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Abstract: We prove that the model with physical and hu- 
man capital adjustment costs has optimal solution when the 
production function is increasing return and the structure of 
vetor fields of the model changes substantially when the 
prodution function from decreasing return turns to increasing 
return. And it is shown that the economy is improved when 
the coefficients of adjustment costs become small. 
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0 Introduction 

R ecently, Petr Duczynsld et al [~'z] set up an economic 
growth model with ~ th  physical capital and human 

capital adjustment costs which extends the model with single 
physical capital adjustment cost [3]. The production function is 
assumed decreasing return which derives the Jacobi matrix of 
the dynamical system at the nonzero equilibrium has two nega- 
tive eigenvalues and two positive eigenvalues. This implies that 
the dynamical system has a two-dimension stable manifold 
near the nonzero equilibrium. So, the model has multiple feasi- 
ble solutions and the existence of the optimal solution is not 
provided. 

In this paper, we first strictly prove the model has unique 
nonzero equilibrium. Then we prove that the model has u- 
nique feasible solution so that the model has optimal solution 
when the production function is increasing return. We point 
out that the structure of vetor fields of the model changes sub- 
stantially when the production funclion from decreasing return 
turns to increasing return, and we prove that the economy be- 
comes better when coefficients the adjustment costs is smaller. 

1 The Model 

The original optimal problem which presented by Petr 
Duczynski Ell is given below: 

(1) 
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s.t k = i - ( 8 ] + n - F x ) k , h = j - ( 8 2 + n + x ) h ,  
k(0) = ko,h(O) = ho, 

where y= f ( k ,  h) = Al~h ~[4] is the production [unction 
and r is the world real interest rate, x is the exogenously 
given growth rate of technology, n is the growth rate of 
raw labor. 

In the model, k and h stand for physical and human 
capital per effective worker, i and j are investments in 
physical and human capital and 8~ ,& are the depreciation 
rates for physical and human capital respectively. The 
unit adjustment cost functions are assumed to take the 
following forms: 

,(§ / "  

where ~o>/1 ,b~ >O,b~ >0. 
From the first order conditions to solve the optimal 

problem (1), the |our-dimension dynamical system is ob- 
tained is] . 

= [b,-" ( a -  1) ~- - (8, + ~+~:) ]~ (z) 

= [bTX- (# - 1)-'- - (&  +n+x)]h (3) 
I -% 

,~= (~+8 , )a - [ . / (L~)~- ' ]+  U - l )  '§ (4) 

�9 b - ~  

(5) 

2 The Existence and Uniqueness of 
the Nonzero Equilibrium 

Let 

t 
cl = (r + 81 )[b~ (8, + n + x) ~'] 

dl - o~--[-c~ +n+x)"+l (6) 

[cz = (r+&)[bl(8]  + n + x ) " ]  

]dz| - ~o+c~ + n + x ) ~ l  (7) 

then we have following theorem: 
Theor~ 1 If q > d~, cz > dz, and the parameters 

a, 7} satisfy a +  q:g: 1, then the dynamical system (9.)-(5) 
has unique nonzero equilibrium. 

Proof An point P" = (k" ,h" ,~" ,#" ) is a non- 
zero equilibrium of dynamical system (2)-(5) if and only 
if it satisfies 

bi-�88 - 1 )  ~ - ( 8 ,  + n + x ) ]  = 0 (8) 

/E~- (~" - 1)-'- - (& + n + x ) ]  = 0 (9) 

that is, it 

and 

(r+8~)a" --[af(k" ,h" )(k" )--I] 
I 

+ ~ Q *  - 1) 1+-'- = 0 

(~+&)~" -E~(k" ,h" )(h" )-,] 
I 

+ (kt" - 1) ]+~- = 0 

satisfies 
,/" = l + b l ( S l  + n + x ) "  

/~" =l+/~(Sz  + n + z ) "  

(10) 

(11) 

( r + d l ) l + [ l + b l ( S l  + n + x )  •] 

,h" )(k" )-l + ~ ( 8 1  + n + x )  '.+l (12) 

( r + & ) l  + [1 + b2 (Sz + n + x)"] 

,h" )(h" )-l + ~ ( &  + n +  x).,+l (13) ~ r  w 

(12) and (13) imply that 

6 q  -- d] )k" = aTff(k" ,h" ), 
a(Cz - dz)h" = 

= r --dl ) =mk" 
i. e. h" a(cz -d z ) k"  

So, we have 

arlf (k" ,h" ) 
dd . J  ~ d l  ) 

, where m= ,l~q 
at cz - dz ) 

C 1 = aA(k" )r ( h " )~+d]  = a/b'n~(k" )r + d l ,  
that is, 

k" .Cl - -  dl..--d--, l 
t oAm~ ) 

prodded a+rp~l. Therefore, the equation (8)-(11) has 
unique solution. 

Remark From Eqs. (6) and (7), we know that the 
conditions c, >d] ,cz >dz can be satisfied provided b~ and 
b~ are small enough. 

3 The Optimal Solution of the Model 

Denote the right hand of the equations of (2)-(5) by 
Fi(k,h,~l,#), i = 1,2,3 ,4  respectively and the Jacobi 
matrix at the equilibrium P" by A, then 

A = 

aF, aF, aF, aF, 
ak ah a;l a# 

aF2 aF2 aF2 aFz 
ak .ah a~ a/~ 

aF3 aF3 aF~ aF3 
ak ah a~ a/~ 
aF4 aF4 aF4 aF4 
ak ah a~ a t, 

= 0 0 

d e 
/ o 

where 
(14) 
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(~ +nT x)l-'.k" ,b (dz -t-n-t-x)'-'.h. a ~ 

bl~o bz~o 

a ( 1 - a ) A ( h "  )~ aria 
c =  , d = -  (15) 

(k")z-,  (k")1-~ (h")1-~ 

e =  r - - n - - x ,  f =  ~(1-- r/)A(k" )* 
(h")z-~ 

1 The matrix A has a couple positive and a 
couple negative eigenvalues when a+  ~ 1  ,and one eigen- 
value with negative real part and three eigenvalue one 
with positive real parts when a+~/~l. 

Proof From Eqs. (14)-(15),we have 
l a I = a b ( c f - d  z)  

= artAZ(k" )z*--l(h" ) z r q ( 1 - a - r l  ) 
blbzoJ z (61 + n + X) ar''l (& "+ n -~ X) ~r 

and 

~d 0 a 0 [ ,i 0 b 
l a / - A l =  d a - e  0 

f 0 ~- -e  

(16) 

=~4 _2ea3 + (ac + b f + e 2 ) , ~  z 

- (ae + b f ) d  + a b ( c f - d z ) .  

Let al = 2ac + e z + 2b f ,  

a2 = aZ c z + 4abd z - 2abc f + bZ f l  , 

then it is easy to check that eigenvalues of matrix A are 

,~! = -~ -{e - Ja l  - 2 4~-~ } 
1 (17) 

a~ = T i e + 4 . ,  - z  Jg; }  
1 

1 
a, = y { e + 4 , ,  + Z ~ }  

az = (ac + b f )  2 + 4ab(ar - c f )  Since 
= (ac - b f )  z +4adb z > O, 

the eigenvalues ~3<0,a4 >0 ,  from Eq. (18) and 
2 .  ~/'~--~> 2ac + 2bf  , if d z > c f  , 

< 2 a c + 2 b f ,  if d z < c f  

that is,by Eq. (17), 
, / - - f < e  z, ifd z > c f  

al - ~ r a z e >  e z ,if d z < c f  . 

(18) 

So,the eigenvalues ~1 ,,iz has positive real parts if d 2 
> c f  and al <0,12 >0  if a e < c f .  

From Eq. (16), d Z > c f  if and only if a + q > l .  

Hence, the hmma holds. 
From Lemma 1, we know that the dynamical sys- 

tem(2)-(5)has a two-dimension stable manifold near the 
equilibrium P" when a+r /< l  and a one-dimension stable 

manifold near the equilibrium P" when a+r />l .  
Rmmrk The structure of vector fields of the dy- 

namical system (2)-(5) changes substantially on the two 
sides of the line a+  r/= 1. 

Tltem'mt 2 When the production ruction is increas- 
ing return, that is, a + l / > l ,  then the model has optimal 
solution. 

4 , ~ m m a r y  

As we have proved that the model has unique opti- 
mal solution when a+7/>l .  Near the nonzero equilibri- 
um the optiml solution of the dynamical system (2)-(5) 
converges to the nonzero equilibrium at the approximal 
rate of a3. This implies the model includes the t5' conver- 
gence which is discussed by Barro t33. 

On the other hand, that adjustment of human cap- 
ital has much affection on the economy for the production 
process must be increasing return. This indicates that the 
economy uses increasing return's production method to 
offset the adjustment costs of physical and human capital. 

w 1 ( ~ + n + x) < 0 holds, If the condition d+  r -  w + 

then from 3 (q  - d~ ) _ 3(cz - dz ) < 0 and the repre- 
0hi (952 

sentation of k" ,h" ,we have 
0k" ^ 0k" . ah" a--ff < u'-5-~- < u,-gff < 0, , , ~  < 0 (19) 

The inequality (19) implies that the economy will 
become worse if either the coefficient of adjustment cost 
of physical capital or the coefficient of the adjustment of 
human capital increases. This also implies that decrease 
the adjustment costs can improve the economy. 
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