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OSCILLATION OF SUBLINEAR DIFFERENCE EQUATIONS
WITH POSITIVE NEUTRAL TERM
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ABSTRACT. In this paper, we consider the oscillation of first order sublinear
difference equation with positive neutral term

A(z(n) +p(n)z(r(n))) + f(n,2(91(n)), -+, 2(gm(n))) = 0.

We obtain necessary and sufficient conditions for the solutions of this equa-
tion to be oscillatory.
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1. Introduction

Recently, there has been an increasing interest in the study of the oscillatory
behaviors to the solutions of nonlinear and linear difference equations. The ref-
erence [1-6] concern with the oscillation of nonlinear difference equations, while
[7] concern with that of linear difference equations. The reference [8-10] stud-
ied respectively the oscillation of sublinear, superlinear and half-linear difference
equations. In this paper, our objective is to give necessary and sufficient condi-
tions for the oscillation of the following sublinear equation (1.1).

We mainly concern with oscillation of solutions for the following first order
sublinear difference equation with positive neutral term

Az(n) +pn)z(T(n))) + f(n, x(g1(n), -, 2(gm(n))) = 0 (1.1)

where A is the forward difference operator: Axz(n) = z(n + 1) — z(n); p(n)

is a sequence of real numbers, 1 < p; < p(n) < po, p1 and py are constants;

7(n) is a sequence of strictly increasing integers with 7(n) < n, lim 7(n) = oo;
n—oo

gi(n) is sequence of positive integers with lim g;(n) = oco; f(n,z1, -, Tm) is
n—oo
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continuous in each z;; g(n) = 1<l_z?$n{gi(n)} < 7(n).

A solution x(n) of (1.1) is called oscillatory if it is neither eventually positive
nor eventually negative, otherwise, it is nonoscillatory. The equation is called
oscillatory if and only if all its solutions are oscillatory.

f(n,y1,- -+ ,ym) is said to be strongly sublinear if there exists constants § €
(0,1), B is a quotient of odd positive integers and d > 0 such that

|y|7ﬁ|f(nay7 T ay)|

is nonincreasing in |y| for 0 < |y| < d.

2. Related lemmas
To obtain our main results, we need the following lemmas.

Lemma 2.1. Assume

z(n) = z(n) + p(n)x(7(n)) (2.1)

where T(n) is strictly increasing with T(n) < n, Az(n) <0, z(n) > 0,1 <p; <
p(n) < pa. Then

x(n) > ]911)1—;212(7_1 (n)).

Proof. Let 771 be the inverse function of 7 and 7=2(n) = 7~1(771(n)). From(2.1),
we have

z(n) =

) [z<r2<n>>—x<r2<n>>}
P ) P Tw) P(r2(m))
L) )

2 ) pr el 2))

- ! }zwl(n))

p1—1 1
> —2(7 n
e (77 (n)

for all large n. The proof is completed. O

Lemma 2.2. Assume the difference inequality

Ay(n) +q(n)y’(o(n)) <0 (2.2)



Oscillation of sublinear difference equations with positive neutral term 307

has an eventually positive solution, where q(n) > 0, q(n) Z0, 8 >0, B is a
quotient of odd positive integers. Then the difference equation

Ay(n) +q(n)y®(o(n)) =0 (2.3)

also has an eventually positive solution.

Proof. Let y(n) is an eventually positive solution of (2.2). Define a set Q =
{z(n) | 0< z(n) <y(n),n > N}. Then define a mapping I" on  as follows:

5 s)xP (o (s)), n>N
SRV o OELCIE) >
(Tz)(N) +y(n) —y(N), no<n<N.
Define a sequence zi(n), k=1,2,--- as follows:

z1(n) = y(n),
Trp1(n) = Tag)(n) k=1,2,---

Since y(n) is a solution of (2.2), we get
Ay(n) +gq(n)y®(o(n)) < 0.

Summing the above inequality from n to IV and letting N — oo, we obtain

—y(n) + Y a(s)y’(a(s)) <0,

or
00

2a(n) = (Ty)(n) =Y _ a(s)y”(0(s)) < y(n) = 21(n).

S=nN

By induction, we see that
0<zip(n) <zkp_1(n) <--- <z1(n) =yn), n>ng.
Hence klim xr(n) = z(n) exists with 0 < z(n) < y(n). Then we can apply the

Lebesgue’s dominated convergence theorem to show that z = I'z, i.e.,

s=n

Obviously, z(n) is an eventually positive sollution of (2.3). Since z(n) > 0 for
n € [ng, NJ, it follows from (2.3) that z(n) > 0 for all n > ny.
The proof is completed. O

Lemma 2.3([1]). Consider the difference equation
Az(n) +q(n)z*(n—k) =0 (2.4)
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where q(n) is a sequence of nonnegative real numbers and « is a quotient of odd
positive integers. Assume 0 < a < 1. Then every solution of (2.4) oscillates if

and only if
Z qg(n) = co.

n=0

3. Main results

Theorem 3.1. Assume that
(i) feC ([no,0)x R™ R) is nondecreasing in each y; and
ylf(nayla"' ;ym) > OfOT Y1ys > Oa 1<:< m;
(ii) f e C ([no,00) x R™, R ) is strongly sublinear;

(iii) Z f(s,a,--- ,a) = oo for every constant a > 0. (3.1)
Then every solution of Eq.(1.1) is oscillatory.

Proof. Assume the contrary and let z(n) be a nonoscillatory solution of Eq.(1.1).
Without loss of generality we may assume that z(n) is eventually positive. From
(2.1), we get z(n) > 0, for all large n. From Eq.(1.1) and condition (i), we have
Az(n) < 0. Since 7(n) is strictly increasing , 771 is the inverse function of 7 and
772(n) = 771(771(n)). Therefore, by Lemma 2.1, we have

z(n) > B — 1Z(T*1(n)). (3.2)

Setting

From Eq.(1.1), we have
-1
By(n) + B— f(n,2(g:(n), -+ ,xlgm(n))) = 0, n > N.
pb1p2
From (3.2) and (i), we obtain

Ay(n) + 2= : Fln,y(rHg1(n)), -+ y(7 ™ (gm(n)))) <0, n > N. (3.3)

pip2
So
Ay(n) < 0.
We claim that
nh_)rrgo y(n) = 0.

Assume the contrary and let lim y(n) =1 > 0. Thus y(n) > [. From g(n) <

7(n) and the fact that f(n,y1,- - ,¥ym) is nondecreasing in each y;, we obtain

Fny(r™H(g1(n), - y(T Hgm(n))) = fn, L, 1) (3-4)
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From (3.3) and (3.4), we have

—1
P tnt,--,0) <.
pip2

Summing the above inequality from n to N and letting N — oo, we get

Ay(n) +

oo

p1—1
l—yn)+—— s,l,---,1) <0.
RS e DS

That is,

p1—1

S, 7 o 7 = n) < oo,

p1p2 Szn US <y(n)
which contradicts (iii).
So

lim y(n) = 0.

Because f(n,y1,- -+, ym) is strongly sublinear, there exists d > 0 and 0 < 5 < 1
such that

[f(ny(r (g(n)), -~ y(T  (g(n))))]
ly(r=1(g(n)I?

is nonincreasing in |y| for 0 < |y| < d.
There exists N1 > ng such that 0 < y(77(g(n))) < d for n > Nj.
From (i) (ii) and above statements, we have

F(my ),y gm())
Zf@wﬁl((m <1mmm) (3:5)
> 4% (e gn)? Slnde ) 1> Ny

In view of (3.3) and (3.5), we get

B(m)+ Bty g0))” Fnad, - ) <0

From Lemma 2.2, the difference equation

1—1 _
By(m)+ T (™ (g(m))” Flmad - 1 d) = 0. (3.6)

also has an eventually positive solution.
However, from (3.1) and Lemma 2.3 ,we obtain every solution of Eq.(3.6) is
oscillatory, which is a contradiction. The proof is completed. O

Theorem 3.2. Assume that (i) in Theorem 3.1 hold. Then Eq.(1.1) has a
bounded nonoscillatory solution which is bounded away from zero if and only if

Z|f d)| < oo (3.7)

for some constant d # 0.
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Proof. (I) Necessity: Let z(n) is a bounded positive solution satisfying x(g;(n)) >
b>0, z(gi(n)) <cforn>n; >mng,1<i<m.
From Eq.(2.1), (i) of Theorem 3.1 and Eq.(1.1), we have

Az(n) + f(n,b,---,b) <0.

Summing the above inequality from n to NV and letting N — oo, we get
i+ Y Sl B <0,

ie. -

if(s,b,-u ,b) < z(n).

Since z(n) and p(n) are all bounded, z(n) defined by (2.1) is bounded.
So

if(s,b,--- ,b) < 0.

That is to say, (3.7) hold. For the case that z(n) is eventually negative, the
proof is similar.

(IT) Sufficiency: Assume there exists d > 0 such that (3.7) hold. Let ¢ >
0 be such that p;c < d. In view of (3.7), there exists N > ng and Ny =
min{7(N), nn>1§v{gl(n)}, e ,Jgg{gm(n)}} such that for n > N

Zf(svdv"' 7d) < (pl _1)0' (3'8)

We denote with B, the set of all sequences with the topology of uniform conver-
gence on [Ny, N]. Define a set X C B as follows:

X = {:v(n) € B: c<z(n) <pie, Az(n) <0, n> N; z(n) = z(N),
No<n<NJ

Since 7(n) is strictly increasing, the inverse function of 7 exists. We denote it
with 771, and 77%(n) = 7~ (=D (n))
For every x € X we define:

S EDTlw)

sy ={ = Qi)
Z(N), No<n <N, (3.9)
where -
T(n) =n, Qo(n) =1, Q;(n) = Hp(T] (n)),i=1,2, (3.10)
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Since (3.9) is Leibniz’s series for n > N, it is convergent and the sign of T(n) is
the same as that of the first term.
So

o< EE) el
O S Q) T ptr ) <P

Define a mapping I" on X as follows:

C+Zf(svf(gl(8))7"' 7f(gm(8)))7 n =N

(Tz)(N), No<n<N. (3.11)

(Fz)(n) =

From (3.8), it is easy to see that I'X C X. By definition, we get T" is continuous
and I'(X) is uniformly bounded. For every z(n) € X and € > 0, there exists
N1 > N such that

|(Ta)(m) = (Tz)(na)| = | Y f(5,T(91(s)),- - ﬁ(gm(S)))}

S=nq
2

< Zf(svdvad)‘
S=nq

< €

for n1,my > Ni. Thus I'(X) is relatively compact in the topology of B. By
Schauder Tychonoff fixed point theorem, there exists a x € X such that x = I'z.
i.e.,

z(n) = c+ Y f5,7(g1(5)), -+ T(gm(5)))- (3.12)
In view of (3.9), we have

Z(n) + p(n)x(r(n)) = xz(n). (3.13)

So
Z(n) + p(n)T(r(n)) = c+ Y _ f(5,T(g1()), -+, Fgm(s))).

Now it is easy to see that Z(n) is a solution of Eq.(1.1). From Lemma 2.1 and
(3.13), we have

-1 -1
b1 C<p1 .

e < B () < 3(n) < () < e

Therefore, T(n) is a bounded nonoscillatory solution of Eq.(1.1) which is bounded
away from zero. The proof is completed. O
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Theorem 3.3. Assume that (i)-(ii) in Theorem 3.1 hold, and g(n) < 7(n).
Then all solutions of Eq.(1.1) are oscillatory if and only if

Z|f(57av"' ,CL)|:OO

for every constant a # 0.

Proof. From Theorem 3.1, we get sufficiency immediatly. Necessity: If not,
assume that

Z'f(svau"' 7a)| < 00.

In view of Theorem 3.2, Eq.(1.1) has a nonoscillatory solution, which contradicts
our assumption. The proof is completed. (I

Remark. The condition (ii) is important for Theorem 3.1 and Theorem 3.3 to
hold. In fact, Theorem 3.1 and Theorem 3.3 are not true probably for linear
equations.

Example 1. Consider the difference equation
5
A(z(n) +2z(n — 1)) + ga:(n —-2)=0.

In our notation, p(n) = 2,7(n) = n—1,9(n) = n=2, f(n,z(g1(n)), -+ , 2(gm(n)))
= Sa(n — 2). It is easy to show that the condition (i) and (ii) in Th. 3.1 and
Th.3.3 are satisfied. But the above equation has a nonoscillatory solution. In

fact, z(n) = 27™ is such a solution.

Example 2. Consider the difference equation
Alz(n) + 2z(n — 1)) + 225 (n — 3) = 0.

In our notation, p(n) = 2,7(n) = n—1,9(n) = n=3, f(n, z(g1(n)), - - - , 2(gm(n)))
= 223 (n — 3). It is easy to see that all assumptions of Th.3.1 are satisfied.
Therefore, every solution of equation is oscillatory.

Theorem 3.4 (Comparison Theorem). Consider another difference equation

Afz(n) +p(n)a(r(n))) + q(n, 2(g1(n)), - - 2(gm (1)) = 0. (3.14)
Assume Eq.(3.14) satisfies (i) and (i) of Th.3.1 with g(n) < 7(n) and
q(nv |y|a 7|y|) Sf(nv |y|a 7|y|)a (315)

for every |y| # 0. If Eq.(3.14) is oscillatory, then Eq.(1.1) is oscillatory.
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Proof. Assume the contrary and let z(n) be an eventually positive solution of
Eq.(1.1). In view of (3.15) we obtain x(n) which is an eventually positive solution
of the below inequality

Afz(n) +p(n)z(r(n))) + a(n, 2(g1(n)), -+, 2(gm(n))) < 0. (3.16)
Therefore, Eq.(3.14) also has an eventually positive solution, which contradicts
the assumption of theorem. The proof is completed. O

Acknowledgement

Research are supported by the Natural Science Foundation of Hebei province
and Main Foundation of Hebei Normal University.

REFERENCES

1. X.H.Tang and Y.J.Liu, Oscillation for nonlinear delay difference equations. Tamkang J.
Math. 32(4)(2001), 275-280.

2. G. Zhang, Oscillation for nonlinear neutral difference equations, Appl. Math. E-Notes 2
(2002), 22-24.

3. E. Thandapani, Z. S. Liu, R. Arul and P. S. Raja, Oscillation and asymptotic behavior
of second order difference equations with nonlinear neutral terms, Appl. Math. E-Notes 4
(2004), 59-67.

4. W. T. Liand J. R. Yan, Oscillation of first order difference equations with nonlinear neutral
terms, Dynam. Cont. Disc. Impul. Sys. 6 (1999), 337-344.

5. Z. G. Zhang, W. L. Dong and B. Ping, Oscillatory behavior of the second order nonlinear
neutral difference equations, Comput. Math. Appl. 8 (2001), 111-128.

6. S. H. Saker, New oscillation criteria for second order nonlinear neutral delay difference
equations. Appl. Math. Comput. 142(2003), 99-111.

7. Z. G. Zhang, Q. L. Li, Oscillation theorems for second order advanced functional difference
equation, Comput. Math. Appl. 36(6) (1988), 11-18.

8. W. T. Li and S. H. Saker, Oscillation of second order sublinear neutral delay difference
equations, Appl. Math. Comput. 146 (2003), 543-551.

9. X. P. Wang, Oscillation for higher order superlinear delay differential equations with un-
stable type, J. Math. Anal. 289 (2004), 379-386.

10. E. Thandapani and K. Ravi, Oscillation of second order half-linear difference equations,
Appl. Math. Letters 13 (2000), 43-49.

Qiaoluan Li is one graduate student of Prof.Zhenguo Zhang. She received her BS in
1995 and M. Sc. in 1998 at Hebei Normal University. Since 1998 she has been at Hebei
Normal University. She is studying the stability and oscillation of the functional differential
equations and difference equations.

College of Mathematics and Information of Science, Hebei Normal University, Shijiazhuang,
050016, P. R. China

Chunjiao Wang is one graduate student of Prof. Zhenguo Zhang. She awarded her BS in
2002 and M.Sc. in 2005 from College of Mathematics and Information of Science of Hebei



314 Qiaoluan Li, Chunjiao Wang, Fang Li, Haiyan Liang and Zhenguo Zhang

Normal University. Since 2005, she has been at Yanshan University. She is studying the
stability and oscillation of the functional differential equations and difference equations.

Department of Mathematics, YanshanUniversity, Qinhuangdao, 066004, P. R. China

Fang Li is one graduate student of Prof. Zhenguo Zhang. She awarded her BS in 2002
and M. Sc. in 2005 from College of Mathematics and Information of Science of Hebei
Normal University. Since 2005, she has been at Hebei Medical University. She is studying
the stability and oscillation of the functional differential equations and difference equations.

Funditional Medical College, Hebei Medical University, Shijiazhuang, P. R. China

Haiyan Liang is one graduate student of Prof. Zhenguo Zhang. She received her BS in
1996 and M. Sc. in 1999 at Hebei Normal University. Since 1999 she has been at Hebei
Normal university. She is studying the stability and oscillation of the functional differential
equations and difference equations.

College of Mathematics and Information of Science, Hebei Normal University, Shijiazhuang,
050016, P. R. China

Zhenguo Zhang awarded his BS from Nankai University and M. Sc. at Hebei Normal Uni-
versity. Since 1981 he has been at Hebei Normal University, which entitled him a professor
of Mathematics and doctorial supervisor. He is a Secretary general of Differential Equation
Committee of Hebei Mathematics Society. His research is supported by the National Nat-
ural Science Foundation of China and the Natural Science of Hebei Province. His research
interest center on the stability and oscillation of the functional differential equations and
difference equations.

College of Mathematics and Information of Science, Hebei Normal University, Shijiazhuang,
050016, P. R. China
e-mail: Zhangzhg@hebtu.edu.cn



