fixed point of R , S  and T. 

Taking ~ to be a singleton set, we obtain the following corollary. 

Corollary 2. 1. Let R , S , T  :C--~C be three continuous mappings defined on a nonempty 

closed convex subset o f  a uniformly convex Banach space B such that the fol lowing condi- 

tions are satisfied: 

(a) R , S  and T are quasi-non-expansive, 

(b) F ( R ) f'] F ( S ) f-l F ( T ) :/: ;25 , 

(c) R , S , T  satisfy 'condition- ~ ' 

Then the sequence {x, } defined as 

xo E C is arbitrary (2.19) 

x.+~ = a.Rx.  + f l .Sx.  + 7 T y . ,  (2. 20) 

where 

y.  = a:Rx~ q- ff,,Sx~ + ~ T x ~ ,  (2.21) 
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and 

O < a ~ a., fl.,7. ~ b < 1 (a,b are given), 

o 1,  

a. + + r .  = 1 = a'. + y .  + 

(2 .22)  

(2 .23)  

(2 .24)  

0 ~ Y . ~ M 4 < I  (M, i s g i v e n )  (2. 25) 

converges to a common fixed point of R , S  and T.  

Choosing R = S = I  (identity mapping)  we obtain the following result  of [10] .  

Corol lary 2 .2  tl*:. Let C be a nonempty closed and convex subset of  a uniformly convex 

Banach space B and T is a quasi-nonexpansive mapping of  C into itself. I f  T satisfies con- 

dition--A then for arbitrary xo E C the sequence {x. } construct like the following. 

For all n = 0 , 1 , 2 ,  "" 

X.+l ----- (1 - -  a.)x. + a.Ty. ,  (2. 26) 

where 

y.  = (1 - -  fl .)x. + f l .Tx. ,  (2 .27)  

O < a ~ a . ~ b <  1 ( a , b  are g iven) ,  (2 .28)  

0 ~ ft. ~ M5 < 1 (Ms is g iven) ,  (2. 29) 

actually converges to a f ixed point o f  T. 

Remark. It  may he noted that  the Banach spaces in the corollaries need not be sepa- 

rable. 
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