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S H O R T - T E R ~  ANALYSES OF THE V A R I A T I O N  

OF L A T I T U D E  
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In an e a r l i e r  p a p e r  on " T h e  F u t u r e  of the In t e rna t iona l  La t i tude  
S e r v i c e " ,  Young r e p o r t e d  a conc lus ion  that  s h o r t - t e r m  a n a l y s e s  of the  
v a r i a t i o n  of la t i tude  could n e v e r  be expec ted  the p roduce  a c c u r a t e  
r e p r e s e n t a t i o n s  of the va r i a t i on .  Short  t e r m  a n a l y s e s  m a y  be needed  
e i t h e r  fo r  the i n t e rpo l a t i on  of r e s u l t s  fo r  i m m e d i a t e  u s e ,  o r  f o r  the 
i nves t i ga t i on  of  the t h e o r e t i c a l  mot ion .  In th i s  p a p e r  we c o n s i d e r  both 
t h e s e  needs .  

Two and Five Year Analyses. 

In o r d e r  to  examine  the r e s u l t s  of the v a r i a t i o n  of l a t i tude ,  a s s u -  
m~.g  that  two def in i te  p e r i o d i c  o s c i l l a t i o n s  a r e  p r e s e n t ,  we have  f i t ted 
the  f o r m u l a e -  

1 - X +  A cos y t  - B si,, y t  + C c o s  30 ~ t + D si,I 30 ~ t 

m - ~ +  A" sil, y t  + B cos y t  + E cos 30 ~ t + F s i .  30 ~ t 

( m e a s u r i n g  t in months)  to the o b s e r v a t i o n a l  data.  T h e s e  r e p r e s e n t  the  
mot ion  of  the pole  as the sum of the f o r c e d  e l l i p t i c a l  mot ion  of  annual  
p e r i o d  and the f r e e ,  the pole  as the sum of the  f o r c e d  e l l i p t i c a l  mot ion  
of annual  p e r i o d  and the  f r e e ,  c i r c u l a r  (Chandler ian)  mot ion  with p e r i o d  
2~/y .  The  p o s s i b i l i t y  of  s y s t e m a t i c  e r r o r s  in the adopted pos i t ion  of the 
m e a n  pole  i s  a l lowed  fo r  by the inc lus ion  of k and ~t. 

The data used for this investigation are the values of 1 and m 
given at monthly intervals in Walker and Young's Table la - the reasons 
for preferring the monthly to the tenth-yearly values will be found in 
that paper. 

The normal equations for the least squares fit for any particular 
value of y are easily inverted in analytical form and it is found that the 
estimates of k ~ ASCDEF are given by 
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where 

1 

X 
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D 

E 

F 

A 

B 

X - Z 1  

Zm 

Z I cos 30 ~ t 

Z 1 si~ 30 ~ t 

Zm c o s  30~ 

Z m sin 30 ~ t 

Z ( 1  c o s  y t + [] s in  y t 

Z ( - 1  sin y t  + m c o s  "It 

A+a2+b 2 0 2(ac+bd) 2(ae+bf) 

0 A+a2+b 2 2(bc-M) 2(be-af) 

2(ac+bd) 2(bc-M) 2A+4c2+4d 2 4(ce+dO 

2(ae+bf) 2(be-af) 4(ce+df) 2A+4e =+4f 2 

2(ad-bc) 2(bd+ac) 0 4(de-cf) 

2(af-be) 2(bf+ae) 4(cf--.de) 0 

- Na - Nb - 2Nc - 2Ne 

Nb -Na 2Nd 2Nf 

2(ad-bc) 2(af-be) - Na Nb" 

2(bd+ac) 2(bf+ae) - Nb- Na 

0 4(el-de) -2No 2Nd 

4(de-cf) 0 -2Ne 2Nf 

2A-~,c ~+4d 2 4(df+ee) -2Nd-2Nc 

4(df+ce) 2A+4e2,4f2 -2Nf-2Ne 

-2Nd -,2Nf N 2 0 

-2Nc - 2Ne 0 N ~ 

a = Z c o s  y t , 

b = ~. s i n  7 t ,  

a n d  

c = Y. c o s  3 0  ~ t c o s  7 t  , 

d - ~. c o s  3 0  ~ t s i n  y t  , 

e = ~, s in  30 ~  co s  y t  

f l ~ sin 30 ~ t sin y t 

- N 2 _ a 2 _ b 2 _ 2c 2 - 2d 2 - 2e 2 - 2f 2 

F o r  t w o  a n d  f i v e  y e a r  a n a l y s e s ,  N = 24 a n d  60 r e s p e c t i v e l y .  

T h e  b e s t  f i t t e d  f o r m u l a e  f o r  a p a r t i c u l a r  y in  t h e  s e n s e  o f  l e a s t  
s q u a r e s  a r e  t h e r e f o r e  t h o s e  g i v e n  by  t h e  a b o v e  a n a l y s i s .  It s u f f i c e s  t o  
r e p e a t  t h i s  a n a l y s i s  f o r  d i f f e r e n t  v a l u e s  of  y o b t a i n i n g  e a c h  t i m e  t h e  
s u m  of  t h e  s q u a r e s  of  t h e  r e s i d u a l s ,  a n d  c o n t i n u i n g  u n t i l  t h e  l e a s t  o f  
t h e s e  s u m s  i s  found .  T h e r e  a r e  s e v e r a l  s o p h i s t i c a t e d  t e c h n i q u e s  s u c h  
a s  d e s c e n t  m e t h o d s  f o r  r e d u c i n g  t h e  a m o u n t  o f  s e a r c h i n g  n e c e s s a r y .  
H o w e v e r ,  w e  h a v e  found  t h a t  t h e s e  m e t h o d s  t e n d  to  b e  i t e r a t i v e l y  u n s -  
t a b l e  n e a r  t h e  a c t u a l  m i n i m u m  a n d  r a t h e r  e l a b o r a t e  t e s t s  h a v e  t o  be  
i n c o r p o r a t e d  in to  t h e  c o m p u t e r  p r o g r a m s  to  e n s u r e  c o n v e r g e n c e .  On  o u r  
c o m p u t e r  - a D E U C E  - we  found  t h a t  t h e s e  t e s t s  u s e d  up  a l a r g e  f r a c -  
t i o n  o f  t h e  a c t u a l  c o m p u t i n g  t i m e ,  a n d  we  f o u n d  i t  e a s i e r  to  u s e  t h e  
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a p p a r e n t l y  w a s t e f u l  bu t  e a s i l y  c o n t r o l l e d  s e a r c h  t e c h n i q u e  of  t r y i n g  e v e r y  
v a l u e  of  y in  a c o n v e n i e n t  r a n g e .  

F o r  t h e  t w o  y e a r  i n t e r v a l s ,  N = 24 ,  we  c a l c u l a t e d  t h e  i n v e r s e  
m a t r i c e s  f o r  65 e q u a l l y  s p a c e d  p o i n t s  c o v e r i n g  t h e  r a n g e  Y = 23 ~ t o  
y = 27~  ' - c o r r e s p o n d i n g  t o  C h a n d l e r  p e r i o d s  of  a b o u t  1 . 3  a n d  1 . 1  
y e a r s .  T h i s  a l l o w e d  2 ~ / y  to  b e  o b t a i n e d  a t  a n  i n t e r v a l  of  l e s s  t h a n  two  
d a y s  w h i c h  we c o n s i d e r e d  a d e q u a t e .  W e  c a l c u l a t e d  t h e  b e s t  f i t s  f o r  e a c h  
t w o  y e a r  r u n  1899 Dec .  - 1901 J a n : ,  1900 J a n  - 1901 Dec  etc.-~ up  to  
1953 J a n  - 1954 Dec .  g i v i n g  638 a n a l y s e s  i n  a l l .  In  t h e  p r o g r a m  w r i t t e n  
f o r  D E U C E  - w h i c h  i s  a f i x e d - p o i n t  c o m p u t e r -  we  u s e d  a s c a l i n g  f a c -  
t o r  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  n o  c o e f f i c i e n t  w o u l d  e x c e e d  0" .  500 b u t  
i n  p r a c t i c e  s o m e  o f  t h e  f i t t e d  c o e f f i c i e n t s  d i d  s o ,  t h u s  c a u s i n g  " o v e r f l o w "  
to  o c c u r  w h i c h  in  t u r n  l e d  t o  e r r o n e o u s  e s t i m a t e s  of  t h e  v a r i o u s  c o e f -  
f i c i e n t s  b e i n g  g i v e n .  In  v e r y  m a n y  c a s e s  t h e  v a l u e  o f  y g i v i n g  t h e  l e a s t  
m i n i m u m  s u m  of  s q u a r e s  of  r e s i d u a l s  w a s  a t  o n e  of  t h e  e x t r e m e  e n d s  
of  t h e  r a n g e  i n  w h i c h  we  s e a r c h e d  s o  t h a t  we  c o u l d  n o t  b e  c e r t a i n  t h a t  
t h e  m i n i m u m  h a d  i n  f a c t  b e e n  r e a c h e d .  A l t h o u g h  two  s u c h  s u c c e s s i v e  
i n t e r v a l s  h a v e  23 p a i r s  of  o b s e r v a t i o n s  i n  c o m m o n ,  t h e  o b s e r v a t i o n a l  
e r r o r s  a r e  so  l a r g e  t h a t  t h e  t w o  p a i r s  of  o b s e r v a t i o n s  n o t  in  c o m m o n  
c a n  d i f f e r  s o  w i d e l y  t h a t  q u i t e  d i f f e r e n t  e s t i m a t e s  o f  t h e  p a r a m e t e r s  c a n  
b e  o b t a i n e d .  F o r  e x a m p l e ,  t h e  r a d i i  o f  t h e  c i r c u l a r  c o m p o n e n t s  (R) ,  t h e  
m a j o r  a n d  m ~ n o r  a x e s  o f  t h e  e l l i p t i c a l  c o m p o n e n t s  (a ,  b)  a n d  t h e  C h a n d -  
l e r  p e r i o d  ( 2 ~ / y )  f o r  t h e  f o u r  s u c c e s s i v e  i n t e r v a l s  1901 M a r c h  - 1903 
F e b . ,  1901 A p r i l  - 1903 M a r c h ,  1901 M a y  - 1903 A p r i l ,  a n d  1901 J u n e  
- 1903 May (runs 15 to 18) are as follows : 

Run 15 16 17 18 

R 0". 155 0". 201 0". 084 0". 197 
a 0". 087 0". 110 0". 158 0". 076 

b 0". 065 0". 093 0". 058 0". 065 
2~/y (years) 1. 143 1. 099 i. 296 1.099 

T h e s e  r e s u l t s  l e a d  u s  to  c o n c l u d e  t h a t  t w o  y e a r s  i s  t o o  s h o r t  a n  i n t e r -  
v a l  t o  a n a l y s e .  

I f  o v e r f l o w ,  w h i c h  i m p l i e s  c o e f f i c i e n t s  i n  e x c e s s  of  0" .  500 a n d  
l a r g e  s u m s  of  s q u a r e s  of  r e s i d u a l s ,  i s  t a k e n  a s  i n d i c a t i v e  of  v e r y  d i s -  
t u r b e d  m o t i o n ,  i t s  o c c u r r e n c e  i s  s u g g e s t i v e .  I t  f i r s t  o c c u r r e d  a t  r u n  
91 a n d  c o n t i n u e d  t h e r e a f t e r  f o r  s e v e r a l  r u n s .  T h e s e  c o i n c i d e  w i t h  t h e  
c h a n g e  of  t h e  s i t e  of  t h e  o b s e r v a t o r y  a t  T s c h a r d j u i  in  1909 J u l y .  O v e r -  
f l o w  o c c u r r e d  a g a i n  b e t w e e n  r u n s  180 a n d  196 c o i n c i d i n g  w i t h  t h e  a b a n -  
d o n m e n t  of  t h e  I. L.  S. p r o g r a m  a t  G a i t h e r s b u r g  (1914 D e c . )  a n d  C i n c i n -  
n a t i  (1915 D e c . )  a n d  a l s o  f r e q u e n t l y  d u r i n g  t h e  r u n s  c o v e r i n g  t h e  d e c a d e s  
s i n c e  t h e  b e g i n n i n g  of  t h e  s e c o n d  w a r .  

o .  

F o r  t h e  f i v e  y e a r  i n t e r v a l s  (N = 80) we  e x t e n d e d  t h e  c o m p u t e r  
p r o g r a m  t o  c o v e r  v a l u e s  of  y b e t w e e n  23 ~ a n d  29 ~ T h e  r e s u l t s  a r e  v e r y  
m u c h  m o r e  r e g u l a r  t h a n  t h o s e  f o r  t w o  y e a r  i n t e r v a l s ,  a n d  o v e r f l o w  n e v e r  
o c c u r r e d ,  t h e  d i f f e r e n c e s  b e t w e e n  t h e  two  p a i r s  n o t  in  c o m m o n  a p p a r e n t l y  
n o t  b e i n g  s o  i m p o r t a n t  w h e n  t h e r e  a r e  63 p a i r s  i n  c o m m o n  t o  s u c c e s s i v e  
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runs .  The  ful l  r e s u l t s  a r e  v e r y  v o l u m i n o u s ,  but in Tab l e  II we g ive  a 
t yp i ca l  se t  of  twenty  four  c o n s e c u t i v e  a n a l y s e s  fo r  the i n t e r v a l s  1937 
J a n  - 1941 D e c . ,  1937 F e b  - 1942 J a n  etc .  ( runs 445 to 466 inc lus ive ) .  

The  r o o t - m e a n - s q u a r e  dev i a t i ons ,  t aken  as  the s u m  of the s q u a r e s  

of l o b s e r v e d  - 1 c a l cu l a t ed  and m o b s e r v e d  - m c a l c u l a t e d  d iv ided by 120, 

l i e  be tween  0". 019 and 0".  040. T h e s e  a r e  s t i l l  l a r g e  c o m p a r e d  with the  
ampl i t ude  of the  ac tua l  o b s e r v e d  mot ion .  

It i s  we l l  known that  in the  ~n~lys i s  of  o s c i l l a t o r y  t i m e  s e r i e s  by 
F o u r i e r  A n a l y s t s ,  the s e p a r a t i o n  of  c o m p o n e n t s  of  n e a r l y  equa l  p e r i o d s  
is  d i f f icul t ;  the  e f f e c t i v e  n u m b e r  of o b s e r v a t i o n s  i s ,  in fac t ,  v i r t u a l l y  
the  n u m b e r  of beat  Pe r iods  c o v e r e d  by the  i n t e r v a l  ana lysed .  With p e -  
r i o d s  of  12 and 14 mon ths ,  the bea t  p e r i o d  is  7 y e a r s  so that  F o u r i e r  
A n a l y s i s  of i n t e r v a l s  of  5 y e a r s  cannot  be expec t ed  to g ive  good r e s u l t s .  
When the  o b s e r v a t i o n a l  e r r o r s  a r e  as  l a r g e  a s  t hey  a p p e a r  to be in the  
v a r i a t i o n  of l a t i tude ,  the  a n a l y s i s  i s  e v e n  l e s s  l i ke ly  to be va luab le .  If 
they  a r e  r e a l l y  as  l a r g e  as  the  a n a l y s e s  p u r p o r t ,  the  f i t t ed  c u r v e s  a r e  
of dubious u se  f o r  p u r p o s e s  of  i n t e rpo la t ion .  

Theory.  of  S h o r t - T e r m  A n a l y s e s  

It m a y  be tha t ,  de sp i t e  the s t a t i s t i c a l  and p r a c t i c a l  d i f f i cu l t i e s  
i nvo lved ,  a t t e m p t s  m u s t  be m a d e  to  a n a l y s e  the  r e s u l t s  of s h o r t  i n t e r -  
v a l s  of o b s e r v a t i o n s  f o r  t h e o r e t i c a l  r e a s o n s .  

Many w r i t e r s  have  s e e n  the wide ly  v a r y i n g  r e s u l t s  ob ta ined  f r o m  
s h o r t - t e r m  ~na lyses  and conc lu ted  that  t h e r e  i s  a need  fo r  a t h e o r y  to 
exp la in  t hem.  Some ,  fo l lowing J e f f r e y s ,  b e l i e v e  that  the mot ion  is  h igh ly  
and i r r e g u l a r l y  d i s t rubed  and that  though t h e r e  e x i s t s  a f undamen ta l  
p e r i o d  of f r e e  mot ion ,  th i s  is  m a s k e d  by the  d i s t u r b a n c e s .  

Without t h e s e  d i s t u r b a n c e s ,  the  f r e e  m o t i o n  would be unde t ec t ab l e  
b e c a u s e  it  would unde rgo  damping.  To m e m b e r s  of th i s  s choo l  of thought ,  
the a n a l y s i s  of the v a r i a t i o n  of la t i tude  is  i m p o r t a n t  b e c a u s e  of the  need  
to d e t e r m i n e  the d e g r e e  of damping  as  a p r e l u d e  to expla in ing  the  m e -  
c h a n i s m  which m a i n t a i n s  the mot ion .  Th i s  i s  a g e o p h y s i c a l  r a t h e r  than 
an a s t r o n o m i c a l  p r o b l e m .  All  t hose  who have  engaged  upon the p r o b l e m  
f r o m  th i s  point  of v i e w  have  been  a g r e e d  on the n e c e s s i t y  f o r  long s e r i e s  
of o b s e r v a t i o n s ;  m o s t  have  used  the c o r r e l a t i o n  p r o p e r t i e s  of the s e r i e s  
in t h e i r  a t t e m p t s  at  a n a l y s i s .  

O t h e r  w r i t e r s  b e l i e v e  that  the  f r e e  p e r i o d  is  not cons tan t ,  and 
e x a m i n e  r e s u l t s  o v e r  s h o r t  i n t e r v a l s  to t r y  to d e t e r m i n e  the m a n n e r  in 
which the  p e r i o d  v a r i e s .  P r o b a b l y  the  m o s t  t h o r o u g h - g o i n g  a t t e m p t s  of 
th i s  n a t u r e  have  been  made  by Me.lchior  (1954). He took the equa t ions  
of mo t ion  in the f o r m  

d ( x  + i y )  - i y ( x  + i y )  - - i u  ic~t + n ' e  - i ~ ' t )  . . . . . . . . .  ( 1 )  

dt 

with 2 ~ / ~  1 y e a r  ( the  f o r c e d  annual  m o t i o n )  and 2 = - -  = T ( the  f r e e  
7 
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p e r i o d  in  y e a r s ) ;  t r e a t i n g  y ,  - a n d  - "  a s  c o n s t a n t  he  o b t a i n e d  t h e  a x e s  
of  t h e  e l l i p t i c a l  m o t i o n  a s ,  

n n' II n p 
a ffi ~ + I:-+i" b - (2) 

�9 -I ~+ 1 

whence 

a('c 2- I )  - (n + n')~ + C" - .') 

b('c :~- I) = (a - n')'c + (n + n') 
. . . . . . . . . . . . . . . .  [3) 

In T a b l e  IX of  h i s  m o n o g r a p h ,  M e l c h i o r  g a v e  s o m e  f i f t y  es t tm-~, tes  
of  T a n d  a m a d e  b y  v a r i o u s  a u t h o r s ;  o f  t h e s e  h e  c h o s e  s e v e n  a s  f o l l o w s  : 

Interval ~ ( in years ) a 

A 1 9 0 0 . 0  - 1 2 . 9  1. 183  0 " .  089 

B 1900 .0  - 17 .9  1. 183 86 

C 1 9 1 6 . 7  - 2 2 . 6  1.  1 7 0  92 

D 1917 .3  - 2 3 . 2  1. 170 90 

E 1920 .0  - 3 8 . 9  1. 130 103 

F 1 9 2 2 . 0  - 3 8 . 9  1. 132 107 

G 1 9 4 1 . 0  - 4 6 . 9  1 . 2 0 0  82 

to  w h i c h  h e  f i t t e d  n a n d - "  by  l e a s t  s q u a r e s .  T h i s  . p r o c e d u r e  i s  o p e n  to  
t h e  o b j e c t i o n  t h a t  t h e  s e v e n  e s t i m a t e s  a r e  n o t  i n d e p e n d e n t .  E s t i m a t e s  
A a n d  B h a v e  130 p a i r s  o f  o b s e r v a t i o n s  i n  c o m m o n ,  C a n d  D 5 4 ,  
D a n d  E 3 3 ,  E a n d  F 170 s o  t h a t  e r r o r s  in  T a n d  a a r e  s t r o n g l y  
c o r r e l a t e d  a n d  f i t t i n g  b y  l e a s t  s q u a r e s  m u s t  b e  s u s p e c t .  In f a c t ,  i t  w o u l d  
b e  m o r e  r e a l i s t i c  to  d e s c r i b e  M e l c h i o r ' s  r e s u l t  a s  b e i n g  o b t a i n e d  f r o m  
a w e i g h t e d  l e a s t  s q u a r e s  f i t ,  t o  a t  t h e  m o s t  f o u r  o b s e r v a t i o n s .  M e l c h i o r  
a l s o  m a d e  s o m e  40 e s t i m a t e s  of  T ,  a a n d  b f o r  v a r i o u s  o v e r l a p p i n g  
i n t e r v a l s  b y  a g r a p h i c a l  m e t h o d  ( s e e  h i s  T a b l e  IX).  To  t h e s e  e s t i m a t e s  
h e  f i t t e d  

a( '~  ~ - I) ffi 0~.0394 ~ -  0".0117 

. . . . . . . . . . . . . . .  (4) 
b (~2 _ i )  = - 0 " ~ I 1 7  T+ 0".0394 

T h i s  h e  c a l l e d  h i s  " s t a t i s t i c a l  l a w "  - w h e n  T i s  l a r g e r ,  a , b a r e  s m a l -  
l e r  a n d  v i c e - v e r s a .  T h e  s a m e  o b j e c t i o n  to  t h e  s t a t i s t i c a l  m e t h o d  c a n  b e  
r a i s e d  to  t h i s  e x t e n d e d  i n v e s t i g a t i o n .  H i s  i n t e r v a l s  w e r e  of  5, 6 o r  7 
y e a r s  in  d u r a t i o n ;  i f  5 y e a r  i n t e r v a l s  a r e  u s e d  t h r o u g h o u t ,  o n l y  10 c o m -  
p l e t e l y  i n d e p e n d e n t  e s t i m a t e s  of  T ,  a a n d  b a r e  a v a i l a b l e  s i n c e  1900. 

In  T a b l e  III we  s u m m a r i s e  t h e  r e s u l t s  o f  o u r  i n v e s t i g a t i o n  g i v i n g  
t h e  g r e a t e s t  a n d  l e a s t  v a l u e s  of  a a n d  b a s  w e l l  a s  t h e  a v e r a g e  f o r  e a c h  
v a l u e  of  T (we i n c l u d e  on ly  c a s e s  w h e r e  T w a s  o b t a i n e d  3 o r  m o r e  t i m e s ) .  
F o r  c o m p a r i s o n  we g i v e  a and  b c a l c u l a t e d  f r o m  M e l c h i o r ' s  f o r m u l a  (4). 
T h e  r e s u l t s  a f f o r d  p o o r  c o n f i r m a t i o n  of  t h e  l a w .  
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H o w e v e r ,  an  e v e n  s t r o n g e r  o b j e c t i o n  to  M e l c h i o r ' s  t r e a t m e n t  of  
t h e  p r o b l e m  i s  t h a t  t he  r e l a t i o n s  b e t w e e n  a , b an d  �9 depend  on t h e  
s o l u t i o n  of the  e q u a t i o n s  of  m o t i o n  (1) wi th  u  n and  n" c o n s t a n t .  H e n c e ,  
h i s  r e l a t i o n s  (2) a r e  r e l a t i o n s  b e t w e e n  c o n s t a n t s  and  not  b e t w e e n  v a r i a -  
b l e s .  If n and  n" a r e  p e r i o d i c  v a r i a b l e s ,  t h e n  t h e y  i n t r o d u c e  f u r t h e r  
p e r i o d i c i t i e s  in to  t he  f o r c e d  m o t i o n ,  w h i c h  t h e  e s t i m a t e s  m a d e  by  F o u -  
r i e r  A n a l y s i s  f a l l  to  t a k e  in to  a c c o u n t .  M o r e o v e r ,  t h e  m o r e  p e r i o d i c  
c o m p o n e n t s  a r e  p r e s e n t ,  t he  l o n g e r  i s  t h e  i n t e r v a l  r e q u i r e d  to  d e •  
t h e m  by m e t h o d s  of  F o u r i e r  A n a l y s i s .  If  t h e y  a r e  s t o c h a s t i c  v a r i a b l e s  
t h e y  b r i n g  in c o r r e l a t e d  e r r o r s  of  t h e  t ype  w h i c h  J e f f r e y s  an d  h i s  s u c -  
c e s s o r s  h a v e  t r i e d  to  d e a l  wi th  by  c o r r e l o g r a m  m e t h o d s .  If  on t h e  o t h e r  
h a n d  y i s  r e a l l y  a v a r i a b l e ,  t h e n  e q u a t i o n s  (1) m u s t  be  s o l v e d  a c c o r d i n -  
gly. On page  79 of h i s  m o n o g r a p h ,  M e l c h i o r  g i v e s  t h e  f o r m u l a  

w h e r e  t and  x a r e  m e a s u r e d  in y e a r s  a n d  z o = 1870. O. Wi th  t h i s  f o r m u -  

l a  a v a r i a t i o n  of abou t  5 % in  z i s  p o s s i b l e .  S i m i l a r  f o r m s  h a v e  b e e n  
g i v e n  by  o t h e r  e a r l i e r  w r i t e r s .  

in order to see ff such a variation would in fact lead to no detec- 
table departure from the solution (i) with y constant, we have solved the 
equations in the form 

dz 
d--~ " iyz + f(t) 

with 

z = x + iy and f(t) - Ae i~t + Be -i~t 

For the sake of simplifying the work we have had to choose the origin 
of t so t h a t  

Y = Yo + s cos Ot 

bu t  t h e  m e t h o d  of s o l u t i o n  can  be  u s e d  to i n c l u d e  m o r e  h a r m o n i c  c o m -  
p o n e n t s  in  y .  

If  
8 

p - i ( u  ~-Fsl. Ot) , . . . . . . . . . . . . . . .  ( 6 )  

t h e  r e q u i r e d  s o l u t i o n  i s  

z- eP { C +/e-P [(t)dt } ............... (7) 
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To c a r r y  out the In tegra t ions  we have  found J a c o b i ' s  expans ions  

cos ( 7] sin e) = Jo (7)  + 2 

em 

E J2 . (7 )  cos 2nO 

n-]. 

sl. ( ~si. O) = 2 ~__ J2u+x ( 7) sin (2n +1) O 

n-O 

cos (Tcos O) - Jo (7)  + 2 

e. 

E (-)" J2u (~) cos 2n O 

n-I 

sl, (Tsi. O) - 2 E (-)" J2u+l (~) co,(2u+ l)e 

,-0 

useful, particularly as the Bessel Function Ju (~) starts with 7" 

T h e s e  s e r i e s  a r e  un i fo rmly  conve rgen t  f o r  a l l  ~.  

8 

Substii~xtIng t h e m  with 71 = -~ In (6) we obtaIn 

[ Aei(Ct- Y~ t Be - i  (ct+ Y~ t ] _ _ . _ _  

z exp ( -P )  = C + J o ( T I )  i(c~-Yo) i(ct+'~o ; J 

+ 2  ~. J2.(~) 
n-1 

o .  

+ 2 E J2" (~ )  
n=l 

[4 o o .  § I] 2nOt 2u0 s;. 2net  
o;;;_ 
Be-i(a+ ye)t /] L n;O -~-(--~+u 2 I - i (  "+ Yo) c o s 2 n O t + 2 n O s i .  2nOt 

n=O (2 .+1)2  02_((X_7o)2 - ( 2 n + l ) O c o s  (2n+l )Ot  

_2i ~ j2.§ [ Be-i(~+Y~ -i(a+Yo) si" (2n+l)et I] 

n=O ( 2 . + 1 ) ,  O2_(a+To) ,  { - ( 2 n + l ) O  co, ( 2 . + l ) O t } ]  

. . . . . . . . .  ( 8 )  

The free motion is 

Ce P = C ( c o s  yot  + i sin yo t) c o s ( - ~ s i .  Or)+ i sin('Esi. Or) 

which is  s t i l l  c i r c u l a r  with r ad ius  equal  to [C[ . In the long run  it ha s  
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" p e r i o d "  2 ~ / y  o , but the  r ad ius  v e c t o r  o s c i l l a t e s  about  the  pos i t ion  it  
would have  r e a c h e d  had y been  cons tan t  and equa l  to Yo- 

The  c a s e  s = 0 r e d u c e s  to  the u s u a l  solut ion.  H o w e v e r ,  the p r e -  
sent  so lu t ion  shows that  r e s o n a n c e  e f fec t s  m a y  o c c u r  when e i t h e r 2 n 8  
o r  ( 2 n + 1 ) 8  is  equa l  to ~+Yo.  Th i s  in fac t  o c c u r s  with the com ponen t s  
in M e l c h i o r ' s  f o r m u l a  (5), a s  i s  shown by the  fo l lowing va lues .  

e = 2~180 2~150 2~127 2~/20 

cr Yo 
- 11.97 7.48 4.04 2.99 

8 

~+7o . 148.03 92.52 49.95 37.01 
9 

If  M e l c h i o r ' s  f o r m u l a  i s  c o r r e c t ,  s e r i o u s  a m p l i f i c a t i o n  of t e r m s  i n v o l -  
v ing  n = 1 , 2 , 3  would need  to be t aken  into account .  Thus ,  i f  we take  
f o r  i l l u s t r a t i o n  

2~ 
"c . 1 .175 + 0 .008 co= t 

20 

.where �9 i s  m e a s u r e d  in y e a r s ,  we obta in  

y = 
2 ~  2 ~  .008 2 ~  

- -  { 1 -  - -  c o = - - t l  
"~ 1.175 1.175 20 

. . . .  0.I1559 
8 

and 

I o ( r l )  = 0.9967 , J]  ( q )  = -0.0577 , J2 ( r l )  = 0.00167 

J3 ( ~ )  " - 0.0000322 

Sign i f i can t  con t r i bu t i ons  to the  r igh t  hand s ide  of (8) a r e  found to be as  
fo l lows 

From Jo (~) : -1 .05 i A e  i ( a -7~  + 0.09 i B e  - i ( ' + 7 ~  

From J1 (71) : (0.14 s i n  Ot + 0.05 i cos 8 t ) A e  i ( " - Y ~  + (0.01 i s l .  Or)Be  - i (c~+Y~ 

From J2 (~) : ( - 0 . 0 1 i  cos  2 e t ' )Ae  i ( " - T ~  

From I s (71) : ( - 0 . 0 2  s in  3 Ot - 0 .02 i  cos  3 Ot) Ae i ( ~ - Y ~  
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T h u s ,  the con t r ibu t ion  of the t e r m  Ae i ( ~ - % ) t  f r o m  J1 (~) m a y  

be as  much as  13 % of the c o r r e s p o n d i n g  one f rom J0 (~)" C l e a r l y ,  the 
v a r i a t i o n  of y cannot  be t r e a t e d  as  a s m a l l  pe r tu rba t ion .  The fuLl ex-  
pans ion  of the solut ion shows the p r e s e n c e  of s e v e r a l  t e r m s  with v a r i o u s  
pe r iod i c i t i e s  a l l  c lose  to a yea r .  S h o r t - t e r m  F o u r i e r  A n a l y s i s  is  qui te  
inadequate  to s epa ra t e  t he se ,  so even  if  the bas i c  conten t ion  that  the  
f ree  per iod  is  v a r i a b l e  i s  a d m i ~ e d ,  s h o r t - t e r m  a n a l y s e s  a r e  of l i t t l e  
value.  
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T A B L E  I I I  

S U M M A R Y  O F  E S T I M A T E S  O F  F R E E  P E R I O D  AND 

A X E S  O F  E L L I P T I C A L  C O M P O N E N T  O F  MOTION~ 

Period in Number oJ 
y~ars estimate~ 

1. 048 4 
I 

1. o52 I 3 
1 .079  I 3 
1. 083 I 4 

1. 090 

1. 094  7 
i .  098 i 6 

i .  102 7 

I. 107 6 

1. 111 7 

1.119 I 5 
1. 123 I 9 

I 

i .  127 i 5 

1. 132 16 

1. 136 I 17 

1. 140 I 14 

i .  145 19 

r of Major axis, a ( 0~'.001 ) Minor axis, b (0" .001)  
tes Maximum Average Minimum Formula Maximum Average Minimum Formula 

(4) (4) 

6 

176 121 65 

130 I01  70 

103 79 65 

147 99 57 

167 128 63 

156 107 69 

174 130 79 

164 136 49 

175 103 49 

159 96 58 

176 101 14 

177 88 17 

99 54 11 

151 87 28 

178 106 18 

169 98 36 

279 

188 

179 

166 

160 

154 76 

148 

142 

137 

128 

125 

121 

117 

114 

111 

107 

64 51 25 254 

64 46 31 163 

69 71 44 155 

64 30  3 142 

68 27 0 135 

59 4 129 

72 49 13 124 

81 62 43 117 

63 44 8 113 

57 42 22 104 

8 2  31 14 101 

78 40  5 97 

53 17 1 93 

83 15 0 89 

54 21 1 87 

76 33 6 84 

1.149 I 20 

1.153 15 
1.158 30 

1.162 17 

1 . 1 6 7  30 

1 . 1 7 1 1  26 
1 . 1 7 6  20 

1 . 1 8 1  27 

1 . 1 8 5 1  27 

1 . 1 9 0  39 

1 . 1 9 5  44 
1 . 1 9 9  46 

1 . 2 0 4  40 

1 . 2 0 9  22 

1 . 2 1 4  15 

1 . 2 1 9  i 16 

177 117 45 105 

175 82 4 102 
178 73 12 99 

161 100 27 97 

176 98 19 95 

179 79 7 93 

176 112 21 90 

177 109 22 88 

173 99 26 87 

175 99 29 85 

175 80 7 83 
174 94 6 81 

177 111 13 79 

176 87 1.2 78 

154 77 10 76 

179 94 32 74 

69 27 1 81 

52 20 0 79 
55 19 0 76 

54 35 1 74 

70 35 2 71 

53 21 2 69 

74 29 0 87 

85 34 8 65 

72 32 9 63 

70 25 2 61 

69 31 2 59 
75  37 2 58 

75 40 0 56 

70 38 1 55 

73 40 10 53 

60 33 2 52 
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