J. Appl. Math. & Computing Vol. 25(2007), No. 1 - 2, pp. 119 - 136
Website: http://jamc.net

BLOCK ITERATIVE METHODS FOR FUZZY LINEAR
SYSTEMS

KE WANG* AND BING ZHENG

ABSTRACT. Block Jacobi and Gauss-Seidel iterative methods are studied
for solving n x n fuzzy linear systems. A new splitting method is considered
as well. These methods are accompanied with some convergence theorems.
Numerical examples are presented to illustrate the theory.
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1. Introduction

Many engineering problems, such as equilibrium and steady-state problems, a
mechanism using the kinetostatic approach, require the solution of simultaneous
algebraic linear equations. However, many real-world engineering systems are
too complex to be defined in precise terms, therefore, imprecision is often in-
volved in many engineering design process. Fuzzy systems, which can formulate
uncertainty in actual environment, play an essential role in such cases [6,8-10],
and lots of modeling techniques, control problems, and operations-research al-
gorithms have been designed for them since the concept of fuzzy number and
arithmetic operations with these numbers are first introduced and investigated
by Zadeh [14,15].

One of the major applications using fuzzy number arithmetic is treating sys-
tems of simultaneous linear equations whose parameters are all or partially repre-
sented by fuzzy numbers. For example, Rao and Chen [11] consider the following
system of fuzzy linear equations in engineering analysis:

AX =B, (1.1)
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where X = (21,72, -+ ,2,)7T is a fuzzy vector which satisfies equation (1.1), and
A = (aij)nxn (5,7 = 1,2,---,n) and B = (by,ba,--- ,b,)T denote the input
fuzzy coefficient matrix and fuzzy right-hand-side vector, respectively. They
provide a computational method to solve the fuzzy linear system (1.1). This
kind of fuzzy linear system also arises in economics and finance as Leontief’s
input-output model, see [6].

As a special instance of system (1.1), Friedman et al [8] consider an n xn fuzzy
linear system, whose coefficient matrix is crisp and the right-hand side column is
an arbitrary fuzzy number vector. By the embedding approach given in [13], the
authors replace the original n x n fuzzy linear system by a 2n x 2n crisp function
linear system, i.e., solving the n x n fuzzy linear system is equal to solving a
2n x 2n crisp function linear system. In general, the 2n x 2n crisp function
linear system is large and sparse, see [8]. As is well-known, iterative methods
play important roles in solving such crisp function linear systems. Therefore,
iterative methods for solving such fuzzy linear systems have been investigated
by many authors [1-3,5,7,12], which include classic point iterative methods (such
as Jacobi, Richardson, Gauss-Seidel, SOR, SSOR, ESOR, MSOR, AOR etc.),
conjugate gradient method, steepest descent method and LU decomposition and
Adomian decomposition methods.

In this paper, we consider block iterative methods for n x n fuzzy linear
systems presented in [8], which are efficient and practical because these methods
only require the nonsingularity of the coefficient matrix of a fuzzy linear system
while point iterative methods mentioned above require the diagonal entries of the
coefficient matrix are nonzero. We mainly provide block Jacobi, Gauss-Seidel
methods and a new splitting method. By the new method, the augmented system
for the original fuzzy linear system falls into two independent subsystems, thus
the new method is suitable for solving large-scale fuzzy linear systems in parallel
computing environment.

In Section 2 we recall preliminaries for n X n fuzzy linear systems. The block
iterative methods are discussed in Section 3. Numerical examples are given to
illustrate our theory in Section 4 and conclusion in Section 5.

2. Preliminaries

Following [13], an arbitrary fuzzy number is represented, in parametric form,
by an ordered pair of functions (u(r),u(r)), 0 < r < 1, which satisfy the following
requirements:

1. u(r) is a bounded left continuous nondecreasing function over [0, 1];
2. u(r) is a bounded left continuous nonincreasing function over [0, 1];
3. ulr) <u(r),0<r<1.

A crisp number « can be simply expressed as u(r) =u(r) = o, 0 <r < 1.
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The addition and scalar multiplication of fuzzy numbers previously defined
can be described as follows, for arbitrary u = (u(r),@(r)), v = (v(r),v(r)) and
real number A,

(a) utov= (_( +u(r),a(r) +o(r));

u(r), Xu(r
(b) Au = { X, Au

/\/\

Definition 2.1 [8]. The n x n linear system
a11%1 + a12%2 + -+ A1 Tn = Y1,

2121 + a22x2 + + -+ + A2nTp = Y2,
(2.1)

Ap121 + Q222 + - + Apn&Tn = Yn,

where the coefficient matrix A = (ai;), 1 <4, j < n is a crisp matrix and y;,
1 < ¢ < n are fuzzy numbers, is called a fuzzy linear system (FLS).

Definition 2.2 [8]. A fuzzy number vector X = (x1, 72, - ,2,)" given by
zi = (2;(r),Ti(r), 1<i<n, 0<r <1,
is called a solution of the fuzzy linear system (2.1) if
n n
D QT = Y, Ay =y,
j=1 =1
E— i=1,2,-- ,n. (2.2)
n n - _
> i = ) Gy = ;-
j=1 j=1

Following Friedman et al [8], the system (2.1) can be extended to a 2n x 2n
crisp linear system

SX=Y (2.3)
where
n n
g n S1=20 S >0
o n 5220 5120
and i
X Y
| F]r-l 5]
where
Zy 71 _Ql %
z — T Y _ Y
X: ? aX: 7Z: - ,Y: ’
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The entries si; of S are determined as follows

Qg5 =20 = Sij = Qj, Sitn, j+n = Qij, <ii<

7 - 1<4,5 <n,
aij <0 = 8 j4n = —Qij, Sitn, j = —0ij,
and any si; which is not determined by the above items is zero, 1 < k, | < 2n.

The following theorem implies when FLS (2.1) has a unique solution.

Theorem 2.1 [8]. The matriz S is nonsingular if and only if the matrices
A=5,—5 and S1 4+ S are both nonsingular.

Under the conditions of Theorem 2.1, the solution vector of (2.1)
X=8"1Y (2.4)
is thus unique but may still not be an appropriate fuzzy vector. By Theorem 2
of [8], we know that S~! has the same structure as S, i.e.
T T
-1 _ 1 12
51 = { oL ] |
The following result provides a sufficient condition for the unique solution to
be a fuzzy vector.

Theorem 2.2 [4]. The unique solution X of (2.4) is a fuzzy vector for arbitrary
fuzzy vector Y if S~ is nonnegative.

Restricting the discussion to triangular fuzzy numbers, i.e. gi(r),yi(r) and
consequently z;(r),Z;(r) are all linear functions of r, and having calculated X
which solves (2.3), we can define the fuzzy solution to the original system given
by (2.1) as follows.

Definition 2.3. Let X = {(z;(r), —Ti(r)), 1 < z n} denote the unique solu-
tion of (2.3). The fuzzy vector U = {(u;(r),@;(r)), 1 < i < n} defined by

3

u;(r) = min {z;(r), 7;(r), 2;(1), Zo(1)} ,
i(r) = max {z;(r), Zi(r), z;(1), 7:(1)}
is called the fuzzy solution of SX =Y. If (z;(r),%;(r)), 1 < i < n are all fuzzy
numbers, then w,;(r) = z,(r), w;(r) = Z;(r), 1 <i < nand U is called a strong
fuzzy solution. Otherwise, U is called a weak fuzzy solution.

3. Block Iterative Methods for FLS

For nonsingular system (2.3), where S is nonsingular, that is A = S; — S
and S7 + S are nonsingular, we can use the following splitting,

S=D-L-U,
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where
S-S 0
b= { 0 51—52}’
T 0 0], [-% -S
N N R
or
S1+ 59 0
b [ 0 S1+Sz}’
0 0 Sz =5
ve s o]0 )
or
S-S 0
b= { 0 SﬁSJ’
T 0 0], [-S -5
N N R
or
. S1+ 59 0
b [ 0 51—52}’
0 0 | S =5
vo s o]l
or
[ &-8 0
b= [ 0 5152}’
0 0 | =S =S
v S
or
S1 4+ S; 0
b= [ 0 51+52]’
[0 o S, —5
R
or
S -8 0
b= { 0 5152]’
. _

123

(3.1)

(3.4)

(3.5)
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or
. S1+ 5 0
b= { 0 Si+5 ] !
_ Se 0 0 =5
- [ 5 0]e=]0 2] 09
If S; is nonsingular, we may use splitting
S = Sl 0 o 0 0 o 0 752
B 0 S5 —S2 0 0 0
= D-L-U. (3.9)

3.1. Block Jacobi Methods
From splittings (3.1)-(3.9), we can get several different block Jacobi iterative
schemes as below.
(1) For splittings (3.1), (3.5) and (3.7), we have scheme
X1 =H; X, +D7YY, k=0,1,---, (3.10)

X,

Wheresz[ < }and
— Ak

H; = D YL+U)
_ [ (81 =82)7 Sy —(S1—82) 7Sy
—(Sl — 52)7152 —(51 — 52)7152 ’

(2) For splittings (3.2), (3.6) and (3.8), we have scheme
X1 =H; X, +D7YY, k=0,1,---, (3.11)

Xy,
X,

H; = D YL+U)

_ (S14+82)71S2  —(S1 + S2)71S,
—(S1+ S52)71Sy  (S1+ S2)71S,

(3) For splitting (3.3), the scheme is
X1 =H; X, +D7YY, k=0,1,---, (3.12)

where X = [ } and

Xy
,yk
H; = D YL+U)

_ { —(S1 = 52)7"Sy  —(S1 = S2)7 'S,

where X = [ } and

—(S1+ S52)71Sy  (S1+ S2)71S,
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(4) For splitting (3.4), the scheme is

Xy =H; X, +D7YY, k=0,1,---, (3.13)
Xy
~X,
H; = D YL+U)

_ (S14+82)71S2  —(S1 + S2)71S,
—(S1 — 52)_152 —(S1 — 52)_15'2 ’

(5) For splitting (3.9), the scheme is

where X = [ } and

Xy =H; X, +D7YY, k=0,1,---, (3.14)
where X, = { XY’C } and
ANk
Hy = D YL+U)
B 0 —S7 1S,
I T T 0

For the above iterative schemes, we have the following convergence results.

Theorem 3.1. The block Jacobi iteration (3.10) is convergent if and only if
p((S1 —82)715) < 3.

Proof. Let A € A\(H). Then

1 1
At L) e <[ Yt ats™ e Ta ks, D
= X" det(A +2(S) — 85)71S).
Thus,
p(Hy) = p(=2(S1 — S2) " S2) = 2p((S1 — S2)~"S2),
which implies p(H;) < 1 if and only if p((S1 — S2) 71 S2) < 3. 0

Similarly, we can obtain the next theorem.

Theorem 3.2. Iteration (3.11) converges if and only if p((Sy + S2)71S2) < 1.

Similar to Theorem 3.1 and 3.2, we have

Theorem 3.3. If S; is nonsingular, then the iteration (3.14) is convergent if
and only if p(Sy'S2) < 1.

Remark 3.1. For schemes (3.12) and (3.13), as we know, the corresponding
iterations are convergent if and only if p(Hy) < 1.
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3.2. Block Gauss-Seidel methods

Applying the classic Gauss-Seidel method to splittings (3.1)-(3.4), respec-
tively, we obtain four block Gauss-Seidel iterative schemes.

(1) For splitting (3.1), the scheme is

Xpp1=HesXpg +(D—-L)7'Y, k=0,1,---, (3.15)
where X, = { _kak } and
Hgs = (D-L)"'U
_ [ —(S1 — 522_152 —7(51 - 52)_15'2 - .
[(S1 = S2)71S2]?  [(S1— S2)7 18] = (81— S2) 7152
(2) For splitting (3.2), the scheme is
Xpp1=HosXp +(D—-L)7'Y, k=0,1,---, (3.16)
where X, = { _kak } and
Hgs = (D-L)'U
_ { (S1+ 82)1152 —7(51 + 99)71S, B .
—[(S1 + S2)71S2)*  [(S1+ S2)71Sa)? + (S1 + S2) 1S,
(3) For splitting (3.3), the scheme is
Xpp1=HesXp + (D L)Y, k=0,1,---, (3.17)
where X, = { _kak and
Hgs = (D—-L)'U
[ —(S1 — 52)_152 —(S1 — 52)_152
B (S1 + S2) 715, (S1 + S2) 715,
(81— S2)71 Sy [I+(S1 — S2) 1Sy

(4) For splitting (3.4), the scheme is

Xpp1=HesXpg +(D—-L)7'Y, k=0,1,---, (3.18)
where X, = { %k } and
Hgs = (D-L)'U
(S1 4 S9)71S, —(81 4 S2)71S,
—(S; — S9)~ 1S, —(8; — S5)~ 1S,

(51 + S2) 719, [T = (51 + S2)~18s]
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If S; is nonsingular, from splittings (3.5)-(3.9), we have the following five

Gauss-Seidel iterations.

(5) For splitting (3.5), the scheme is
Xit1 :HGSXkJr(D—L)*lY, k=0,1,---, (3.19)
X
where X = [ jykk } and
Hgs = (D—-L)'U
—(S1 — S2)7 1S, —(S1 — S2)71S,
ST1Sy(S1 — S2)7 18y |

- [ S7195(81 — S5) 1S,

(6) For splitting (3.6), the scheme is

Xpp1 = HesXp +(D—L)7'Y, k=0,1,---, (3.20)
X
where X = [ jykk } and
Hgs = (D—-L)'U
_ (S1 +SQ)7152 *(51 +SQ)7152
—5;152(51 + SQ)_ISQ SIISQ(Sl + SQ)_ISQ ’
(7) For splitting (3.7), the scheme is
Xpp1=HosXp +(D—-L)7'Y, k=0,1,---, (3.21)
X
where X = [ jykk } and
Hgs = (D-L)'U
_ { 0 —S7'Sy ]
0 —S7'8, |
(8) For splitting (3.8), the scheme is
X1 =HesXp +(D—-L)7'Y, k=0,1,---, (3.22)
X
where X, = { —_Ykk } and
Hgs = (D-L)"'U
[0 —s7ts,
I R
(9) For splitting (3.9), the scheme is
(3.23)

Xpp1=HesXp+(D—-L)7'Y, k=0,1,---,
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Xy,

Wheresz[ X }and
— Xk

Hgs = (D-L)'U
[0 =578,
Lo (sTise)? )T

Remark 3.2. For schemes (3.15)-(3.18), as we know, the corresponding itera-
tions are convergent if and only if p(Hgs) < 1.

For schemes (3.19)-(3.23), the following result is obtained.

Theorem 3.4. If S is nonsingular, then the block Gauss-Seidel iterations
(3.19)-(3.23) are convergent if and only if p(S;*Ss) < 1.

Proof. For (3.19), let A € A(Hggs), then

M+ (S1— S2) 'S, (S1 — S2)7 'S,
—S87'82(S1 — S2) 'Sy AL — 57 1S2(S1— S2) 7' S

= M'-det(A\ 4 S7'S2).

Thus, p(Hgs) = p(S7'S2), ie., p(Hgs) < 1 if and only if p(S7'S2) < 1
The same applies to (3.20)-(3.23). O

det(\] — Hgs) = det({

3.3. A new splitting method

If S; is nonsingular and p(S7'Ss) < 1, we consider the following splitting:

S=M-—N, (3.24)
where
v o= | Sl=(s T189)? 7t o[l — (S71S9)?)
SolI — (57152)4 71 Si[I — 152 2
N - { L= (57 52)2]_1(5f152) Soll = (S7152)°] 71 (S715,)° ]
SolI — (57152)%71(S1192)?  Sill — (57! S )2] HST1S2)? |
It can be verified that M is invertible and
1 St —S5718,87!
M= { —S718y87 St '

As is well known, system (2.3) with splitting (3.24) is equal to
X =M 'NX 4+ MY,
which induces iterative scheme

Xpp1 = MINX, + MY,
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that is,
X1 = (S7182)2X,, + S7 1887 'Y + 57y,
S -1 2% -1 -1 —157 (3-25)
X1 = (5] 52)° X + 5] 525 Y +57Y,
Viz.
Xpp1=HXp +BY, k=0,1,---, (3.26)
X
where X = { —_Ykk }
i | (S718:)? 0
H=ar= | ST e ]
and . ) X
_ a1 _ ST —5775257
p=M= [ —S7 1887 St '

For the new iterative method, we have the convergence result:

Theorem 3.5. If Sy is nonsingular, then the block iteration (3.25) or (3.26)
is convergent if and only if p(S7'Ss) < 1.

Proof. Let A € A(H). Then

B B A — (87 1852)? 0
det(\l — H) = det ({ 0 A — (S7S5)?
= det(A — (S7152)?%) - det(A] — (S *S2)?),
ie., p(H) = (p(S;192))2. Thus, p(H) < 1 if and only if p(S;'S2) < 1. O

Remark 3.3. Note that (3.25) implies that we can compute X and X indepen-
dently, thus, the new method is suitable for computing in parallel environment.

4. Numerical examples

In this section, we will give some numerical examples to illustrate the methods
presented in this paper. For this purpose, we define a stopping criterion with
tolerance € > 0 as follows

[ Xkt — Xkl <e.

As we know, any other type of fuzzy number can be approximated by triangular
fuzzy number. Hence the triangular fuzzy numbers are used in all of the following
numerical examples. For a triangular fuzzy number z = (a+br, c+dr), we define
its norm as

]| = max {[al, [0, |c], |d]},
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which is equivalent to Hausdorff distance of fuzzy numbers. Thus the norm of

Ly
: T1q + T1p7
v [ X ] _ z, _ T2q + T2pT
-X —T1 ’
Ton,a T TonbT
L 75" -

where x;, and x;, are crisp numbers, i = 1,---,2n, 0 < r < 1, can be defined as
[ X = max {|zia], 2|} - (%)

We use the following examples to illustrate our theory. All runs are performed
in MATLAB.

Example 4.1. Consider the 25 x 25 fuzzy linear system

1 + 2z — x3 = (r,2-—r),
X2 + 223 — my = (r,2-r),
Tog + 2wes — x1 = (r,2-—71),
o5 + 21 — xy = (r,2-r).

The extended 50 x 50 matrix is

[ S S

S I
rtr 20 - 0 0 0]0 O 1 -+ -+ 0 07
012 - 0 0 Ol0OOO0O ~~ -+ 0 0
0 0 1 0 0 0/0 0 O 0 0
0 0 0 1 2 0]/0 0 0 0 1
0 0 0 0 1 2|1 0 0 0 0
12 0 0 0 0 1/0 1 0 v 0 0
— o0 1 0 0|1 2 0 0 0 0|’
0 0 0 0 0|0 1 2 0 0 0
0 0 0 0 0|0 0 1 0 0 0
0 0 0 0 1|0 0 0 1 2 0
1 0 0 0 0|0 0 O 0o 1 2
L0 1 0 0 0]/2 0 0 0 1 ]
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which is nonsingular. S; is also nonsingular, therefore, the exact solution is
x1 =+ =ux95 = (1/4+71/4,3/4—r/4),

which is a strong fuzzy solution.
Applying the iterative schemes provided in Section 3 and the point iterative

methods in [4] on this system with Xy = 0, we have the numerical results in
Table 1.

Example 4.2. Consider the 3 x 3 fuzzy linear system

3y —ax3=(1+7r3-—r),
x1+ 2o+ x5 =(r,2—1),
—T9 + 213 = (—3,—2—7‘).

The extended 6 x 6 matrix is

3 0 0/0 0 1
1 1 1]0 0 O
S S| [0 0 2|0 10 o _
S = [ Sy S ] =19 0 113 0 0l which is nonsingular,
0 001 1 1
01 0|0 0 2
30
where Sy = | 1 1 1 | is nonsingular as well, and the exact solution is
0 0 2

which is a weak fuzzy solution. In fact x3 is not a fuzzy number. Therefore the
fuzzy solution is

uy = (uq(r),u1(r)) = (0.075 4 0.325r,0.825 — 0.4257),
s = (uy(r), T2 (r)) = (0.45 + 0.95r, 1.95 — 0.55r),
us = (us(r),us(r)) = (—0.8,—0.525 — 0.2757).

With Xy = 0, we have the iteration results in Table 2.

Example 4.3. Consider the 3 x 3 fuzzy system

2x1 + 3x2 — w3 = (=1 +4r,6 — 3r),
3x1 — 29+ 2w5 = (44 2r,12 — 67),
21 + 229 + 3z = (44 51,13 — 4r).
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The extended 6 x 6 matrix is

, which is invertible,

_ |5 S| _
=15 8-

O OO Wi
O~ O O W
O O =W N O
— W NnoO OO
N O WO~ O
W OO O

2
where 51 = | 3
1

Ty = (il(r)ajl(r)) = (152 - T)v
T2 = (QQ(T)aEQ(T)) = (Tv 1)’
7 = (ay(r) To(r)) = (1 + 7,3~ r).

which is a strong fuzzy solution.
With Xy = 0, we have the iteration results in Table 3.

The following three tables show the numerical results of Examples 4.1-4.3,
respectively, with the vector norm (x).

Table 1.

scheme p iterations approximate solution (e = 10’4)
Jacobi method
(3.10) 1.0000 AN AN
(3.11) 126.8183 AN N
(3.12) 63.8941 AN AN
(3.13) 63.8941 AN AN
(3.14) 0.9846 10 Ty = =Tos =

(0. 2500 + 0.25007, 0.7500 — 0.25007)
point method 3.0000 AN N
Gauss-Seidel
(3.15) 0.9897 15 Ty = =Tas =

(0.2500 + 0.2500r, 0.7500 — 0.25007)
(3.16) 3.8939 x 10 N AN
(3.17) 32.4216 AN AN
(3.18) 32.4216 AN AN
(3.19) 0.9846 10 Ty = =Tos =

(0. 2500 + 0.25007, 0.7500 — 0.25007)
(3.20) 0.9846 9 T] = =Tos =

(0.2500 + 0.25007, 0.7500 — 0.25007)
(3.21) 0.9846 10 Ty = - =Tos =

(0. 2500 + 0.25007, 0.7500 — 0.25007)
(3.22) 0.9846 9 T] = =Tos =

(0.2500 + 0.2500r, 0.7500 — 0.25007)
(3.23) 0.9694 6 Ty == Tos =

(0.2500 + 0.2500r7, 0.7500 — 0.25007)
point method 4.2368 AN N
new method 0.9694 6 T, = -+ = Ty =
(3.26) (0.2500 + 0.2500r, 0.7500 — 0.25007)

p is the spectral radius of the iteration matrix.
\\ indicates the method is not convergent.
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Table 2.

scheme P iterations approximate solution
Jacobi method
(3.10) 0.6325 15 z1 = (0.0753 4 0.3247r,0.8247 — 0.4247r)
e=10"2 xg = (0.4491 + 0.95097, 1.9509 — 0.55097)

z3 = (—0.5244 — 0.2756r, —0.7756 — 0.0244r)
(3.11) 1.0000 AN AN
(3.12) 0.6588 26 z1 = (0.0750 + 0.32507, 0.8250 — 0.42507)
e=10"1 xg = (0.4500 + 0.95007, 1.9500 — 0.55007")

x3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)
(3.13) 0.6588 25 z1 = (0.0750 + 0.32507, 0.8250 — 0.42507)
e=10"*% za = (0.4500 + 0.95007, 1.9500 — 0.55007)

x3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)
(3.14) 0.4082 13 x1 = (0.0750 + 0.32507, 0.8250 — 0.42507")
e=10"*% za = (0.4500 + 0.95007, 1.9500 — 0.55007)

z3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)
point method 0.8362 39 z1 = (0.0749 + 0.32517r,0.8251 — 0.4251r)
e=10"3 xg = (0.4496 + 0.9504r,1.9504 — 0.5504r)

z3 = (—0.5252 — 0.2748r, —0.7748 — 0.02527)

Gauss-Seidel

(3.15) 0.5362 13 z1 = (0.0748 + 0.3251r, 0.8253 — 0.4251r)
e=10"3 z2 = (0.4496 + 0.9502r, 1.9502 — 0.5501r)

z3 = (—0.5244 — 0.2753r, —0.7755 — 0.0247r)
(3.16) 0.7813 43 z1 = (0.0750 + 0.3250r, 0.8250 — 0.42507)
e=10""* z2 = (0.4500 + 0.9500r, 1.9500 — 0.5500r)

z3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)
(3.17) 0.4441 11 x1 = (0.0749 + 0.3250r, 0.8249 — 0.42497)
e=10"3 x5 = (0.4501 + 0.9500r, 1.9502 — 0.55017)

z3 = (—0.5250 — 0.2750r, —0.7751 — 0.02507)
(3.18) 0.4441 14 z1 = (0.0750 + 0.3250r, 0.8250 — 0.4250r)
e=10""% x2 = (0.4500 + 0.9500r, 1.9500 — 0.5500r)

z3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)
(3.19) 0.4082 9 z1 = (0.0753 + 0.3247r, 0.8248 — 0.4248r)
e=10"3 z2 = (0.4502 + 0.9498r, 1.9501 — 0.5501r)

8
°
([

(—0.5255 — 0.2745r, —0.7749 — 0.0251r)

(3.20) 0.4082 11 z1 = (0.0749 + 0.3250r, 0.8251 — 0.42507)

e=10"3 z2 = (0.4499 + 0.9500r, 1.9500 — 0.5500r)
z3 = (—0.5248 — 0.2750r, —0.7751 — 0.02507)

(3.21) 0.4082 12 z1 = (0.0750 + 0.3250r, 0.8250 — 0.42507)

e=10""% x2 = (0.4500 + 0.9500r, 1.9500 — 0.5500r)
z3 = (—0.5249 — 0.2750r, —0.7751 — 0.02507)

(3.22) 0.4082 10 z1 = (0.0748 + 0.3251r, 0.8248 — 0.4249r)

e=10"3 x2 = (0.4502 + 0.9500r, 1.9502 — 0.5500r)
x3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)

(3.23) 0.1667 6 z1 = (0.0750 + 0.3250r, 0.8250 — 0.4250r)

e=10"3 z2 = (0.4499 + 0.9500r, 1.9500 — 0.5500r)
z3 = (—0.5249 — 0.2750r, —0.7751 — 0.0250r)

point method  0.6907 29 z1 = (0.0750 + 0.3250r, 0.8250 — 0.42507)

e=10""* z2 = (0.4500 + 0.9500r, 1.9500 — 0.5500r)
z3 = (—0.5250 — 0.2750r, —0.7750 — 0.02507)

new method 0.1667 6 Z1 = (0.0750 + 0.3250r, 0.8250 — 0.42507)

(3.26) z2 = (0.4500 + 0.9500r, 1.9500 — 0.5500r)
e=10"3 x3 = (—0.5250 — 0.2750r, —0.7751 — 0.02507)

p is the spectral radius of the iteration matrix.
\\ indicates the method is not convergent.
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Table 3.

scheme P iterations approximate solution (e = 10’4)

Jacobi method

(3.10) 0.4593 13 z1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.11) 0.8495 67 x1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 — 0.00007)
z3 = (1.0000 + 1.00007, 3.0000 + 1.00007)

(3.12) 0.5499 20 x1 = (1.0000 + 0.00007, 2.0000 — 1.00007)
x2 = (0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.13) 0.5499 19 z1 = (1.0000 + 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 — 0.00007)
3;3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.14) 0.2981 10 = (1.0000 — 0.00007, 2.0000 — 1.00007)

= (0.0000 + 1.00007, 1.0000 — 0.00007)

xg = (1.0000 + 1.00007, 3.0000 — 1.00007)

point method can’t be used directly

Gauss-Seidel

(3.15) 0.3692 11 = (1.0000 — 0.00007, 2.0000 — 1.00007)

= (—0.0000 + 1.00007, 1.0000 — 0.00007)

3;3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.16) 0.4248 14 z1 = (1.0000 + 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 + 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.17) 0.3649 12 x1 = (1.0000 + 0.00007, 2.0000 — 1.00007)
x2 = (0.0000 + 1.00007, 1.0000 — 0.00007)
z3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.18) 0.3649 12 z1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
x2 = (0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.19) 0.2981 9 x1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 — 0.00007)
z3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.20) 0.2981 11 x1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
xg = (—0.0000 + 1.00007, 1.0000 — 0.00007)
z3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.21) 0.2981 10 z1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
zo = (—0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.22) 0.2981 10 x1 = (1.0000 + 0.00007, 2.0000 — 1.00007)
z2 = (0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

(3.23) 0.0889 6 x1 = (1.0000 — 0.00007, 2.0000 — 1.00007)
xg = (—0.0000 + 1.00007, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

point method can’t be used directly

new method 0.0889 6 x1 = (1.0000 — 0.00007, 2.0000 — 1.00007)

(3.26)

= (0.0000 + 1.0000r, 1.0000 — 0.00007)
x3 = (1.0000 + 1.00007, 3.0000 — 1.00007)

p is the spectral radius of the iteration matrix.

5. Conclusion

In this paper we present some block iterative methods for solving n x n fuzzy
linear systems and obtain the necessary and sufficient conditions for the conver-
gence of some iterative schemes. For an n xn fuzzy linear system, if the extended
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matrix S by Friedman et al [8] is nonsingular, under the convergence conditions,

-X
the unique solution of SX =Y. The methods are suitable for large systems,
even the number of variables is quite high, and, theoretically, the number can
be arbitrarily large. As mentioned in Section 2, a crisp number « can be simply
expressed as u(r) =u(r) = «, 0 < r < 1, therefore, if there are no fuzzy sets but
single numeric values, numeric values of solution will be provided. The numer-
ical examples show that these methods are efficient and applicable for solving
such fuzzy linear systems.

X
then for any initial vector Xy, the iterations will converge to X = ],
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